OPTIMIZED SCHWARZ WAVEFORM RELAXATION METHODS
FOR ADVECTION REACTION DIFFUSION PROBLEMS

M. J. GANDER* AND L. HALPERNT

Abstract. We study in this paper a new class of waveform relaxation algorithms for large sys-
tems of ordinary differential equations arising from discretizations of partial differential equations
of advection reaction diffusion type. We show that the transmission conditions between the subsys-
tems have a tremendous influence on the convergence speed of the waveform relaxation algorithms,
and we identify transmission conditions with optimal performance. Since these optimal transmission
conditions are expensive to use, we introduce a class of local transmission conditions of Robin type,
which approximate the optimal ones and can be used at the same cost as the classical transmission
conditions. We determine the transmission conditions in this class with the best performance of
the associated waveform relaxation algorithm. We show that the new algorithm is well posed and
converges much faster than the classical one. We illustrate our analysis with numerical experiments.

1. Introduction. Waveform relaxation algorithms have been invented to solve
extremely large systems of ordinary differential equations arising in circuit simulation
[26]. They use a partition of the original problem into subproblems, which are then
solved separately, and an iteration with information exchange between subproblems
leads to the solution of the original problem. Since the solution of the subproblems
can be done in parallel, these algorithms are very well suited for implementations
on parallel computers. The main drawback of waveform relaxation algorithms is in
general their slow convergence, for a review, see [1].

There are two main classical approaches in the literature to solve parabolic prob-
lems in parallel. The first approach consists of discretizing the equations uniformly in
time with an implicit scheme, and then applying a domain decomposition technique
to the elliptic problems obtained at each time step, see for example [2, 32, 3] and refer-
ences therein. This approach has the disadvantage that a uniform time discretization
needs to be enforced across different subdomains and one thus looses one of the main
features of domain decomposition algorithms, namely to be able to treat different
subdomains numerically differently, with an adapted procedure for each subdomain.
A second disadvantage is that small amounts of information need to be exchanged
at every time level, which can be costly in a parallel environment where the startup
cost to send information is significant. In addition, the iteration in time can not pro-
ceed before all the subdomains have converged. An interesting variant, which avoids
iterating by making explicit predictions at the interfaces can be found in [36].

The second classical approach consists of discretizing the equations in space first
and then applying a waveform relaxation algorithm to the large system of ordinary
differential equations obtained from the spatial discretization. A formulation using
discretized subdomains can be found in [25]. The main disadvantage of this approach
is that spatial information of the connectivity of the subsystems in the large sys-
tem of ordinary differential equations is lost, and parameters like physical overlap
and information exchange are difficult to interpret in this context. Using a different
approach and abandoning the idea of subsystems, efficient waveform relaxation algo-
rithms of multigrid type have been introduced and analyzed, see [29, 38, 21, 22], and
also convolution waveform relaxation algorithms, see [20, 23].
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To avoid the inherent problems of the classical decomposition approaches, wave-
form relaxation algorithms for problems in space-time were formulated in [10, 17, 16]
and independently in [18] directly at the continous level without discretization. The
spatial domain is decomposed into subdomains and time dependent problems are
solved iteratively on subdomains, exchanging information at the interfaces between
subdomains. This approach permits a different numerical treatment in both space
and time of the subdomain problems, and information is exchanged less often be-
tween subdomains. The iteration is defined like in the classical Schwarz case, but
like in waveform relaxation, time dependent subproblems are solved, which explains
the name of these methods. Unfortunately these algorithms, although robust with
respect to refinement, if the overlap is held constant, are still converging only slowly.

We show in this paper for a model problem of advection reaction diffusion type
why the convergence of the Schwarz waveform relaxation algorithm is slow. By analyz-
ing the convergence behavior of the classical overlapping Schwarz waveform relaxation
algorithm applied to the model problem, we show that the classical algorithm is using
ineffective transmission conditions. The classical transmission conditions inhibit the
information exchange between subdomains, and therefore slow down the convergence
of the algorithm. Using ideas introduced in [14], we derive optimal transmission con-
ditions for the Schwarz waveform relaxation algorithm. These transmission conditions
coincide with the transparent boundary conditions used to truncate computational do-
mains, which were first studied in [7] for hyperbolic problems and in [19] for advection
diffusion problems. Transparent transmission conditions lead to Schwarz waveform re-
laxation algorithms which converge in a finite number of steps, equal to the number of
subdomains, see [15] for the wave equation case. In general however, the transparent
boundary conditions are expensive to compute, since they involve non-local operators.
Similar to the approach for stationary problems in [33, 24, 8, 11], we approximate the
transparent transmission conditions locally at the interfaces between subdomains, see
[14, 13, 31]. This leads to algorithms which converge even without overlap, and are
well suited to couple different numerical methods, like finite element and finite differ-
ences methods, see [4]. We then optimize the convergence rate, including an overlap
in the optimization if desired.

Since the algorithms are eventually discretized to be used on a parallel computer,
we analyze the performance of the optimized algorithms asymptotically as the dis-
cretization parameter goes to zero. This analysis reveals an interesting relationship
between the space-time discretization (implicit-explicit) and the convergence of the
optimized algorithm. Numerical experiments show that the convergence rates are
improved by orders of magnitudes over the rate of the classical overlapping Schwarz
waveform relaxation methods.

The paper is organized as follows: in Section 2, we present the model problem
for which we study the overlapping Schwarz waveform relaxation algorithm in the se-
quel. We include fundamental existence results for the solution, which are later used
to prove well posedness and convergence of the algorithm. In Section 3, we intro-
duce the classical overlapping Schwarz waveform relaxation algorithm, show that it
is well posed when applied to the advection reaction diffusion equation, and analyze
its convergence. In Section 4, we introduce the optimal Schwarz waveform relax-
ation algorithm, an algorithm that uses instead of Dirichlet transmission conditions
transparent ones. Because such transmission conditions can be expensive to use, we
also introduce local approximations of these transmission conditions. The core of the
paper is contained in Section 5, where we analyze the optimized Schwarz waveform
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relaxation algorithm with Robin transmission conditions. We show that the algorithm
is well posed and convergent. We also derive the optimal parameters in the Robin
transmission conditions and their dependence on the problem parameters, and we
study the asymptotic dependence of the discretized algorithm on the mesh parame-
ters. In Section 6, we show numerical results for the classical and optimized Schwarz
waveform relaxation algorithms, which show how drastically the convergence behav-
ior is improved using optimized transmission conditions. We present, our conclusions
in Section 7. All our analysis is performed for the simple case of a two subdomain
decomposition, since we improve the algorithm locally between subdomains. We show
however numerical experiments for more than two subdomains, which indicate that
the results of our analysis are valid in that case as well.

2. Model Problem and Function Spaces. Our guiding example is the one
dimensional advection reaction diffusion equation

Lu =0 — vOrpu + alzu+bu= f, inQx(0,T), (2.1)

where 2 = R, v > 0, and a and b are constants which do not both vanish simul-
taneously. The case of the heat equation needs special treatment and can be found
in [13]. Without loss of generality, we can assume that the advection coefficient a is
non-negative, since a < 0 amounts to changing = into —z. We can also assume that
the reaction coefficient b is non-negative. If not, a change of variables v = ue=¢, with
o +b> 0 will lead to (2.1) with a positive reaction coefficient.

A weak solution of (2.1) for @ = R is defined to be a u € C(0,T;L%(f2)) N
L?(0,T; H'(Q)), such that for any v in H(Q)

d
7 (4 0) +v(0su, 0p0) + g((azu, v) — (0av,u)) + b(u,v) = (f,v), in D'(0,T), (2.2)
where (-,-) denotes the inner product in L?(Q2). Problem (2.1) is completed by the
initial condition

u(z,0) = uo(x), in Q. (2.3)

We have a first existence and uniqueness result, proved in [27].

THEOREM 2.1. For Q = R, if the initial value ug is in L?(Q), and the right
hand side f is in L2(0,T; L*(Q)), then there exists a unique weak solution u of (2.1),

With the transmission conditions we will introduce later, we will need more
regularity in our analysis, in the anisotropic Sobolev spaces H™*(2 x (0,T)) =
L2(0,T; H™(Q)) N H*(0, T; L2(2)) defined in [27].

THEOREM 2.2. For Q = R, if the initial value ug is in H*(Q), and the right hand
side f is in L2(0,T; L%(2)), then the weak solution u of (2.1), (2.8) is in H>1(Q x
(0,T)). If ug is in H*(Q), and f is in HY'/2(Q x (0,T)), then u is in H33/2(Q x
(0.7)).

For the proof, and the trace theorems in H™*®, we refer to [27].

3. Classical Schwarz Waveform Relaxation. We decompose the spatial do-
main = R into two overlapping subdomains @y = (—o0, L) and Qs = (0,00), L > 0.
The overlapping Schwarz waveform relaxation algorithm consists then of solving iter-
atively subproblems on ; x (0,7) and Q2 x (0,T) using as a boundary condition at
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the interfaces £ = 0 and z = L the values obtained from the previous iteration. The
algorithm is thus for iteration index k = 1,2, ... given by

Lu¥ = f, in ) x(0,7), Luk = f, in Q5 x (0,7),
uk(-,0) = o, in Qy, uk(-,0) = uo, in Qy, (3.1)
ullc(La ) = ulzc_l(La ')a in (07T)a ’Ll,é’((], ) = ullc_l(oa ')a in (OaT);

where an initial guess u{(0,t) and u9(L,t), t € (0,7), needs to be provided. We
first study the well posedness of algorithm (3.1), and then analyze its convergence
properties. While algorithm (3.1) is also well defined without overlap, L = 0, it is not
convergent, since no information is exchanged in that case. This will be different for
the optimized algorithms proposed in Section 5.

3.1. Well Posedness of the Algorithm. We first need to show the well posed-
ness of each subdomain problem. Without loss of generality, we consider the subdo-
main problem on 2; only,

Lv = f, in®Q x(0,T),
U(', 0) = Ug, in Ql, (32)
U(La ) = 9 in (OaT)

THEOREM 3.1. If f € L2(0,T;L3()), uo € H* () and g € H3(0,T), and if
the compatibility condition

uo(L) = g(0) (3.3)

is satisfied, then problem (3.2) has a unique solution v in H*>'(Qy x (0,T)). Moreover
v(0,-) is in H%(0,T), and the following compatibility property holds:

tl_i}rél_i_v(o, t) = uo(0). (3.4)

Proof. The proof of existence and uniqueness in H%!(£2; x (0,7)) can be found
in [27]. The compatibility relation follows from the trace theorem in [27]. O

By the Sobolev Embedding Theorem, ug is continuous on ; and g is continuous
on [0,T], which gives a classical meaning to the compatibility condition (3.3). The
preceding result ensures that the subdomain problems are well posed in the classi-
cal algorithm, provided the initial and boundary conditions satisfy the compatibility
condition (3.3) for each iteration step.

To show that this is indeed the case, let u(L,-) and u9(0,-) be given in H%(0,T),
such that u9(L,-) = uo(L) and u{(0,-) = uo(0). Then, by Theorem 3.1, the first
iteration of the overlapping Schwarz waveform relaxation algorithm (3.1) defines a
unique first iterate (ul,ul) in H>1(Q; x (0,T)) x H>1(Qy x (0,T)). Furthermore,
ul(0,-) and wd(L,-) are in Hi(0,T), limy_04 ut(0,1) = uo(0) and lim;_o1 ub(L,t) =
uo(L). Hence by induction, the algorithm is well posed.

3.2. Convergence of the Algorithm. By linearity, the error between the so-
lution u and the iterates u;?, j = 1,2, of the overlapping Schwarz waveform relaxation
algorithm (3.1) satisfies a homogeneous advection reaction diffusion equation with
homogeneous initial condition. We therefore study in the sequel the homogeneous
problem with data on the interfaces only. Let hz and ho be given in H (0,T) with
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hr(0) = 0 and ho(0) = 0, to satisfy the compatibility conditions, and let (e1,ez2) be
the solution in H?1(Q; x (0,T)) x H>1(Q2 x (0,T)) of the equations

Les = 0, in Qy x (0,7), Les = 0, in Qs x (0,7),
61(-, 0) = 0, in Ql, 62(-, 0) = 0, in Qz, (35)
€1 (La ) = hg, in (O,T), 62(0: ) = ho, in (OaT)

Our analysis is based on the Fourier transform, which we denote for any function h €
L2(R) by h := Fh. We define the one-sided space oH 4 (0,T) = {p e H:(0,T),¢(0) =
0}, equipped with the norm ||<,0||0H%(07T) :=inf {||®|] ®=ypae in(0,7),®=
0 a.e. in (—o00,0)}.

LEMMA 3.2. Let L > 0. Ifa >0, ora =0 and b > 0, then the map Gp associated
with equations (3.5),

H%(R)’

gp: (hLahO) = (62(L, ')561(07'))a (36)
is defined from (oH 4 (0,T))? into itself, and G, is a strict contraction on (oH 3 (0,T))2.

_ Proof. Since hy, and hg are in oF 4(0,T), we can extend them in H (R) to obtain
hr, and hg vanishing on (—o00,0). We then extend equations (3.5) in time to R, and
their solution coincides with (e1,e2) on (0,7T). Therefore, we still call it (e;,e2). By
Fourier transform in time, we find in each subdomain the same ordinary differential
equation

iwéj — V@zzé]‘ + a@zéj + béj =0, 7=1,2, (37)

with the characteristic roots

+_a+\/c_i __a—\/a 9 .
e W T wa d=a"+4v(b+iw), (3.8)

where v/d is the complex square-root with positive real part. Therefore, R(rt) > 0
and R(r~) < 0, and we find, using that e; is in L*(9;),

é1(z,w) = Fhp(w)e” @D gy(z,w) = Fho(w)e™ . (3.9)
On the interfaces of the subdomains, we therefore have
F(Gp(hr, ho))(w) = (Fho(w)e™ ¥, Fhy(w)e™ 7).

Since ho and hy, vanish in R_, their Fourier transforms are analytic in the half-plane
S71 < 0, and by (3.9) and the Paley-Wiener Theorem [37], e1(0, -) and e2(L, -) vanish
in R_. Since they are in H# (R), they are continuous, and therefore e5(L,0) = 0 and
e1(0,0) = 0: the map Gp maps (oH % (0,T))? into itself. We have furthermore

F(G3 (e, ho))(w) = e~ (Fho(w), Fhr (W) (3.10)
Denoting by

Cp = Siﬁe(r—”” = ¢~ v (VaTHDD), (3.11)
w
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we get for any extension (hg, hr) of (ho,hL),

1G5 (b, ho)l » <NIGD (R, ho) | < Opll(he, ho)

(ot 1 (0,1)) (H1 (R))2 (H(R)2

Taking the infimum on all the extensions on the right hand side, we get

195 (b, ho)l, < Cpl|(hr; o)l

(0,12 (oH 3 (0,1))2°

and since Cp is positive and strictly less than 1, we have proved that G% is a con-
traction. 0

We now prove convergence of the overlapping Schwarz waveform relaxation algo-
rithm.

THEOREM 3.3. Let L > 0. Fora >0, ora =0 and b > 0, the iterates (u¥,uk)
of algorithm (3.1) converge to the solution of (2.1), (2.3) for any initial guess go and
g in Hi(0,T) such that go(0) = ug(0) and g1,(0) = uo(L).

Proof. The errors e = uf —u, j = 1,2, satisfy for k > 1 equations (3.1) with
f =0 and ug = 0. For positive k, we introduce the interface functions ht = ek(L,-)
and h% = €%(0,-) and denote by h = ho and hY = hr. Using the map Gp, we obtain
by induction

(2, ho") = G (WY, h),
and thus by Lemma 3.2

[l < Cpli(n,

GH(0,1))2 = )”(oH%w,T))Z’

with Cp given in (3.11). Solving equation (3.5), and using (3.9), we obtain for e;

o0
4
lexllZ2(0, 71201 5/ |7’+|/
—0o0

1951

[} + 14
2R(rH)(@—L)| f |2 _ |r|
€ |Fhr|*de dw /_Oo R

|.7:hL| dw.
Both for a > 0, or a = 0 and b > 0, the denominator in the factor in front of |Fhr|?
is bounded from below, and for |w]| large, the factor behaves like |w|?/2. Therefore

llex | L2 (0,732 (021)) < C”hL||H4 (R)’

and the same result also holds for |le1||g1(0,7;02(0,))- Hence

llexll 21 (1) x (0,1)) < Mpllhl| (3.12)

oH % (0,T)’

2k+1 2k+1

and similarly for es. Now we apply (3.12) to the errors e;" "~ and e5"™" in the iteration

and obtain

& 2k+1 2k+1)||H2 (21 x(0,T)) x H>1(Q2 % (0,T))

2k
S MD“(hL 7h0 )||(0H%(0’T))2 = MDCD”(gL - U(L7 ')790 - U(O, .))”(OH%(O,T))Q’

which together with Lemma 3.2 completes the proof. A similar argument also holds
for even iteration numbers. O

Theorem 3.3 shows that the overlapping Schwarz waveform relaxation algorithm
converges, that the convergence rate is at least linear, and independent of the length
of the time interval. It does however depend on the problem parameters v, a and
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b and the overlap L. Using also the preceding Lemma 3.2, the error in the overlap-
ping Schwarz waveform relaxation algorithm satisfies on the interfaces over a double
iteration step in Fourier space relation (3.10), or equivalently

et (L,w) = ppéy N (Lw), &7 (0,w) = ppés ' (0,w), (3.13)
where the convergence factor pp = pp(w, L,v, a,b) is given by

- Va2 +4v(b+iw
pp(w,L,v,a,b) := e —rL R, (3.14)

Note that the convergence factor pp is uniformly bounded in modulus for all w by a
quantity strictly less than 1,

Rp(w,L,v,a,b):=|pp(w, L,v,a,b)| <Rp(L,v,a,b):=Rp(0, L,v,a, b)ze_%‘wblj
(3.15)
and for L small, we have
_ 2 4
Ep=1- @L +0(L%). (3.16)

Using the convergence factor pp from Fourier analysis allows us to obtain a
sharper convergence result for bounded time intervals:

THEOREM 3.4 (Superlinear Convergence). For the advection reaction diffusion
equation on a bounded time interval (0,T), the asymptotic convergence rate of the
overlapping Schwarz waveform relaxation algorithm (3.1) is superlinear,

kL
1300, L= (0,7) < enfe(

VT
2

where the error function complement is defined by erfe(x) := = f;o e~ ds.

)||eg(0;')||Lw(0’T), ji=1,2,

Proof. By induction on the relations (3.13), we obtain
et 0,w) = ppel(0,w),  &*(L,w) = phé3(L,w). (3.17)
Using the inverse Fourier transform and the Convolution Theorem, we find
et*(0,8) = (F'pb) x€}(0,1),  €3*(L,t) = (F~'pp) * e3(L, ). (3.18)

Now the inverse Fourier transform of p%, is

kL _kL)? (a2
Flph = ot (4"+b)t,
vT

and we can therefore estimate for j = 1,2

kL
2% 1k 0 0
lle3" (0, ) oo,y <IIF " phllLr(0,1)11€5(0, ) || Lo (0,7) serfc(—ﬁ)llej (0, )| oo 0,7y 5

2
where the last inequality follows from estimating the term e_(ZT+b)t by 1. By a
similar argument for the second subdomain, the result follows. O
This result was first proved for bounded domains in [18], see also [9]. It also holds
in higher dimensions and for general decompositions, for the heat equation, see [17],
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F1g. 3.1. On the left, the first few iterates of the classical Schwarz waveform relazation algo-
rithm (dashed) at the end of the time interval t = T, together with the ezact solution (solid), and
on the right the first iterates of the new optimized Schwarz waveform relazation algorithm.

and for advection diffusion, see [5]. The result differs significantly from the classical
linear convergence result of the overlapping Schwarz method for elliptic problems, and
also from the classical superlinear convergence results for waveform relaxation, which
is slower, see [35]. Furthermore, one can show that the convergence rate depends only
on the number of subdomains in higher order terms, see [9], and hence coarse grid
preconditioners are not necessary for evolution problems of this type.

The Dirichlet transmission conditions at the interfaces are however responsible for
slow convergence in the classical Schwarz waveform relaxation algorithm: in Figure
3.1 on the left, we show the first few iterations at the end of the time interval for a
model problem. On the right, we show the first few iterations of the new, much faster
algorithm we will develop in the sequel.

4. Optimal Schwarz Waveform Relaxation. We now introduce transmission
conditions which are more effective for the information exchange between subdomains.
The new algorithm is

Luf=f, in Qy x(0,T), Luk=f, inQyx(0,T),
u¥(+,0)=uo, ub(-,0)=uo, (4.1)
(82 + S1)uf (L, )=(8z + S1)us (L, "), (0o + S2)ub(0,-)=(8 + S2)ui (0, ),

where &1 and S, are linear operators in time, possibly pseudo-differential.

4.1. Optimal Transmission Conditions. The following theorem gives the op-
timal choice for S; and Ss.

THEOREM 4.1. For a >0, ora =0 and b > 0, algorithm (4.1) converges to the
solution u of (2.1) in two iterations for all initial guesses u§ € H*' (2 x (0,T)) and
ud € H*1(Qs x (0,T)), independently of the size of the overlap L > 0, if and only if
the operators S and Sy have the corresponding symbols

g1 = —’[‘7, 09 = —’['+, (42)

where r* are defined in (3.8).
Proof. Using the Fourier transform with parameter w as in Lemma 3.2, we find
for the error

& (z,w) = P ) @D, d(r,w) = BFw)e ", k>1, (4.3)
8



where o and 8% are constants, which, using the new transmission conditions, satisfy
for k > 1 the recurrence relation

ot +01) = BE(rT +o1)em L, (4.4)
B (r= +09) = okt + ag)e’TJrL. '
Now for an arbitrary initial guess u{ and u9, the coefficients o' and B! will in general
not vanish. Since r~+0; = r* 402 = 0implies r* +o0; # 0 and r~+02 # 0, we obtain
from (4.4) that o? and 3% are identically zero if and only if r~ +0) = rT + 05 =0. O

Note that the symbols o1, o2 given in (4.2) are not polynomials in iw, and hence
the optimal corresponding transmission operators S;, Sz are nonlocal operators in
time; they correspond to integral transfer operators in time along the interfaces be-
tween subdomains. Even though such operators can be efficiently implemented, see
for example [30], they are more costly than local transfer operators and the latter are
in general preferred. It is therefore of interest to approximate the nonlocal operators
by local ones, whose symbols are polynomials in jw. Using each equation in (4.4) at
iteration k in the other one at iteration k + 1, we find

k+1 k=1 ghtl k-1
oM = pakTt g = pp

with the new convergence factor

_r 4o r++age(r—_T+)L
rt+01 r~ 409 ’

p (4.5)

4.2. Approximations of the Optimal Transmission Conditions. We ap-
proximate the symbols oy and o5 from (4.2) corresponding to the optimal transmission
operators by constants, which leads to Robin transmission conditions in the Schwarz
waveform relaxation algorithm (4.1), i.e.

—a+p Sy = o (4.6)

S =
! 2v 2v

The choice of the parameter p is restricted by the requirement that the subdomain
problems need to be well posed, and a good choice should lead to a rapidly converging
algorithm, both issues we will analyze in detail in the following section.

Notice that using the knowledge of the symbols (4.2) of the optimal transmission
conditions, we have chosen a particular form for the low order approximation, leading
to (4.6). In general one is not required to do so; in particular, we could have chosen
for example two different parameters p in (4.6), which would have given more free-
dom in the optimization process we study later, or even choose a different p at each
iteration, like it was done for a steady problem in [12]. One could also choose higher
order transmission conditions, i.e. approximations by polynomials in iw. Having one
parameter only however greatly simplifies the optimization process, so we leave the
more general cases for future studies.

5. Optimized Schwarz Waveform Relaxation. We now study the Schwarz
waveform relaxation algorithm with Robin transmission conditions. We start with the
overlapping case, L > 0. We first show under what conditions on the free parameter
p the algorithm is well posed, and then prove convergence of the algorithm for a
general choice of p satisfying these conditions. We also study the influence of p on the
performance of the algorithm and propose two choices for p, one choice motivated by
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a low frequency approximation, and a second choice which optimizes the performance
of the algorithm. We then prove that the algorithm converges also without overlap,
and we again study the influence of p on the performance of the non-overlapping
algorithm.

5.1. Well Posedness of the Algorithm. Asin the case of the classical Schwarz
waveform relaxation algorithm studied in Section 3, we first need to analyze under
which conditions the subdomain problems of the algorithm with Robin transmission
conditions is well posed. Without loss of generality, we only study the well posedness
of the subdomain problem on €y,

Ly = f, in Q; x (O,T),
U(‘, 0) = Uup, in Ql, (51)
(Opv + S1v)(L,-) = g, in(0,T).

We first show an extension result, which allows us to reduce the study of the well-
posedness to the case with homogeneous initial and boundary conditions.

LEMMA 5.1. If ug is in H' () and g is in H3(0,T), then there exists an
extension w in H*(Qy x (0,T)), such that w(-,0) = ug in Qy and (O,w+Siw)(L,-) =
gr on (0,T).

Proof. Let §r be in H%(0,T) such that §.(0) = uo(L). By the continuous
extension theorem, there exists a w; in H?1(Q x (0,T)) such that

’u}1(‘,0) = Uy, wl(La ) =Jr, 6zw1(La ) =0,
and a wo in H%(Q x (0,T)) such that
wQ('aO) =0, wZ(La ) =0, waz(L, ) =4grL — SlgL-

Now the sum w := w; + ws is the desired extension in H%1(Q x (0,7)). 0
Thus it suffices to analyze the well-posedness of the problem with homogeneous
initial and boundary conditions,

Lo = F, inQ x(0,T),

3(-,0) in O, (5.2)
(8,7 + 819)(L, -) in (0,7),

1
oo

where © = v — w and the right hand side function F' = f — Lw is in L?(0,T; L?(;))
if fisin L2(0,7;L%(Q4)). We start with the weak formulation: for any ¢ in H*(Q4),
we multiply the equation by ¢, integrate, and use Greens formula and the boundary
condition, to obtain in D'(0,T)

d,. . a
%(Ua QD) + V(am/ua 6m(p) + 5
The following Theorem gives existence, uniqueness and regularity of the weak solution.
THEOREM 5.2. Suppose F is in L*(0,T; L*()). Then, for any p, problem (5.2)
has a unique weak solution © in H>'(Qy x (0,T)).
Proof. The proof is based on a priori estimates.
1. Multiplying equation (5.2) by ¥, integrating in space, and using the boundary
condition, we obtain
1d

1G9 ~112 ~2 | Do _ ~
5 SOl + w1001 + bl + 27 (1) = (7,0, (54)

N3

(02D, ) = (0zp, D)) +b(¥, @) + 30(L)p(L) = (F, ). (5.3)
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(a) Suppose first p > 0.
e If b > 0, by the Cauchy-Schwarz inequality, and using the inequality

1
aﬂgg a2+% B%, forall a,f € R and 5 > 0, (5.5)

in the form ||F|| ||3]| < Z||F||> + £||5]|?, we obtain

25|

1d| |
2dt -2

which gives, after integration on any time interval (0, 1),

s+ [+ e < g [IFE. 50)

e If b = 0, we use (5.5) with 5 = 1, and get through integration on
(0,2)

|91* + v]10:9]* + IIUIIZ |72,

1 IR
19120 +» [ 10,017 < J1FIEso sy + 5 [ I

We then apply the Gronwall Lemma, and obtain

¢
19120 +20 [ 10,517 < NP Ie(0riz2(0,
(b) Suppose now p < 0. We move the boundary term in (5.4) to the right-

hand-side, and using the Sobolev inequality in H(),

15117 o ey < 2118011171, (5.7)

we bound the boundary term, applying again (5.5),
2
- P -
~25(L) < S10:01 + 2o,

and we conclude using the Gronwall Lemma as before.
Thus, in both cases, we have a bound for ¢ in L> (0, T’; L?(Q1))NL?(0,T; H* (1))}

18] 0,522 (21))» 10l 20,7381 (1)) < CDIF || L2(0,7502(901)) - (5.8)

. To obtain the higher regularity result in the theorem, we need to show that
also 829 and 8,0 are in L?(0,T; L?*(Q4)). Multiplying the equation by —82%
and integrating in space, we get

s 4,512 + w0251 + bljas”
~ (@0)0,5 + § (0.)° + b(@.0)7 / Fo25,

Now using the boundary condition to replace 0,7, we obtain

d (1 2, P—0a. . 2~112 ~ 112
a (hoa0l + 22 % (L))+u||a 611+ blo. ]

p—a ap 2..,
F
Y (b 2 2w ) / Oz

11




Again using the Cauchy-Schwarz inequality and (5.5) on the right, we find,
after integrating in time

Lo P—a_,
(3o + 22w @) @+ 5 [ ozl +o [ 1.0 5o
5.9
p—a ap—a
+ 2v (b 2 2v )/ - 21// 1F1

First the term 2% (b— 22-2) [75%(L) is handled as in 1, using (5.7) and

(5.8). Then, if p > a, we obtain

182011* + w1820l L2(0,7:22(00)) < CDFll12(0,7502(00:) -

If p < a, then we pass the term containing ©#(L) to the right hand side, and
using (5.7), we obtain

1 ~112 14 ¢ 2 ~112 a—p 112 1, . 9 /t 9
— ()ZU —|— — () < — o (958 + — + T F .

Now choosing a = v/(a — p), and using (5.8), we obtain

||3z?~1||Leo(o,T;L2(Ql))a ||8§77||L2(0,T;L2(91)) < C(T)||F||L2(0,T;L2(Ql))a

where we omitted the dependence of the constant C on a, p, b and v.
Now using equation (5.2), we have

O = vO20 — ady — b + F,

and since all the terms on the right hand side are in L2(0,T; L?(;)) by the previous
estimates, it follows that 8;0 is in L?(0,T;L*(Q1)), which concludes the a priori
estimates in H%1(Q; x (0,T)). Existence and uniqueness can now be shown using a
Galerkin method [27]. O

Using Lemma 5.1 and Theorem 5.2, we obtain now the well posedness of the
subdomain problems.

THEOREM 5.3. If f is in L2(0,T; L2()), uo is in H' (), g1, is in H3(0,T),
then, for any p, problem (5.1) has a unique solution v in H>(; x (0,7)).

The same result also holds on subdomain 9, the only difference being that —a
becomes +a in the estimate (5.9).

THEOREM 5.4. Let gz, and go be given in H3(0,T). If algorithm (4.1) with S;
defined in (4.6) is initialized by (Oyu} +S1ul)(L,-) = g1 and (Oyud +S2ud)(0,+) = go,
then, for any p, (4.1,4.6) defines a sequence of iterates (u¥,u%) in H>1(Qy x (0,T)) x
H%Y(Q x (0,7)).

Proof. The proof is done by induction: for k¥ = 1
iterate (ul,ul) in H>1(Q x (0,T)) x H**(Qs x (0,T))
now that (uf,u}) is in H21(Q x (0,7)) x H21(Qs x (0,7T)), by the Trace Theorem,
we have that (8,uf + Syuk)(L,-) and (,ur + Syuk)(0,-) are in H(0,T), and thus
by Theorem 5.3, (uf™, uh™) must be in H>'(Q; x (0,T)) x H>(Qy x (0, T)), which
concludes the proof. O

For the proof of convergence in the overlapping case, we need however more
regularity.

(4.1) defines a unique first
by Theorem 5.3. Assuming
T

?
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THEOREM 5.5. Fora >0, ora=0andb >0, let p >0 and f be in Hl*%(Ql X
(0,T)), uo in H2(Q), and g1, in H%(0,T), with the compatibility conditions

9.(0) = 9zuo(L) + S1uo(L). (5.10)

Then the solution v of the subdomain problem (5.1) is in H*3 () x (0,T)). Further-
more the following compatibility property at x = 0 is satisfied:

lim (0pv 4+ S2v)(0,t) = Jpuo(0) + Saue(0). (5.11)
t—0+4

Proof. In this more regular situation, the solution  of (2.1) is in H3:3(Q x (0, T))
by Theorem 2.2. Furthermore jr, = (9,u + Syu)(L,-) is in H3(0,T). Subtracting u
from v, the difference e is in H3:3 (Q; x (0, T)), solution of (5.1) with data (0,0, hy =
gL — gr)- By Fourier transform, the same calculation as in Lemma 3.6 gives with he
being an extension of Az on R vanishing in R_

2v ~ +
6= —— Fhy(w)e" @1, 5.12
Vit L(w) (5.12)

The norm of d3e is therefore given by

1026l iy = | e oL
zClL2(Q1 xR) R2§RT+|\/a+p|2

and the norm of e in H3 (R, L2(0y)) is

|Fhe (@) dw,

) [ (14 w?)?
lellrore,rz0i) = J. grriva+pP
In both cases, for a > 0, or a = 0 and b > 0, and p > 0, the denominator in the factor

in front of |Fhr (w)|? is bounded from below, and it is easy to see that for large |w),
it is equivalent to a constant times |w|?>/2. Therefore we have the bound

|.7-'iLL(w)|2dw.

Cllhl| (5.13)

||e||H3’%(Ql><(0,T)) < Hi®R)
For the compatibility condition, since Az, vanishes in R_, its Fourier transform is
analytic in the half-plane 7 < 0, and by (5.12) and the Paley-Wiener Theorem [37],
e(0,-) and 8,e(0,-) vanish in R_. Since they are in H#(R) and H(R) respectively,
they are continuous, and therefore lim; g4 (9ze + S2€)(0,t) = 0, which gives the
compatibility property for v. 00

This regularity result shows the well posedness of the algorithm in H 3’%(01 X
0,7)):

THEOREM 5.6. Fora >0, 0ora=0andb>0, and p> 0, let f be in Hl’%(Ql X
(0,T)), uo in H2(Q), g1 and go be in Hi(0,T), with the compatibility conditions

gL(O) = 6;5’&0(.[4) + Sluo(L), go(L) = 6mu0(0) + SQ’U.()(O) (514)

Then, algorithm (4.1) with transmission operators (4.6) defines a sequence of iterates
(uk, uk) in H3(Qq x (0,T)) x H>3(Qy x (0,T)).
13



5.2. Convergence of the Overlapping Algorithm. Let hz, and hg be given
in oH 4 (0,T). Let (e1,ez) be the solution in H32 (4 x (0,T)) x H>2(Qy x (0,T)) of
the problem

;661=0, in Q1 x (O,T), ,662:0, in Q9 X (O,T),
61( 0):0, in Ql, 62( 0) 0 in Qz, (515)
(Oze1 + Sie1)(L,-)=hg,in (0,T), (Ogea + S2e2)(0,-)=hg,in (0,T).

LEMMA 5.7. Fora >0, 0ra=0andb >0, ifp>0 and L > 0, the map Gy
associated with (5.15),

Go : (hL,ho) — ((8 e9 +81€2)( ) (8 el +8261)( )) (516)

is defined from (cH?2(0,T))? into itself, and G2 is strictly contracting.

Proof. The proof is analogous to the proof of Lemma 3 2 using Fourier analysis.
Defining Az, and hg as any extensions of hz, and hg in Hi 2(R), vanishing in R, we
obtain after a short calculation

Vd—p
Vd+p

2
F(G2(hr, ho))(w) = ( ) (}'ﬁo(w)e(r:ﬁ)L,}-;LL(w)e(r:ﬁ)L),

where d and r* are defined in (3.8), and since p > 0, we have ‘ \/\@*p <
d+p
2
||g0 (hLJ h0)||(0H4 0,1))2 = CD||(hL7 hO)”(OH% (O’T))QJ

and since Cp defined in (3.11) satisfies Cp < 1, the result follows. O

From the proof of this Lemma, we can see that the contraction of the overlap-
ping Schwarz waveform relaxation map with Robin transmission conditions, Gy given
n (5.16), is at least as good as the contraction of the classical map with Dirichlet
transmission conditions, Gp given in (3.6), no matter what one chooses for the pa-
rameter p > 0 in the Robin transmission conditions. Before doing a more thorough
comparison, we use the contraction property from Lemma 5.7 to prove convergence
of the new algorithm.

THEOREM 5.8. Let f in HY2(Qy x (0,T)), uo in H2(Q). Fora >0, ora =0
and b > 0, if p > 0 and L > 0, then the solution (u¥,uf) of algorzthm (4.1,4.6)
converges to the solution u of (2.1) for any initial guess (go,g1) € (H4(0,T))? with
the compatibility conditions (5.14).

Proof. The errors ef = u¥ —u, j = 1,2 satisfy for k¥ > 1 equations (4.1) with
f = 0 and up = 0. Introducing the interface functions h%¥ = (9,ek + Sief)(L,-),
hE = (0ye¥ + S2e¥)(0,-), and using the map Gy, we obtain by induction (h2¥, h2F) =
G2k (hY 1Y), and thus by Lemma 5.7

[zl < Cpli(hY, ho

(1 (0,1)) Oz 0,792

We have by (5.13)

2k+1 2k+1 Zk
1€ex™ s 2" )l 5.8 (@, x 0,19 x 55§ (@ax 0,1 S C”(h ho )”<H%<0,T)>2

0

which together with Lemma 5.7 completes the proof. O
14



Having proved convergence, we now compare the performance of the classical
Schwarz waveform relaxation algorithm and the new one with Robin transmission
conditions. We do this first at the continuous level, which motivates the optimization
procedure we introduce in Subsections 5.4 and 5.7 for the discretized case. Using The-
orem 5.8 and Lemma 5.7, the error in the overlapping Schwarz waveform relaxation
algorithm with Robin transmission conditions satisfies on the interfaces over a double
iteration step in Fourier the relation

Vd—p
\/E+p

F(G5 (hr, ho))(w) = ( ) eI (FR (W), Fho(w)),

where d, r~ and 7+ are defined in (3.8). Equivalently, we have
e (L,w) = poei T (L,w), 57 (0,w) = poé5 " (0,w), (5.17)

where the convergence factor pg = po(w,p, L, v, a, b) of the new algorithm with Robin
transmission conditions is given by

2
@ + 4v(b + iw) —p) - ) (518)

vaZz+4v(b+iw) +p

For any frequency w, we can therefore directly compare the performance of the classi-
cal Schwarz waveform relaxation algorithm with the new one with Robin transmission

2
conditions: we have py = (ﬁ;z ) pp, where pp is the classical convergence factor

defined in (3.14). This shows that for each w, we have |po| < |pp| for p > 0. Further-
more, for any € > 0 there exists an w,, such that

pO(wapaLa v,a, b) = (

/I | 1+ (L, w)Pdw < e,
W|>we

because we assume that e9(L,-) is in H4. Since |po| < 1, we obtain

1624(L, I 5

2\3/4 2k| 50 2
i S [ Qe (e p Lo AL ),

and taking the supremum of the convergence factor out of the integral, we have

s2kT )2 < 2611507 (|2 _
||€1 (L, )”H%(O,T) <e+ Ujl;pwe |PO(WaP;L;V:aab)| ||61(La )”H%(O,T)

A similar estimate for the classical algorithm gives

12, )12 5

2k |1 40 A2
i S €t suwp lop, Lv,a b [IE (L, )]

3 )
|w|<we H1(0,T)

which shows that improving the convergence factor on a sufficiently large bounded
frequency range improves the overall convergence of the algorithm. The choice of a
bounded frequency range is further motivated by the fact that computations are per-
formed on a discretized problem, whose grid can not carry arbitrarily high frequencies.
We carefully analyze how to chose the free parameter p for optimal performance of
the algorithm in the next subsections.

15



5.3. Low Frequency Approximation for the Algorithm with Overlap.
We have seen that the convergence factor of the new algorithm with Robin trans-
mission conditions is given by (5.18), and any choice of the free parameter p > 0
is admissible to obtain a well posed algorithm. But how should p be chosen, apart
from p > 0 7 A simple choice is to use a low frequency approximation of the symbols
0j, j = 1,2, of the optimal transmission operators given in (4.2), based on a Taylor
expansion about w = 0. This is motivated by the fact that with overlap, L > 0, the
exponential term in the convergence factor (5.18) is exponentially small for w large,
and hence p should be used to make the transmission conditions effective for w small.
Using a Taylor expansion of the square root v/a2 + 4v(b + iw) in (4.2) about w = 0,
we find

Va2 +4v(b + iw) = Va2 + b + iw + O(w?), (5.19)

2v
va? +4vb
and hence the low frequency approximation choice for p in the Robin transmission
condition is

p = pr = Va? + 4vb. (5.20)

With this choice, the convergence factor vanishes for w = 0 and also when w goes
to infinity, since L > 0. To further analyze the convergence factor, we introduce a
change of variables based on the real part of the square root in the convergence factor
(5.18),

z:=R(v/a® + v (b + iw)). (5.21)
In this new variable, the convergence factor (5.18) in modulus becomes

(z—p?+a® 2] 1
z +p)? + 22 — 22
( D) 0

Ro(z,p, w0, L) := |po| = , (5.22)

where 73 := a® + 4vb. Note that Ry > 0 by definition, which can also be seen from
z? > a® + 4vb = z from the change of variables (5.21). Using now the parameter pr

from the Taylor expansion, we find for the Taylor Robin method (TO for Taylor of
order 0) the convergence factor in modulus to be

r—Xg _L=z

RTO(:U;wO;L) = R0($,pT,.’E0,L) = .’13'+(Eoe

>0, T > x9. (5.23)

THEOREM 5.9 (TO Performance with Overlap). Let L > 0 and zo := Va? + 4vb.
The convergence factor Rrq in (5.23) of the overlapping Schwarz waveform relazation
algorithm with Robin transmission conditions (4.1,4.6) and p = pr from the Taylor
low frequency approximation (5.20) is for xo < x < oo uniformly bounded by

= _ T—2o _Lz _ 2vxgy
Rro(x,70,L) < Rro(0, L) := Rro(Z, 20, L) = = _HUOG v, F=qfad+ 7
(5.24)

For L small, we have Ryo(zo,L) = 1 — 24/22¢\/L 4+ O(L).

Proof. Taking a derivative of Rro with respect to 2 shows that there is a unique
maximum of Rrg for z9 < 2 < 0o at Z, which leads to the bound given in (5.24). An
expansion for L small leads then to the asymptotic result of the theorem. O
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Now in a numerical calculation, two additional issues come into play: first the
frequency parameter w can not be arbitrarily high, there is a maximum frequency
that can be represented on a grid with spacing At, and an estimate for this maximum
frequency is wmax = A3, the signal that oscillates between +1 from grid point to grid
point. Second, the overlap L is in general not a fixed quantity, one can only afford
a few grid cells overlap, and often L = Az. The question therefore arises, if for a
particular discretization, which might have to satisfy a stability constraint, the bound
on the contraction factor in (5.24) is really relevant, or if the highest frequencies rep-
resented on the grid of the particular discretization stay below @ where the maximum
of Rryo is attained, which corresponds to Z given in (5.24) in the transformed problem.
To answer this question, we need to study for which cases the maximum numerical
frequency wmax stays below @, or in the transformed problem, under which conditions

1 2,2 2
Vg + 16v2wz + x5
2

Tmax =

stays below Z given in (5.24). A direct comparison shows that for

41/&70
1 2,2 2’
Vg + 16v°w2, — x5

the maximum numerical frequency wmax > @, and hence the bound given in Theorem
5.9 determines the convergence rate of the algorithm. If however L < Ly, then
the maximum on the numerically relevant convergence factor is attained at wmax-
Numerically, we therefore have

L>Lo:= (5.26)

T — X9 _ Lz

B RT()(E',QZ(),L): — e v, if L > Ly,
Rro(z,20, L) < Rro(zo, L):= Tt e seme
RTO(-'L'max;Z'O;L) = — € v 5 if L S Lo.
Tmax + Zo
(5.27)

To obtain a concrete asymptotic result for the case where the overlap L is linked to
the space discretization Az, L = C1 Az, and the space discretization Az is linked to
the time discretization At by a stability or accuracy constraint, At = CoAz?, 3 > 0,
we insert these relations into Ly and expand to find

Lo = %AH O(AP), (5.28)
which leads to the following asymptotic results.

THEOREM 5.10 (TO Discrete Convergence Estimate with Overlap). Let zo :=
Va2 +4vb. If L = C1Ax and At = CoAxP, then the bound Rro in (5.27) on the con-
vergence factor estimate of the discretized overlapping Schwarz waveform relazation
algorithm with Robin transmission conditions (4.1,4.6) and p = pr from the Taylor
low frequency approzimation (5.20) is for Ax small given by

2C

1—2¢/ ;wO\/A$+O(Ax), if >1, orﬂzlandg—;>””7°,

5 \/5(021'0 +Cl77) ; 1 z
Rro=1¢ 1- N VAz +0(Az), iff=1 and%g?‘),

B

2
l—wowl%Ami —}—O(Aa:%), if < 1.

(5.29)
17



Proof. Comparing L = Cy Az with the expansion of Ly given in (5.28) and using
that At = C2Az?, we see that for Az small, the first case in (5.27) corresponds to
the first case given in (5.29). The asymptotic bound on the convergence factor then
follows by simply expanding for L = C; Az and Az small. For the second case, one
can set B = 1 and directly expand the second case of (5.27) to find the result given.
For the last case, we first notice that zmax satisfies

1 2
Tmax = \/2wu\/—A_t +O(AY) =/ Ci:m:—% +0(Az?), (5.30)

which together with L = C1 Az gives for the exponential the expansion

Lzmax 2
e~ = 1 - Oy ) —— Az’ + O(Az?P). (5.31)
021/

Multiplying this with the expansion for the coefficient in front of the exponential in
(5.27), whose expansion is

- 2
.-/ T =1- a:m/ gAalrg + O(Amﬁ), (5.32)
Tmax T Zo v
the result follows. O

The preceding theorem shows that for explicit discretizations, which have a sta-
bility constraint of the type At = CyAz? for this problem, and for which the present
algorithm would still be of interest for non-matching time grids, the optimized Schwarz
waveform relaxation algorithm with Robin transmission conditions based on a low fre-
quency approximation and an overlap of the order of the spatial discretization Az will
have an asymptotic convergence factor 1 — O(v/Ax), as one could expect from the
continuous analysis in Theorem 5.9. This is still true for implicit discretizations, as
long as At is of the same order as Az. Once At becomes much larger than Az how-
ever, one can expect the algorithm to converge faster asymptotically because of the
last relation in (5.29).

5.4. Optimization of the Algorithm with Overlap. We investigate now if
there exists a better choice for p such that the overall convergence factor is smaller
than with the parameter from the low frequency approximation. We will use the label
00 for these methods, which stands for optimized of order 0. We place ourselves first
again in the continuous context, where w € R, and thus wmax = 00. Later, we will also
investigate the discretized case where wpax < 00. We introduce a change of variables,
which will greatly simplify the analysis of the optimal parameter p. Setting z := ¥,

p:= & and x := ¥~ in the convergence factor (5.22), we obtain

_ =D +y -5 -y
(y +9)2 +y>— 5

RO(yaﬁa yO) ) (533)

which is now an expression independent of the overlap parameter L and the viscosity
parameter v. The best choice for the parameter p is the one that makes Ry as small
as possible uniformly for all y > yo, and is hence the solution of the min-max problem

A2 02 2
min (max Ro(y, D, yg)) = min (max € Iz)z + y2 yg e_y> , (5.34)
P \¥>v0 >0 \y>yo (¥ +P)2 + y2 — 43
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where minimizing over non-negative p is equivalent to minimizing over all p, as one can
see from (5.33). Note that § non-negative is also a requirement for the convergence
proof of the algorithm in Theorem 5.8. To analyze the min-max problem (5.34), we
need two lemmas:

LEMMA 5.11. The function y — Ro(y,D,yo) defined in (5.33) has a unique local
mazimum at

o yg +2p+ /d(yo, D)
9(yo,p) = 5 ;
if 0 < p < p1(yo), where p1(yo) is the unique positive root of d(yo,p) for yo > 0. If

P > p1(yo), then Ro(y,B,y0) is a monotonically decreasing function of y.
Proof. A partial derivative of Rg(y, P, yo) with respect to y gives

ORy _ e Y(4y* — 420+ 93)y* + (7* —y3) (w5 — 4p — 7))

d(yo, p) = B(=5° — 49"+ (4+23)5+8y5), (5.35)

oy~ (GE R ’
2 ~ —
and therefore Ro(y,p,yo0) can have at most two extrema, § = —y°+2p+2v dwo-p) ;4
205 Sl A
y= Yo+2p—y/dlvo.p) o) d(yo’p), with the discriminant d(yo, ) given in (5.35). The larger of

the two, 7, must be a maximum, since Ry > 0 and Ry goes to 0 as y goes to co. Since
the discriminant is positive for small, positive p, and negative for large, positive p,
it must have by continuity at least one real positive root p1(yo) > 0, d(yo,p1) = 0.
To prove that this root is unique, we use the derivative of d(yo,p)/p with respect
to p, which shows that there are two extrema, one at ry = —%(4 — /28 + 6y2) and
one at ro = —%(4 + /28 + 6y2). The larger one, ry, must be a maximum, since
the discriminant goes to —oo as p goes to oo, and thus r is a minimum. Since ry
is negative, p; is the only positive root of the discriminant, since this latter is still
positive for arbitrary small p. For p > p;, Ry has no extrema in y and hence decreases
monotonically to 0 as y goes to infinity. O

LEMMA 5.12. For fixred y > yo and p > 0, we have %f’yo)(ﬁ —pa(y)) > 0,

where pa(y) = /2% — 3.

Proof. A partial derivative of Rg(y,p,y0) with respect to p gives
ORy _ e Vy(—p* +2y° — y3)

o (B+y’+y* -5’
which has only one root in p, p2(y) = \/2y? — y2, which is positive. For p < pa, 86—1})0

is negative and hence Ry(y,p,yo) decreases when p increases, whereas for p > po,
Ro(y, p,yo) increases when p increases. O

THEOREM 5.13 (00 Performance with Overlap). Let L > 0 and xo := v a? + 4vb.
The best performance of the optimized overlapping Schwarz waveform relaxation algo-
rithm at the continuous level with Robin transmission conditions (4.1,4.6) is obtained

for p = p* = f’*T" where p*, the solution of the min-maz problem (5.34), is for
Yo 1= % < Y. given by the unique solution p* > yo of the nonlinear equation

RO(yO;ﬁ*;yO) = Ro(g(yoaﬁ*)aﬁ*ayO)a (536)

where Ro(y,D,yo) is given in (5.83) and y(yo, D) is given in (5.35). For yo > y., p*
is given by the unique solution of
- P
= — 5.37
Yo=2p 4+ ) ( )
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The constant y. is universal, y. = 1.618386576. .., and the convergence factor with
the optimal p* is uniformly bounded by

Ro(y,5*,y0) < Roo(yo, ") := Ro(§(yo, 5*), 5%, yo)- (5.38)

For L small, we have the asymptotic result

~ B 25 3
p =20 ~ (2020)5 L%, Rop~1-— (%) L%, (5.39)

Proof. By Lemma 5.12, the optimal p* > yo, since for p < p2(yo) = yo, increasing
P decreases Ro(y,p,yo) for all y > yo. Now Lemma 5.11 implies that for yo < p <
P1(yo), the maximum of Ry in the min-max problem can be attained at y = yo or
at the interior maximum at g given in (5.35). For p = yo, we have Ro(yo,D,¥y0) =
Ro(y0,%0,%0) = 0 and d(yo,P) = d(y0,%0) = ¥3(2 + yo)? > 0 and hence Ro(y,5,y0)
has for y > yo a unique maximum at §(yo,%0) = V¥o(2 + o) > yo. Increasing p
from yg increases Ro(yo, P, yo) by Lemma 5.12 monotonically for all > p2(yo) = yo-
Increasing p from yo also decreases Ro(y(yo,D),P,yo) by Lemma 5.12, as long as it
exists, p < P1(yo) according to Lemma 5.11, and p < p2(§(yo, D)) = /25> — 3, after
which Ry (§,5,y0) will increase again according to Lemma 5.12. By continuity, the
maximum of Ry is minimized either for p} satisfying

RO(y07ﬁTay0) = RO(ﬂ;ﬁI:yO)a (540)
provided that p 7(y0,D7)) \/ 2(g(yo,P}))? — &, or for P given by
D5 = P2(4(Y0,53)) \/2 §(y0,53))* — .- (5.41)

It depends on the only parameter left, yo, which of these two cases is the solution.
Imposing 57 = P53 and both (5.40) and (5.41), we can solve for the value of yo where
both are equally optimal. We find

Yo =y = 1.618386576..., Pt = pi = 2.583490822. ...

Hence for yo < y. equation (5.40), and for yo > y. equation (5.41) gives the solution.
Equation (5.41) can be simplified by solving it for yo, which gives (5.37) stated in the
theorem, and a derivative with respect to p* shows that there is a unique positive
root p* for yg > 0.

The uniform bound given in (5.38) is a direct consequence of (5.36) and (5.37),
since in both cases the maximum is attained at ¥.

To show the asymptotic result (5.39), we note that for L small and the other prob-
lem parameters a, b and v fixed, we have yy small, since from the variable transform
we have yo = 2L = 7”2;““”% and therefore the first result (5.36) applies asymp-
totically, yo < y.. To solve (5.36) asymptotically, we insert the ansatz §* = Cpy
into (5.36) and expand both sides for yo small. Using that p* > yo, we find from its
definition that asymptotically § ~ / 2pr0% . Using this in equation (5.36), we find
for the leading order terms

128yl —yo + 28yl yo + =128\ /Cud +4Cu8 +

which implies 1 — a = ¢ and thus a = 2 and C, = 23, which leads to (5.39). O
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F1G. 5.1. The top curve is the convergence factor Rpq from the Taylor low frequency approz-
imation, and the curve below is the optimized convergence factor Ropg, for an example from the
numerical section.

Yo 0.1 0.01 0.001 0.0001 0.00001
p* | 0.2936 | 0.05952 | 0.01265 | 0.002717 | 0.0005849

asymptotic p* | 0.2714 | 0.05848 | 0.01260 | 0.002714 | 0.0005848
TABLE 5.1
Comparison of the optimal p* from Theorem 5.18 and its asymptotic approrimation.

In Figure 5.1 we show the convergence factors Rpg and Rpo for an example
with £op = 1, L = 0.08 and v = 0.2 from the numerical section. One can see the
better performance of the optimized Robin transmission conditions over the Taylor
transmission conditions, and also the equioscillation of the optimal choice.

Table 5.1 gives a comparison of the optimal p* from (5.36) with the asymptotic
approximation (5.39). One can see that the asymptotic approximation is very close to
the optimal p* already for moderately small values of yo, which corresponds to a small
overlap L. For larger values of yg, the asymptotic approximation can be a valuable
initial guess for the nonlinear equation solver to find the optimal p* from (5.36).

In Figure 3.1 on the right, we show the first few iterations, at the end of the
time interval, of the optimized Schwarz waveform relaxation algorithm with Robin
transmission conditions for the same model problem for which the iterates of the clas-
sical Schwarz waveform relaxation algorithm are shown in Figure 3.1 on the left. One
can clearly see that the new algorithm with Robin transmission conditions converges
much faster than the algorithm with Dirichlet transmission conditions.

Theorem 5.13 gives the optimal choice for the parameter in the Robin transmission
conditions of the optimized Schwarz waveform relaxation algorithm at the continuous
level. In a numerical setting however, not all the frequencies are present, as we have
seen, and we have to address the question again if the maximum of the convergence
factor attained at § is relevant in a computation. Letting L = C; Az and At = Co AzxP
as before, the maximum numerical frequency we can expect on the time discretization
grid is Wmax = 3 = ﬁ, which corresponds with the variable transform to

2
4 dvm 2
g + (c A 5) + 2x;
= Lomax _ 0 Ap il — 1y 2E As8 4 O(As ),
14 ’/02

2
(5.42)
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whereas § from the optimization in (5.36) has the expansion

v

g =25 (“’”001> Azi + O(Az). (5.43)

1
Hence, if 1 — g =1,orf=3%and C; = /o (2';(;3) * =: C,, the numerical ypay and
g from the optimization are asymptotically at the same location, which represents the
boundary between the usefulness of the continuous optimization result (5.36) and a
different optimization for the discretized algorithm, which we show in the following
theorem.

THEOREM 5.14 (OO0 Discrete Convergence Estimate with Overlap). Let z¢ :=
Va2 +4vb. If L = C1 Az and At = CyAzP, then the convergence factor Ry(y, P, yo) of
the discretized overlapping Schwarz waveform relazation algorithm with Robin trans-
mission conditions (4.1,4.6) is for Az small bounded for all y € [yo,Ymax] by Roo,
where Ymax is given in (5.42), and Rog and p* satisfy

1

1
1 s N1
Roo~1— (m)sAm%,p*z (%OF)sAm*%, if B> %, orﬂ=% and C1 > C.,
Rop ~ 1 - 8120 Azs, p* = CpAz3, if =14 and C, < C.,
1 s s 1
Roo~1-2 (202%)4 Aw4 *a (2 202"”)4 Ax_%,ifﬂ < %’
(5.44)
3
and the constants are given by C, = ﬁ (\/7r2012 + 8V2un(C3 xo —7rC'1>, C, =
1
sy b
Vs (252)°

Proof. The first case is a direct consequence of Theorem 5.13, which applies in
this case since the maximum g is relevant for the numerical discretization, if > z
or =% and C; > C,, as can be see from (5.42) and (5.43). For case two and three
the local maximum at g lies outside of the numerical frequencies, § > ymax, and hence
the min-max problem needs to be adapted to this situation, the maximum needs now
only be minimized for y € [yo,Ymax)- For a small overlap, which corresponds to yo
small, the solution is achieved according to Theorem 5.13 when

RO(Z/O;ﬁ*;yO) = RO(ymax;ﬁ*;yO)- (545)

Expanding both sides asymptotically for small Az, we find, using the ansatz §* =
CpAz® that the leading order terms of (5.45) are

4z0Cy , 1_ 20 1/02 148 2 _8
Az 74+ ... =1— —LAzTI T O Azt 4
Cpv 1 Ve,

1-—

Hence in the limiting case, where § = 3, we have a = 3 2 and both terms on the right
have the same exponent. This leads to the constant C), given in the Theorem in case
two, after having used the back transform p* =
term on the right hand side is of lower order. Balancing the remaining two, we find

8 B A 28227 T
for the exponents 1 —a = a—1+ 5 or a = 1— 7 and the constant C;, = C ( 50, ) ,

which leads after the back transform to the last case stated in the Theorem. O
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5.5. Convergence for the Non-Overlapping Algorithm. We now assume
that the overlap is zero, L = 0. We first analyze convergence of the algorithm in the
appropriate Sobolev spaces. The convergence analysis for the non-overlapping case
is based on energy estimates and follows an idea from [28], which has also been used
in [6] and [34] for Schwarz algorithms applied to steady problems, and in [15] for
a non-overlapping Schwarz waveform relaxation algorithm for hyperbolic evolution
equations.

THEOREM 5.15. Without overlap, L = 0, the Schwarz waveform relazation al-
gorithm (4.1,4.6) converges for p > 0 in (L*>(0,T;L*(Q4))) N L2(0,T; HY(Qy)) %
(L*>°(0,T; L?(Q2)) N L2(0,T; HY(Q2)) to the solution u of (2.1) for any initial guess
go € Hi(0,T) and g, € H7(0,T).

Proof. As in the proof of Theorem 5.2 we obtain the energy estimates

1d a
5 A + 0ok + Ik = (vduek — Seb)0)ek©) =0, (5.46)
1d a
S AP + w0,k + Ik + (vdueh — Seb)0)h©) =0, (5.47)

Introducing the boundary operators BT = 8, + 81, B~ = 8, + Ss, and rewriting the
2

terms on the interface in the form (vd,e — §e)e = 5-((B*e)® — (B~e)?), we obtain

the new energy estimates

1d v: o V2

§£||€'f||2 + v]|0ef|” + bllef|® + 2—p(3 er)?(0) = 2—p(3+€'f)2(0), (5.48)
1illekllz’ + v||0e5]” + blles|1* + V—2(3+€k)2(0) = V—z(Bfek)Q(O) (5.49)
24t"? z2 2 2p 2 T2 2 ) )

Now note that the transmission conditions can be expressed with the operators B¥,
Btel =Btek=! Bek =B7ef! on {0} x (0,T).

Replacing the corresponding terms in the two equations (5.48) and (5.49), adding the
resulting equations and summing in k, we get a telescopic sum on the interfaces and
therefore

K

i (3 (etl” + [1e511) + v(l|0uet]|” + [102€5]1%) + b(llet(|* + [le5]1*)] + (5.50)
+5,(Bef")” + (Bes)?)(0) = 55((B7ei)? + (B*ez)?)(0).

We can now integrate in time, and since the initial values of the error vanish, the sum

of the energies over all the iterates remains bounded. Hence the energy in the iterates

needs to go to zero and the algorithm converges. O

5.6. Low Frequency Approximation for the Algorithm without Over-
lap. One can choose the free parameter p in the Robin transmission conditions based
on a low frequency Taylor approximation, as given in (5.20). But now there is no
overlap to be effective on the high frequencies, the convergence factor (5.23) becomes

r — Xo
x4z

Rro(z,20) = (5.51)

where x > g is given by the variable transform (5.21). Clearly Rrq is a monotonically
increasing function of z for > zy, and tends to one as z tends to infinity. There is
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therefore no uniform bound on Ry which is strictly less than one for all x > z¢ in
the case without overlap. But we have already seen that in a numerical calculation
the frequency parameter w can not be arbitrary high. It suffices therefore for the
numerical case to find a bound for Rrg for £y < £ < Zmax, where Zmayx is given in
(5.25).

THEOREM 5.16 (TO Discrete Convergence Estimate without Overlap). Let zg :=
va?2 +4vb and L = 0. Then the convergence factor estimate Rro of the discretized
non-overlapping Schwarz waveform relaxation algorithm with Robin transmission con-
ditions (4.1,4.6) and p = pr from the Taylor low frequency approzimation (5.20) is
for £o < & < Tpax, where Tmax s defined in (5.25), bounded by

\/ At?zd + 16022 + z3 At — V2Atzg

Rro(z,20) < Rro(w0) := Rro(Tmax, To) = .
\/ At?zf + 16v°m2 + $3 At + V2Atxzg
(5.52)

For At small, we have Ryo(zo) = 1 — zg \/%\/A_t + O(At).

Proof. By the monotonicity of Rrg in x, the bound for zg < £ < Zmax on Ry is
attained at & = Zmax, which leads, using the variable transform (5.21) and Wmax = &3
to the bound given in (5.52). O

Now we can compare the asymptotic performance of the algorithm without over-
lap to the performance of the algorithm with overlap. If in the discretization the time
step At is linked to the spatial discretization step Az by the relation At = CyAz?,
then we see by comparing the results of Theorem 5.10 with the results of Theorem
5.16 that for § > 1, adding an overlap of size Az does improve the asymptotic perfor-
mance of the algorithm, whereas for § < 1 adding an overlap of the order of Az does
not improve the asymptotic performance. In particular this shows that with the Tay-
lor transmission conditions and using an explicit time discretization with the stability
constraint At = C; Ax?, an overlap is helpful. Note that if an explicit scheme is used
with the same time steps in both subdomains, there is no need to iterate, since one
can explicitly advance the algorithm on the interface as well. A subdomain iteration
would still be of interest if one uses non-matching time grids however, see for example
[15].

5.7. Optimization of the Algorithm without Overlap. As in the case with
overlap, there is a better choice for p than the low frequency approximation based on
a Taylor expansion of the optimal symbol. We can again try to choose p such that
the convergence factor

(x —p)® +2° — 23
RO(mapa 1"0) = D (553)
(z+p)?+22—2x3

is minimized over all zp < z < Tmax. Hence the optimal choice for p for the discretized
algorithm is the solution of the min-max problem

(z —p)® +2° — a3

min( max Ro(z,p, :co)) = min( max 2) , (5.54)

p 20<T<Tmax p>0 \z20<z<ZTmax (.'L' +p)2 + T2 — Ty

where minimizing over non-negative p is equivalent to minimizing over all p, as one
can see from (5.53). The following theorem can be proved as in the case with overlap.

THEOREM 5.17 (00 Performance without Overlap). Let L =0, o := va? + 4vb
and Tmax < 00 be given. Then the best performance of the optimized non-overlapping
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method convergence factor parameter p

1-0(WAz) ifp>1
T lap A - Va? + 4vb
0 overlap Az 1—0(Am%) <1 a’® + 4v

—O(Azs) ifg> 4% (2v(a® + 4vb))3 Az—3
00 lap A =3 1
overtap 2 —0(Az%) iff<i | (Sum(a®+4vb)iAs ]
TO no overlap 1-O0(WAt) Va? + 4vb
00 no overlap 1 — O(At#) (8vm(a2 + 4vb)) i At~ 3

TABLE 5.2
Summary of the asymptotic convergence factors for the various parameter choices in the Robin
transmission conditions, for At = AxP.

Schwarz waveform relazation algorithm with Robin transmission conditions (4.1,4.6)

is obtained for p = p*, where p*, the solution of the min-max problem (5.54), is for
1+f

Tmax 2 To g“)en by

o T+ 0 = /Do + 33
* $0(2$max + :EO), Ro(x,p*,xo) S R max 0 max<0 0

p =
xmax + Zo + / 2ZmaxTo + 370
(5.55)
and for Tmax < 1+‘/_.7:0 we have
~ 202 —x2—g
p*=1/222,, — 2%, Ro(z,p*,z0) < Roo max -0 max (5.56)

V max .’EO + Tmax

THEOREM 5.18 (OO0 Discrete Convergence Estimate without Overlap). Let L =0
and xo := Va? + 4vb. If the non-overlapping Schwarz waveform relazation algorithm
with optimized Robin transmission conditions is discretized in time with time step At,
then for At small, we have

= (227v) i At F + O(AtH), ROO_1—2( 0) Ati + OWAY).  (5.57)

vz

Proof. Using the variable transform (5.21), Zmax behaves like

Tmax = V210 At 7 + O(VAL),

and thus the first result of (5.55) in Theorem 5.17 applies. Expanding p* and Rog
from (5.55) leads to (5.57). O

To summarize the results of this section, we show in Table 5.2 an overview of
the performance one can obtain with the various choices of the parameter p in the
transmission conditions. It is interesting to note that for optimized Schwarz waveform
relaxation methods, without overlap does not necessarily mean less performance than
with overlap: in the TO case, if § < 1, the performance of the overlapping and non-
overapping algorithms is the same, and the same holds in the OO0 case if § < %.

6. Numerical Results. We perform in this section numerical experiments to
measure the convergence factors of the numerical implementation of the Schwarz
waveform relaxation algorithms analyzed at the continuous level in this paper. We
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F1G. 6.1. Convergence rate of the classical Schwarz waveform relazation algorithm with Dirich-
let transmission conditions together with the theoretical linear and superlinear bounds on the con-
vergence rates. On the left for T'=1, in the middle for T' = 2.5 and on the right for T' = 10.

use the parabolic model problem (2.1), with Q@ = (0,6). We impose homogeneous
boundary conditions, u(0,t) = 0 and u(6,t) = 0, and use various initial conditions
u(z,0), x € Q. We first use a decomposition of the domain 2 into the two subdomains
Qy = (0,Ls) and Qo = (L1,6), L1 < Ly, and hence L = Lo — L;. We refer with the
term iteration to a double iteration of the respective algorithms, since for two sub-
domains, one can perform all the iterations in an alternating fashion and thus obtain
the even iterates on one subdomain and the odd ones on the other, without having to
compute the remaining ones. We show only results of numerical experiments for the
algorithm with overlap, since with overlap, we can compare the results to the classical
Schwarz waveform relaxation algorithm with Dirichlet transmission conditions, which
does not converge without overlap.

6.1. Dirichlet Transmission Conditions. In this first set of experiments, we
use the classical Schwarz waveform relaxation algorithm with Dirichlet transmission
conditions analyzed in Section 3. We chose for the problem parameters v = 0.2, a = 1,
b = 0. We discretize (2.1) using an upwind finite difference discretization in space
with mesh parameter Az = 0.02, and a backward Euler discretization in time, with
time step At = 0.005. We chose L; = 2.96 and L, = 3.04, which means the overlap
is L = 0.08, and we compute the numerical solution in the time interval [0,T]. Using
as initial condition

u(z,0) = e—3(1.2—x)2,

we have already shown in Figure 3.1 for this example the first few iterations at the end
of the time interval T' = 2.5, where we started the algorithm with a zero initial guess.
We show in Figure 6.1 the convergence behavior of the classical Schwarz waveform
relaxation algorithm for this example for three different length of the time interval,
T =1,T = 2.5 and T = 10, together with the linear bound on the convergence
rate from Theorem 3.3 and the superlinear convergence bound from Theorem 3.4.
The dashed curve shows the error measured in the L, norm between the converged
solution and the iterates at the interface Ly. One can clearly see that the behavior of
the algorithm depends on the length of the time interval T', as predicted by Theorem
3.4. For short time intervals, the superlinear bound on the convergence rate is sharper,
and hence the algorithm must converge superlinearly, as shown in Figure 6.1 on the
left. If the time interval becomes longer, as in the middle graph of Figure 6.1, the
linear bound of Theorem 3.3 is sharper than the superlinear one early in the iteration,
and hence the algorithm converges linearly; but later the superlinear bound becomes
sharper and hence a transition to the superlinear convergence regime occurs. For long
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F1G. 6.2. Left: convergence rates of the classical Schwarz waveform relazation algorithm with
Dirichlet transmission conditions compared to the same algorithm with the new Robin transmission
conditions, with the low frequency Taylor approzimation or optimized. Right: the error obtained
running the algorithm with Robin transmission conditions for 5 steps and various choices of the free
parameter p, and indicated by a star the choice p* predicted by the theory.

time intervals, the initial linear convergence regime also prevails for more iterations,
as one can see in Figure 6.1 on the right.

6.2. Robin Transmission Conditions. We now change the transmission con-
ditions in the Schwarz waveform relaxation algorithm to Robin transmission con-
ditions. Using the same numerical configuration as in the previous subsection, we
obtain for the parameter p in the transmission conditions using a Taylor expansion
p = pr = 1, and using the optimization from Theorem 5.13, we obtain p = p* =
2.054275607. In Figure 3.1 on the right, we have already seen the first few iterations
at the end of the time interval T' = 2.5 for this example with the optimal parameter
p*, starting the iteration with the zero initial guess. In Figure 6.2 one can see how
much faster the algorithm converges with Robin transmission conditions, compared
to the classical algorithm. One can also see that the optimized parameter p* leads
to an even better performance than the parameter pr from the Taylor transmission
conditions. Note that for all the results comparing the performance of the algorithms,
we started the iteration with a random initial guess. This is important to obtain a
relevant comparison, since for smooth solutions starting with a smooth initial guess,
high frequencies would not be present on the mesh and thus a much coarser mesh
would have been sufficient for the computation. The random initial guess has the
effect that the mesh resolution is indeed needed to resolve the iteration, and thus
corresponds to the relevant case in practice.

Next, we verify if the optimal choice for the parameter p = p* derived using the
continuous Fourier analysis in Theorem 5.13 really corresponds to the best choice one
can make in the fully discretized algorithm. In Figure 6.2 on the right we show the
error obtained after running the Schwarz waveform relaxation algorithm with Robin
transmission conditions for five steps using various values for the free parameter p in
the transmission conditions. The optimal choice p* from Theorem 5.13 is indicated by
a star. Clearly the continuous analysis predicts the optimal choice of the parameter
p very well.

Finally, we illustrate the asymptotic analysis by performing two sets of experi-
ments according to Theorems 5.10 and 5.14. We choose the same problem parameters
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F1G. 6.3. Asymptotic behavior as the mesh is refined with an overlap L = Ax: on the left the
case where At = O(Ax) and on the right where At = O(VAx), together with the predicted rates
from the analysis, both for the classical and the optimized Schwarz waveform relazation algorithms
with Taylor and optimized Robin transmission conditions.

as before, but start now with a coarser mesh both in space and time, Az = 0.08 and
At = 0.02, and we fix the overlap to be L = Az. We then run the classical and
optimized Schwarz waveform Relaxation algorithms with Taylor Robin transmission
conditions until the error becomes smaller than 10~¢ and count the number of it-
erations. We repeat this experiment dividing Az and At by 2 several times, which
implies At = O(Az). This corresponds to (3.16) for the classical algorithm, where
the convergence factor should behave like 1 — O(Axz). For the algorithm with Taylor
transmission conditions it corresponds to the case in Theorem 5.10, where the con-
vergence factor should behave like 1 — O(v/Az), and for the optimized algorithm it
corresponds to the case in Theorem 5.14, where the convergence factor should behave
like 1 — O(Az3). Figure 6.3 shows on the left the results obtained from these exper-
iments. One can see that the asymptotic analysis predicts very well the numerical
behavior of the algorithms. Next, we perform a similar experiment, starting with
the same values for Az and At, but now we divide Az by 2 each time and At only
by v/2 (such a refinement is admissible, since our scheme is implicit), which implies
At = O(v/Az). While this does not change anything for the classical algorithm,
which still has the same bad convergence factor 1 — O(Az), for the algorithm with
Taylor Robin transmission conditions now case 3 of Theorem 5.10 applies, and the
algorithm should show the much better convergence factor 1 — O(Az1). The opti-
mized Algorithm has according to Theorem 5.14 now the even better convergence
factor 1 — O(Amﬁ), virtually independent of Az. In Figure 6.3 on the right, one can
clearly see that this is the case. The algorithm has different asymptotic convergence
factors with the same overlap, depending on the discretization in time, as predicted.

6.3. Experiments with many subdomains. We now show experiments which
indicate that the results we obtained for two subdomains are also relevant for many
subdomains. Using the same model problem as before, we now decompose the domain
into eight subdomains. In Figure 6.4, we show in the top row the first 3 iterations of
the classical Schwarz waveform relaxation algorithm, and below the same iterations
for the algorithm with optimized Robin transmission conditions. This clearly shows
how important the transmission conditions are in the many subdomain case. We
show the corresponding convergence rates in Figure 6.5 on the left, and on the right
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FiGc. 6.4. From left to right, the first iterates u;“ (z,T),j=1,...,8 (dashed) at the end of the

time interval t = T together with the exact solution (solid) for the same model problem as before:
top row the classical and bottom row the optimized algorithm.
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F1G. 6.5. Left: convergence rate comparison for the eight subdomain case. Right: Asymptotic
behavior as the mesh is refined with an overlap L = Ax for the eight subdomain case, with At =
O(Ax), together with the predicted rates from the two subdomain analysis.

we perform the same asymptotic experiments as in Figure 6.3 on the left, but now
with eight subdomains, which indicates that the results of Theorems 5.10 and 5.14
also hold for more than two subdomains.

7. Conclusions. We have analyzed Schwarz waveform relaxation algorithms for
advection reaction diffusion equations. We have shown that these methods, using the
classical Dirichlet transmission conditions, are well defined and have a convergence
rate which is bounded both by a linear and a superlinear rate. Both rates can be
sharp, depending on the length of time interval of the simulation. We then showed
that there exist much better transmission conditions than the classical Dirichlet con-
ditions. Optimal transmission conditions are transparent conditions, but they are
in general non-local and thus less convenient to use. We introduced instead Robin
transmission conditions in the Schwarz waveform relaxation algorithm, showed that
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the new algorithm is well posed and convergent, even if there is no overlap, and we
analyzed how to chose the free parameter in the new transmission conditions. We
also gave asymptotic results when the overlap or the mesh parameters become small.
We finally illustrated our findings with numerical experiments which document the
relevance of our continuous analysis.
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