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Abstract

Multi-trace formulations (MTFs) are based on a decomposition of the problem
domain into subdomains, and thus domain decomposition solvers are of inter-
est. The fully rigorous mathematical MTF can however be daunting for the
non-specialist. The first aim of the present contribution is to provide a gen-
tle introduction to MTFs. We introduce these formulations on a simple model
problem using concepts familiar to researchers in domain decomposition. This
allows us to get a new understanding of MTFs and a natural block Jacobi it-
eration, for which we determine optimal relaxation parameters. We then show
how iterative multi-trace formulation solvers are related to a well known domain
decomposition method called optimal Schwarz method: a method which used
Dirichlet to Neumann maps in the transmission condition. We finally show that
the insight gained from the simple model problem leads to remarkable identi-
ties for Calderén projectors and related operators, and the convergence results
and optimal choice of the relaxation parameter we obtained is independent of
the geometry, the space dimension of the problem, and the precise form of the
spatial elliptic operator, like for optimal Schwarz methods. We illustrate our
analysis with numerical experiments.

Keywords: Multi-trace formulations, Calderén projectors, Dirichlet to
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1. Introduction

Multi-trace formulations (MTF) for boundary integral equations (BIE) were
developed over the last few years, see [I} [2 [3], for the simulation of wave trans-
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mission problems in piecewise constant media, and also [4] for associated bound-
ary integral methods. In the context of acoustics, so-called local multi-trace
formulations were mainly analized in [I] where it was proved to be well-posed
(§3.2.6 and 3.2.8) and satisfy a discrete stability condition which garantees quasi-
optimal (§4.1.1) convergence of conforming Galerkin discretisation methods ap-
plied to such formulations. MTFs are naturally adapted to the development of
new block preconditioners, as indicated in [5], but very little is known so far
about such associated iterative domain decomposition solvers. The first aim
of our presentation (see Section [2| below) is to give an elementary introduction
to MTFs, and the associated concepts of representation formulas and Calderén
projectors for a simple model problem in one spatial dimension, in order to make
these concepts accessible for people working in domain decomposition. This ap-
proach allows us to get a complete understanding of the performance of a block
Jacobi iteration for the MTF applied to our model problem, and to determine
the influence of the relaxation parameter on the convergence of the block Jacobi
method. Based on these results, we establish in Section [3| an interesting connec-
tion between MTFs with a well studied class of domain decomposition methods
called optimal Schwarz methods, see [0} [7, [8, [9, [10], and [II] for an overview
with further references. Optimal Schwarz methods use Dirichlet to Neumann
operators in their transmission conditions, and are very much related to the
very recent class of sweeping preconditioners, [12] [13], see also the earlier work
on the same method known under the name AILU (Analytic Incomplete LU
factorization) in [14 [15], or frequency filtering [16]. To find the connection with
MTFs, we need to generalize first the MTF to the case of bounded domains and
give a formulation of the Calderén projectors in terms of the Dirichlet to Neu-
mann and Neumann to Dirichlet operators. We then show in Section [ that the
insight gained for the one dimensional problem holds in much more general situ-
ations. It allows us to discover remarkable properties of the Calderén projector
and related operators in higher spatial dimensions and on various geometries,
and the performance of the block Jacobi iteration and the dependence on the
relaxation parameter remain as we discovered for the one dimensional model
problem. We illustrate our results with numerical experiments that confirm our
analysis.

2. Multi-trace formulations for a simple 1D model problem

Because multi-trace formulations need substantial knowledge in functional
analysis, representation formulas and Calderén projectors, we start in this sec-
tion by explaining these concepts for a simple model problem in one spatial
dimension, without dwelling on functional analysis issues. The more general
formulation and associated functional analysis framework will be introduced in
Section [
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2.1. Representation formulas in 1D

We start by examining for some given constant a > 0 solutions of the differ-
ential equation

2
—d—Z—i—azu = 0, inR\{0},
z (1)
lim |u(z)] =

Since the domain on which the equation holds excludes the point = = 0, there
are non-zero solutions, and to select a particular one, two more conditions must
be imposed on the solution at = 0. In transmission problems and multi-trace
formulations, one works with solutions that can be discontinuous, and we thus
introduce the notation of jumps (with convention that the orientation is from
Ry to R_),

[u = w(04)—u(0-),

[zz] = —%(0+)+%(0,). (2)

Imposing both jumps at = 0 selects a unique solution of ; solving for
example the case where the solution is continuous, but has a jump of size 5 in
the derivative,

—%—Fazu = 0, inR\{0},
[W] = 0,
du| (3)
|:dl’:| - 67
lim |u(xz)] = 0,

we obtain as solution decaying exponentials in each part of the domain and
conditions determining the constants,

u(r) = cpe”lp, +c_e®1g_,
cy—c- = 0,
alcy +c-) = p.

Solving the linear system for the constants, we find cx = 8/(2a) and hence our
solution can be written in compact form with the so called Green’s function G

as
€_a|I|
u(z) = G(x), G(z) := 5o (4)

If we impose instead a jump « in the solution, but continuous derivatives,

—% +a2u = 0,R\{0},
[u] =
du (5)
- — 0
dx ’
|: } 0.

¥ =
SE
=
&
I
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we find by similar calculations

u(w) = Ssign()e ! = —a (@), (©)

where G is again the Green’s function from . By linearity, any function u(x)
solution to (1) with Dirichlet jump [u] = o and Neumann jump [du/dz] = S is
thus given by the formula

o) = | 2|0 - WG weer\ @), )

This formula is called representation formula for the solution.

2.2. Calderon projectors in 1D
If u is any function satisfying —d?u/dz? + a?u = 0 on Ry and u(x) — 0
for x — oo, then we can extend the function by zero on the negative real axis,

u(z) = 0 for < 0, and it then satisfies (1. Hence the representation formula
yields u(z) = (G4 o T (u))(x) for x € Ry, where

@ dg(x) ( u(04) )
G = —« +B86G(z), Ty (u) == : 8
(§) et esow. = () ®
Observe that the composition in the reverse order, Ty o G, is here a simple
2 x 2 matrix whose coefficients can be explicitly computed from the expression
of the Green’s function G given in (). This yields

1 1
P+IT+OG+2(I+|:2 éa:|), A2:I — ]P)%’_:]P)J’_ (9)

A
We therefore see that Py is a projector, which is called Calderdn projector
associated with R .

Similarly, if u is any function satisfying —d?u/dz? + a*u = 0 on R_ and
u(z) = 0 for x — —oo then, setting u(z) = 0 for > 0, the representation
formula can be applied which yields u(x) = (G- o T_(u))(x) for x € R_
with

G ( p ) ::ad%f) +8G(x), T-(u)i= ( ;i(?o_,)) ) (10)

dx

Computing P_ := T_ o G_ in the same manner as above, we find that P_ =
(I+A)/2 with the same matrix A as in @, and P2 = P_ is the Calderén
projector associated with R_.

Remark 1. We see that the Calderdn projector performs a very simple opera-
tion: it takes two arbitrary jumps along the interface, solves the coupled trans-
mission problem with these jumps, and then returns the Dirichlet and Neumann
trace of the domain the Calderdn projector is associated with.
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2.8. Multi-trace formulation with 2 subdomains in 1D

Suppose now we have a decomposition of R into two subdomains ; = R_
and Qy = R,. Let T} 2 be the trace operators as defined in and (Th =
T_ and Tp = T4 ) for the subdomains 4 o, and let P; o be the corresponding
Calderoén projectors as defined in @ (Py =P_ =:Pand Py, =P, = P). Suppose
we want to solve the transmission problem

d2u 2 .
—o3ta ud_ 0, inR\{0},
u
=a. |5] =5 (1)
lim w(z)=0.
|z]|——o00

The multi-trace formulation introduced in [I], which we present in the form
with relaxation parameters from [5] states that u is solution to if its traces
U2 == (Tyu);=1,2 verify the relations

{ (I1-P)U, + o1 (Uy — XUs) = Fy, (12

(I-P2)Us + 02 (Uz — XUy) = F,

where F} = o1 - (—a, B)T, Fy = 09 - (o, )T, 01,02 € C are some relaxation

parameters, and
1 0
X = < 0 —1 ) . (13)

We see that clearly holds for the solution u: first (I-P;)U; = 0 by Remark
since applying the Calderén projector to a solution just gives the solution
itself. Second, the relaxation term on the left gives precisely the jumps weighted
by the relaxation, which we also find in the right hand side functions F; which
contain as data the jumps «, £ of the transmission problem. Note also that this
formulation would not make sense for vanishing relaxation parameters, o; = 0,
j = 1,2, since then the jump data «, 8 disappear from the problem formulation.
Collecting the operators that act on the same trace variables U;, we can
rewrite ([12)) in matrix form as a 4 x 4 linear system of equations, namely

[ B[R] w

A very natural iterative method to solve this linear system would be a block-
Jacobi iteration,

n+1 n
Ur _ Uy =
{UJ _JQ[UQ} L7 (15)
where the associated iteration matrix is
-1
Jo — (1—|—O’1)I—P1 0 0 O'lX (16)
2T 0 (14 03) 1Py X 0 |°
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Figure 1: Eigenvalues in modulus of the block Jacobi iteration matrix as a function of the
relaxation parameter o

Using the explicit formulas @ for the Calderén projectors, we can compute
explicitly

20141 1
0 0 2(014—1) " 2a(o1+1)
0 0 2( a+1) _22(0111)
Fo=| oo ¥ AR (17)
2(o2+1) 2%(02j11)
a o2
2(o2+1)  2(o2+1) 0 0

and the right hand side function is

_aa(201+1)-8
2a(1401)
_aa—f(201+1)
2(1+4+o0q
aa(20('2+1)—%—[3 : (18)
2a(14o02)
aa+pB(202+1)
2(1—‘1-(72)

sl
Il

The convergence factor of the block Jacobi iteration is given by the spectral
radius of the iteration matrix J,, whose spectrum can be easily computed,

{ \/01+1 \/01+1 \/02+1 \/02+1} (19)

We note that the eigenvalues are independent of the problem parameter a and
thus the convergence speed of the method only depends on the relaxation pa-
rameters o;. This implies that the convergence would be independent of the
Fourier variable and thus robust when the mesh size is refined in a two di-
mensional setting, as it was pointed out in [I7]. Plotting the modulus of the
eigenvalues as function of o;, we obtain the result in Figure We see that
the algorithm diverges for o; < —0.5, stagnates for o; = —0.5 and converges
for all others values of 0;. For o; close to zero, convergence is very rapid, and
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for 0; = 0, j = 1,2, the spectral radius of the iteration matrix vanishes, which
would make the method a direct solver, since the iteration matrix becomes nil-
potent. We have seen however also that for vanishing relaxation parameters,
the multi-trace formulation does not make sense any more, since the jump
data is not contained any more in the formulation. Nevertheless, the associated
block Jacobi iteration for the multi-trace formulation (12]) is well defined in the
limit as o; goes to zero for j = 1,2, and we get from

0o 0 3 -5

o o ¢ -1 0 PX
lim Jy = 2 2 | = { ] . (20)
;=0 % —i 0 0 PX 0

2 —3 00

The limit of the right hand side is also well defined, containing the dataﬂ

_aa—f
| a2y ~PX { g ]
lim F = aafﬁ =
75=0 “2a ]p{ @ }
+
aon B ﬁ
Therefore the block Jacobi iteration is also well defined in the limit o; = 0,
n 1™ o pPx][th]" [ BXla, 8" (21)
Us T | PX 0 Us Pla, 8T ’
and this iteration defines us at convergence a new multi-trace formulation
Uy —PXU; = -PX|a,p]T, (22)
Uy —-PXU; = Pla,fd]t.

The advantage of this multi-trace formulation is that it is already precondi-
tioned, block Jacobi applied to it is optimal in the sense that convergence is
achieved in a finite number of steps. A direct calculation shows that J3 equals
zero, and thus convergence is achieved in at most 2 iterations. We will see in
Section [3] that this iteration corresponds to a well-known algorithm in domain
decomposition.

2.4. Multi-trace formulation for 8 subdomains in 1D

We consider now a decomposition into three subdomains: I; = (—oo, —1),
Iy = (—1,1) and Ir = (1,00), and functions that satisfy

_Pu e =0 RN {21)

gz Ter =0 ’ (23)
lim |u(x)] = 0.

r—00

1Since we introduced only one multi-trace [a, 8]7 with jumps oriented from RT to R™, in
the first right hand side the operation —X|«, ﬁ]T appears naturally to produce the consistent
multi-trace with the other orientation.



1w If we denote the restriction of the solution onto the subdomains by u; = ulz;,
j = 0,1,2, then by using a similar reasoning as in the two-subdomain case in
Subsection we obtain the representation formula

[wo(=1) —ur (=] (z + 1) + [uo(1) — uz(1)] (2 — 1)

dx
du e—alz+1] du] e@lz—1
- L E L=

efa|:v+1\ efa|a:71\
_ i 1)
 — [usien(e - )

+ [u]_sign(z + 1)
(24)
where we defined the jumps of the derivatives to be

du dug duy du dug dus
= | —— = —— —1 —_ —1 = | = 1 - 1
po= 5] =-meneGien. m= ] = [Gen -2,
and the jumps in the function values are

a1 = [u]_1 :=uo(—=1) —ui(=1), aq:=[uls :=up(l) —ua(1).

Suppose now that we want to compute the Calderén projector for the domain
Iy. From we see that for z € Iy we have

efa(rqtl) efa(erl) ea(rfl) 6a(mfl)
u(z) = a_q 5+ B-1 9 Tt B %a
= aa_1G(x+1)+81G(x+1)+aa1G(x — 1)+ 51G(z — 1),
du efa(x%»l) efa(a:%»l) ea(xfl) ea(:cfl)
d—xo(m) e ﬁqT +aay + b
= —d’a_1G(x+1) —aB_1G(x+1)+a*a1G(x — 1) + aBiG(x — 1).
(25)
If we define the Cauchy trace by
du du T
TO(U) = UO(_l)v_T;(_l)vuo(l)7d7;(1) )
then from the formula we obtain
1 1
up(=1) = a-15 + 5—1% +aa1G(-2) + /1G(-2),
du a 1
(1) = ang + g - d?anG(-2) — afiG(-2),
T 2 2 1 1
up(l) = aa_1G(2) +B-1G(2) + g + 51%,
du, a 1
o) = —a*a1G(2) —afaG(2) + g + by,
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and thus using the short hand notation g4+ := G(£2)

3 % ag-  g- oy a_
a 1 — a2 _
To(u) = 5 3 @g- —ag- e P, B
ag+ 9+ 2 2a ai ai
—a’gy —agy 5 3 b1 B
(26)
Here Py is the Calderén projector for the middle subdomain,
P B 2a9-R ] R: [ T ] (27)
0= ) = a 1 5
2a g+ R P -5 —3

where P is given by the formula . From the facts that P is a projector,
PR =0, RP = R and R? = 0, we see that P3 = Py and thus Py is a projector
too, as expected. For the domains I; and I; with similar computations and
definitions for the traces, we obtain that P; = Py = P.

The multi-trace formulation in this case with three subdomains states that
the pairs Uy, Uz, and the quadruple Uy = (U}, Uk,)T are traces of the solution
defined on Q; if they verify the relations

(I-P)Uy + o1 (U — XUn) = Fi,
(I—]P’)U()l —QGQ,RU()Q-FO'O (U()l —XUl) = F017 (28)
(I _P)UOQ — 2ag+RUo1 + 0o (UOQ — XUQ) = FOQ,
(I —P)UQ + g9 (U2 — XUOQ) = FQ,
where 01,2 are again relaxation parameters. The right-hand side admits

the explicit expression Fy = oi[—a_1,8.1]T, Fy = o9[—a1,5]" and Fy, =

oola—1,B8-1]T, Foa = oglar, f1]F. In matrix form we obtain
(1+O’1)17]P) -1 X 0 0 Ui Fi
—09X (I1+00)I-P —2ag_R 0 U | | Fou
0 —2ag+R  (1+00)-P —00X U | | Foz
0 0 —O'QX (1+02)I—P U2 F2

(29)
As in the case of two subdomains, it is natural to apply a block-Jacobi iteration
to , which leads to the iteration

U, n+1 U, n (1—|—O’1)_1(0'11+]P)[—04_1,B_1];
_ = = | Q+00) HooI+P) a—1,B-1]
O e R Bl I T Tt o
2 2 (14 02) (o2 I4+P)[—aq, 1]"
(30)
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where the iteration matrix is given by

- -1

(140,)1-P 0 0 0
I 0 (14 00)1—P 0 0
57 0 0 (14 00)I—-P 0
0 0 0 (14 09)I—P
C 0 o1 X 0 0

00X 0 2ag-R O
0 2ag4R 0 00X
0 0 UQX 0

' (31)
The convergence factor of the block Jacobi iteration is again determined by the
eigenvalues of the iteration matrix J3, which are readily calculated to be

g g;
Jg) =< — J J _ i=0,1,2%. 32
0( 3) { \/O'J+1,\/O'J+1’j aa} ( )

We see that the convergence behavior with three subdomains is identical to the
case of two subdomains, and in the limiting case when o; = 0, we obtain for
the limit of the iteration J3

0 PX 0 0
| PX 0 2ag-R O

B3=10 209, 0 PX | (33)
0 0 PX 0

In this case it is easy to check that J§ = 0, and therefore algorithm con-
verges in at most 4 iterations.

3. Multi-trace formulations and optimal Schwarz methods

We now want to relate the block Jacobi iteration we defined for the multi-
trace formulation to a well studied class of domain decomposition methods
of Schwarz type. While the analysis of this section also holds for Problem
, the form of the associated Calderén projectors @D has become too simple
because of the strong symmetries to find the relation between the multi-trace
formulation and optimal Schwarz methods. We thus first have to study the
Calderén projectors for a non-symmetric domain configuration on a bounded
domain.

8.1. Calderon projectors on a bounded domain

We are interested in the solution of the transmission problem

W) o) = 0e€0 ()
Wl = B (34

uw(0) = wu(l)=0.

10
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Local solutions to the left and right of the jumps satisfying the outer boundary
conditions are given by

uy(x) == ul( ) = crsinh(ar), uz(z):=ue,1) = c2sinh(a(l — x)), (35)

where c;, j = 1,2 are some constants. Using the same expressions for the jumps
as in the unbounded case,

up(7) —ur(y) = a, —uh(y) +uy(y) =B,

we obtain an equation for the constants ¢; and co,

Sanfatt o) s 1[ ] e ]

Solving the linear system for the constants leads then to the closed form solutions
of the transmission problem ,

u(x) = % [—acosh(a(l —v))a + sinh(a(1 — v))S] sinh(az), (36)
ug(x) = % [a cosh(ay)a + sinh(avy) ] sinh(a(1 — z)),

where D := a[cosh(a(1l — )) sinh(ay) + sinh(a(1l — 7)) cosh(ay)]. Proceeding
as in the unbounded case, we can deduce that if us is a function satisfying the
equation on (7, 1), then it can be expressed as uz(x) = (G2 o Ta(u))(x), where

G (g) = % [acosh(ay) + Bsinh(ay)] sinh(a(l — ), Ts(u) == ( ulry) > .

—%(M)
(37)
Again T; o G5 is a 2 X 2 matrix whose coefficients can be explicitly computed,

Po T o G — 1 | acosh(ay)sinh(a(l —+))  sinh(ay)sinh(a(1 — 7))
272727 | a2 cosh(ay) cosh(a(l — 7)) asinh(ay) cosh(a(l — 7)) |
(38)

With a similar reasoning on (0, ) we obtain

T ot — 1 | acosh(a(l —~))sinh(ay)  sinh(a(1 —~))sinh(avy)
Pri=TieGh = D [ a? cosh(a(1 — 7)) cosh(ay) asinh(a(1 —+)) cosh(avy) } ’

(39)
where

G1 (a) = S [acosh(a(l — 7)) + Bsinh(a(l — v))]sinh(az), T1(u) := (;i(ry_)

B D T (=)

(40)

As in the unbounded domain case, the two operators P; 5 are projectors, IP’? =
P;, and they are called Calderdn projectors.

If we consider the same multi-trace formulation as in the unbounded

case and apply a block-Jacobi iteration, we obtain for the iteration matrix in

11
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an analogous way

J, = (1+01)I-Py 0 - 0 o X
2T 0 (1+02)I-Py X 0
1
0 I+P)X (41)
_ 01+1(01 +P1)
I+Py)X 0
01+1(02 +P2)

where the second equality holds since the IP; are projectors, and we hence do
not need to rely on explicit expressions to obtain this result! We thus obtain an
identical convergence behavior like in the unbounded domain case and in the
limiting case o; = 0 the optimal iteration

o] Lo [ Hﬂ o

with a right hand side corresponding to the bounded domain case.

8.2. Dirichlet-to-Neumann operators and Calderdn projectors

To find a relation between the optimal block Jacobi iteration for the multi-
trace formulation and the optimal Schwarz methods, we now write the Calderén
projectors in terms of the Dirichlet to Neumann (DtN) operators. First we
compute the DtN operators on the domains ; = (0,v) and Q = (v,1). To
start, we consider the boundary value problem

—uf(z) +a*u(z) = 0,2 €(0,7),
ui(y) = g, (43)
u1(0) = 0.

Then the DtN; associates to the Dirichlet data g = w;(7) the normal derivative
of the solution uf (7). A simple computation gives

sinh(ax) , a cosh(a~y)

= = =: DtNyg.
(3} (JI) smh(a'y)g ul(ly) sinh(a’y) g 19
We consider next the boundary value problem
—uj(z) + a*uz(z) = 0,2 €(7,1),
us(y) = g, (44)
UQ(I) = 0.

Then the DtN» associates to the Dirichlet data g = ug(y) the normal derivative
of the solution —uj(vy), and we obtain by a direct calculation
sinh(a(1l — x)) ,

ug(x) = mg = —uy(y) =

acosh(a(l — 7))

=: DtNag.
sinh(a(1 — 7)) J 29

12
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Similarly we can define the Neumann to Dirichlet operators NtD;, which calcu-
late from given Neumann data the associated Dirichlet data, and are thus just
the inverses of the corresponding DtNj.

Comparing the expressions for the DtN; and NtD; operators with the ex-
pressions for the Calderén projectors in and , we see that the Calderén
projectors can be re-written as

P — (DtN; + DtNy) "1DtNy (DtN; + DtNy) !

L= (NtD; + NtDy) ™! (NtD; 4 NtDy) " INtDy |’ (15)
P. — (DtN; + DtNy) "' DtN; (DtN; 4+ DtNy) !

2 (NtD; + NtDy) ™! (NtD; 4+ NtDy)"INtD; |-

This reformulation of the Calderén operators allows us in the next section
to identify the optimal block Jacobi method with a well understood optimal
Schwarz method.

3.3. Relation to optimal Schwarz methods

Let £ := —0,, +a? be the differential operator we have been studying so far.
A non-overlapping optimal Schwarz iteration (see [I1] and references therein)
using the decomposition into the two subdomains €y = (0,v) and Q2 = (v, 1)
from Subsection [3.2]is given by the algorithm

ount! Lut*t = Jé . in O
ualx + DtNou ™ = au; + DtNouy  onz =7, (46)
Luft™t = f in Q,
—8?:1 + DtNlug+1 = —88%? + DtNyju? on x =1.

It is well known, see for example [II], that the optimal Schwarz algorithm
converges in two iterations, like the block-Jacobi algorithm with two
subdomains and relaxation parameter o; = 0, j = 1,2. Schwarz methods are
however usually not used to solve transmission problems, and zero jumps are
enforced by the algorithm at the interface v. To study the convergence of
algorithm , one analyzes directly the error equations, i.e. algorithm
with right hand side f = 0, and studies how the subdomain iterates go to
zero as the iteration progresses. In this homogeneous case, the iterates u?“,
j = 1,2 are solutions of the homogeneous problems inside the subdomains, and
the normal del:rivatives can be expressed in terms of the DtN operators: for
example 6“;; = Dth?Jr1 on z = ~. This means that the iteration on the
the first subdomain can be written directly on the interface x = v as a function

of the Dirichlet trace of the iterate,

8 n
(DtN; + DtNp)ul+! = %—i—DtNgug,
oun (47)
— ™' = (DtN; +DtNy)~! ( 62 +DtN2ug>.
T

13
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It is also possible to write this iteration based on the Neumann traces, namely

n+1 n+1 n
NI L DIN,NED, alg _ aaﬁ + DtNyul,
x x x
Quftt _q1 [Oul
<= = (DtN3NtD I —= + DtNaul
Oz ( 2 1+1) Ox + 2z )
Quitt 1 ouy
= (NtD NtDy) " [ NtDy—= n
<~ o7 ( tD1 + Nt 2) ( tDo or +uq |,

(48)
where we used that DtN; is the inverse of the NtD;. Combining the two for-
mulations and (48|} we obtain the iteration

n+1 .
;1n+1 . (DtNl + DtN2)—1DtN2 (DtNl + DtN2)—1 8’(1,2n
qg - (NtD; + NtDo) ! (NtD; 4 NtD,)"INtD, Ouy |,
v X
(49)

and we see the first Calderén projector Py appear from ([45). By re-writing this
relation in terms of the traces from Subsection [2.3] and taking into account the
sign convention we used there, iteration is identical to

Uptt =P XU,  and similarly Uyt = P XUT, (50)

which is obtained similarly for the second subdomain. By comparing with ,
we see that iteration is identical to in the homogeneous case, i.e. when
the jumps are zero. We have thus proved the following

Theorem 1. For two subdomains, the optimal multi-trace iteration is an
equivalent algorithm to the optimal Schwarz iteration : it runs the optimal
Schwarz algorithm twice simultaneously, once on the Dirichlet traces and once
on the Neumann traces.

4. General multi-trace formulation

We now illustrate what insight can be gained from our simple problem for
multi-trace formulations in a higher dimensional, geometrically more general
context using the common multi-trace formalism. Although we do not wish
to dwell on the functional analytic aspects of boundary integral equations, we
need to introduce functional spaces adapted to integral operators. Given a
Lipschitz domain © C R?, we will consider the space of square integrable func-
tions L2(2) = {v , [[vlf2(q) = Jq |v(z)ldz < +oo}, and the Sobolev spaces
HY(Q) := {v € L3(Q), Vv € L2(Q)} and H' (A, Q) := {v € H}(Q), Av € L*(Q)}

2which means we would run the optimal Schwarz algorithm twice simultaneously, once on
the Dirichlet traces and once on the Neumann traces, which would be very costly and not
advisable in practice
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equipped with the associated natural norms ||U||%{1(Q) = ||v||%2(9) + ||Vv||%2(ﬂ),
and HU||12{1(A7Q) = HU”IQ{l(Q) + ||AU||%,2(Q)'

We also need to introduce trace spaces. First of all, the application v — v|aq
extends to a continuous operator mapping H!(A, ) to a strict subspace of
L2(09) that we denote by HY/2(99) := {v]sq, v € HY(A,Q) }, equipped with
the norm [[v]|y1/200) = inf{||ullmi (), uloo = v}. Finally, H='/2(9€) denotes
the dual space to H_l/Q(aQ), equipped with the associated canonical dual norm.
Denoting by n the normal vector to 02 pointing outward, it is a consequence
of Rademacher’s theorem that the application v — n - Vv|gg can be extended
as a continuous map of H'(A, Q) onto H™1/2(99), see [18, Thm.2.7.7].

4.1. Representation Formulas

We show now how the concrete representation formulas from the one dimen-
sional example of Subsection look for domains Q ¢ R? with d = 1,2,3,....
Given a > 0, we are still interested in problems of the form —Au + a?u = 0
in domains of R, In what follows, G refers to the unique Green kernel of this
equation that decreases at infinity, i.e.

—AG + a*G = dp(x) in R\ {0}, | l‘im (x) =0,
x|— 00
where &g is the Dirac distribution centered at & = 0. Explicit expressions of G
(depending on the dimension of the space) are known. For d = 3 for example,
G(x) = exp(—alx|)/(47|x|). In this paragraph,  C R? will refer to a Lipschitz
open set with bounded boundary, i.e. € is bounded or the complementary of a
bounded set. Associated to this domain, we consider the potential operator

G(v,q) () := /6(2 q(y)G(x —y) +v(y)n(y) - (VG)(x —y)do(y).  (51)
In this definition m refers to the normal vector field to 9 pointing toward
the exterior of 2. The potential operator G maps continuously arbitrary pairs
of traces (v,q) € HY/2(092) x H~Y/2(9Q) to functions u = G(v,q) satisfying
—Au+ a?u =0 in R?\ 9. Analogous to (8], consider the trace operator

T(u) = ( ulon ) . (52)

n- Vu|aQ

This definition makes sense for u € HY(A, Q) = {u € HY(Q) | Au € L2(Q)}. We
underline also that, in the definition of T, the traces are taken from the interior
of . The next result is proved for example in [I8, Theorem 3.1.6].

Proposition 1. Let u € HY(Q) satisfy —Au + a?>u = 0 in Q. We have the
representation formula

C(T (W) () = { u@) Jor @ €, (53)

0 for x e R4\ Q.
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4.2. Calderdn projectors

For any pair of traces V = (v,q), the function u(x) = G(V)(x) satisfies
—Au+a?u = 0 in €2, so we can apply the representation formula above, like
we applied the representation formula in the one dimensional case in Subsection
which yields G(T - G(V))(x) = G(V)(x) for x € Q. Taking the traces of
this identity leads to (T'-G)(T - G)(V) = (T - G)(V). Setting P:=T - G, we see
that P2 = P, and hence the operator P is a projector, called Calderdn projector
associated to €.

4.8. Multi-trace formulation with 2 subdomains

We consider now a higher-dimensional counterpart of the one dimensional
two subdomain situation studied in Subsection Let Q; C R? refer to any
bounded Lipschitz subdomain and set Qg := R \ﬁl, T := 0Q;. In what follows
we denote by G, j = 1,2 the potential operator given by Formula (51) with
Q = Q; and n = n;. The Calderén projector associated to €2; will be denoted
P;.

We first point out some remarkable identities relating Py to Py. First observe
that, since ny = —n;, we have G(U) = —G1(XU) for all U € HY2(I") x
H~'/2(T") where X is the matrix defined in (13). Assume that U = (o, 8), with
a € HY/2(I'), p € H"Y/2(T"), and consider the unique function « € H'(R? \ T
satisfying —Au + a?u = 0 in R\ T, [u]r = (ula,)|r — (ula,)|r = @, [Ouu]r = B,
so that U = Ty(u) — XTs(u). Applying Proposition [I| both to ulg, and u|q,
yields

(T1 = XT2)G1(U) = (Th — XT2)( G1(T1(u)) — G1(XT>(u)) )
= (T1 = XT)( G1(T1(u)) + Ga(Tz(u)) )
=11 G1(T1(u)) = XTy - Go(T(u))
=Ti(u) — XTz(u) =U.

Since U was chosen arbitrarily, we conclude from this that (77 — XT5)Gy =1,
and since G; = —G2 X we finally obtain the identity

XPyX =1-Py. (54)

Now we want to consider a transmission problem similar to . Given bound-
ary data h = (hp,hn) € HY?3(T') x H"'/2(I"), we consider the transmission
problem
u € HY(RY),
—Au+a’u=0 in RI\T, (55)
[ulr = hp,  [Onulr = hx,
where [u]r := (ulo, )|r — (ulo,)Ir and [Opulr == n1 - V(ula,)|r + n2 - V(ula, )|
for the Dirichlet and Neumann jumps of the traces. Setting U; := Tj(u) and

Us := T3(u), the jump conditions in the equations above can be rewritten as
Ty (u) — XTa(u) = h. The local multi-trace formulation associated to Problem
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is precisely of the same form as in the simple one dimensional case ,
namely

(I—]P1)U1 + 04 (U1—XU2):F1> (56)
(I _PQ)UQ + 09 (Ug — XUl) = F27
with Fy, = o1h and Fy, = —o3Xh. This time however, the operator associated

to is not a simple 4 x 4 matrix any more with complex scalar entries, it
is a 4 x 4 matrix of integral operators. The block Jacobi iteration operator
associated with this formulation is

5, | A+o)I-P 0 M0 ax
2= 0 (1+02)17]P)2 O'2X O ’

To simplify this expression, note that for any v € C and j = 1, 2, since IP’? =Py,
we have the identity

(LN T=P)(yI+P;) =~v(1 + )1 (57)

Taking this identity into account with v = o5, j = 1,2 leads to a simplified
expression of the Jacobi iteration matrix as in the one dimensional case where
we first used direct manipulations,

0 (1+0’1)71(0'11+P1)X

J2 = (1+02) Ho2I+P2) X 0

(58)

To compute the eigenvalues of this operator, it is convenient to first square it.
As a preliminary remark note that, according to and since P? = Py, we
have

(01 14P1) X (02 14P2) X = (61 I14P1)((1402) I =Py) = 01 (1402) I +(02—01)Py,
and similarly

(0214P2) X (01 I14P1)X = (02 14+P2)((1+01) I =P2) = 02(1+01) [ +(01—02)Ps.
Using these identities for computing J2, we find

01 I+ 02 — 01
(J2)2: 1+0'1 (1+Ul)(1+02)
0

Py 0
02 I+ 01— 02
140y  (1+02)(1+01)

2

The eigenvalues of J2 are thus the eigenvalues of each of its diagonal blocks.
Since the eigenvalues of the projectors IP; are 0,1, a direct calculation shows
that the spectrum of (J2)? is {o1/(1 + 01),02/(1 + 02)}, and hence we find as
in the one dimensional case

01 01 02 02
0'(Q1]2)C{+\/1+0'17 \/1+0’1’+\/1+O'2, \/1+02}. (59)
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Note that for 0; < 0 and 1+0; > 0, the eigenvalues ++/0;/(1 + 0;) are purely
imaginary. From , the spectral radius of the Jacobi method is given by

— 9
pdz) = max [| 2.
We have thus recovered the same result as in the simple 1D model problem from
Section 2] It is remarkable that the convergence of this Jacobi iteration does
neither depend on the geometry of I' = 023 = 029, nor on the dimension of
the problem. Actually this does not even depend on the equation considered as
all the computations leading to are based on algebraic identities stemming
from Proposition [I} which is valid at least for any elliptic system with piece-
wise constant coefficients, see [19] for example. Based on this observation, a
preliminary spectral analysis of multi-trace operators for general situations can
be found in [20] which is only focusing on the multi-trace operator itself. An
analysis of the Jacobi iteration operator is not yet available and we will address
this point in a forthcoming contribution.
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09 = 0.1

Figure 2: Spectrum in the case of the unit circle and the square: same o

As an illustration, we show in Figure [2] a numerical approximation of the
spectrum of Jo obtained from a boundary element discretization of the Calderén
projectors IP; o using P;-Lagrange shape functions for two different geometries:
I either a unit circle or a unit square. We took a = 1 and o1 = 05 = 0.1 so that
the exact spectrum of J, given in is approximately at {£0.301511} (up to 6
digits accuracy). We observe that the spectrum of the numerical approximation
in Figure [2| clusters around the theoretical values £0.301511, but is not exactly
a point spectrum, which is due to discretization and quadrature errors of the
integral operators. We also see that the numerical spectrum appears to depend
only very weakly on the geometry.

Next we consider the same computation as before with the square shaped
geometry, but in the case where the sigmas are different, 07 = —0.4 and oy =
1. We show in Figure [3| the corresponding spectrum of the Jacobi iteration
operator. We clearly see that this spectrum has four clusters associated with
the two pairs of opposite eigenvalues.

Finally, we consider the same experiment as above, but in the case where the
material constant a is different in the two subdomains, a; = 1 in 4 and ay =5
in 5. This contrast of material characteristics only induces compact perturba-

19



345

350

355

05

-05

Figure 3: Spectrum in the case of the square geometry: different o;
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Figure 4: Spectrum in the case of the square with different o; and varying coefficient a

tions of the integral operators, so the accumulation points of the spectrum of
the Jacobi iteration are preserved, as one can see in Figure [

4.4. Multi-trace formulation with 3 subdomains

We examine now a situation similar to Subsection[2:4]in a higher dimensional
context. We consider three Lipschitz domains with bounded boundaries €2;, j =
0,1,2 such that Q; NQ =0 for j # k and R? = Qg U Oy U Q. To fix ideas, we
assume that Qg and ©Q; are bounded, and 9Qy = 9Q; UOQ, and 901 NN, = ),
for an example, see Figure Let I'y := 009 N 0Qy and I'y := 08 N 9Qs.
For given h}, € HY2(T;) and h{ € H~Y/2(T;), we are interested in solving a
transmission problem of the form

u € HY R\ (T UTy)),
—Au+d’u=0 in Q , (60)
[U]Fj = h{:)a [anuh—‘j = h{\]y .] = 07 17 2a

where by denoting u; = ulq,;, we set [u]r;, := uj|r, — uo|r, for j = 1,2, and
[an’u,]pj =n;- V’LLj‘F]. +ng - VU0|FJ., 7 =12

We rewrite this problem by means of a local multi-trace formulation. In
what follows we denote by T}, j = 0,1, 2 the trace operator associated to
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Qo Q2

Figure 5: Example of a decomposition into three subdomains

each subdomain €2, and denote the traces by U; := Tj(u). We set Up ; := Up|r,.
We denote by G; the potential operator associated to each 2;, and P; is
the corresponding Calderén projector.

Observe that, since we have the decomposition 99y = 91 U 0, the
Calderén projector Py can be expanded into a 2 x 2 matrix of integral oper-
ators,

Pri Rip

Py =
Ro1 Pao

. (61)

A close inspection of the definition of the Calderén projector shows that Ry 2 =
—X - (Th - G2) - X and similarly Ry; = —X - (T> - G1) - X. Take any element
V € HY/2(I';) x H-1/2(T') and set v(x) := G1(XV)(z). This function satisfies
in particular —Av + a?v = 0 in Qy, which means that Go(Tyv)(z) = 0 for
x € ; according to Proposition |1} In particular 771G (T2v) = 0. From this we
conclude that

Rig-Ro1(V) =(X-(Th-Ga)- X) (X -(Tz-G1)- X )(V)
=X(Ty-Gs) - (T - G1)X (V)
=X- T1 . GQ(TQ’U) =0.

We prove in a similar manner that Ry - Ry o(V) =0 for any V € H1/2(F2) X
H-Y/ 2(T'). Since, in the above arguments, V was chosen arbitrarily, we conclude
that
R271 . RLQ = O, and RLQ . R271 =0.

Other remarkable identities involving Ry 1,IR; 2 can be derived. Indeed for any
V € HY/2(T;) x H-Y/2(T';), the function v(x) := G1(XV)(x) satisfies —Av +
a*v = 0 in Qg, so Ga(Tyv)(x) = v(z) for & € Qy according to Proposition
and, consequently, PoT5(v) = T»(v) which leads to PoXRg 1V = XRy 1 V. We
prove similarly P; XR; oV = XR; 5V for any V € H'/2(T'y) x H~/2(T'). Since,
in this argumentation, the V’s were chosen arbitrarily we conclude that

PlXRLQ = XRLQ, and PQXR271 = XR271.
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We prove in a similar manner that RLQ@Q =Ry and Rg’lﬁ’l = Ry ;. For the
diagonal blocks of , we prove in a similar manner as in that

XP,X =1—P;.

In particular the ﬁj are projectors. Given three relaxation parameters o;, j =
0,1,2, the local multi-trace formulation of Problem is again of the same
form here as in the simple one dimensional case , and we obtain in matrix
form

(1—|—0’1)I—IP1 —01 X 0 0 U,
70’0X (1 +O’0)I*]P1 7R271 _ O UO,l — F
0 —Ri2 (]. + 0’0) I1-Ps —0oX Uop,2 ’

0 0 —0’2X (1+0‘2)I—P2 U2

where F' is the right hand side taking into account the data h{j, hfﬁ, ji=12
as we have shown in the simple 1D case. To simplify notations, we set «o; :=
O'j_l(l +0;)7%, so that a;(o; I+P;) - (1 +0;) I —P;) = L. The Jacobi iteration
matrix associated to the multi-trace formulation then becomes

a1 (0’1 I —HP)l) 0 0 0
J3 — 0 ao(do I ‘le) aORL{ 0
0 aoR2 1 ap (oo I+P2) 0
0 0 0 a2(021+P2) (62)
0 o1 X 0 0
00X 0 0 0
0 0 0 oo X
0 0 09X 0

For the sake of simplicity, to examine the spectrum of the Jacobi operator Js,
we restrict our analysis to the case where

0g =01 =09:=0 — Qp=0] =Qy =:0.

Under this hypothesis, we can clearly factorize ac = (1 + o)~ ! in so it
suffices to examine the spectrum of (1 4 o)J3. As in Subsection we study
the square of this operator. Tedious, but straightforward calculations then yield
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(o I+P;) 0 0 0
9 9 0 (UI+P1) RLQ 0
(1+0)"(Ja)" = 0 Roy  (014Py) 0
0 0 0 (0T +Py) |
(1+0’)I—P1 0 0 XRLQX T
0 (1+0)I-P, 0 0 (63)
0 0 (1+0)I-P, 0
XRQJX 0 0 (1+O’)I—P2 i
0'(1+0’>I 0 0 (1—|—0’)XR1’2X
_ 0 c(1+0)I  oRyp 0
- 0 O'R271 0'(1+O')I 0
(1+O’)XR271X 0 O O’(].+O')I

In the course of the above calculations, we used again several remarkable iden-
tities: PoXRy 1 = XRy 1 and P1 XR; 3 = XR; 5 as well as Ry 1P = Ry ; and
R172ﬁ2 = Ry 5. Now observe that (1+0)(J3)?> — oI only contains extra diagonal
terms involving Ry 2 and Ry ;. Since Ry 1R; 2 = R; 2Ry 1 = 0, taking the square
of this operator yields

XR; 2Ry, X 0 0 0
2 0 R, 5R 0 0
2 _ 12R21 _
((1+0)J3 o—I) 0 . Ry (R, 2 0 0.
0 0 0 XRy RioX

From this we conclude that the only eigenvalue of JZ is 0 /(1+0). This gives very
precise information about the spectrum of J3 in the case where all relaxation
parameters are equal, i.e.

U(Jg)c{+\/lia,—\/lia}. (64)

Considering once again a discretization of the boundary integral operators by
Lagrange P; shape functions, we show in Figure [6] the results of a numerical ex-
periment for the geometry shown on the left in Figure[6 which is a configuration
with three subdomains. We chose to solve —Au + a?u = 0 in each subdomain
with @ = 1. We represent the spectrum of the Jacobi iteration matrix asso-
ciated to the local multi-trace formulation in Figure [6] on the right, where all
relaxation parameters in all subdomains are equal to o = 0.25. In accordance

with ., we see that eigenvalues cluster around the pair of opposite real values

+4/0.25/1.25 ~ 0.44721.

In Figure |7} we present the spectrum of the Jacobi iterations for a similar
numerical experiment except that we considered three different values of the
relaxation parameters, taking o9 = —0.4, 01 = 1, g5 = 0.25. We observe
clusters of eigenvalues around the three pairs of opposite values im
which is consistent with both Subsection [2.4] and (64)).

23



Qs

Q

Figure 6: Spectrum of the Jacobi iteration for o9 = 01 = 02 = 0.25
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Figure 7: Spectrum of the Jacobi iteration for o9 = —0.4, 01 = 1 and o2 = 0.25
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Figure 8: Spectral radius of the Jacobi iteration versus o in the case where og = 01 =02 =0
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Finally, in Figure |8| we consider the case where all relaxation parameters
are equal to o and present the spectral radius of the Jacobi iteration versus the
value of this relaxation parameter o . We essentially recover the curve presented
in Figure [T} which shows that the fundamental convergence properties of the
iterative multi-trace formulation we studied first on a simple one dimensional
model problem remain in this general situation. The additional overshoot we
see close to 0 = 0 in Figure |8 compared to Figure |1 is due to the numerical
difficulty which we explained in the one dimensional case when o approaches
Zero.

5. Conclusion

We used a simple one dimensional model problem to present a recent multi-
trace formulation with relaxation parameters without resorting to a functional
analysis framework. The simple setting allowed us to study a natural block Ja-
cobi iteration for the multi-trace formulation, and to determine the dependence
of this iteration on the relaxation parameter. We also determined an optimal
choice for the relaxation parameter, and obtained an algorithm with converges
in a finite number of steps. This algorithm is related to a well know algorithm
that also has this property: the optimal Schwarz method. We then left our sim-
ple model problem and showed that the properties we discovered hold also in
a much more general higher dimensional setting, and this independently of the
geometry of the decomposition. An important open question is the cost of such
multi-trace formulations and their associated iterative solution. For optimal
Schwarz methods it is known that it is more efficient to use approximations of
the Dirichlet to Neumann maps to obtain practical algorithms. It is not clear yet
how in the multi-trace formulation such approximations could be introduced.
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