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1 Introduction

We are interested here in the numerical modeling of time-harmonic electro-
magnetic wave propagation problems in irregularly shaped domains and het-
erogeneous media. In this context, we are naturally led to consider volume
discretization methods (i.e. finite element method) as opposed to surface dis-
cretization methods (i.e. boundary element method). Most of the related exist-
ing work deal with the second order form of the time-harmonic Maxwell equa-
tions discretized by a conforming finite element method [14]. More recently,
discontinuous Galerkin (DG) methods have also been considered for this pur-
pose. While the DG method keeps almost all the advantages of a conforming
finite element method (large spectrum of applications, complex geometries,
etc.), the DG method has other nice properties which explain the renewed
interest it gains in various domains in scientific computing: easy extension to
higher order interpolation (one may increase the degree of the polynomials in
the whole mesh as easily as for spectral methods and this can also be done
locally), no global mass matrix to invert when solving time-domain systems of
partial differential equations using an explicit time discretization scheme, easy
handling of complex meshes (the mesh may be a classical conforming finite
element mesh, a non-conforming one or even a mesh made of various types
of elements), natural treatment of discontinuous solutions and coefficient het-
erogeneities and nice parallelization properties. In this paper, the first order
form of the time-harmonic Maxwell equations is discretized using a high order
DG method formulated on unstructured simplicial meshes.

Domain decomposition (DD) methods are flexible and powerful techniques
for the parallel numerical solution of systems of partial differential equations.
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Their application to time-harmonic wave propagation problems began with a
first algorithm proposed in [4] for solving the Helmholtz equation, and then
extended and generalized for the time-harmonic Maxwell equations in [5, 3, 1].
A classical DD strategy which takes the form of a Schwarz algorithm where
Després type conditions are imposed at the interfaces between neighboring
subdomains was adopted in our previous work [8]. These conditions actually
translate into a continuity condition for the incoming characteristic variables
in the case of the first order Maxwell system. A similar approach (using Robin
transmission conditions) but applied to a second order form of the Maxwell
system, and in conjunction with a non-conforming finite element discretiza-
tion, is presented in [13] and [18]. The analysis of a larger class of Schwarz
algorithms has been performed recently in [7] where optimized transmission
conditions are used. The latter extends the idea of the most general, optimized
interface conditions designed for the Helmholtz problem in [12].

In this paper, we consider classical and optimized Schwarz algorithms stud-
ied in [7], in conjunction with high order DG methods [6] formulated on un-
structured simplicial meshes, for the solution of the time-harmonic Maxwell
equations. The rest of this paper is organized as follows. In section 2, we
formulate the continuous boundary value problem to be solved. Then, in sec-
tion 3, the adopted Schwarz DD method is introduced. Section 4 is devoted
to the discretization of the global and domain decomposed boundary value
problems. Finally, in section 5, numerical strategies for solving local problems
as well as parallel computing aspects are discussed and experimental results
are presented.

2 Continuous Problem

The system of normalized time-harmonic Maxwell’s equations is given by:
we, E —curlH = —J, iwp, H + curl E = 0, (1)

where E and H are the unknown electric and magnetic fields and J is a known
current source; €, and u, respectively denote the relative electric permittivity
and the relative magnetic permeability; we consider here the case of linear
isotropic media. The angular frequency of the problem is given by w. Egs. (1)
are solved in a bounded domain (2. On the boundary 92 = I, U [}, the
following boundary conditions are imposed:

- a perfect electric conductor (PEC) condition on I, : n x E =0,

. . 2

- a first order absorbing condition on I, : L(E, H) = L(E"™°, H'™), @)
where L(E,H) =n x E —Zn x (H x n) with Z = /u,/e,. The vectors
E"™¢ and H™C represent the components of an incident electromagnetic wave
and n denotes the unitary outward normal. Egs. (1) and (2) can be further
rewritten, assuming J equals to 0 in the form:
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WGoW + G0, W + G,0,W + G,0,W =0 in (2,
(Mrp,, — Gn)W =0on I, (3)
(Mp, — Gn)(W — W) =0 on I,

where W = (E, H)T is the new unknown vector and:

erI3 O3x3 O3x3 Ne: B
Gp = , G = , Np=|-v, 0 vy |,
0 <03><3 pr I3 : Ng Osxs v

where (e®, e¥, €¥) is the canonical basis of R? and v = (v, vy, v,)T. The term
I3 denotes the identity matrix, and O3x3 the null matrix, both of dimension
3% 3. The real part of G is symmetric positive definite and its imaginary part,
which appears for instance in the case of conductive materials, is symmetric
negative. In the following we denote by Gn, the sum Gyn, + Gyny + G.n,
and by G, and Gy, its positive and negative parts®. We also define |Gn|=
G, —Gnp- In order to take into account the boundary conditions, the matrices
Mr,, and M, are given:

_ <O3><3 Nn

M
g —Nf, O3x3

m

> and Mpa = |Gn|

3 A Family of Schwarz DD Algorithms

We assume that the domain (2 is decomposed into Ny subdomains {2 =
Uivzsl £2; and let I3; = 06, N ﬁj. In the following, a superscript ¢ indicates
that some notations are relative to the subdomain §2; and not to the whole
domain 2. We denote by n;; the outward normal vector to the interface I7;.
We consider a family of Schwarz DD algorithms for solving the problem (3),
given by (n denotes the Schwarz iteration):

iwWhnT 4 Z GOW*"™ ! =0 in 2,

. le{z,y,z} ) 4
Bnij VVZJH_1 = Bnij W7™ on Fij7 ( )
+ BC on 8(21 M 8(2,

where the Bp,, are interface operators. Such algorithms have been studied
in detail in [7] with the aim of designing optimized overlapping and non-
overlapping Schwarz methods for both the time-domain and time-harmonic
Maxwell equations. Here, we consider the following situations:

e the classical Schwarz algorithm (for 2D and 3D problems) in which Bp,,;, =
Gn..,
ij

5If TAT™! is the eigendecomposition of G, then G% = TATT™! where AT
(respectively A7) only gathers the positive (respectively negative) eigenvalues.
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e an optimized Schwarz algorithm (for 2D problems only) characterized by
Bn,; = Gn,, +SiGp,, with §; = a; = (i0) " [p(1 — i)] where © = w,/e/1.

The optimized Schwarz algorithm selected in this study corresponds to one of
several variants proposed and analyzed in [7]. In particular, in the case of a

1
/ 1
two-subdomain non-overlapping decomposition, a good choice is p = \g\c/‘% ,
1

which leads to the asymptotic convergence factor p = 1 — %i\/ﬁ (while

p = 1 for the classical Schwarz algorithm in this configuration) where C
is a constant and Cz = min(k? — @* &% — k%) (k— and ky are frequency
parameters, see [7] for more details). Preliminary results of the use of this
optimized Schwarz algorithm in conjunction with a high order DG method
were presented in [9].

4 Discretization by a High Order DG Method

The subproblems of the Schwarz algorithm (4) are discretized using a DG
formulation. In this section, we first introduce this discretization method
in the one-domain case. Then we establish the discretization of the in-
terface condition of algorithm (4) with respect to the adopted DG for-
mulation. Let 2, denote a discretization of the domain (2 into a union
of conforming simplicial elements K. We look for the approximate solu-
tion Wy, of (3) in Vj, x V3 where the functional space Vj, is defined by,
Vi = {U € [L*(2)]? | VK € 2, U € Py(K)} where P,(K) denotes a
space of vectors with polynomial components of degree at most p over the
element K.

4.1 Discretization of the One-Domain Problem

The DG discretization of system (3) yields the formulation of the discrete
problem which aims at finding W, in V}, x V; such that:

T
/ (iwGoW )" Vidv + Z/ Z Gio(Wp)| Vdv
25 Ke2, 7K \iefa,y,2}
1 T
+ Z /(§(MF,K_IFKGTLF)W}L) Vids
F
Felmure (5)
-3 / (G IWRK)T (V}ds + / (SpIW,K)! JVKds
Fero’ ¥ Fero’F
1 . T_
_ Z / (—(MF_KIFKGnF)WmC) Vds, YV €V, xVy,
Fere’F 2 ’
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where I'°, I'® and I'™ respectively denote the set of interior (triangular) faces,
the set of faces on I', and the set of faces on I;,,. The unitary normal associated
to the oriented face F' is np and Ir i stands for the incidence matrix between
oriented faces and elements whose entries are equal to 0 if the face F' does not
belong to element K, 1 if F' € K and their orientations match, and -1 if F € K
and their orientations do not match. For F = 9K NOK, we also define JVK =
IrkVik +IpgV g and {vi=1 (V|K + V‘f(). Finally, the matrix Sg,
which is hermitian positive definite, permits to penalize the jump of a field or
of some components of this field on the face F, and the matrix Mp , to be
defined later, insures the asymptotic consistency with the boundary conditions
of the continuous problem. Problem (5) is often interpreted in terms of local
problems in each element K of {2 coupled by the introduction of an element
boundary term called numerical flux (see also [10]). In this study, we consider

two classical numerical fluxes, which lead to distinct definitions for matrices
S i and M, FK:

- a centered flux (see [11] for the time-domain equivalent):

O3x3 Nn ) .
I r) it Ferm,
Sp=0 and Mpgx =14 ' ° (NﬁF 033

(6)
|GnF| if Fel*.
- an upwind flux (see [15, 10]):
1 (Nn.Nf, Osxs
SF - = T )
2 03x3 N'n,FNTLF

1
§N’I’LFN']Z;,F IFKN’I’LF if GFm, (7)

MF,K = *IFKN')'];,F 03><3

|Gn,| if F € I

Remark 1. The formulation of the DG scheme above (in particular, the cen-
tered and upwind fluxes) actually applies to homogeneous materials. For de-
1

scribing the flux in the inhomogeneous case, let us define Z%X = yr 2 F=

M and YT = w where F = K N K. With these definitions, the
DG scheme in the inhomogeneous case can be written formally as (5) but by
modifying S as:

1 T
1| 57 Nn.Np 033
R i , (8)
O3x3 vF Ve Nop

and by using for the average a weighted average {-} r for each face F:
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7K 7K
1 —7 0O3x3 —F Usxs
{Vir= 5 z yK Vik + z vEK V|f< (9)
Usxs 37 Osx3 37

4.2 Discretization of the DD Algorithm
DG Formulation of the Multi-Domain Problem

Let I' denote the set of faces which belongs to I; = 0£2; N ﬁj. According
to algorithm (4), the interface condition on I5; is given by:

Bn,,(W""tt —W7") =0 for all F belonging to ', (10)

which is taken into account in a weak sense in the context of the DG formu-
lation described in section 4.1. Then the DG discretization of a local problem
of algorithm (4) can be written using (5) as:

{Find W™ in Vi x V3 such that: )

d(WIMtE VY £ (Wt V) = £l YV e Vi x Vi

with: r
a (Wit v = / (wGow ;1) Vo
2,
T
+ ) S Gawrth | Vv,
KEQZ K le{z,y,z}
S 1 . T__
YWV = Z /(E(MEK—IFKGTLF)W;;"“) Vs
JF
Felm:t
. T__ . T__
+ 3 / (IFKG;LFW};"“) Vs + Y / (IFKBnFW};"“) Vs
Ferai’F Ferii v F

) /F [(SFJW}';"“K)TJVK—(GnFJWZ’"“K)T{V}} ds,

Fero

, . _ CNT __

fh= Z /(IFKG;LFW‘“C)TVder Z /(IFKBnFW{;”) Vds.
Ferai’ ¥ Ferii ' F

We note that the proposed numerical treatment of the interface condition
(10) (see the boundary integral terms on I in the expressions for b; and f; )
is only valid for the classical interface condition or for a zero-order optimized
interface condition such as the one selected in this study.
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Formulation of an Interface System

In the two-domain case the Schwarz algorithm can be written formally as:

LWEH = £ in 0, LW = £2 i (2,
Bn ,Whtt = b2 on Iy, { Bp, W2 = X272 on Iy, (12)
+ B.C. on 042, N 042, + B.C. on 925 N 912,

and then:

AV = B , WA on Ty, N = By, W on Iy, (13)

where £ is a linear differential operator and f1'? denotes the right-hand sides
associated to {2 2. The Schwarz algorithm (12)-(13) can be rewritten in sub-
structured form as:

)\l,n-i—l — BanQ()\Q,n, .f2) , )\2,n+1 _ Bn21W1 (}\1,717 fl),

where WY = WY (M, f7) are the solutions of the local problems. By linearity
of the operators involved, an iteration of the Schwarz algorithm is then A" ™! =
(Id — T)A™ + d, which is a fixed point iteration to solve the interface system
TX = d, where A = (A',A?). From the discrete point of view, the global
problem on domain {2 can be written in the matrix form:

Aq 0 Ri2 O W, f}ll
0 Ay 0 R | (Wi ]| |72
0 —By I 0 DY I I
—Bi; 0 0 I by 0

where A; > are local matrices coupling only internal unknowns, Ri2 21 express
the coupling between internal unknowns and interface unknowns, and the
subscript h denotes the discrete counterpart of a given quantity (e.g. )\}11,2 are
the discretized unknown vectors corresponding to A'*?). The elimination of the
internal unknowns W,ll’2 leads to the discrete interface problem 7pA; = gy,
with:

I BglAQ_IRm B21A2_1fi
771 = and gn = )
B2 AT Rip I B2 AT £,

where 73, and g,, are the discretization of 7 and d. This system is then solved
by a Krylov subspace method, as discussed in the following section.

5 Numerical and Performance Results

5.1 The 2D Case

We first present results for the solution of the 2D transverse magnetic Maxwell
equations in the case of a heterogeneous non-conducting media:
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OF,
iwp, Hy + =0,

ok,
iwp,Hy — =0,

r

0H, OH.
. rEz _ Ully r _ 0
we or + dy

The considered test problem is the scattering of a plane wave (F=300 MHz)
by a dielectric cylinder. For that purpose, we make use of a non-uniform
triangular mesh which consists of 2078 vertices and 3958 triangles (see Fig. 1
left). The relative permittivity of the inner cylinder is set to 2.25 while vacuum
is assumed for the rest of the domain. We compare the solutions obtained
using a DGTH-P, method with p = 1,2, 3,4 (i.e. the approximation order p is
the same for all the mesh elements) and a variable order DGTH-P, method
(i.e. p, is the approximation order in element K). In the latter case, the
approximation order is defined empirically at the element level based on the
triangle area resulting in a distribution for which the number of elements with
P = 1,2,3,4 is respectively equal to 1495, 2037, 243 and 183 (contour lines
of E, are shown on Fig. 1 right). The interface system is solved using the
BiCGStab method. The convergence of the iterative solution of the interface
system is evaluated in terms of the Euclidean norm of the residual normalized
to the norm of the right-hand side vector. The corresponding linear threshold
has been set to ; = 107%. The subdomain problems are solved using the
MUMPS optimized sparse direct solver [2].

Numerical simulations have been conducted on a cluster of 20 Intel
Xeon/2.33 GHz based nodes interconnected by a high performance Myrinet
network. Each node consists of a dual processor quad core board with 16 GB
of shared memory. Performance results are summarized in Table 1 where N,
denotes the number of subdomains and ’'# iter’ is the number of iterations
of the BiCGStab method (the figures between brackets are the gains in the
number of BiCGStab iterations between the classical and optimized Schwarz
algorithms). Moreover, this table also includes the values of the L? error on
the E, component for the approximate solutions resulting from each algo-
rithm. Wwe stress that the error is not reduced for increasing approximation
order because, in the current implementation of the DG method, we make use
of an affine transformation between the reference and the physical elements of
the mesh. These results demonstrate that the simple optimized interface con-
dition considered here (see Section 3) results in substantial reductions of the
required number of BiCGStab iterations for convergence of the Schwarz algo-
rithm. Worthwhile to note, the performance improvement increases with the
approximation order in the DG method. Considering the case of the DGTH-
[P, ~method and for the decomposition into Ny = 4 subdomains, the elapsed
time of the simulation is equal to 25.8 sec and 3.6 sec for the classical and
optimized Schwarz algorithms respectively.



DD methods for the time-harmonic Maxwell equations 9

Fig. 1. Scattering of a plane wave by a dielectric cylinder. Unstructured triangular
mesh (left) and contour lines of E. (right).

Table 1. Scattering of a plane wave by a dielectric cylinder. Classical v.s. optimized
Schwarz method. DGTH-P, method based on the upwind flux.

Method L% error on E, L? erroron E, N,  # iter # iter

Classical Optimized Classical Optimized

DGTH-P; 0.16400 0.16457 4 317 52 (6.1)
- 0.16400 0.16467 16 393 83 (4.7)
DGTH-P2 0.05701 0.05705 4 650 61 (10.7)
- 0.05701 0.05706 16 734 109 ( 6.7)
DGTH-P3 0.05519 0.05519 4 1067 71 (15.0)
- 0.05519 0.05519 16 1143 139 (8.2)
DGTH-P4 0.05428 0.05427 4 1619 83 (19.5)
- 0.05427 0.05527 16 1753 170 (10.3)
DGTH-P, 0.05487 0.05486 4 352 49 (7.2)
- 0.05487 0.05491 16 414 81 (5.1)

5.2 The 3D Case

We now consider a more realistic 3D problem which consists in the simula-
tion of the exposure of a geometrical model of head tissues to a plane wave
(F=1800 MHz). Starting from MR images of the Visible Human project [16],
head tissues are segmented and the interfaces of a selected number of tis-
sues (namely, the skin, the skull and the brain) are triangulated (see Fig. 2
left). Then, these triangulated surfaces are used as inputs for the genera-
tion of volume meshes. We consider here heterogeneous geometrical models
involving four tissues: the skin (e, = 43.85 and ¢ = 1.23 S/m), the skull
(er = 15.56 and 0 = 0.43 S/m), the CSF (Cerebro Spinal Fluid) (e, = 67.20
and ¢ = 2.92 S/m) and the brain (e, = 43.55 and o = 1.15 S/m). Note that
the exterior of the head must also be meshed, up to a certain distance from
the skin, the overall domain being artificially bounded by a sphere on which
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an absorbing condition is imposed. Two tetrahedral meshes have been used:
the first one (referred to as M1) consists of 188,101 vertices and 1,118,952
tetrahedra, while the second mesh (referred to as M2) consists of 309,599
vertices and 1,853,832 tetrahedra. Contour lines of F, are shown on Fig. 2
right.

Numerical simulations have been conducted on a Bull Novascale 3045 par-
allel system consisting of Intel Itanium 2/1.6 GHz nodes interconnected by a
high performance Infiniband network. Each node consists of a 8 core board
with 21 GB of shared memory. We present performance results for the clas-
sical Schwarz algorithm only and the DGTH-P; discretization method. The
interface system is solved using the BiCGstab(¢) [17] method with a linear
threshold that has been set to e; = 107%. The subdomain problems are solved
using the MUMPS optimized sparse direct solver [2] but this time, the L and
U factors are computed in single precision arithmetic in order to reduce the
memory requirements for storing the L and U factors associated subdomain
problems, and an iterative refinement strategy is used to increase the accu-
racy of the subdomain triangular solves. Performance results are summarized
in Table 2 for the factorization and solution phases. In these tables, 'RAM
LU (min/max)’ denotes the minimum and maximum values of the per-process
memory requirement for computing and storing the L and U factors, while
figures between brackets are relative parallel speedup values. We note that
doubling the number of subdomains results in a slight increase in the number
of BiCGstab(¥) iterations however, at the same time, the size of the local fac-
tors is reduced by a factor well above two and as a consequence, a super-linear
speedup is observed in the solution phase.

Fig. 2. Propagation of a plane wave in a heterogeneous model of head tissues.
DGTH-P; method based on a centered flux. Triangulated surface of the skull (left)
and contour lines of F, (right).
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Table 2. Propagation of a plane wave in a heterogeneous model of head tissues.
Classical Schwarz method. Performance results of the factorization and solution
phases.

Mesh # d.of Ns RAM LU (min/max) Elapsed time LU # iter Elapsed time

M1 26,854,848 160 2.1 GB/3.1 GB 496 sec 30 1314 sec
- - 320 0.8 GB/1.2 GB 132 sec (3.8) 36 528 sec (2.5)
M2 44,491,968 256 2.2 GB/3.2 GB 528 sec 42 1824 sec

- - 512 0.8 GB/1.3 GB 142 sec (3.7) 49 785 sec (2.3)

6 Ongoing and Future Work

We have presented here some results of an ongoing collaborative effort aim-
ing at the design of domain decomposition methods for the solution of the
time-harmonic Maxwell equations modeling electromagnetic wave propaga-
tion problems in heterogeneous media and complex domains. The discretiza-
tion in space of the underlying PDE model relies on a high order DG method
formulated on unstructured simplicial meshes. For the solution of the resulting
complex coefficients, sparse algebraic systems of equations, we consider using
Schwarz algorithms in conjunction with the adopted discretization method.
Future work involves the study of optimized Schwarz algorithms based on
high order interface conditions for conductive media, and the design of pre-
conditioned iterative strategies for the solution of subdomain problems.
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