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1 Introduction

We are interested in this paper in anisotropic diffusiorbtgms of the form
—div(AQu) =fonQ; u=00n0dQ. 1)

A discretization of the Schwarz algorithm using Discreteality Finite Volume
methods (DDFV for short) for such problems was developedin The DDFV
method needs a dual set of unknowns located on both vertice%canters” of the
primal control volumes, which leads to two meshes, the prand the dual one, and
permits the reconstruction of two-dimensional discreted@nts located on a third
partition of Q, called the diamond mesh, and also a discrete divergencatope
defined by duality. The DDFV method is particularly accuiiateerms of gradient
approximation, see the benchmark [11] for problem (1) aneéxansive bibliog-
raphy. DDFV methods are also very robust, see [6, 2] for thtseal justifications,
and [5] for applications. It is therefore of great interestievelop parallel solvers
for such discretizations.

A non-overlapping Schwarz method using Robin transmissimmditions was
first proposed at the continuous level by Lions in [12]. Fa thodel problem (1),
the algorithm with two non-overlapping subdomaifis= Q1 U Q,, and interface
I =001Nn0Q,, computes for iteration inddxe N* the subdomain solutions

—div(AOW,) = f onQj, u/=0 0ndQ;NIQ, 5
ADU - nji 4+ pd = —AOu nij +pd =t onr, j #i, (2)
wherenj; is the unit normal fron®2; to Q;, andp is a parameter that one can choose
to accelerate convergence. Choosmguch that the algorithm converges as fast as
possible leads to a so called optimized Schwarz method [8].

The non-overlapping algorithm (2) at the discrete levethisiiesting for coupling
non-matching grids, see for example [1], [4] and [9] for ispic diffusion problems
or [10], [7] for general diffusion. It has also been analyire8] in the case of highly
anisotropic operators, and on a wide range of meshes. Noahexperiments in [3]
showed however that the DDFV discretization chosen at ttexfaces leads to a
convergence factor of-1 &'(h) of the algorithm [ denotes the mesh size), when the
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parameteip was chosen numerically such that convergence was fastaistcon-
traction factor is much worse than the optimal contractamtdr 1— ¢'(v/h) of (2)
for other discretizations, see [8]. The purpose of thistgbayper is to investigate why
the classical DDFV discretization leads to such a slow cayesgce of the optimized
Schwarz method, and to develop a new discretization of #resinission conditions
in order to restore the optimal convergence rate. We showesuiits for the Poisson
equation A = Id, but the extension to anisotropic tensérsan be obtained simi-
larly. In Section 2, we show for the case of the Poisson eqnaind square meshes
on half spaces that the traditional DDFV discretizatiomketo a mass matrix in the
term with the Robin parameter. This mass matrix couples timegband dual grids,
and destroys the good convergence behavior of the optin8zbdiarz method. In
Section 3, we then show how to discretize the transmissiaditons differently in
the context of DDFV in order to recover the optimal convergetactor 1- &(v/h).
We then extend the algorithm to general meshes and provergence. Finally, in
Section 4, we present numerical experiments which illtstoar analysis.

2 DDFYV discretization of the optimized Schwarz algorithm

We decompos® := R? into two non-overlapping half planeg; := (—o,0) x R
and Q; := (0,») x R, with the interface™ := 0Q1 N3 Q. We use a regular grid
of squares, so that the DDFV discretization away from therfatel” leads to two
interlaced five point finite difference schemes. The mesh isizlenoted by. We
use for the scheme aligned with the interface star indiced,far the other one
indices without stars, see Figure 1. The DDFV Schwarz dlgariproposed in [3]
solves at each iteratidne N*, on each domaii on interior primal cells

ul!

h1n — 2Ulan + IR 20l +ub  =0,m>0. (3)

m-1,n mn+1 "
In order to obtain (3) fom=1, we introduceu(j)"n which is linked with the interface
primal unknownsﬂl"n by

25

i Lol
U%’n - é(ul,n + uO,n)- (4)

On interior dual cells, the algorithm solves

il ol il il il ol _ *
U100 — 2umr*,n* + U1 e + Uny o1 — 2um*,n* + o e o,m >0, (5)

whereas on boundary dual cells, the additional fILMf,:% are used,

jol jl 1 jl jl jol h jol jl
ujl*,n* B u(J)*,n* + E(U(J)*,n*+1 B ZU(J)*,n* + u(JJ*,n*fl) + §(¢rj171,n* + ¢rJ1,n*) =0. (6)

The Robin transmission condition éncan now be expressed using the flugbéﬁ*,
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n“+2

n+1

Domain 1 Domain 2

Fig. 1 The unknownsuj‘I are associated with the primal cells, whose centers aretbuill the

unknownsuJ l - - are associated with the dual cells shown in dashed, whosersere diamonds

¢, or  for boundary cells. The centers of the dual cdllsre the vertices of the primal cells,

and S|m|IarIy the centers of the primal cedsare the vertices 0f the dual cells. Additional primal
unknownsu’l + located ab, and also additional flux unknow@;', o+ are needed on the interfafe

The |nd|ceSj andl stand for the domain and the iteration.

P
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Finally, a consistency condition is required for the fluxesmely

3@+ 00 = 2! —ulh). ®

Equations (3)-(8) completely describe the original DDF\h®arz algorithm from
[3]. In order to analyze the DDFV discretization of the optied Schwarz algo-
rithm (3) and (5), we perform a discrete Fourier transfornthie n index, which
corresponds to thg variable, aligned with the interface. Setting, = OrJT’]!kék”h,

b gl dknth il il i i
Uy e = Uiy &7, both s andui), | satisfy the recurrence relation

X1 — 2Xm+ Xm—1+ QXm =0, ()]

with ay = 2cokh— 2. The general solutions of (3) and (5) are bounded solutions
of (9), which implies that

I e L

In order to determine the constam,&,I andCf("j’I from the transmission conditions
(6) and (8), we eliminate the fluxes from the interface cdodg using (7):
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il jl ! It It J
b (U e = Utk ) = o (Uge e 1 = 2Uge e Ugi 1) + PV (U

-1 —1y, 1,911 -1 -1 -
= h(ub* n*fully*,n*)+%(u:)’*,n*+1 ZUE)* n*+u|0* n*— )+py ( I l)

and

2 .
uln)JFan(UJl) *E(u"I 1fu'lln l)+pyn(u'v' 1>,

2l
n(j

3N

with traces

1 1
Vo (UM = 4(UJ| +2uf! n*"‘uJI N () = 4(uo* n*"’2uJI +Uo* ner1)- (10)

jil -1
We then obtain for the iteration of the constants using <4&‘j“ ) =B (é‘le)

with the iteration matrixB = M—IN, where

H1-A)+2a+2)  P14ékh
M= < Ba )1 e ) %(14A)‘2’ﬁ,+%’>
N — <—l( M +51+2) R(1+€4 )
- £’(1+/\)(1+e"‘h) —tA-N)+FE+5 )

Proposition 1. The optimized parameter in the DDFV discretized Schwarp-alg
rithm (3-8) satisfies gyt = Argminymax(p(B)) = h, and the associated optimized

contraction factor isl — $kminh + O(h?).

Proof. The proof of this result is based on two observations: thermim is ob-
tained when both eigenvalues are the same, which is achigttethe given choice
of p, and then the maximum is attained for the lowest miodeky,;,. The compu-
tations are however too long and technical for this shorepap

3 A new DDFV Discretization of the Transmission Conditions

A careful comparison with the convergence results in [8jgasgs that the mass ma-
trices appearing in the tracgs(ul') introduce an additional coupling, which pre-
vents the optimized DDFV Schwarz algorithm from convergiapgjdly. Modifying
the tracesgp: (ul") in (10) to be lumped, i.e.

ew, ) ew,, jly _ il
yn uJ l"IO* > n (UJ' ) - l"IJ1 n’ (11)

the iteration matrix becomes diagon&"€W = (MNEW)~INNEW \yhere
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Fig. 2 Notation around a diamond. The new unknowns needed to desttre DDFV scheme on
Q as the limit of the Schwarz algorithm

Mnew _ F(1-A)+5(1+2) 0

0 F1-2)—g+p
NNEW_ (%(1/\)+§(1+/\) 0

0 “f1=A)+k+p/)’

and we obtain a much better convergence result.

Proposition 2. The optimized parameter in the DDFV Schwarz algorithm (848)
modified traceg11) satisfies pp = Argmin, max(o(B"€") ~ 23/% = wn | gnd the
associated optimized contraction factorlis- 2%/4\/Kminv/h+ O(h).

Proof. The proof of this result is based on equioscillation of thetfeigenvalue
of B"®W at k = kmin and the second eigenvalue Bf®W at k = kmax ~ ¥, using
asymptotic analysis. The details are however too long fiershort paper.

We now describe the DDFV Schwarz algorithm for general sutmlos and de-
compositions using the notation from [3]. DDFV schemes cadédscribed by two
operators: a discrete gradiént? and a discrete divergen¢divy , divi-), which are
dual to each other, see [2] or [3]. We refer to the primal umlnrmbyu,‘(" or u{",
to the dual unknowns byf(’l or uJL*I and to the set of unknowns ly'. The primal
mesh onQ2; is calledd)tj, the dual mesh o] is 907} for the interior cellsg; - for
the dual boundary cells related foand the diamond mesh d® is called®;. We
further need additional unknowu#I on the edges af denoted by, -, and ad-
ditional fluxesy. for k* e oM - as shown in Figure 2. We denote By the set
of diamonds such that N k* 7 0 for K* € 990 -. The DDFV Schwarz algorithm
then computes fdre N*, j =1,2,i =2,1

—dive (T°ul!) =0, vk em;, —dive (0°W!) =0, vk emy,  (12a)
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~ Y me (Dguj",n%) —mo. @il =0, VKT €aM,  (12b)

0D
(Di’uj",nji) +put=— (Dgui"*l,nij) +pd'"h vieamr,  (12c)
Wi+ pull =~y pdl Tt vkt e o (12d)

Using the same discrete Fourier transform for (12) as ini@e&t we obtairB"€W,
Well-posedness of the algorithm can be proved using clalsaipriori estimates
with the discrete duality property.

Theorem 1 (Convergence of the new Schwarz algorithmlror all p > 0, the solu-
tion of the new Schwarz algorith(h2) converges as | tends to infinity to the solution
of the classical DDFV scheme for the Laplace equatiofon

Proof. We first rewrite the classical DDFV scheme for the Laplaceatign onQ
as the limit of the Schwarz algorithm. To this end, we intraelnew unknowns near
the boundary, see Figure 2:

o forall k € M, we sety”™ = ux and for allk* € M*j, we setu)s” = uy-,
Mo, , Uk + Moy U/

. Mg '

u? = ug- and

e forallL € 99 chooseau!” = u;” =
jo

e forall K™ € 90 - choosey,.” =

1 .
mo* Dg uJ 7005 n K* )
mGK* DED + ( 7 )

P =Y =
By linearity it suffices to prove the convergence of the newHYD5chwarz algo-

rithm (12) to zero. An a priori estimate using discrete dydéads to

j j jl+1 jI+L L+
Z%mDHD@qu'“HLz Mo (D2u g ul' ™= 5 g gl = o.
DED | LEINT - K*€I; -

We now rewrite the last two terms as

- jler 1 - 1412
- Z mUL(DDUJ’IJrlanUL)ulJ-, " = 4_ mUL (_(DDUJ’|+17nUL)+ puIJ_, " )
LEOM - pLedﬁHLr
1 . N
74_ Z Mg, (7(D©ul’|7nUL)+de’l) )
pLeﬁﬂnLr

and using (12b)

P11
-y M. bl
K*edﬁnjr

- Mo, (Pu - wi;'”)z M. (pu. - t,ufgi)z.

AP s, AP -G,
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Fig. 3 Asymptotic behavior of the numerically optimized paramgi®n the left, and number of
iterations to reduce the error by a factor of #®on the right

Summing ovel =0,--- ,Inax— 1 andj = 1,2, we get

Imax—1

D, .,1+1 2 Jslmax_ D (J:lmax 2
2 3 3, Bl - > Mo pul '™ (OP Uk ng, ) )
1= 2pe p ZLGBSDTJ,—

2

JImax j:Imax

+—Z ma*(—J 4 pus )
4pi: ,2K*eaz£mjﬁ,— -

:,-Z %) gﬁ moL(*(DQUj’OvnaLHpu{’°)2+ S mo(—wl+ pu&?)z
L o,

. "
r K*Gt?imj‘,—

This shows that the total energy stays bounded as the d@atagioes to infinity, and
hence the algorithm converges.

4 Numerical experiments

We show results for Laplace’s equation@n= (—1,1)2 with two subdomaing > 0
andx < 0. We first simulate in Figure 3 the error equations, i.e.gisiomogeneous
data, and starting with a random initial guess. On the ledtstow thep that worked
best ash is refined, both for a conforming square meshx2' squares onj,
j = 1,2), and for a non-conforming square meshx2' squares o2, and 3 x 3
squares or2,). On the right, we show the number of iterations needed taget
error reduction of 1010, These experiments illustrate well our theoretical result
We next show a case with exact solutiofx,y) = cog2.57mx) cog2.5my). Start-
ing with a random initial guess, Figure 4 shows the convergdnistory of the al-
gorithms for various parametepon the left, and snapshots of the error at iteration
10 on the right. We clearly see that fprtoo small, high frequencies dominate the
error, and forp large low frequencies. In the old algorithm, the theoréfjoapti-
mized choicep = 90.5, and in the new algorithm the theoretically optimized ckoi
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—New p=5
——New p=10
—~New p=14.§
-=-0ld p=5
S —#-0ld p=15
---0ld p=90.5

20 30
Numbers of iterations

4 Left: convergence history on a conforming 832 square mesh. Right: snapshots of the

error at iteration 10, left column for the old version ame- 5,15, 90.5, right column for the new
version andp = 5,10,14.18

p:

14.18 will work best in the long run. Finally, a priori knowledgéthe frequency

content of the solution can be used to choogetlaat gives very rapid convergence
early onin the iteration (hene= 5, good for low frequencies). This choice becomes
however very bad in the long run, once other error frequartméEome important.
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