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1 Thelnvention of Substructuring Methods

Substructuring methods were invented in the engineeringnuonity. A very early

precursor is the so called “Moment Distribution Method”;dardy Cross Method”

named after its inventor [11]. Cross states in the intradadb his paper from 1930
his motivation for the method:

The reactions in beams, bents, and arches which are imnyofiabtl at their ends have
been extensively discussed. They can be found compasateadlily by methods which are
more or less standard. The method of analysis herein pegsentables one to derive from
these the moments, shears, and thrusts required in thendelsigpmplicated continuous
frames.

The idea is to give a precise method how to combine structareghich their reac-
tion to load is known (i.e. tabulated), when they interagbiatts between structures.
The method is iterative, and described in Figure 1.

In modern terms, it is a Jacobi relaxation applied to theldgment formulation
of structural analysis [39], but also a precursor to thedisiement method.

" . The method of moment distribution is this: (c) Imagine all J’oix':ts in the
structure held so that they cannot rotate and compute the moments at the ends
of the members for this condition; (b) at each joint distribute the unbalanced
fixed-end moment among thé connecting members in proportion to the con-
stant for each member defined as “stiffness”; (¢) multiply the moment dis-
tributed to each member at a joint by the carry-over factor at that end of the
member and set this product at the other end of the member; (d) distribute
these moments just “carried over”; (e) repeat the process until the moments
to be carried over are small enough to be neglected; and (f) add all moments
—fixed-end moments, distributed moments, moments carried over—at each end
of each member to obtain the true moment at the end. TS S TR TN

To the mathematically inclined the method will appear as one of solving'
a series of normal simultaneous equations by successive approximation. From
an engineering viewpoint it seems simpler and more useful to think of the
solution as if it were a physical occurrence.

Fig. 1 The Hardy Cross Method from 1930
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Fio. 3. Typical substracture arangement for delta siraraft, | 1Pial substructure sfpeneement for conventiond
aircraft.

Fig. 2 Two plane structures with non-overlapping subdomain demsitions from the original
publication of Przemieniecki in 1963

It was however at Boeing, right after the reinvention of tinéd element method
for the design of aircraft [38, 9], where Przemieniecki doluced in his seminal
paper [33] the first substructuring method of the form we knlogm now. He first
explains why substructuring became necessary:

The necessity for dividing a structure into substructurésea either from the requirement
that different types of analysis have to be used on diffecembponents, or because the
capacity of the digital computer is not adequate to cope thi¢hanalysis of the complete
structure.

At the time, computational techniques for the simulatioram€raft were rapidly
developing, and complex structures had to be simulatedh@srsin the original
drawings of Przemienieckiin Figure 2. Unlike in the case af<3, the substructures
were too complicated to have tabulated solutions, and hiael simulated as well. At
the beginning of his paper, Przemieniecki describes the adéis domain domain
decomposition method, which is not so different from thehodtof Cross, but it is
not iterative:

In the present method each substructure is first analyzedatepy, assuming that all com-

mon boundaries with adjacent substructures are compligtely. these boundaries are then
relaxed simultaneously and the actual boundary displactsrere determined from the

equations of equilibrium of forces at the boundary jointse Bubstructures are then an-
alyzed separately again under the action of specified edtéwading and the previously

determined boundary displacements.

Let us see how this can be written in mathematical termsgusia notation used
by Przemieniecki. Like for many structural engineers at tinae, the reasoning was
at the discrete level: Id® be the exterior forceX the stiffness matrix, and the
displacement vector. Then these quantities satisfy thtesysf equations

KU =P, (1)

We now partition the unknowns into unknowndJ; in the interior of each substruc-
ture, and the unknowng;, on the boundaries between substructures, as indicated in
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Figure 2. If we partition the matrix and right hand side adiogly, the system (1)
can be rewritten as
[Kbb Kbi] |:Ub] _ [Po} 2
Kip Kii | | Ui R

Now the algorithm of Przemieniecki has three steps, as we $@en above. The first
step must keep boundaries between substructures fixed,ear@ lan (unknown)
force P(9) is needed to keep these boundaries fixed. Przemienieckifterparti-
tions the forcing vector into

B
p—pla) 4 pB) — Ry n R (3)
P 0

Since with the first vector on the right hand side as a loadbthendaries of the
substructures do not move, the displacements can also bterwin the same de-
composition, namely

0 Up
U=u@4u® = . 4
+ u@ | T u® (4)

By linearity, we can rewrite the original system as two systewhich represent the
first two steps in Przemieniecki’s algorithm,

@: [ [oe] =[]

[ Ko Kei | [ Ub ] Pém
(B): {Kib Kii] {in) Lo
In the first step of Przemieniecki’'s algorithm one needs fgesthe first system.

Because the interfaces between substructures are not ghtvimsystem simplifies
to

and

Kol ¥ =R, Ky =P

Knowing the force$ in the interior of each substructure, we can compute the inte
rior displacements when the interfaces are kept fiké&? = K 1R. Inserting this

result into the first equation uncovers the unknown force®naemieniecki needed
to impose to keep the interfaces fixed, namely
Pl — KyiK; 1P,
We can now determine the remaining for@ég) on the interfaces,
R =R —R" =R~ KuK; 'R

and inserting this result into the second syst@ndives
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KobUp + KbiUi(B) = Péﬁ)v KipUp + KiiUi(B) =0.

We can now compute the second step in Przemieniecki's dtgorinamely the
response of the structures to the interface Ioaﬁﬁ?@. The second equation gives
the internal displacemehl;(ﬁ) based on the boundary displacemigpt

U|(B) —_ 7Kii71KibUb7
and inserting this into the first equation, Przemienieckaots for the unknowns at
the interfaces the system

(Kob — KiKii *Kip)Up = Pp — KpiKii 1P 5)

We see that the procedure, which Przemieniecki motivateal siyictly mechanical
argument, leads simply to the Schur complement system erdilénterior variables
are eliminated! We note that the Schur complement systenalsarbe derived us-
ing discrete harmonic functions on the substructures. Tild &ind last step, after
solving the Schur complement system, is to simply compwgectirresponding in-
terior displacements, and the problem is solved. Histtyidhe Schur complement
was also known under the name capacitance matrix [25], asilvge® next.

2 Capacitance Matrix Methods

The capacitance matrix method became popular in the ear9, tue to a publica-
tion by Buzbee, Dorr, George and Golub [8] that has a verytsizstract:
There are several very fast direct methods which can be ossalve the discrete Poisson

equation on rectangular domains. We show that these mettadalso be used to treat
problems on irregular regions.

The paper first gives a general introduction to Schur cometertechniques at the
algebraic level, and then the authors show how Schur congriestan be used to
solve problems on irregular domains by imbedding, and byalorsplitting, with
a typical example of an L-shaped domain. As in Przemienjdablei Schur com-
plement system (5) is solved by direct methods. A new imporidea was then
introduced by Proskurowski and Widlund in [32]:

This new formulation leads to well-conditioned capacitantatrix equations which can be

solved quite efficiently by the conjugate gradient methodighly accurate solution can,

therefore, be obtained at an expense which grows no fastetllat for a fast Laplace solver
on a rectangle when the mesh size is decreased.

The authors explain that their method can use fast Possioersdor a similar
purpose as for the fundamental solustions when constguttia classical integral
equations of potential theory. The key contribution is hesrehe solution of the
Schur complement system by a Krylov method, which paved te for iterative
substructuring methods.
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Po(K 2 3, ) o S(C Y, Vo 71 (K2 3, Yo

Yo and vy, are the following constants

-

: @ Yo=r(1+1A+r)V2),  p, =(1+2r(1+20)) b, /[4rb))

r=(32)""*(ay—a,)/b,.

Fig. 3 Original Figure by Dryja [16] to introduce preconditionedrative substructuring methods
on the left, and first preconditioner estimate on the right

3 Iterative Substructuring Methods

The explicit calculation of the Schur complem&ris expensive and requires large
amount of memory since the matrix is much denser than théatigtiffness matrix
K as defined in (1), even though it is much smaller. However thiermof the Schur
complement on a vector can be calculated implicitly by swiocal substructure
problems. Therefore the explicit formation of the Schur ptament can be avoided
if Krylov space methods are used to solve the interface prol{b) iteratively, as
shown in [32]. To make the number of iterations however maahtg, for certain
accuracy, it is crucial to construct a suitable precondéidor the Krylov subspace
methods. In a sequence of papers [15, 16, 17], Dryja firstdglutced preconditioned
Krylov space methods for solving the interface problem {hje L-shaped domain
shown in Figure 3 on the left was divided into two subdomam§li6], and the
preconditioner is selected Ks /2, whereK is here the discrete Laplacian operator
on the subdomain interface. Dryja proved in [16] the firstctfzé equivalence re-
sult for preconditioning the capacitance matrix, as shawRigure 3 on the right.
This result was proved using Fourier analysis, and the p@itioner can also be
implemented efficiently using a fast sine transform.

Golub and Mayers proposed a slightly improved version af fiieconditioners
in [24]. In [1, 2], Bjgrstad and Widlund explicit derived awéagonalized the lo-
cal Schur complemerg!) and proposed two preconditioners. The preconditioner
considered by Dryja was called the “good method” and therpthe Neumann-
Dirichlet preconditioner for two subdomains, the “excetlenethod”. The applica-
tion of this preconditioner to a vector requires the solutidd one subdomain Neu-
mann problem and one subdomain Dirichlet problem. It caye®im one step if the
two subdomains come from a symmetric region cut in half aedrilangulation is
regular and symmetric. If the subdomain partition allowg@-black coloring, the
Neumann-Dirichlet (Dirichlet-Neumann) algorithms casmbe extended to many
subdomains.

Another type of preconditioner, the Neumann-Neumann préitioner was in-
troducedin [22, 3, 27]. The application of this precondigoto a vector requires the
solutions of two Dirichlet problems and two Neumann protdeithus, it is more
expensive than the Neumann-Dirichlet preconditioner. e\, it is easy to extend
to many subdomains and can be made to perform well with jungfficeents by
introducing a simple scaling operator.
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The number of iterations will increase with an increase ef tlamber of sub-
domains for most one-level preconditioners. An additideaél is needed to re-
move such dependence. For Dirichlet-Neumann preconéitinwvhen the subdo-
main partitions has cross points, a natural second, caarsedolver can be formed
using variables related to these cross points, see [19Th&]two-level Neumann-
Neumann algorithms, known as Balancing Neumann-Neumayuritims, where
introduced in [29, 28, 26, 21]. The coarse level solver canctestructed us-
ing weighted counting functions. The balancing Neumanmo#iNenn algorithm has
been extended to several applications such as for the miigeldiement discretiza-
tions, Stokes, and almost incompressible elasticity, $10,23]. Recently, the bal-
ancing domain decomposition by constraints method has teexioped and it has
been widely used [12, 30]; it is similar to the balancing Newmm-Neumann al-
gorithms but its coarse problems are given in terms of a setiofal constraints
partially enforcing contiunity across the interface.

4 Primal Iterative Substructuring Methods

There is another class of substructuring methods knowneagrtmal iterative sub-
structuring methods. The difference between the preciongits in this class and
the algorithms described in Section 3 is that the couplig/een all pairs of faces,
edges, and vertices are eliminated in the preconditiorfehssoclass while the cou-
pling between neighboring subdomains are eliminated iptheious class.

The development of the primal iterative substructuringhods started with a
famous series of four papers [4, 5, 6, 7]. [4] is the first papeiterative substruc-
turing methods to deal with cross points satisfactorilye Bhgorithm proposed in
that paper has a coarse level component formed in terms aftiss points and an
almost optimal condition number bound was established mdimensions. How-
ever such a coarse level problem does not always work welrigetdimensions
because of a much weaker finite element Sobolev inequaktate®d methods with
a coarse solver based on the wire basket were introducefffor firee dimensional
problems and an almost optimal bound was obtained.

An observation on using a change of basis from a partial tdébieal basis to the
usual nodal basis for this class of algorithms was made ihgB8@ many precondi-
tioners of this type were introduced in [20]. These alganisthave been successfully
implemented and extended to three dimensional lineari@tggB5, 36]. Quite re-
cently, the coarse components introduced here have alsousee for overlapping
domain decomposition methods to obtain algorithms inddeetof the coefficient
jumps [34, 13, 14].
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