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Abstra
t

We investigate a new type of pre
onditioner whi
h is based on the analyti
 fa
torization of the operator

into two paraboli
 fa
tors. Approximate analyti
 fa
torizations lead to new blo
k ILU pre
onditioners. We

analyze the pre
onditioner at the 
ontinuous level where it is possible to optimize its performan
e. Numeri
al

experiments illustrate the e�e
tiveness of the new approa
h.

AILU pour le probl�eme d'Helmholtz:

un nouveau pr�e
onditioneur bas�e sur une fa
torisation analytique.

Martin Gander et Fr�ed�eri
 Nataf

R�esum�e

Nous �etudions un nouveau type de pr�e
onditioneurs qui est bas�e sur la fa
torisation analytique de l'op�erateur

en deux op�erateurs paraboliques. Ainsi des fa
torisations analytiques appro
h�ees 
onduisent �a de nouveaux

pr�e
onditioneurs ILU par blo
. Le pr�e
onditioneur est analys�e au niveau 
ontinu o�u il est possible d'optimiser

ses performan
es. Des r�esultats num�eriques illustrent l'eÆ
a
it�e de 
ette nouvelle appro
he.

Version fran�
aise abr�eg�ee

Nous 
onsid�erons l'op�erateur d'Helmholtz L = �!

2

�� en dimension deux et trois. Nous voulons r�esoudre

l'�equation

L(u) = f (1)

dans un domaine 
, ave
 des 
onditions aux bords. La dis
r�etisation de 
e probl�eme par une m�ethode d'�el�ements

�nis ou de di��eren
es �nies sur une grille stru
tur�ee 
onduit �a un syst�eme lin�eaire de grande taille

Ku = f (2)
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o�u l'op�erateur dis
ret K a une stru
ture blo
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Les blo
s diagonaux D

i

repr�esentent la dis
r�etisation selon y (et z en dimension trois) de l'op�erateur L ainsi

que la partie diagonale de la dis
r�etisation selon x de l'op�erateur, le reste �etant 
ontenu dans L

i;j

. La matri
e

K �etant 
reuse, il serait int�eressant de le r�esoudre par une m�ethode it�erative et don
 de le pr�e
onditioner pour

avoir une m�ethode eÆ
a
e.

Les m�ethodes de d�e
omposition de domaines peuvent être 
onsid�er�ees 
omme des pr�e
onditioneurs, voir par

exemple [Des91℄, [CN98℄, [dLBFM

+

98℄ or [CCEW98℄. Nous ne 
onsid�erons pas 
ette appro
he mais plutôt les

pr�e
onditioneurs bas�es sur la matri
e: les inverses appro
h�es et les fa
torisations in
ompl�etes [BT98℄. Ces deux

te
hniques ne prennent pas en 
ompte la forme sp�e
i�que de l'op�erateur dont la matri
e est issue. Nous allons

obtenir un pr�e
onditioneur de type ILU de mani�ere analytique �a partir de l'op�erateur aux d�eriv�ees partielles

avant dis
r�etisation. De plus, l'analyse 
ontinue permet l'optimisation du pr�e
onditioneur pour une �equation

aux d�eriv�ees partielles donn�ee.

Bien que la fa
torisation parabolique d'op�erateurs soit 
lassique en a
oustique pour l'approximation de

l'�equation des ondes (voir [Cla76℄), elle n'est pas utilis�ee 
omme pr�e
onditioneur. Une premi�ere utilisation de


ette notion pour la r�esolution d'�equations a �et�e propos�ee dans [Nat90℄ et �etendue dans [NLS93℄. L'id�ee a aussi

�et�e utilis�ee par Giladi et Keller, �a partir d'une analyse asymptotique dans [GK97℄. Les prin
ipales diÆ
ult�es

de 
es appro
hes sont leur faible qualit�e en tant que pr�e
onditioneurs 
e qui limite leur utilisation. Dans 
es

derniers travaux, l'op�erateur fa
toris�e est non sym�etrique et les fa
torisations appro
h�ees �etaient valables pour

une petite di�usion 
e qui simpli�e 
e type d'approximation. L'op�erateur 
onsid�er�e i
i est sym�etrique mais non

d�e�ni positif. Nous nous servons d'une analogie entre la fa
torisation analytique et la fa
torisation ILU par blo
.

Notre appro
he est li�ee �a des travaux ant�erieurs au niveau dis
ret de Wittum dans [Wit91, Wit92℄ g�en�eralis�es

plus tard par Wagner dans [Wag97, Wag97℄.

Dans le x 2, nous 
onsid�erons la fa
torisation de l'op�erateur 
ontinu ainsi que de l'op�erateur semi-dis
r�etis�e
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sont des op�erateurs agissant dans la

dire
tion y et qui sont donn�es par leur symbole de Fourier:
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Le pr�e
onditioneur AILU (ILU analytique) est introduit au x 3. L'op�erateur � est appro
h�e par une approxi-

mation lo
ale, soit en Fourier par un polynôme d'ordre 2 en k. On obtient alors une fa
torisation appro
h�ee

L
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) et �

app

i

= �

app

h�

1

h

. Les 
oeÆ
ients p; q 2 C sont 
hoisis de fa�
on �a 
e

que L

�1

app

L soit le plus pro
he possible de l'identit�e sauf pour quelques valeurs propres qui seront pris en 
harge

par la m�ethode de Krylov. Des r�esultats num�eriques sont donn�es dans le x 4.
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English version

1 Introdu
tion

Given the Helmholtz operator L = �!

2

�� a
ting on u : R

n

�! R, n = 2; 3 we are interested to solve the

ellipti
 partial di�erential equation

L(u) = f (5)

in a given domain 
 � R

n

with appropriate boundary 
onditions. Dis
retizing the ellipti
 operator with a �nite

element or �nite di�eren
e method on a stru
tured grid, we obtain a large system of linear equations

Ku = f (6)

where the dis
rete ellipti
 operator K has the blo
k stru
ture

K =

2
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The diagonal blo
ks D

i

represent in our notation the dis
retization of the y part of the ellipti
 operator L and

in
lude on the diagonal a part of the dis
retization of the x part of the ellipti
 operator, the rest being 
ontained

in L

i;j

. Sin
e K is sparse, it is interesting to solve (6) by an iterative method and it is ne
essary to pre
ondition

the system to obtain the solution eÆ
iently.

Domain de
omposition methods 
an be used as pre
onditioners, see [Des91℄, [CN98℄, [dLBFM

+

98℄ or

[CCEW98℄. This approa
h is not 
onsidered here. Instead, we fo
us on the the matrix based pre
onditioners


alled in
omplete fa
torizations [BT98℄. These te
hniques do not relate to the underlying di�erential operator in

general. To link the fa
torization to the underlying operator, we derive an ILU pre
onditioner from the analyti


fa
torization of the di�erential operator itself before it is dis
retized. Su
h a pre
onditioner is approximating

well the 
ontinuous operator. In addition the 
ontinuous analysis allows us to optimize the pre
onditioner for

the given ellipti
 PDE.

Although the paraboli
 fa
torization of ellipti
 operators has been a topi
 of interest for a while [Cla76, SB93℄

the �rst use of this approa
h for iterative solvers was proposed by Nataf in [Nat90℄ and extended in [NLS93℄.

The idea was also pi
ked up by Giladi and Keller, motivated by an asymptoti
 analysis in [GK97℄. The

main diÆ
ulties remaining in this approa
h are the low quality of the approximate fa
torization and thus the

limited appli
ability. In all the previous work the fa
tored operator was non symmetri
 and the approximate

fa
torization was only 
onsidered for small di�usion 
oeÆ
ients whi
h simpli�es this type of approximation. We


onsider here symmetri
 operators and using a link between the analyti
 fa
torization and the exa
t blo
k LU

de
omposition we obtain approximate fa
torizations of high quality. Our approa
h is related to earlier work at

the dis
rete level by Wittum in [Wit91, Wit92℄ extended later by Wagner [Wag97, Wag97℄.
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2 Analyti
 Paraboli
 Fa
torization

Given an ellipti
 operator L(u) we write the operator as a produ
t of two paraboli
 operators,

L(u) = �(�

x

+�

1

)(�

x

� �

2

)(u) (8)

where �

1

and �

2

are positive operators up to a 
ompa
t operator. The �rst fa
tor represents a paraboli


operator a
ting in the positive x dire
tion and the se
ond one a paraboli
 operator a
ting in the negative x

dire
tion.

In the sequel we restri
t ourselves for the analysis to the 
ase of L = (�!

2

� �), where � denotes the

Lapla
ian in two dimensions and ! � 0.

Our results are based on Fourier analysis. We take a Fourier transform of L = (�!

2
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and thus we have the 
ontinuous paraboli
 fa
torization
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�1
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p
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2
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2

). Note that the �

i

are non lo
al operators in y be
ause of the square root.

To relate this paraboli
 fa
torization to the exa
t blo
k LU de
omposition of the dis
rete matrix operator,

we dis
retize the x dire
tion of (�!

2

� �) and 
ompute the analyti
 fa
torization (9) for the semi dis
rete

operator (�!

2

��

h

). We have
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� x

i

)=h and D

�

x

(x) := (x

i

� x

i�1

)=h represent the dis
rete derivatives on a given mesh.

Taking a Fourier transform in y of �!

2
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h

as before we obtain the fa
tored form
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with the unknowns �

1

, �

2

and the additional parameter � introdu
ed be
ause of the dis
retization. Using
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where we 
hose the positive root, sin
e we de�ned �

1

and �

2

to be positive operators for jkj > !. Similarly, we

�nd
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whi
h are positive for jkj > !. The semi dis
rete analyti
 paraboli
 fa
torization is thus given by

F
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Note that as we take the limit for h �! 0 in (12) we re
over again the 
ontinuous paraboli
 fa
torization (9)

sin
e the middle term disappears in the limit. For dis
rete problems it is however important to in
lude the

middle fa
tor, whi
h was not the 
ase in previous work on 
ontinuous paraboli
 fa
torizations. One 
an show

that (12) 
orresponds to the exa
t blo
k-LU de
omposition of the fully dis
rete matrix operator (7), see [GN99℄.
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3 The AILU Pre
onditioner

One 
ould use dire
tly the paraboli
 fa
torization given in (12) to solve the original problem (6). Instead of

solving the linear system, one would have to solve two lower dimensional paraboli
 problems, one in the positive

and one in the negative x dire
tion, 
orresponding to a forward and a ba
kward solve of the exa
t blo
k LU

de
omposition. This is however not advisable sin
e the paraboli
 fa
torization 
ontains nonlo
al operators

in y. We therefore approximate the paraboli
 fa
torization by lo
al operators and use the fa
torization as a

pre
onditioner 
orresponding to a new type of ILU pre
onditioner we 
all AILU (Analyti
 ILU). We repla
e the

nonlo
al operator � in (12) by a lo
al approximation of the form

�
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2
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2

2

+

1

2h

(p+ qk

2

); p; q 2 C; <(q) > 0;

whi
h leads to a 
lassi
al linear se
ond order paraboli
 problem. Sin
e we have the analyti
 paraboli
 fa
-

torization, we 
an use the parameters p and q to optimize the performan
e of the AILU pre
onditioner. We

insert the approximation �

app

into the fa
torization (12) and obtain the operator resulting from the approximate

fa
torization of �!

2

+ k

2

�D

+

x

D

�
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The 
omplex numbers p and q are to be 
hosen so that L

�1

app

L is as 
lose as possible to the identity ex
ept for

a few frequen
ies whi
h will be taken into a

ount by the Krylov method. We �nd after some 
al
ulation that

we have to minimize

�(k) :=

�
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�
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2
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�
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In a numeri
al setting, the frequen
y parameter k 
an not vary arbitrarily. For Diri
hlet boundary 
onditions,

it is bounded from below by the size of the domain, k >

�

L

where L denotes the size of the domain in the y

dire
tion. From above, k is bounded by the mesh size h, k <

�

h

. We 
hose p su
h that �(k) is equal to zero for

k = �=L. The other parameter q is 
hosen so that the symbol of �(k) is as 
lose as possible to zero ex
ept for

the frequen
y jkj = ! where � = 1 for any parameter q.

4 Numeri
al Experiments

We �rst 
onsider a two dimensional open 
avity problem,

�!

2

u� �

xx

u� �

yy

u = Æ(x�

1

2

)Æ(y �

1

2

); 0 < x; y < 1

with homogeneous Diri
hlet boundary 
onditions on the top, bottom and right boundaries. On the left boundary

(x = 0), we impose an absorbing boundary 
ondition (��

x

+ i!)(u) = 0. The right hand side 
orresponds to

a point sour
e in the 
enter of the 
avity. We start QMR with the initial guess u

(0)

= 0 and we 
ompare the

new pre
onditioner with the unpre
onditioned QMR algorithm, and the pre
onditioners ILU('0') and ILU(1e-

2) using the QMR algorithm and a toleran
e of 1e-6. Table 1 shows the results obtained from numeri
al

experiments for di�erent values of ! with 10 points per wavelength in ea
h spatial dire
tion. The new AILU
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Iteration 
ount Solution pro
ess only in M
ops Pre
ond. 
ost in M
ops

! QMR ILU('0') ILU(1e-2) AILU QMR ILU('0') ILU(1e-2) AILU ILU('0') ILU(1e-2) AILU

5 197 60 22 23 120.1 60.4 28.3 28.3 0.2 5.1 0.3

10 737 370 80 36 1858.2 1489.3 421.4 176.2 0.8 38.6 0.9

15 1775 > 2000 220 43 10185.2 > 18133:2 2615.1 475.9 1.9 127.5 2.0

20 > 2000 | > 2000 64 > 20335:1 | > 42320:1 1260.2 3.4 298.2 3.6

30 | | | 90 | | | 3984.1 7.8 996.1 8.1

50 | | | 285 | | | 24000.4 { { 22.5

Table 1: Two-dimensional open 
avity test with 10 points per wavelength. Comparison of iteration 
ount, 
op


ount in mega 
ops for the solution pro
ess and 
omputing the pre
onditioner separately.

Iteration 
ount Solution pro
ess only in M
ops Pre
ond. 
ost in M
ops

QMR ILU(1e-2) AILU QMR ILU(1e-2) AILU ILU(1e-2) AILU

285 58 27 18148.3 7588.2 8866.2 23845.6 1288.9

Table 2: Three-dimensional tube test, ! = 6 and h = 1=60. Comparison of iteration 
ount and 
op 
ount for

the solution pro
ess only and 
omputing the pre
onditioner separately in mega 
ops. For this problem, we were

not able to 
ompute ILU('0') in Matlab.

pre
onditioner shows an ex
ellent redu
tion of the iteration 
ount and permits the solution of the given problem

in signi�
antly less 
ops than any of the other methods tested. For big problems it was the only su

essful

solver. The 
onstru
tion of AILU however is as 
heap as the 
onstru
tion of ILU('0').

As a next example we 
onsider a three dimensional model problem,

�!

2

u� �

xx

u� �

yy

u� �

zz

u = Æ(x �

1

2

)Æ(y �

1

2

)Æ(z �

1

2

); 0 < x; y; z < 1

with homogeneous Diri
hlet boundary 
onditions on all ex
ept on the the left and right boundaries where we

set (�

n

+ i!)(u) = 0. We 
ompare the new pre
onditioner with unpre
onditioned QMR and ILU(1e-2) using

a toleran
e of 1e-6. We were not able to 
ompute ILU('0') for this problem size in Matlab. Table 2 shows the

iteration and the 
op 
ounts. Again AILU shows an ex
ellent redu
tion in the 
op 
ount and the total 
ost of

the 
omputation (i.e. in
luding the 
onstru
tion of the pre
onditioner) is in favor of AILU even though we have


hosen here to solve the paraboli
 problems within AILU exa
tly by fa
torization to 
onform with the analysis.

For big problems it will be better to use an iterative solver within AILU as well. In addition the paraboli


problems need not to be solved very a

urately, sin
e they des
ribe themselves only an approximation. This

will lead to a signi�
ant redu
tion in the 
ost of the pre
onditioner both in terms of 
op 
ounts and memory

for three-dimensional problems. This issue is under 
urrent investigation.
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