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Summary. We present a non-overlapping S
hwarz waveform relaxation method

for solving adve
tion-rea
tion-di�usion problems in heterogeneous media. The do-

main de
omposition method is global in time, whi
h permits the use of di�erent

time steps in di�erent subdomains. We determine optimal non-lo
al, and optimized

Robin transmission 
onditions. We also present a spa
e-time �nite volume s
heme es-

pe
ially designed to handle su
h transmission 
onditions. We show the performan
e

of the method on an example inspired from nu
lear waste disposal simulations.

1 Motivation and Problem Setting

What to do with nu
lear waste is a question being addressed by several or-

ganizations worldwide. Long term storage within a deep geologi
al formation

is one of the possible strategies, and Andra, the Fren
h Agen
y for Nu
lear

Waste Management, is 
urrently 
arrying out feasibility studies for building

su
h a repository. Given the time span involved (several hundreds of thou-

sands, even millions, of years), physi
al experiments are at best diÆ
ult, and

one must resort to numeri
al simulations to evaluate the safety of a proposed

design.

Deep disposal of nu
lear waste raises a number of 
hallenges for numeri
al

simulations: widely di�ering lengths and time-s
ales, highly variable 
oeÆ-


ients and stringent a

ura
y requirements. In the site under 
onsideration

by Andra, the repository would be lo
ated in a highly impermeable geologi
al

layer, whereas the layers just above and below have very di�erent physi
al

properties. In the 
lay layer, the radionu
lides move essentially be
ause of

di�usion, whereas in the dogger layer that is above the main phenomenon is
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adve
tion (see [BKST04℄ and the other publi
ations in the same issue for a

detailed dis
ussion of numeri
al methods that 
an be applied to a simpli�ed,

though relevant, situation).

It is then natural to use di�erent time steps in the various layers, so as

to mat
h the time step with the physi
s. To do this, we propose to adapt

a global in time domain de
omposition method proposed by Gander and

Halpern in [BGH04℄ (see also [GHN03℄, and [Mar04℄ for a di�erent appli
ation)

to the 
ase of a model with dis
ontinuous 
oeÆ
ients. The main advantage of

the method is that it allows us to take di�erent time steps in the subdomains,

while only syn
hronizing at the end of the time simulation.

Our model problem is the one dimensional adve
tion{di�usion{rea
tion

equation

Lu :=

�u

�t

�

�

�x

�

D

�u

�x

� au

�

+ bu = f; on R� [0; T ℄;

u(x; 0) = u

0

(x); x 2 R;

(1)

where the rea
tion 
oeÆ
ient b is taken 
onstant and the 
oeÆ
ients a and D

are assumed 
onstant on ea
h half line R

+

and R

�

, but may be dis
ontinuous

at 0,

a =

(

a

+

x 2 R

+

;

a

�

x 2 R

�

;

D =

(

D

+

x 2 R

+

;

D

�

x 2 R

�

:

(2)

If u

0

2 L

2

(R) and f 2 L

2

(0; T ;L

2

(R)), then problem (1) has a unique weak

solution u 2 L

1

(0; T ;L

2

(R))

T

L

2

(℄0; T [;H

1

(R)), see [LM72℄. In the sequel,

it will be 
onvenient to use the notation

L

�

v :=

�v

�t

�

�

�x

�

D

�

�v

�x

� a

�

v

�

+ bv; x 2 R

�

; t > 0;

B

�

v := �D

�

�v

�x

� a

�

v; x = 0; t > 0:

(3)

One 
an show that (1), (2) is equivalent to the de
omposed problem

L

�

u

�

= f; on R

�

� [0; T ℄; L

+

u

+

= f; on R

+

� [0; T ℄;

u

�

(x; 0) = u

0

(x); x 2 R

�

; u

+

(x; 0) = u

0

(x); x 2 R

+

;

(4)

together with the 
oupling 
onditions

u

+

(0; t) = u

�

(0; t); B

+

u

+

(0; t) = �B

�

u

�

(0; t); t 2 [0; T ℄: (5)

2 Domain De
omposition Algorithm

A simple algorithm based on relaxation of the 
oupling 
onditions (5) does

not 
onverge in general, not even in the most simple 
ases, see for exam-

ple [QV99℄. Instead of introdu
ing a relaxation parameter, as in the 
lassi
al

Diri
hlet-Neumann method, we introdu
e transmission 
onditions whi
h im-

ply the 
oupling 
onditions in (5) at 
onvergen
e, and lead at the same time to
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an e�e
tive iterative method. We introdu
e two operators �

+

and �

�

a
ting

on fun
tions de�ned on [0; T ℄, su
h that

8g 2 L

2

(R);

d

�

�

g(!) = �

�

(!)bg(!); 8! 2 R;

where bg is the Fourier transform of the fun
tion g, and �

�

is the symbol of �

�

.

For k = 0; 1; 2; : : :, we 
onsider the S
hwarz waveform relaxation algorithm

L

+

u

+

k+1

= f; on R

+

� [0; T ℄;

u

+

k+1

(x; 0) = u

0

(x); x 2 R

+

;

(B

+

+ �

+

)u

+

k+1

(0; t) = (�B

�

+ �

+

)u

�

k

(0; t); t 2 [0; T ℄;

L

�

u

�

k+1

= f; on R

�

� [0; T ℄,

u

�

k+1

(x; 0) = u

0

(x); x 2 R

�

;

(B

�

+ �

�

)u

�

k+1

(0; t) = (�B

+

+ �

�

)u

+

k

(0; t); t 2 [0; T ℄:

(6)

If this algorithm 
onverges, then, provided �

+

� �

�

has a null kernel, the

limit is a solution of the 
oupled problem (4), (5), and hen
e of the original

problem (1).

2.1 Optimal Transmission Conditions

In order to 
hoose the transmission operators �

+

and �

�

, we �rst determine

the 
onvergen
e fa
tor of the algorithm. Sin
e the problem is linear, the error

equations 
oin
ide with the homogeneous equations, that is we may take f = 0

and u

0

= 0 in algorithm (6) above. In order to use Fourier transforms in time,

we assume that all fun
tions are extended by 0 for t < 0. Denoting the errors

in R

�

by e

�

k

, we see that the Fourier transforms of e

+

k

and e

�

k

are given by

be

�

k

(x; !) = �

k

(!) e

r

+

(a

�

;D

�

;!)x

; (x; !) 2 R

�

�R;

be

+

k

(x; !) = �

k

(!) e

r

�

(a

+

;D

+

;!)x

; (x; !) 2 R

+

�R;

(7)

where �

k

and �

k

are determined by the transmission 
onditions, and r

+

(a;D; !)

and r

�

(a;D; !) are the roots with positive and negative real parts of the 
har-

a
teristi
 equation

Dr

2

� ar � (b+ i!) = 0: (8)

If we substitute (7) into the transmission 
onditions of algorithm (6), we

obtain over a double step of the algorithm

�

k+1

(!) = �(!)�

k�1

(!); �

k+1

(!) = �(!)�

k�1

(!) (9)

with the 
onvergen
e fa
tor �(!) for ea
h ! 2 R given by

�(!) =

a

�

�D

�

r

+

(a

�

;D

�

;!)+�

+

(!)

a

+

�D

+

r

�

(a

+

;D

+

;!)+�

+

(!)

�

a

+

�D

+

r

�

(a

+

;D

+

;!)��

�

(!)

a

�

�D

�

r

+

(a

�

;D

�

;!)��

�

(!)

: (10)

Remark 1. The previous equation shows that there is a 
hoi
e for �

�

that

leads to 
onvergen
e in two iterations. However, the 
orresponding operators

are non-lo
al in time (be
ause of the square-root in r

�

(a;D; !). In the next

Subse
tion, we therefore approximate the optimal operators by lo
al ones.
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2.2 Lo
al Transmission Conditions

We approximate the square roots in the roots of (8) by parameters p

�

whi
h

leads to

�

+

app

(!) =

p

�

� a

�

2

and �

�

app

(!) =

p

+

+ a

+

2

; 8! 2 R; (11)

and hen
e leads to Robin transmission 
onditions in algorithm (6).

We 
all the left subdomain problem the system formed by the �rst two

equations of (4), together with the boundary 
ondition

�

B

�

+ �

�

app

�

u

�

(0; t) = g

�

; for t > 0;

and similarly for the right subdomain problem. As the 
oeÆ
ients are 
on-

stants in ea
h subdomain, we 
an prove the following result exa
tly as

in [BGH04℄ (see Theorem 5.3, and also [LM72℄ for the de�nition of the

anisotropi
 Sobolev spa
e H

2;1

(R

�

� (0; T ))).

Theorem 1 (Well Posedness of Subdomain Problems). Let u

0

2 H

1

(R),

f 2 L

2

(0; T ;R), and g

�

2 H

1=4

(0; T ). Then, for any real numbers �

�

app

, the

subdomain problems have unique solutions u

�

2 H

2;1

(R

�

� (0; T )).

We then have enough smoothness on the solution to apply the other transmis-

sion operator to the subdomain solution, and this proves by indu
tion that

algorithm (6) with the Robin transmission 
onditions (11) is well de�ned (see

also Theorem 5.4 in [BGH04℄).

Theorem 2 (Well Posedness of the Algorithm). Let f 2 L

2

(0; T ;R),

u

0

2 H

1

(R), and the initial guesses u

�

0

2 H

2;1

(R

�

� (0; T )) � H

2;1

(R

+

�

(0; T )). Then, for any real numbers p

�

, algorithm (6) with Robin transmission


onditions (11) is well de�ned in H

2;1

(R

�

� (0; T ))�H

2;1

(R

+

� (0; T )).

Convergen
e of the algorithm follows from energy estimates similar to the ones

in [BGH04℄, where however the additional diÆ
ulty due to the dis
ontinuities

leads to additional 
onstraints on the parameters.

Theorem 3 (Convergen
e of the Algorithm). If the three following 
on-

strains are satis�ed: �

�

app

+�

+

app

> 0, �

�

app

��

+

app

+

a

+

2

� 0, �

�

app

��

+

app

+

a

�

2

� 0,

then algorithm (6), with Robin transmission 
onditions (11), is 
onvergent.

Note that in the 
ase of 
onstant 
oeÆ
ients, and p

+

= p

�

= p, the 
onstraints

redu
e to p > 0, whi
h is 
onsistent with results in [BGH04℄.

How should the parameters p

�

be 
hosen? A simple approa
h is to use a

low frequen
y approximation, obtained by a Taylor expansion of the square

roots in the roots of (8), whi
h leads to

p

+

=

p

(a

+

)

2

+ 4D

+

b; p

�

=

p

(a

�

)

2

+ 4D

�

b: (12)
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Su
h transmission 
onditions are however not very e�e
tive for high frequen-


ies. A better approa
h is to minimize the 
onvergen
e rate, i.e. to solve the

min-max problem

min

p

+

;p

�

�

max

0�!�!

max

j�(!; p

+

; p

�

; a

+

; a

�

; D

+

; D

�

; b)j

�

; (13)

where � is given in (10). As we are working with a numeri
al s
heme, the

frequen
ies 
an not be arbitrarily high, but 
an be restri
ted to !

max

= �=�t.

Theorem 4. If p

+

= p

�

= p, then for a

+

; a

�

> 0 the solution of the min-max

problem (13) is for �t small given by

p �

�

2

3

�(D

+

D

�

)

(

p

D

+

+

p

D

�

)

2

�

a

+

�a

�

+

p

(a

+

)

2

+4D

+

b+

p

(a

�

)

2

+4D

�

b

�

2

�

1

4

p

D

+

+

p

D

�

�t

�

1

4

;

(14)

whi
h leads to the asymptoti
 bound on the 
onvergen
e rate

j�j � 1�

 

2

5

(

p

D

+

+

p

D

�

)

2

�

a

+

�a

�

+

p

(a

+

)

2

+4D

+

b+

p

(a

�

)

2

+4D

�

b

�

2

D

+

D

�

�

!

1

4

�t

1

4

:

(15)

Theorem 5. If D

+

= D

�

= D, then for a

+

; a

�

> 0 the solution of the

min-max problem (13) is for �t small given by

p

+

� (2

9

�

3

D

3

(a

+

� a

�

+

p

(a

+

)

2

+ 4Db+

p

(a

�

)

2

+ 4Db)

2

)

1

8

�t

�

3

8

;

p

�

� (2

�5

�D(a

+

� a

�

+

p

(a

+

)

2

+ 4Db+

p

(a

�

)

2

+ 4Db)

6

)

1

8

�t

�

1

8

;

(16)

whi
h leads to the asymptoti
 bound on the 
onvergen
e rate

j�j � 1�

�

2

13

(a

+

�a

�

+

p

(a

+

)

2

+4Db+

p

(a

�

)

2

+4Db)

2

D�

�

1

8

�t

1

8

: (17)

The most general 
ase where p

+

6= p

�

and D

�

are arbitrary is asymptoti
ally

the most interesting one, sin
e the dis
ontinuity in D 
hanges the exponent

in the asymptoti
ally optimal parameter and hen
e in the 
onvergen
e rate.

This 
ase is 
urrently under investigation.

3 Finite Volume Dis
retization of the Algorithm

We dis
retize the subdomain problem by a spa
e-time �nite volume method,

impli
it in time and upwind for the adve
tive part. We denote the spa
e

and time steps by �x, �t, the grid points by x

j

= j�x; j = 0; : : : ; N

x

(with

N

x

�x = L), and t

n

= n�t; n = 0; : : : ; N

t

, (with N

t

�t = T ). We also let u

h

=

(u

n

j

)

(j;n)

be the approximate solution, with u

n

j

� u(x

j

; t

n

). We 
onsider u

h

as
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x j−1 x j
x j+1

tn−1

tn

tn+1

Fig. 1. Finite volume grid. Fun
tion is 
onstant on solid re
tangle, x -derivative on

right-hashed re
tangle, t-derivative on left-hashed re
tangle.

a fun
tion 
onstant on ea
h re
tangle R

n

j

= (x

j�1=2

; x

j+1=2

)� (t

n�1=2

; t

n+1=2

)

(the fully shaded re
tangle in Figure 1). The dis
rete derivatives are de�ned

by the di�eren
e quotient, and are 
onstant on staggered grids, as indi
ated

in Figure 1. Last, we let u

n+1=2

j

=

u

n

j

+u

n+1

j

2

.

The dis
rete s
heme for interior points in ea
h subdomain is obtained by

integrating the partial di�erential equation in (6) on the re
tangle R

n

j

and

then using standard �nite volume approximations, whi
h leads to

u

n+1

j

�u

n

j

�t

�D

u

n+1=2

j+1

�2u

n+1=2

j

+u

n+1=2

j�1

�x

2

+a

u

n+1=2

j

�u

n+1=2

j�1

�x

+bu

n+1=2

j

= f

n+1=2

j

: (18)

The s
heme 
an be shown to be un
onditionally stable, and �rst order a

u-

rate [GHK05℄.

The main interest of the �nite volume method is that we 
an handle the

transmission 
onditions in (6) in a natural way. Now we just integrate over

half the 
ell, for example on the right subdomain, and use the transmission


ondition on the 
ell boundary on the left, to obtain

�x

2

u

n+1

0

�u

n

0

�t

�D

u

n+1=2

1

�u

n+1=2

0

�x

+ au

n+1=2

0

+

�x

2

b u

n+1

0

+ �

app

u

n+1=2

0

= g

n+1=2

;

(19)

and similarly over the left subdomain. In the same way, we obtain an expres-

sion for the operator on the right hand side of the transmission 
ondition. One


an show that if the entire domain is homogeneous, then the s
heme with the

dis
rete boundary 
onditions 
oin
ides with the interior s
heme applied at the

interfa
e node [GHK05℄.

Sin
e the spa
e and time steps will usually be di�erent on both sides of

the interfa
e, we introdu
e an L

2

proje
tion operator on the boundary (a
ting

on step fun
tions de�ned in the time domain), as was done in [GHN03℄.
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4 Numeri
al Experiments

We present an example of the behavior of our algorithm, with dis
ontinuous


oeÆ
ients, and di�erent time and spa
e steps in the two subdomains. The

parameters for the two subdomains are shown in Table 1. Several snapshots

of the solution, at 3 di�erent times, and for two di�erent iterations are shown

in Figure 2.

D a p �x �t

Left subdomain R

�

4 10

�2

4 18:5 10

�2

4 10

�3

Right subdomain, R

+

12 10

�2

2 6:4 2 10

�2

2 10

�3

Table 1. Physi
al and numeri
al parameters for an example.

0 0.5 1 1.5 2
0

0.2

0.4

0.6

0.8

1

x

u(
x,

 1
e−

1)

Solution at time 1e−1, iteration 2

0 0.5 1 1.5 2
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

x

u(
x,

 5
e−

2)

Solution at time 5e−2, iteration 4

0 0.5 1 1.5 2
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

x

u(
x,

 7
e−

2)

Solution at time 7e−2, iteration 4

0 0.5 1 1.5 2
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

x

u(
x,

 1
e−

1)

Solution at time 1e−1, iteration 4

0 0.5 1 1.5 2
0

0.2

0.4

0.6

0.8

1

x

u(
x,

 5
e−

2)

Solution at time 5e−2, iteration 2

0 0.5 1 1.5 2
0

0.2

0.4

0.6

0.8

1

x

u(
x,

 7
e−

2)

Solution at time 7e−2, iteration 2

Fig. 2. Evolution of the solution at two di�erent iterations. Top row: iteration 2,

bottom row: iteration 4. Left 
olumn: t = 0:05, middle 
olumn t = 0:07, right 
olumn

t = 0:1.

Last, to illustrate Theorem 5, we show on Figure 3 the number of iterations

needed to redu
e the residual by 10

6

when running the algorithm on the

dis
retized problem, for various values of the parameters p

+

and p

�

. The

parameters 
orresponding to Theorem 5 and to the values found by minimizing

the 
ontinuous 
onvergen
e rate (10) are both shown on the �gure (we use

the same values as in Table 1 above, ex
ept that now D

+

= D

�

= 410

�2

).
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1616
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16
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16
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20

20
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22
22

22

22 22 22
24

24

24

24
24

24

24 24 24
26 26

26

26
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26 26 26

28

28 28 28

28

28
28

30

30

30

30

30 30

pp

pm

5 10 15 20 25 30

5

10

15

20

25

30

Fig. 3. Level 
urves for the number of iterations needed to rea
h 
onvergen
e for

various values of the parameters p

�

and p

+

. The lower left star marks the param-

eters derived from Theorem 5, whereas the upper right 
ross shows the "optimal"

parameters, as found by numeri
ally minimizing the 
ontinuous 
onvergen
e rate.
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