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Abstract

We present and study a homographic best approximation problem, which arises in the analysis of
waveform relaxation algorithms with optimized transmission conditions. Its solution characterizes in
each class of transmission conditions the one with the best performance of the associated waveform
relaxation algorithm. We present the particular class of first order transmission conditions in detail
and show that the new waveform relaxation algorithms are well posed and converge much faster than
the classical one: the number of iterations to reach a certain accuracy can be orders of magnitudes
smaller. We illustrate our analysis with numerical experiments.

Classification Codes 65M12, 65M55, 30E10.

Keywords Schwarz Method. Domain Decomposition. Best Approximation.

1 Introduction

Over the last decade, a new domain decomposition method for evolution problems has been developed,
the so called Schwarz waveform relaxation method, see [7, 15, 17, 16, 18] for linear problems, and [8, 14]
for nonlinear ones. The new method is well suited for solving evolution problems in parallel in space-
time, and it permits not only local adaptation in space, but also in time. A significant drawback of
this new method is its slow convergence on long time intervals. This problem can however be remedied
by more effective transmission conditions, see [12, 6, 13, 9, 10, 22]. These transmission conditions are
of differential type in both time and space, and depend on coefficients which are determined by opti-
mization of the convergence factor. The associated best approximation problem has been studied for the
optimized Schwarz waveform relaxation algorithm with Robin transmission conditions applied to the one-
dimensional advection-diffusion equation in [11]. In higher dimensions, and for higher order transmission
conditions, only numerical procedures have been used so far to solve the associated best approximation
problem, see [22, 6]. We study here this best approximation problem in a more general setting: we search
for a given function f : C — C the polynomial s (z) of degree less than or equal to n, which minimizes
over all s of degree less than or equal to n the quantity
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where K is a compact set in C, and [ is a non-negative real parameter.

The classical best approximation problem is the following: given a real valued continuous function on
a compact interval and a class of functions defined on the same interval, find an element in the class which
realizes the distance of the function to the class. If the class is the linear space of polynomials of degree
less than or equal to n, and the distance is measured in the L* norm, then the approximation problem is
called a Chebyshev best approximation problem. This problem was studied in depth by Chebyshev and
De la Vallée Poussin [23]. Its solution is characterized by an equioscillation property, and can be computed
using the Remes algorithm [25, 24]. Later extensions concern rational approximations [5], and functions
of a complex variable [28]. In the latter problem, Rivlin and Shapiro obtained equioscillation properties,
from which they deduced uniqueness. In all cases existence is a matter of compactness. Problem (1.1)
generalizes the complex best approximation problem by polynomials in two directions: first the difference
f — s is replaced by a homographic function in f and s, and second there is an exponential weight which
involves the function f itself.

Our paper is organized as follows: in Section 2, we study the best approximation problem (1.1) and
characterize its solutions. In Section 3, we present our model problem, an advection reaction diffusion
equation, and introduce waveform relaxation algorithms for its space-time parallel solution. In Section 4,
we use the results obtained for the homographic best approximation problem in Section 2 to optimize a
particular class of Schwarz waveform relaxation algorithms for our model problem in one dimension, and
then generalize the results to arbitrary spatial dimensions. We then show in Section 5 that the optimized
algorithms from Section 4 are well posed and convergent in appropriate Sobolev spaces. Section 6 contains
numerical results for the classical and optimized Schwarz waveform relaxation algorithms, which show how
drastically the convergence behavior is improved in the optimized variants. We present our conclusions
in Section 7.

2 A General Best Approximation Result

Let K be a closed set in C, containing at least n + 2 points. Let f : K — C be a continuous function,
such that for every z in K, ®f(z) > 0. We denote by P, the complex vector space of polynomials of
degree less than or equal to n. We define

- s(z) — f(2)
— inf f(2) 2.1
o) =t sup | @ | 1)
and search for s}, in P, such that
sn(2) — f(2) —1f(2)
sup |—————e A =6,(1). 2.2
R s+ 1) 0 22

2.1 Analysis of the Case | =0 and K compact

We denote for simplicity by d,, the number 6,,(0). Our analysis of (2.2) has three major steps: we first
prove existence of a solution, then show that the solution must satisfy an equioscillation property, and
finally, using the equioscillation property, we prove uniqueness of the solution. We define for any zp in
C* = C\ 0 and strictly positive ¢ the sets
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C(20,0) = {2 € C, |~ % <8}, D(20,0) = C(20,0) UD(20,6). (2.3)
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The following geometrical lemma is straightforward, see [1]:

Lemma 2.1 For any § different from 0 and 1, for any zo in C* = C\ 0, the set C(z0,9) in (2.3) is a
circle with center at %;zo and radius u%%g—l|zo|. If § < 1, the set D(z0,9) is the interior of the circle,
and the exterior otherwise. The set C(zg,1) is a line orthogonal to the line (0, zq).
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Figure 1: Tllustration of the geometric Lemma 2.1: definition of D(zg,d) in grey.

Theorem 2.1 (Existence) For every n > 0, the number &, is strictly smaller than 1, and there exists
at least one solution to problem (2.2) for 1 =0.

<1

1+f H Now for any z in K, Rf(z) > 0, and therefore ‘};;Ezg

Since K is a compact set, we have (5 < 1. To prove existence, we take a minimizing sequence (s} ), oy D
P, such that

ns

sk+fH

k—>oo

There exists a kg such that, for k& > ko, we have

’p +fH < C <1 with C = (14 0,)/2, and therefore

by Lemma 2.1, %(z) lies inside the disk D(1,C), C < 1, for all z in K. Hence s¥ is a bounded sequence
in the finite dimensional space P, and thus there exists a subsequence which converges to some s}, in
P,,, which attains the infimum. |
We now investigate the equioscillation property of the solutions to (2.2). To do so, we need two further
lemmas.

+1, such that w; is in K for every j, let Uy

Lemma 2.2 For a given vector w = (wy,..., W), m<n
i)+ f (wl)yéOforallz—l 2,...,m. Ifw; # w; for

be the open set in Py, of polynomials s such that s(w
i # j, the mapping
s(w;) — f(wi)>
Aw Uy = C™, s+ (7
v s(wi) + f(wi) ) 1<i<m

is a submersion: for any s in Uy, the derivative Ay, (s) is onto. Furthermore, its derivative is continuous
with respect to s and w.

Proof The derivative of the mapping Aqp is given by

A (s) - 5 = ((s(wi) + f(w;))?

Now for any z in C™, there exists a unique polynomial § in P,,_1, namely the Lagrange interpolation
polynomial, such that

) , VieP,. (2.4)
1<i<m

. : . (s(wi) + f(w:))?
Vi, 1<i< N = T TV
i,1 <i<m, §w;) 2F (wh) Ziy
and since m —1 < n, §isin P, and A%, (s)-§ = z. The continuity of A}, with respect to s and w follows
directly from (2.4). [ ]



Lemma 2.3 Let s}, be a solution of (2.2) for1 =0. Let z = (21,...,2m) be a vector of m distinct points
in K, m <n+1. We have:

. i
1. sy isin Uz,

2. let s be such that A% (sk) s = —Az(sk). Then for any e, 0 < € < 1, there exist positive (€1,...,€m),
and to € (0,1), such that for any t € [ety,to] and for any z in K wzth |z — z;| < €; for some i,

sp(2) +1s(2) = f(2)
sp(z) +ts(z) + f(2)|

<(- %‘))an.

Proof
1. s} is in Uy since otherwise d,, would be infinite.

2. There exist strictly positive numbers ¢(,€!,...,€,, such that, for any ¢ in [0,#)], and any w =

(wi,ws, ..., wy) with w; € K and |w; — z;| < ¢; for all j, s¥ + ts is in Uy. We now define
filt,w) = (Aw (s} + ts));, and we apply to f; the first order Taylor-Lagrange formula in the first
variable, about ¢t = 0. There exists 7; in (0,t) such that

fi(t,w) = fi(0,w) + t0 fi(ri, w),
and by adding and subtracting t0; f;(0, z), we obtain
filt,w) = f;(0,w) + 01 fi(0, 2) + (01 fi(, w) — &1 £:(0, 2)).

Using now that s satisfies the equation A% (s%)s = —Az(s}), which reads componentwise 0 f;(0, z) =
—fi(0,2), we get

filt,w) = fi(0,w) —tf;(0,2z) + t(01 fi(s, w) — 01 £i(0, 2))
= (1-8)fi(0,w) + t(fi(0,w) — fi(0, 2)) + (01 fi(s, w) — 01 £i(0, 2))-

Since the functions f; and 9, f; are continuous in a neighbourhood of (0, z), we obtain
f'i(taw) = (1 - t)fi(oaw) + tTh’(’w;w - Z),

with some function 7;(w,w — 2) continuous in w, which tends to zero with w — z. Thus, for any

positive €, there exist positive €1,...,€n, and 0 < t; < 1, such that for any ¢ in [0,%o] and any
w = (wi,...,wy) with |w; — z;| <¢; for all 4,
sp(w;) + ts(wi) — f(wi) to to
<1 -=1t)b, +€bp,— 1—t+e=)d,.
0+ ts(w) + fog| = T g =ty

Thus for ¢ in [etg, to] the result follows.

Theorem 2.2 (Equioscillation) With the same assumptions as in Theorem 2.1, if the polynomial s,
n > 0 is a solution of (2.2) for | =0, then there exist at least n + 2 points z1,--- , zny2 in K such that

sn(zi) — f(2) H
Sz(zi) + f(2i) Sn + f

Proof Let 21, -,z be all distinct points of equioscillation, i.e satisfying (2.5). We know that m > 1,
since we maximize over a compact set. Now suppose that m < n + 1 to reach a contradiction. First,
we have f(z;) # 0, since otherwise d,, = 1, which contradicts the result é,, < 1 from Theorem 2.1. We
now use Lemma 2.3: we denote by D; the disc with center z; and radius ¢; defined in the lemma. By
compactness, we have

su(2) = f(2)

sp.(2) + 1(2)

(2.5)

sup < Op.

2€K—(UD;)NK | S




Then there exists a neighbourhood U of s}, such that for any s in U

s(2) = f(2)
s(2) + f(2)

and in addition, because s is in the neighborhood U of s}, we have by continuity

s(2) = f(2) s(2) = £(2)
s(2) + f(2) s(2) + f(2) |’

For sufficiently small €, by Lemma 2.3 there exists t € [etg, to] such that s} + ts is in U, and we have

sup < Op,

2€K—(UD;)NK

sup
z€K

= sup
z€(UD;)NK

sy, +ts—f
s*+ts+f

which is a contradiction, since we found a polynomial s} + ts which is a better approximation than s},
to f. |

Theorem 2.3 (Uniqueness) With the same assumptions as in Theorem 2.1, the solution s}, of (2.2)
for 1 =0 is unique for all n > 0.

Proof We first show that the set of best approximations is convex: let s} and 5}, be two polynomials
of best approximation, 6 a real number between 0 and 1, and let s = 0s’ + (1 — )5%. Then for any

z in K, %(z) and %(z) are contained in D(1,6,), which is a disc since d, < 1, and hence convex.
Thus for any z in K, 4(z) is also in D(1,6,), which means that |2 T f ||
over all polynomials of degree n, we must have || Py H = 0, and s is therefore also a polynomial of

best approximation. Therefore the set of best approximations is convex. Now we choose n + 2 points
Z1,---,2ny2 among the points of equioscillation of s. By deﬁnition %(z]) is on the boundary C(1,6,)

forall j =1,2,...,n + 2. But at the same time, 8; (z;) and = ( z;) are in D(1,6,). The set D(1,4,) is
however strlctly convex, and thus a barycenter of two points can only be on the boundary, if the points
coincide,

< §,. Since 4, is the infimum

sn(2i) _ 8n(zi) _ (%)

) fz) (&)
The difference s;, — 5, therefore has at least n + 2 roots, and since the polynomials are of degree at most
n, they must coincide. |

j=1,2,...,n+2.

We next study local best approximations. We define a map on P, by

==L
s+ f

and we search for local minima of h.

Theorem 2.4 (Local Minima) Let s* be a strict local minimum for h. Then s* is the global minimum
of h on P,.

Proof We introduce a family of closed subsets of P,, for any § > 0 by
Ds = {s € Py, h(s) < d}.
These sets fulfills several properties:

(?) For any § < 1, 255 is a convex set. To see this, let s and § be in D, and 6 in [0,1]. For any z in
K, %(z) and ?(z) are in D(1,6) which is convex by Lemma 2.1. Hence Oﬁ(z) +(1-0)2(z) is in

!
D(1,6), which implies that 0%+ (1- 0) is in Dj.



(ii) The map & — Dj is increasing, as one can infer directly from its definition.

We now conclude the proof of the theorem: let (s*,5*) be a strict local minimum for h, and (s**,5**)
be another local minimum, with 6* > 6**, and s* # s**. Then there exists a convex neighbourhood U
of s*, such that for any s in U different from s*, h(s) > 6* Since s** € Ds++ C Ds+, by the convexity of
D(;* we have [s*,s**] C Ds-. For e small enough, we thus have s, = s* + ¢(s** — s*) in Ds- and at the
same time in U. This implies that h(s.) < §* and at the same time h(s.) > §*, which is a contradiction. l

2.2 Analysis of the Case [ > 0

We now consider the best approximation problem (2.2) with a parameter [ > 0.

Theorem 2.5 (Existence) Let K be a closed set in C, containing at least n + 2 points. Let f : K — C
be a continuous function such that for every z in K, Rf(z) >0 and

Rf(z) — +00 as z — o0 in K. (2.6)

Then 0,(I) < 1 for all n > 0, and for 1 small enough, there exists a polynomial s, solution to (2.2).
Proof By a standard compactness argument, property (2.6) implies that there exists a > 0, such that
for all z € K, we have Rf(z) > a > 0. Now, |1+f(zg —E| < |}+f(z) le~!e, and since Rf(z) > 0, we

have |175Z} | < 1. Furthermore 1 € P,, for all n > 0, which implies that

Sa(l) < H%e*’fﬂw <elo <1,

which proves the first part of the theorem.
For the second part, let (s¥)zen be a minimizing sequence. Then for all ¢, there exists a kg, such that
for all k > kg we have

< ) Tt <o e (2.7)
and if we choose € = %”(l), we have
| sk + f 2 <t

Let 8 > a and Kg = K N{z,a < Rf(z) < f}. By property (2.6), Kz is a compact set, and for 3 large
enough, contains at least n + 2 points. On this compact set, we obtain the estimate

)Sk - H _ | sw—f ol lfH ) ﬁ_fe—lfH B < 1+5n(l)elﬁ
sht flloeqig) ~ sk + 7° Lee(Kg) ~ sk + f Le=(Kg) T 2 ’

and since H‘;& < 1, if [ is such that %"(”elﬁ <1, we get

|s’ﬁ—f

<
sk+ f HLoo(Kﬁ)
which shows that the numerical sequence [|s%|| (k) is bounded. Since Kjp contains at least n + 2

points , ||| (k) induces a norm on the finite dimensional vector space P,. Since on P, all norms are
equlvalent the minimizing sequence s* is bounded in P,, for the norm L*>(K). Hence sk converges to a

sk in L*°(K), which proves the existence by using (2.7). |
The equioscillation property is shown like in the case [ = 0: we first have the analogons of Lemmas 2.2
and 2.3 (the proofs are identical):



Lemma 2.4 Let the assumptions of Theorem 2.5 be verified. Then for a given vector w = (w1, ..., W),
m < n+ 1, such that any w; is in K and w; # w; for i # j, the mapping

Aw :Upw - C™, s (73(11),-) — f(wi)e_lf(“’")>
s(wi) + f(wi) 1<i<m
is a submersion. Furthermore its derivative is continuous with respect to s and w.

Lemma 2.5 Let s, be a solution of (2.2) for 1 > 0, and let z = (z1,...,2m) be a vector of m distinct
points in K, m <n+ 1. We have

. i
1. sy isin Uz,

2. let § in P,, such that A (s*) 5 = —Az(s*). Then for any € > 0, there exist positive (e1,...,€m),
z n

n

and to €]0,1[, such that for any t € [eto,to] and for any z such that |z — z;| < €; for some i,

sn(2) +13(2) = F(2) i52)
sk (z) +t5(2) + f(2)

to
< — €— .
<(1-e 5 )on

Theorem 2.6 (Equioscillation) With the assumptions of Theorem 2.5, if s} is a solution of problem
(2.2) for 1 > 0, then there exist at least n + 2 points z1,-- - , 2nt2 i K such that

Sz_feflf
spt+f

(@) = 1(@) s |
s (zi) + f(2i)

o0

Proof Using that

5,(1) < Spn — fe—lf ‘ < éne—lian Rf 1,
sn+f o
the proof of the Theorem follows like in the case where [ = 0. |

To prove uniqueness in the general case, we need to assume compactness of K:

Theorem 2.7 (Uniqueness) With the assumptions of Theorem 2.5, if K is a compact set, and l satis-

fies
Sn(l)e!suPzex RI() 1, (2.8)

then problem (2.2) has a unique solution s}, for all n > 0.

Proof We first prove that the set of best approximations is convex: let s}, and §} be two polynomials
of best approximation, 6 in [0,1] and let s = 8s¥ + (1 — 6)s%. For any z in D, %ﬂ(z) and ST"(z) are in
D(1,6,(1)eR/(2) which is convex since

(Snemf(z) < 5nel supg Rf(2) 1

by condition (2.8). Thus for any z in K, £(2) is in D(1, 6, (1)e'™/(*), which means that

s—f ,—If
e <

8, (1). Since 6, (1) is the infimum, we have H z;;e—lfH = 6,(l) and s is also a best approximation. The
o0

conclusion follows now as in the proof of Theorem 2.3. |

2.3 The Symmetric Case

We derive now specific results for the best approximation problems we are interested in in the context of
waveform relaxation methods:

Definition 2.1 The symmetric case of the homographic best approzimation problem (2.2) satisfies

_ (2.9)

K is a closed set, symmetric with respect to the real axis, containing at least n + 2 points,
and for any z in K, f(Z) = f(z) .



Theorem 2.8 In the symmetric case (2.9), if K is a compact set, if | is zero or is sufficiently small to
satisfy (2.8), then the polynomial of best approzimation s¥, of f in K has real coefficients.

Proof If s} is the polynomial of best approximation for f, we have

su(2)=1(2) —1f(2)

55 (2)=1(2) 11 (3
SUPK | ) © 1)

sn(2)-f(2) _—1f(z)
sh(2)1/(2) ¢ €

Me—lf(z)
s5(2)+7(2)

57 (2)+f(2)

= Supg = Supg
which shows that % = sk(z) for every z in K by uniqueness, and hence proves that s has real
coeflicients. |
We denote by 7 the complex involution z — Z. From now on, Kj is a closed set in the upper half-plane
Sz > 0, and K = K; U7(K1). We consider the minimization problem restricted to the space P7, of
polynomials with real coefficients on K;, with the functional

h(s) = || 2 Levs : (2.10)
s+ f L (K1)
and the real best approximation problem
57" (2) = f(2) 159 8(2) = f(2) __ip(x)
sup 76 Al = inf sup | —<——+Le TV 2.11
T a | R e e 210

Theorem 2.9 In the symmetric case described in (2.9), suppose that Ky is compact, | is zero or is
sufficiently small to satisfy (2.8). Then any strict local minimum of hj in P, is a global minimum in

. ; :
P’ and is unique.

Proof With condition (2.8), the proof is the same as in Theorem 2.4. |

Corollary 2.10 Under the assumptions in Theorem 2.9, any strict local minimum of h] in P], is the
global minimum for the complex best approximation problem (2.2).

Proof By Theorem 2.8, the solution of the complex problem (2.2) is real, and therefore is a global

minimum for h;. But if there is a strict local minimum for Aj, it is the only global minimum of h;, and
therefore coincides with the solution of the complex problem (2.2). |

In the non compact case, there is no such result available, but we will only need to solve a particular
problem. We introduce the notations P} = {s = p+qz,p > 0,¢ > 0} and Ct = {2,Rz > 0,32 > 0} and
consider the problem of finding s in P} such that:

sup M ~1£() 8(2) = 1(2) 10| (2.12)

z€K1 ( ) + f(Z) (Z) + f( )

Theorem 2.11 Suppose K1 C Ct, then any strict local minimum of h] in P is a global minimum.

= inf sup
S€P+zEK1

Proof The proof is an extension of the proof of Theorem 2.4. We introduce a family of subsets of P
for any § > 0 by

= {s € P{,hl(s) < 4}
The only difference compared to the proof of Theorem 2.4 is the proof of property (4), which states that
for any § < 1, D} is a convex set. To show this, let s and 3 be in DL. For any z in K, s(z) and
3(2) are in D(f( ) SR N Ct. If 6eRF(2) < 1, D(f(z),éemf(z)) is convex by Lemma 2.1, whereas if
5etRf(2) > 1, since f(z) € CH, Ct € D(f(2),6e®(2)), and Ct N D(f(2),0eR/(2)) = Ct. In any case

D(f(2),8eR)) N Ct is convex. Then, for any z in K;, such that Sz > 0, we have 1(s(2) + 3(2)) is

in D(f(z),6e'RF() N C+. Thus (s + §) is in DL which proves the convexity, since D is a closed set.
Having established convexity, the result follows as in Theorem 2.4. |

Remark 2.1 It is tempting at this stage to believe that the number of equioscillation points for the real
problem (2.11) or (2.12) is also > n + 2. We will prove in Section 4 that this is true for our special
problem, when n = 1 and the size of K, is sufficiently large in CT. However, it is not true in general,
and we will show a counterexample at the end of Section 4.1.1.



3 Model Problem and Schwarz Waveform Relaxation Algorithms

The homographic best approximation problem (2.1), (2.2) we studied in Section 2 is important for solving
evolution problems in parallel. To define a parallel algorithm in space-time, Schwarz waveform relaxation
algorithms use a decomposition of the spatial domain into subdomains, and then compute iteratively
subdomain solutions in space-time, which like in the case of classical Schwarz methods are becoming
better and better approximations to the entire solution, see [16]. Our guiding example here is the
advection reaction diffusion equation in R,

u+ (a Vu—vAu+bu=f.

We consider here for the analysis only the decomposition into two half-spaces, since we improve the local
coupling between neighboring subdomains. Our numerical experiments in Section 6 show however that
our theoretical results are also relevant for more than two subdomains. We define Q = R x RV~! with
coordinate (z,y) = (z,y1, - ,yn—1), and use for the advection vector the notation a = (a,¢), which
leads to

Lu=0w+adgu+ (c-Vy)u—vAu+bu=f, inQx(0,7). (3.1)

The diffusion coefficient v is strictly positive, and we assume that a and b are constants which do not
both vanish simultaneously. The case of the heat equation needs special treatment and can be found
in [9]. Without loss of generality, we can assume that the advection coefficient a in the z direction
is non-negative, since a < 0 amounts to changing z into —x. We can also assume that the reaction
coefficient b is non-negative. If not, a change of variables v = ue™¢t, with ( + b > 0 will lead to (3.1)
with a positive reaction coefficient. We split & = RN into two subdomains ; = (—oc,L) x RN~1
and Qy = (0,00) x R¥~1 L > 0. A Schwarz waveform relaxation algorithm consists then of solving
iteratively subproblems on @y x (0,7) and Qs X% (0,7T") using general transmission conditions at the
interfaces Tg = {0} x RN~ and 'y, = {L} x R¥~!, i.e. defining a sequence (uf,uk), for k € N, such that

Luf = f inQ x(0,7), Luf = f inQy x(0,7),
uf(-,-,0) = wo in ub(-,5,0) = wug in o, (3.2)
Bt = Biut' on Ty x (0,7), Bouf = Byuf!onTy x(0,7),

where By and Bs are linear operators in space and time, possibly pseudo-differential, and an initial guess
Bu$(0,-,-) and Byud(L,-,-), t € (0,T), needs to be provided.

The classical Schwarz waveform relaxation algorithm is obtained by choosing By and By equal to the
identity, like in the case of the Schwarz domain decomposition methods for elliptic problems [27, 21].
With this choice, the algorithm is convergent only with overlap. This algorithm has been studied in [11]
and [22] for the present model problem; for earlier studies, see [15, 17, 16]

A better choice, which leads to faster algorithms, which can be convergent even without overlap, is

Bj =0, +Sj(Vy,8t),j =1,2, (33)

where the S; are ordinary linear pseudo differential operators in (y,t), related to their total symbols
o;(n,w) by [19]

(V. d)uly, ) = (2m)~"> / o5 (m,0)i(m, @)’ * YD i do,

The best operators S; are related to transparent boundary operators, which have first been exploited in
[4] for stationary problems, and in [12] for time dependent problems. They can be found by the following
analysis. Let e be the error in §;, i.e. e¥ = u¥ — u. Using Fourier transform in time with parameter w
and in y with parameter 77, the Fourier transforms é;? in time and y of ef are solution of the ordinary
differential equation in the x variable
2 A A
—u% + ag—z + (i(w+c-n) +vn> + b)é = 0.



The characteristic roots are

d _
T+=a_;y\/_, r_=a2y , d=a* +4v(i(w+c-n)+vin|®+b).

S

The complex square root in this text is always with strictly positive real part. In order to work with at least
square integrable functions in time and space, we seek for solutions which do not increase exponentially
in z. Since ®rt > 0 and Rr~ < 0, we obtain

e (@,m,w) = ak(n,w)e” 0 ek (z,m,w) = b (n,w)e” % (3.4)

Inserting (3.4) into the transmission conditions (3.3), we find that for any &k > 2,

k+1 _ k—1 s
a]‘ - pOé]- ’ J= 152a

with the convergence factor

r~ 401 rt4+oy (r=—r )L N_1
= : Yw e R RY ™. 3.5
P o T o € weR, ne (3.5)
Hence, if the symbols ¢; are chosen to be
e (3.

then algorithm (3.2) converges in 2 steps, independently of the initial guess. This is an optimal result,
since the solution on one subdomain necessarily depends on the right hand side function f on the other
subdomain, and hence at least one communication is necessary for convergence. The choice in (3.6)
however leads to non-local operators S;, since 7+ and 7~ are not polynomials in the dual variables, and
non-local operators are less convenient to implement and more costly to use than local ones. It is therefore
of interest to approximate the optimal choice ¢; in (3.6) corresponding to the optimal transmission
operators by polynomials in (w,n), which leads to differential operators S;. We suppose in the sequel
that the S;, j = 1,2, are chosen in a symmetric way, i.e. their symbols are of the form
—a+s —a—s

g9 =
v’ v’

g1 =
where s is a polynomial in the dual variables. Defining the complex function z of (w,n) by
z=4v(i(w+c-n)+vn)?), (3.7)

we obtain for the convergence factor (3.5)

2
s(z) — Va2 +4vb + 2z e LVaTFavhtz
s(2) + Va2 + b+ 2 '
In numerical computations, the frequencies w and 7 are bounded, i.e. |w| < Wmez and n;| < Njmaz

where wmax is a discrete frequency which can be estimated by wmax = 7/At, where At is the time step,
and similarly 7; max = 7/Ay;. In the nonoverlapping case, we define the compact set

(3.8)

p(z,8) =

K = {Z € (C:|w| Swmaw>|nj| < Mjymaz,J =1, ,n— 1}-

In the overlapping case,we shall also consider wmax = 00 and 7 mqez = 00, which leads to a non compact
set K.

For any integer n we search for s} in P,, the complex space of polynomials of degree less than or
equal to n with complex coefficients, such that

sup |p(z,s;)| = inf sup |p(z,s)|. (3.9)
z€K SEP, ek

10



Problem (3.9) is a special case of (2.2) with

f(2) =4\/& + 2, l=%, & = Va? + 4vb, (3.10)

and the assumptions on f in Section 2 are verified with Rf(z) > & > 0.
We focus in the sequel on first order approximations, i.e. s = p + ¢z, which leads to first order
optimized Schwarz waveform relaxation algorithms (3.2) with transmission conditions

a

a 1
2 - 8. (3.11)

S=p+4qu(0;+ (c- Vy) —vAy), Bi =0, % " 3

+ iS , By=0, —
2v

The case of zeroth order transmission conditions, ¢ = 0, was studied in [11] for one dimensional problems,

and existence and convergence proofs together with numerical experiments were shown in [22] for two

dimensional problems. Using the general results from Section 2, we now solve the best approximation

problem with first degree polynomials in one dimension.

4 Study and Optimization of the Convergence Factor

We start with the one-dimensional case, for which the conditions of Section 2.3 hold, with K7 = [0, wmaz]-
We proved in Theorem 2.8 that the polynomial of best approximation in the complex domain K has real
coefficients, and we established in Corollary 2.10 the connection between the complex problem and the
real problem, for w,,.; < 4o0o0. In this section, we give now more precise results on equioscillation
properties for the real problem, in both the overlapping and nonoverlapping cases, which allows us to
compute the optimal choice for the coefficients p and ¢ in the optimized Schwarz waveform relaxation
algorithm (3.2) with transmission conditions (3.11).
If p,q € R, then the modulus of the convergence factor (3.8) is

PP @)1 s
R&p 8o D) = (@ e T (4.1)

where we used the change of variables

& =R(Va? + 4v(b+ iw)), (4.2)

and & = va? + 4vb from (3.10). We first propose and analyze a low frequency approximation for the
first order transmission conditions, and then solve the best approximation problem, to derive optimized
parameters p and ¢. In both cases, we analyze the performance of the overlapping (L > 0) and non-
overlapping case (L = 0).

4.1 Low Frequency Approximation

As a simple approach, a low frequency approximation of the optimal transmission conditions (3.6) can
be used to determine the two parameters p and q. We call this case T1 for Taylor of order one in the
sequel. Using a Taylor expansion of the square root y/a? + 4v(b + iw) in (3.6) about w = 0, we find

Va2 + (b + iw) = Va2 + 4vb + iw + O(w?),

2v
va? + 4vb
and hence for the parameters p and ¢ the values

1
=pr=vVa2+4b and ¢q=qr = ——. 4.3

11



4.1.1 The Non-Overlapping Case

For L =0, p = pr and ¢ = ¢r, the convergence factor (4.1) becomes

_(&—& 2
R(gapTaqTaé‘O;O) = £+ 50 . (44)

The bound on the frequency parameter w given before, |w| < wWpqer = 7/At, gives a bounded range

§o < & < &max, where
V& + 16v2w2 ,, + &2
\/ 0 5 ax__ >0 (4.5)

‘fmax =

Proposition 4.1 (T1 Convergence Factor Estimate without Overlap) The convergence factor in
(4.4) is for & < & < Enaz uniformly bounded by

2
RTl(éO;gmtm:) = (%) - (46)

For At small, this mazimum can be ezpanded as 1 — 201/ 2/ At + O(At).

Proof Since R(&, pr, qr,&0,0) is a monotonically increasing function for £ > &, the bound for & < & <
Emax 18 attained at & = max, which leads, using the variable transform (4.2) and wmax = 2; to the bound
given in (4.6). |

Remark 4.1 The convergence factor estimate (4.6) for the first order Taylor transmission conditions
is the square of the convergence factor estimate found in [11] for the zeroth order Taylor transmission
conditions.

4.1.2 The Overlapping Case

With L > 0, p = pr and ¢ = qr, and the change of variables (4.2), the convergence factor (4.1) becomes
§—¢&o ) ? 2
§+&

We first present a convergence factor estimate for w in R.

R(EapTaqTaé.OaL) = ( (47)

Proposition 4.2 (T1 Convergence Factor Estimate with Overlap) The convergence factor in (4.7)
satisfies

R0 = mox Reprar D) = (50) e ¥ wing= g+ 22 @)

For L small, this mazimum can be expanded as 1 — 4 ‘%\/f—}— o(L).

Proof Taking a derivative of the convergence factor R(&, pr,qr, o, L) defined in (4.7) with respect to
& shows that there is a unique maximum for £ > & at £ = £ given in (4.8). Evaluating R for £ = £ and
expanding for L small leads to the asymptotic result. |

In a numerical computation, the overlap L is in general not a fixed quantity, one can only afford a
few grid cells overlap, L = C; Az. In addition, there is also often a relation between the time and space
step, of the form At = CoAz?, 8 > 0, due to accuracy or stability constraints. There exists a limiting

value of the overlap, namely

I = 8véo (4.9)

V& + 16vwmax — 63’

12



such that for L > L1, &max > &, and hence the contraction factor in (4.8) is relevant. On the other
hand, if L < L1, then {max < € and hence numerically the contraction factor in (4.8) becomes irrelevant.
Numerically, the relevant bound is therefore by monotonicity

Ry (é, L), if L> Ly,
maxs L) = L) = — &\ _ Leéma 4.1
Rr1(o6max, L) = max  R(E,prar, &, L) (H) et ercr, 4
max 0

Proposition 4.3 (T1 Discrete Convergence Factor Estimate with Overlap) If L = CiAz and
At = CoAzP, then the bound in (4.10) on the convergence factor has for Ax small the expansion

1-4 Cl&ovA$+0(Aa?) if B> 1, orﬁzlandg—;>%,
2C C
Rt (€, s 1) = {1 Y \/205‘2’_; ') /A% + O(Ax), if f=1 and Q<2
1-2¢& @A.W +0(A$2) if0< B <1,
(4.11)
Proof Expanding (4.9) for At small, we obtain
2
L 50 =2At+ O(A),

and comparing with L = C;Axr, using that At = C2Az”, we obtain the first case in (4.11). For the
second case, one can set 3 = 1 and directly expand the second case of (4.10) to find the result given. For
the last case, the expansion of the exponential term gives

P _1—01\/ Azt %+ 0(Az2P),
Cov

and the coefficient in front of the exponential in (4.10) has the expansion

e =8 _ 1, (202, 5 L oins
é_max +€0 =1 EO oy Az + O(AIIJ )

Hence the result follows. [ ]

4.2 Optimization of the Convergence Factor

We now use the general results from Section 2 on the homographic best approximation problem to
optimize the waveform relaxation algorithm with transmission conditions (3.11) for the overlapping and
non-overlapping case. We call this case O1 for optimized of order one in the sequel.

4.2.1 The Non-Overlapping Case

The domain of definition for f(z) = \/& + 4vz with z = iw is K = i[0, Wmaz]U—i[0,wmaqz]. By Theorems
2.1 and 2.3, the problem (3.9) in P; has a unique solution s§ = p* + 4viwg*. By Theorem 2.8, s§ has
real coefficients. Therefore, (p*, ¢*) is the unique pair of real numbers such that

inf sup (Eapa q, §0a0) = sup R(Eap*aq*aébao)a (412)
PIER £0<€<Emax €0 <E<Emax

and we denote by Rp; the maximum of the convergence factor,

Ro1(&0,8&maz) = sup  R(E D%, ¢%,&,0).
§0§€§€max

Ro1 (&0, Emaz) is equal to 62 with the notation from Section 2.

13



Lemma 4.1 The solution (p*,q*) of the min-maz problem (4.12) satisfies p* > 0 and ¢* > 0.

Proof Knowing from Theorem 2.1 that §; < 1, and taking £ = & in (4.1), we first see that p* > 0. Now
for positive p and ¢, we see in (4.1) that R(¢,p,q, &0, 0) < R(, p, —q,&,0), which proves that ¢* > 0. H
si—f
S%-l-f
now that for sufficiently large wpqz, the solution actually equioscillates three times on [0, winqez], and we
give implicit formulas for the solution p* and g¢*.

Because of the symmetry of the domain K, H H equioscillates at least twice in [0, wmqz]. We show

Theorem 4.1 (O1 Convergence Factor Estimate without Overlap) For &max sufficiently large,
the solution of (4.12) equioscillates three times, i.e. p* and ¢* are the unique solution of the system
of equations

R(§05p7 q, 503 0) = R(&(pa q)7pa q, §07 0) = R(é.ma)hpa q, §07 0) (413)
where £(p, q) is the second of the three distinct ordered positive roots (for p > (14 v/2)&) of the bi-cubic
polynomial

P() = 32¢°¢° —16¢(—3gp + 4¢°¢5 + 1)¢*
+(84€5 + 32¢°&5 — 24gp® — 16¢°&5p + 8p)&? — 4(&o — p) (&0 + p) (2465 — p)-

The optimal parameters and the bound on the convergence factor, which is the common value Ro1 (&, &0, Emaz)
in (4.13) at point (p,q) = (p*,q*), have the expansions

(4.14)

" 3 1 - 1 _s3 11
P~ &y bmax, G~ £%€m£€x, Ro1(&0yEmaz) ~ 1 — 465 &max- (4.15)
26,

Proof We start this proof by studying the variation of R for fixed p and ¢: the polynomial P given
in (4.14) is the numerator of the partial derivative of R with respect to £&. Therefore its roots determine
the extrema of R. Since P is a bi-cubic polynomial with real coefficients, it has one, two or three positive
distinct real roots. In the first two cases, since R(0,p,q,&,0) =1, R<1for £ > & and R — 1 as
& — o0, R reaches a unique minimum in [y, &naz], and therefore if p = p* and g = ¢*, R equioscillates
at points & and &4, only. If there are three ordered distinct positive real roots, then the second one,
&, must correspond to a maximum of R and the other ones to minima. The maximum of R can thus be
attained at the local maximum at &, or at the end-points & and &pax.

We now focus on the condition for these three points to give equioscillations for R, i.e. on solving
(4.13). We first prove that the equation R(&o,p, ¢, &0,0) = R(Emax, P, ¢, &0, 0) has, for any p > (1+v/2)&,
two positive solutions, and we define a function ¢ by §(p) = ¢, the largest positive one. Then we prove in
Lemma 4.2 that for &4, large and ¢ = ¢(p), the polynomial P has precisely three distinct positive roots,
and we estimate £(p, G(p)). After this step, we deduce in Lemma 4.3 that for &, sufficiently large there
is at least one solution p, to

R(goapa Q(p)a 50) = R(g(pa (j(p))apa (j(p)a 60) (416)

We then expand (ps«,q. = §(p.)) asymptotically as &4, tends to infinity, and finally show that s; =
P« + 4iwvg, is a strict local minimum for A] defined in (2.10), with | = 0, K1 = i[0,wmas), and n = 1.
Corollary 2.10 then states that (p*, ¢*) = (p«, g«), which concludes the proof.

The equation R(&g,p,q,&0,0) = R(€max, P, q,&0,0) can be rewritten as an equation for the g variable,

_4p£0(§max + §O)§rznaxq2 + 2(€max + 50)(p2 + gg)fmaxq + p@2 - 2§0£max - é.é) =0. (417)
The discriminant of (4.17) is
A = &5 ax (Emax + &0) [Emax (0" — 6659” + &) + & (0 — &) +4p")], (4.18)

and is positive for large &max under the assumption p > (1 + v/2)&. Since the sum and the product of
the roots in (4.17) is positive, there are two positive roots, and we choose ¢ = §(p) as the larger one, i.e.
1

(5(% + p2) V&0 + Emax + \/(560 + gmax)p4 - 25(% (b0 + 3Emax)p? + 53 (€0 + &max)
4p€0£max \% €0 + gmax

IFormula (4.19) together with (4.16) can be useful to compute the optimal parameters, since it reduces the problem to
finding a root of a scalar equation.

d(p) = . (4.19)
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Lemma 4.2 Let p be any positive real number with p > (1 + v/2)&, and ¢ = §(p) defined in (4.19).
Then for sufficiently large &maz, the polynomial P in (4.14) has exactly three distinct real roots. As
Emax tends to infinity, the first one has a limit equal to /(p*> — €2)/2, the second one, &(p,d(p)), is
equivalent to \/PEmax /240, and the third one tends to infinity like Emaz/V/2q0, where qo depends on p and

€0, @0 = (& +0° + /D' — 660 + & ) [4pCo.

Proof From the formula for ¢ in (4.19), we obtain that for fixed p, we have ¢ ~ &iix as Emax — +00.
We perform the change of variables x = £2/&&max, which transforms the equation P(£) = 0 into P(x) = 0
with

P(x) ~ 3265 g3x® — 16q0&3 (bmax — 390P)X” + 80 (Pémax + 905 — 3q0p”)x + 4p(&3 — P°).

P has three real roots. Using the sum of the roots, we see that the largest one tends to infinity like 52"—0‘;%,
0

then by the second symmetric function of the roots, the middle one tends to ﬁ, and finally using the

2 2

product of the roots, the smallest one tends to zero like 22’0 ;fzm . From these expressions the result follows

by inverting the change of variable. |

Lemma 4.3 For &4, sufficiently large, there exists at least one solution p, > (1 4+ 1/2)& to (4.16).
Moreover, for any fixed po, if Emax @8 large, there is no solution in [0, po].

Proof For any fixed b, R(goapa Cj(p)a 50; 0) <1 independenﬂy of fmaz: and R(E(Paﬁ(?))ap, Zi(p)a 60; 0) tends

to1las gmam tends to inﬁnit}’- Thereforea for §maw large: R(EOapa (j(p); 50: 0) - R(&(p; (j(p)):p; Cj(p)a €0; 0) is
negative for any fixed p. If p tends to infinity, we have

2
R(£07p7 Q(p)a §07 0) = (i + §0> ~1-— 450/17 independently of é-maz- (420)
0
On the other hand, for &, large and fixed, if p tends to infinity, we have

5 . p-£&\’ £
R((p,a(p)); p,d(p), &0,0) ~ | =% ] ~1—-4=. (4.21)

p+¢§ P
Since g > 607 R(§07p7 qA(p)7£07 O) - R(g(pa (i@)%pa (j(p)7§07 0) becomes pOSitiVG for la‘rge b- By ContiHUitya
there exist a p, for which this expression vanishes. |

We now expand p. and §(p«) asymptotically: by Lemma 4.3, p, tends to infinity with &,,4,. Hence
we can use (4.20, 4.21). Using the formula for ¢ = ¢(p) in (4.19), we have that for {max, as p tends to
infinity, §¢(p) ~ p/2&o&maz and &(p, §(P)) ~ v/Eo&max- Therefore, in order to match the two expansions in
(4.20, 4.21), p has to tend to infinity slowlier than \/€y€nax, Which gives p, ~ 53/ 45,111/;,(. Inserting this into

s
(4.19) leads to g« = §(p«) ~ —r&mix. Finally inserting p. and g, into R(&o, P, qs, 0, 0) and expanding
263
for &max we obtain °

11

R(£07p*7 qx, 607 0) ~1- 4% ~1-— 45(? é-mz;lx- (422)
Lemma 4.4 s; = p. + 4viwg. is a strict local minimum for hi in PT, with K1 = i[0,wmaz]-

1+ R(€7p7 q, 507 0)

£€léoémas] 1 — B(E5 P, 45 €0,0)

Q(&apa 75 /J’)
R - R = 4¢°
(Eapa q, 5070) ge[gsol’lgnam] (€7p7 q7§070) q (€+p)2 + (52 _ fg)(ggq + 1)2’

Proof For any (p,q), we define r = % and u(p, ¢,%0, Emaz) = , and write

with
2

2 _ ¢2
Q& p,rp) = € — pré® + (% — )& + pr(& - %)ﬁwzp 1 S,
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In the sequel, we will consider ) as a polynomial in the independent variables &, p,r and p. (P, 7«, s =
w(Ps, @, €05 Emaz)) is a solution of the system of equations

Q(§05P*7T*7/J’*) =0, Q(Emaz;p*;r*aﬂ*) =0, Q(E,p*,r*,,u*) = an(gap*ar*a/J/*) =0.

Now for s; to be a strict local minimum for hf, it is sufficient that there exists no variation (dp, dr, o) with
dp < 0, such that Q(§ Py + 0D, Ty + 0T u* + du) < 0for & = 50,5_ &maz- By the Taylor formula, it suffices
to prove this for Jp2< o Q (€ Du, T, i) + 072 e Q (€, e T, ) + 5#3 (&, p«, Tx, s )- Expanding the arguments
of @ for &nax large, we have from the asymptotic results 4.22 the leading order terms. Including the next
higher order terms, we obtain

MI»—A

é(p*,Q*) = 50% ma (1+2£0 é-ma:t‘*‘ (6;1%z));

NS
NI

b = €0 é-ma,z(]- + 460 é-max +o (E;lgzl)% (423)
Ty = 2'50 Elmalx(l + %60 émaxl'i‘ O(E;gxl));
e = 38 TEhar(L+ 36 Emle + 0(Emiz));

where the expansion is best obtained using the elementary symmetric functions of the roots, and then
identifying terms in the expansions. The partial derivatives of @) are

5 = H-p), 2
R A T Gt e o (4.24)
5 = —ré 4§ - 5L

Inserting the expansions (4.23) into (4.24), we obtain for the expansions of the partial derivatives

5 1 1 9 I
% ~ 561 iﬁméz; %? ~ __60 é-maq:; % ~ _266;5721119:; for 6 = €0a
% ~ _é()_fgzaz; % ~ +3 50 £maz; % ~ —4£gé-rznaw, for 5 = f, (425)

F) 1 15
_§0 §ma:c7 (?9? ~ __60 4€ma:c; % ~ _2561 &ﬁaz; for 6 = §ma:c-

Let (3p,dr,0p) such that 6pG2(&,pe, e, 1) + 752 (€, Pus Ty 1) + S5 (€, pus Ty ) < 0 for € = &,
¢ =¢and € = &40 Using the expansion (4.25),we have for large &4z

3 3
.fmazép 50 or — 2§0§ma16,u < 0,
E zé—mamér 260 £maa}6/l < 0

For du < 0, equations (4.26) imply

o

(fw) sp—1Lor<o0, - (fvg) Sp+Lor<0, —dp—1 (fm—) 5r < 0. (4.27)
Adding the first two inequalities in (4.27) yields ((572‘m )3 — (g’gﬁ) )dp < 0, which implies dp < 0. From
the second inequality we then obtain §r < 0, which together contradict the last inequality in (4.27). W
By Corollary 2.10, we obtain (p«,g«) = (p*,q*), which concludes the proof of Theorem 4.1. |
If the algorithm is discretized in time with a time step At, then &a« is indeed large for At — 0 and we
obtain from (4.15):

Corollary 4.2 (O1 Discrete Convergence Factor Estimate without Overlap) For At small, there
is a unique solution of the min-mazx problem (4.12). The values of p*, ¢* and Ro1(&o,&maz) have the
following asymptotic leading order term as At tends to 0:

3 1 1
PP~ & Qu)EATE, ¢~ AR, Roi(60,Emaa) ~ 1 — 45 (2m) TR ALE.

1 3
2] (2m)

ool
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Remark 4.2 In the course of Theorem 4.1, we have proved the first assertion in Remark 2.1: for large
Wmagz, Which corresponds to large K1, the number of equioscillation points for the real problem (2.11) is
actually equal to 3. For the second assertion in that remark, we show now that, when wmq, tends to 0,
or equivalently mar tends to &, there can not be three equioscillations points for the best approximation
polynomial sT: suppose there are three equioscillation points. The study of R in the first part of the proof
of Theorem 4.1 shows that two of them have to be & and &pas- Letting Emaz = Eo(1 +€), with € > 0, we
first see that p* has to tend to & with &,4:- On the one hand, we have

é.ma,z' 50 €
h(s}) <h ~—.
(81) o (50) gmam + 50 2
and on the other hand,
‘f —s1(0) _ P* =%o
) + s1(0) p*+&|

which proves that p* tends to &. Therefore it has the form p* = &(1 + Ce) + O(€?) with C < 1.
Inserting these values into the formula for the discriminant in (4.18) gives A ~ 8&5(2C — 1)e, which
implies C > 1/2. We now calculate from (4.19) ¢* ~ % Forp=2¢& and q = 25 , the polynomial P 1is
equal to %{4 (€2 — £2), which has & as a root. This shows that there is an extremum at &, but it is a

minimum of R, since the derivative of P with respect to £ is equal to 82 > 0.

4.2.2 The Overlapping Case

With the exponential weight, it is interesting to consider the best approximation problem for w in R,
since this gives insight for the discrete case with limiting value wy,q,- With the notation in Section 2, this
corresponds to | > 0, K1 = iR, , K = iR. By Theorem 2.5, we know that a solution exists, but we loose
the uniqueness and the fact that the coefficients are real. We therefore restrict our analysis to (2.12),
and will use the ad hoc Theorem 2.11 to prove similar results as in the non-overlapping case. With the
notation in (4.2), (4.1), the problem (2.12) is equivalent to finding (p’,,q%) in (Ry)? such that

inf sup R(é- paqaé-oa ) = Ssup R(gaptooaq;oagoa[’);
p20,420 £>¢, >£o

and the value of the infimum is called Ry, (£, L). To simplify the notation, we set

_ L& . _Lp . vg
C - . CO - _7 b= y 4=,
v v L
so we remove the explicit dependence on the overlap parameter L and the parameter v of the convergence
factor R given in (4.1). The value of R in the new variables ¢, p, ¢ and (o, is

Bos o n _ = ) ( )(1 - 2CQ) ¢
R((,p,q, ,q,&0, L z€ . 4.28
The new real best approximation problem is therefore to find (§%,,4%,) in (R )? such that
- lnf sup R(Capa q, CO) = Sup R(Caﬁzoa nga CO) (429)
920,20 ¢>¢p ¢>¢o

We show now that, for small overlap L, there is a unique solution, which equioscillates at three points,
and we obtain the analogon of Theorem 4.1.

Theorem 4.3 (O1 Convergence Factor Estimate with Overlap) For L sufficiently small, the so-
lution of (4.29) is unique and equioscillates three times, i.e. (P, q5,) is the unique solution of

R(Co,pv, d; CO) = R(CZ (ﬁ’ q)aﬁa éj) CO) = R(C‘l (ﬁa ij)7ﬁa ija CO) (430)
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where ((P,q) denotes the second and (4(D,§) the fourth of the four distinct positive roots, ordered in
increasing order, of the polynomial

P(¢) = 16¢'¢® —32¢%(G¢5 + 1)¢°

+ (16cj — 48@215 + 16(]‘%3 +4+ 64(1 CO + 8q~ 2 4+ 8q2C0 - 16(]15)(4

+ (3263 + 16G¢3D — 8GCF + 24Gp* — 4CF — 8p + 16G° (P — 8G°¢3 — 82 ¢§p?)¢?
+ (G —P)(C +84¢ — p° — 4p).

For L small, the optimal parameters and the bound R5°1 (&0, L) on the convergence factor, which is the
common value in (4.30) at point (P, §) = (P, d%, ), have the expansion

(4.31)

1

" 4 011 " 1 3 -2_3 oo 111
Do ~ & vsLTs, qoo~§1/ 56, °L5, Rpy(&,L) ~1—4Efv~5L5. (4.32)
Proof

1. We first examine the variations of R. For fixed j,§, the partial derivative of R with respect to ¢
shows that the roots of P given in (4.31) determine the extrema of R. Since P is a bi-quartic in ¢
with real coefficients, it has at most four positive real roots, and hence for ¢ > ¢ > 0, R can have
at most two interior maxima. Using the change of variables xy = 2§(2, we obtain

4 p 1 p
P(O) =x" —4x"+ (z ~ 12 - 4% T2+ )+ (1257~ 4§)x +5° (5" + 4p)
- - L . 2 ~ P
+yo[—4ax° + (2 + 169) x> + (—43p° + 83 — AT 8PX 2P+ dap+ 2)]
+y5 [48°x* — 4G(1 + 4§)x + 1 + 84].
The dominant part of P for ¢ sufficiently large, p¢ sufficiently small, and for {, sufficiently small, is
4 4p N
Po(x) = x" —ax* + 5X2 - ?px +4p°.
This polynomial has four real positive distinct roots x;, j = 1...4, ordered in increasing order. If
1/4 and pq tend to 0, we have x1 ~ Gp°, X2 ~ P, X3 ~ 1/§, x4 ~ 4. By a perturbation argument, it

follows that for (p sufficiently small (which corresponds to L going to zero), P has 4 real positive
distinct roots as well, with the asymptotic behavior

P P 1 V2
Cl~ﬁ7 CQN\/;Q7 C3~m7 C4N7

2. We now show that (4.30) has a solution (p«, G«) for (p small. We add the assumptions that {; = o(p)
as p tends to 0, and we easily find asymptotic expansions of the three terms in (4.30),

Ry = R(CpdG)  ~ 1-4 C—“
Ry = R(¢:(5,9),P,4,C) ~ 1—4\/T, (4.33)
Ry = R(G(p, )M o)) ~ 1—2\/2

The map (p,§) — (R2 — Ro, R4 — Ro) maps a domain (go < § < p/2(3,0 < pG < €o) for go large
and ¢ small, onto a neighbourhood of 0 in R2.

3. We now establish the asymptotic expansions for (f«,dx). They are easily found by equating the
expansions in (4.33). We solve
Go — 1

= =V2p4 = —,
P V24
from which we deduce 1
ﬁ* ~ 3/55 5* ~ 5(072/55 (434)

and (4.32) by the change of variables. In particular the assumption (o = o(p) in item 2 is validated.
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4. We now prove that for L sufficiently small, (f., §x) is a strict local minimum for the best approxima-
tion problem (4.29). The pair (P«,x) is a strict local minimum if there exists no variation (dp, §q)
such that R(C, Py + 0p, Gx + 0¢, (o) < R(C, P, Gx o) for ¢ = o, (2, G- By the Taylor formula, it suf-
fices to prove that there is no variation (dp, dq), such that 6p%(§,ﬁ*, s, Co) +6q%(§,ﬁ*, Gx,Co) <0

for ¢ = (o, (s, ¢s. For (o small, expanding the arguments of R, we have from (1) and (4.34) the
leading order terms in the expansion. Including the next higher order terms, we find

4 2 N _2 2
Dx ~ Coi (1 - 11_5C02)> qx ~ %C(% ° (1 - %505)7
G o~ CU+EE), G ~ 260+ 5E)

Inserting these expansions into the expressions of the derivatives of R, we get

o

a

o]}

§ ~ ~
B_I)(COJI;*JQ*JCO) ~ 4C057 ?9_q(C07p*JQ*JCO) = 07
3 3 =3 . 3
?9_1;((2715*7 Q'*a CO) ~ _ZC(i5 ) %(4271)*7 qx, CU) ~ _4C05 ) (435)
oR ok

1 - . 3
p(c4aﬁ*aqv*a§.0) ~ _%g()sa q(C47p*aq*5C0) ~ 4(05

D
D

Let £ be the set of vectors (dp,dq) such that 5p%((,ﬁ*,(j*,go) + éq%—f(c,ﬁ*,cj*,@) < 0 for ( =
Co, (2, (4. We need to prove that £ is empty. For small (y, £ can be obtained using the expansion
(4.35):

3 3 3 1.1 3
405 0p <0, —2(fdp—4¢Sdqg <0, _5%5 dp+4¢dg < 0. (4.36)

The first inequality in (4.36) implies dp < 0, while adding the second and the third inequality in
(4.36) yields ép > 0, which is a contradiction, and thus the set £ is empty.

Using the uniqueness in Theorem 2.11, we obtain (5%, G, ) = (P«, Gx), which concludes the proof. |
In Figure 2, we show the convergence factors R, (&, L) and Ry, (&, L) for an example with & = 1,
L = 0.08 and v = 0.2 from the numerical section.

0.16

0.016

0.14 4
0.0158 4

0.127 0.0156 1

0.1+ 0.0154 4

0.08 4 0.0152

0.015 1
0.06

0.0148
0.04 7

0.0146 7
0.02 4
0.0144 -

0" "5 4 6 8 10 12 14 2 3 4 5 6
X X

Figure 2: Convergence factors Ry, and Rgl for an overlapping example from the numerical section on
the left, and zoom on the right showing the equioscillation at the optimal solution.

One can see on the left the much better performance of the optimized first order transmission conditions
compared to the first order Taylor transmission conditions, and also the equioscillation of the optimal
choice on the right, which makes the convergence factor rather small and flat, before the effects of the
exponential take over.
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Theorem 4.3 gives the parameters p* and ¢* to choose in the first order transmission conditions of
the optimized Schwarz waveform relaxation algorithm at the continuous level to get the best convergence
factor, which is 1 — O(L%), and therefore is significantly better than the best result achievable with
optimized Robin conditions [11], which led to a convergence factor 1 — O(L%).

In Figure 3, we show the first few iterations, at the end of the time interval, of the classical and
optimized Schwarz waveform relaxation algorithm with first order optimized transmission conditions
according to Theorem 4.3 for a model problem.

—u —u —u
ul - u3 |- us5
--- u2 - u4 ---- ub
S S S

Ke
Ke

Figure 3: From left to right, the iterates u” (z, T) and uf*'(z, T) (dashed) at the end of the time interval
t =T for k =1,3,5 for an example from the numerical section, together with the exact solution (solid).
Top row the classical Schwarz waveform relaxation algorithm, and bottom row the optimized one.

This experiment shows well that the new transmission conditions improve the convergence behavior
tremendously, they are very effective to transport the convected solution from left to right across the
artificial interfaces between subdomains.

As we have seen earlier, in a numerical setting, not all the frequencies are present. We thus have
to address the question again if the maximum of the convergence factor attained at y4 is relevant in a
computation. Letting L = C;Az and At = CoAz?, the maximum numerical frequency we can expect
on the time discretization grid leads from (4.5) to a bound on ¢, {y < ¢ < (max, where (max has the
expansion

Cma.x =

2
4 dvm 2
LZmax \/ o t\Gar) T 5
“hmex _ 0y Az (ci%7) = O\ = Az "% + O(A'TE).
v 2 vCy
Now (4 from the optimization in (4.30) satisfies for L (and thus (p) small

, P
C4~2<§=2(5°V01) Az?,

1 5
Hence, if 1 — & = £ i.e. p =2 and if C is equal to the critical value C, = vigs (2£2)#, the numerical

Cmax and (4 from the optimization are asymptotically at the same location, which represents the boundary
between the usefulness of the continuous optimization result (4.30) on an unbounded domain, and the

20



optimization on the compact set [0,wmqz], for which the analysis in Section 2.2 becomes relevant, as we
now show: by Theorems 2.5 and 2.7, problem (3.9) in P; has a unique solution s} = p* + 4iwvg* for
sufficiently small overlap L. By Theorem 2.8, s7 has real coefficients. Therefore, (p*,¢*) is the unique
pair of real numbers such that

inf sup R(§7p7 q, §O7L) = sup R(gap*7q*7§07L)7 (437)
p’qER§0§§§§mam §OS§S§mM

where we denote the infimum by Ro1(&o, Emaz, L), which is also equal to (51(%))2.
Lemma 4.5 The solution (p*,q*) of the min-maz problem (4.37) satisfies p* > 0 and ¢* > 0.

Proof By Theorems 2.1, 2.3 and 2.8, there is a unique real number pf in Py such that

inf sup R(§7p707§070) = sup R(£7p3307€070)3
PER £0<t<bman §0<€6<Emac

and the value of the infimum is §2. Furthermore, since o < 1, pf is positive. If (p*,q*) is a solution of
the min-max problem (4.29), we have

* % _ (60 _p*)2 —Lgg * %
R(&,p",q%, &, L) = We < Eosfglgg(mm R(&,p%, 4%, 60, L)

< R(¢,p5,0,&,L) < R(€,p%,0,&,0)e w50
< dmax  REpi0.6.L) < max R(Epi0.6.0)e

< 5(2)6—%&1 < e—%ﬁo’

with the notation from (2.1), which can only hold if p* > 0. To prove that ¢* > 0, we note that for
negative ¢, we have for any & > & from (4.1) R(¢,p,q,&,L) > R(£,p,—q, &, L), which can be seen by
expanding the numerator of R(¢,p, q, &, L) — R(&,p, —q, &0, L). |

Theorem 4.4 (O1 Discrete Convergence Factor Estimate with Overlap) If L = Ci Az and At =
CoAzP, for Ax sufficiently small, we have the following asymptotic behaviors:

1. For 3> 28, or =2 and Cy > C.,

Ro1 (&0, €mas, L) ~ 1 — 4 (&)

1 5
where C. = v3&f (22)%.

2. For B = % and Cy; < C.,

1 C, 1 203 3
ROl(go,gm,L)Nl_(%)Ms, P~ Gideh, g~ 28 A,

where C’p is the unique positive root of the polynomial
- 27 C:
P(e) = 2°Co* + Crn3t — 2630812

3. Finally for 0 < 8 < %, we have

oof=

7 2 1 6 L 53
Rou(6osbmar D) ~ 1= 2 (T458)  Ah, i~ (288) A0 f, g~ () 0¥

OTI'
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Proof We use here the notation introduced for Theorem 4.3, see (4.28), and consider the minmax
problem in the form

lnf sup R (C:ﬁa (’j: CO) = sup R(Caﬁ*a Cj*, CO) (438)
PERLIER (4 <(<limas 0<C¢<maz

The proof of the first case is a direct consequence of Theorem 4.3 for the non compact case with optimal
parameters (5%, @5, ), since in the first case, (maz > (Do, @5)-

For the two other cases, we have asymptotically (3(55,;@5) < Cmaz < Ca(P%,d5), and the proof
follows the same steps as before: we first show the existence of (s, Gs), such that R((, p, §, (o) equioscillates
at the three points (o, (2(P,§) and (e We then determine the expansions of (Px, G« ), C2(P«, G« ), deduce
that (P, dx) is a strict local minimum for h; in P7, and finally conclude that (P«, ) = (*,G*).

We work with (o as the small parameter: let C,, = Cy (uc2 1/2( oy 1 ol , 80 that (maes ~ Cmgé_ﬂﬂ.
To prove the second and third result of the theorem, we need to stujy solutions of

R(C()aﬁ: (’Iva CO) = R(CQ (ﬁ: ij)aﬁa (ja CO) = R(Cﬂaﬁ: (’Iva Cmaw) (439)

for CO small. Let Ry := R(Coaﬁa (ja CO); Ry = R(CZ(ﬁ; Q)aﬁa (ja CO) and Ryep 1= R(Coaﬁa Q: Cmaz)‘ A direct
computation gives for ¢ large, and p§ and (y small,

2¢Cmaz 4

Using the expansions from (4.33),

1 Cmaz 1P g P
PN R S 3 PO XY

Ry ~1-42

—, Ro~1-—4+/2pq,

we see first, by the Implicit Function Theorem, as in the proof of Theorem 4.3, that there exists a solution
(Ps, Gx) to (4.39). We find their behavior at infinity by equaling Rg, Ry and R,,4,, which gives the system
of equations

02 _ 4-2
Oy ™%~ G0 + 5%, 4~ 55
m50 4 0 2p3

For 8 = 8/5, the two terms on the right in the first equation are balanced, which leads to p, ~ CC4/ 5

where C' is the unique positive root 2 of C,, = (C? + C2%,/4)C and G. ~ ﬁCO_Q/s. For B < 8/5,

1/4 1—5/2

the dominant term is p*, from which we find p, ~ . Using the second equation, we obtain

gx ~ —C 3/ 4C0 L . We now expand the partial derivatives of R to show that, for L sufficiently small,
(Dss q*) is a strict local minimum for the best approximation problem (4.38). For Ry, we obtain, since (o
is negligible with respect to p,

OR,. . Py
a_ﬁ(COJp*J Qx, CO) ~ 4Cfml/QCO 1+ﬁ/4a

OR,
66 (COJP*Jq*JCO) =0.

For Ry, we use that (o < px € (& € (maz, and (g, ~ %C’,}l/‘l 5/8 to obtain

oR o oR . _
55 (@ 0o ) ~ —2C;, 1 2¢ a7 CorBes s Co) ~ —201L/2¢ 7P,

For R0z, we use Gnazls ~ %'C(;B/S with C' = C,ln/4 for 3 < 8/5 and C' = C,,/C? for B = 8/5,

OR . B o
6_p(Cmaz;p*,q*,C0) ~ _Cmg$q* 2 _4lecl 240 1+3,6/4’

2This is a polynomial equation of fourth degree which is actually the first fourth degree equation which has been solved
by Lodovico Ferrari in 1545. Note that all equations in the text resume to polynomials of degree at most 4, and as such
can be solved by radicals, using Del Ferro/Tartaglia/Cardan formulas [3].
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OR o 1o Iy
a_l](Cmaz;p*;Q*;CO) ~ 2Cm(1wq* >~ SCmCI 2Cé 5/4‘

After proceeding as in point 4 of the proof of Theorem 4.3, we use Corollary 2.10 to conclude that
(5*,3*) = (P«,dx), and we have the asymptotic expansion

B/2

ROI(fOngamaL) ~1- 46(,)1/4 ’

Finally note that for any 0 < 8 < 8/5, the five extremal points of R(C, P, G, (o) behave like

01/4 3 B _ 3
Go~C, G ~%3 BIS Gy m CU2CEPIY e VROBIACY08 | Crnan ~ O GEP12,

4.3 Summary and Extension to Higher Dimensions

To summarize the results of this section, and to permit an easy lookup of the parameters p and ¢ to be
used in practice, we show in Table 1 an overview of the performance one can obtain with the various
choices of the parameter p and ¢ in the transmission conditions (3.11) of the new Schwarz waveform
relaxation algorithm in one dimension.

method convergence factor parameter p parameter ¢
Taylor no overlap 1-0(V Alt) Va2 + 4Vb1 1 \/"22:74"1” o
Optimized no overlap 1—-O(Ats) |(2um(a® +4vb)3)s At~s | (n3(a® + 4vb))~5 (2v) 8 Ats
B Z 1 1- O( v A.’L') 2v
Taylor overlap Ax, {ﬂ <1 1_ O(A:c%) Va? + 4vb o e
.. B>8 1-0(Azs) |(w(a®+4vb)2)sAz~5 Rud(a® + 4vb) 5 Azs
Opt d lap A, 1 1
phimized overiap 2w {/3 <8l 1-0as?)  |@un(a® + b)) Ar2|20) E (13 (a2 + 4v) A%

Table 1: Summary of the asymptotic convergence factors for the parameter choices in the first order
transmission conditions in one dimension, for At = Az?.

In higher dimension, without showing the details of the derivation, the Taylor transmission conditions
lead to the parameters pr = Va2 + 4vb and qr = ﬁ with associated convergence factor 1 — O(Ax)

in the case without overlap, and 1 — O(v/Az) in the case with overlap O(Az). Even if we do not have
the complete analysis in this general case for the optimized problem (i.e. the equivalent of Theorems
4.1, 4.3 and 4.2), we can still give formally the order of magnitude of the various quantities. The
optimal parameters in the transmission conditions are for the non-overlapping case asymptotically given
by p = C,Az~3 and ¢ = C,Az%, which leads to an optimized convergence factor 1 — O(Az) of the
associated optimized Schwarz waveform relaxation algorithm. The constants Cp, and C,; depend on the
problem parameters and the spatial dimension n > 2 of the problem (3.1), as shown in Table 2.
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|,B| v Cp C,

1

I
121 S and v > % V7r(a2+4ub)%\/nj 4 8v ¢
71> = and v > iy 2 7r3(n—1)%\/a2+4ub

| s Qe i

D 0| =

w3 \/(a2+4ub) (n—1)3

1 1
{171 < % and v < iy ( 8um(a+4vb)2(n—1) ) * ( 128v ) *

v >z andv < i (8v++/(a2+4vb)(n—1))2 73(n—1)(8v++/(a2+4vb) (n—1))2

[\S)

7s<v<iand2<n<5 (2vn(a® + 41/b)3)§ (—3—22048(,,7r)1(a +4ub))g
m<v<vsand2<n<5 7v(a2+4vb)® (2 (n—1)2+16)2
py<v< % and n > 6 (S(W(n—l)(1—4V)+4w)2('/7r(n—1)+w))

1

1
B 4
v<ivgandn > 2 (M) ( 4 )

4 ﬂs\/(n—l)s(a2+4ub)

o=

w313 (a2+4vb)(n2(n—1)2+16)5

I
6)8

v>1 andn<5 v (a2 +4vb)3 (¢ +1672)2 5| (8(\/P2 A2 +1¢2)3 (42 P —av?)
v>igandn > 6 2(\/V2C4+7r2+”€2)(C2+4\/V2C4+ﬂ'2*4”€2)2 v(a?+4vb)({*+1672)0
1 1
1 — a3 (a®+4vb)3 (7% (n—1)2416)2 8 8(m(n—1)(1—4v)+4w)® (va(n—1)+w)®\ 8
3 <v<andn>6 (2(7r(n—1)(1—4I/)+4w)2(u7r(n—1)+'w)) ( (0% F4vb) (n2 (n—1)2+16)7 )
1

(2(7r(n—1)(1—4u)+4w)6(1/7r(n—1)+1u)3 ) s

Table 2: Summary of the constants in the asymptotically optimized parameters p = C,,Ax_% and
q= C’,,Aa:% in dimension n > 2 in the non-overlapping case, for At = Az?, f = 1,2. The constants 7;
up to g, ¢ and w are defined in the text.

In the table, ¢ represents the smallest positive root of the polynomial

P(¢) = 3n%0%(8v — 1) —47* (1 — 4v — 1000 + 3200°) (% 4+ 1287 (4803 + 3 — 120 — 100%) ¢ — 102478 (20— 1)?,

w = /m?v2(n — 1)2 + 1, and the other constants are given by given by 7; = v/n — 1 =Tty b;(n_leaQ,
a2\/a\/n—1(4—\/a\/n—1)
2(4a2—2b\/a\/n—1+ab\/n—1) ’

7 is the root of the equation v = 1 ((a?+4vb)(n—1)) —1((a>+4vb)(n—1))2, 7y ~

V3 = 31—27r(n— 1),

x(n=1) (7r5(n—1)5+807r3(n—1)3+5127T(n—1)+\/(37r2(n—1)2+16)(7r2 (n—1)2+16)4)

by = 16(w%(n—1)6+567%(n—1)%+64072(n—1)2+2048) ’
_ _ 4096—20487(n—1)+2567>(n—1)241287°(n—1)3—167*(n—1)*—7®(n—1)°+Vd
Vs = 102473 (n—1)3 )
d = (n(n—1)—4)(7%(n —1)% +47%(n — 1)2 + 487 (n — 1) — 64)(72(n — 1)% + 16)*,

and 7g = Pg(n) is defined by equalizing the constant C, (or Cj) of the first two cases of 3 = 2 in Table
2, and is shown graphically, together with the other constants, in Figure 4.
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Figure 4: Regions in the n-v plane where the different constants C, and C; of the optimized parameters
in dimension n > 2 apply according to Table 2.

In the case with 1overlap, the optimal parameters in the transmission conditions are asymptotically
givenby p = CpAz~ 5 and ¢ = CqAx%, where the constants C), and Cj; depend on the problem parameters,
as shown in Table 3.

BT v G G|
] vsd | v rann | (oitng)]
1 1
a®44vb)2\ 5 16 ®
1 v<i (%) (m)
1
9 y>1 (2v2(a® + 4Vb)2)% <+) '
5 8v(a2+4vb)
1
1 5
2| b<v<d| e+ i)} | (s
1 1
) (a2 +4v5)? \ 5 6 \?
2| v<y (f) (m)

Table 3: Summary of the constants in the optimized asymptotic parameters p = CpAm_% and g = CqAx%
for the case with overlap L = Az in dimension n > 2 for At = Az¥.

The optimized convergence factor of the associated algorithm with this choice is given by 1—O(Az5).
It is interesting to note that in the case with overlap, the results are independent of the dimension for
n > 2.

5 Well-posedness and convergence of the Schwarz waveform re-
laxation algorithms
For the analysis in this Section, we rely on the theory of weak solution in Sobolev spaces by a Galerkin

method, see [2] and [20]. A weak solution of (3.1) is defined to be a u € C(0,T; L?(Q))N L%(0,T; H'(?)),
such that, for any v in H'(Q), we have

%(U,U) + %(((a ‘ V)’U,,’U) - ((a ‘ V)Uau)) + I/(VU,VU) + b(uav) = (fa ’U), in Dl(O,T),

where (,-) denotes the inner product in L?(Q2). Problem (5.1) is completed by the initial condition
in .

(5.1)

u(z,0) = ug(z), (5.2)

The next two theorems show the well-posedness and the regularity of the problem.
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Theorem 5.1 (Existence and uniqueness) Let Q@ = RN. If the initial value ug is in L*(Q), and
the right hand side f is in L?(0,T; L?(Q)), then there exists a unique weak solution u of (5.1), (5.2) in
L(0,T; L2(Q2)) N L2(0, T; H'()).

With the transmission conditions given by B; in (3.11), we will need more regularity in our analysis, in
the anisotropic Sobolev spaces defined in [20] by

H™(Q x (0,T)) = L*(0,T; H"(Q)) N H*(0,T; L*(N)) :

Theorem 5.2 Let Q = RN, and m be an integer. If the initial value ug is in H*™T1(Q), and the right
hand side f is in H>*™™(Q x (0,T)), then the weak solution u is in H>™m+1-m+1(Q x (0,T)).

For the proofs of Theorems 5.1 and 5.2, and the trace theorems in H™*, we refer to [20].

5.1 Well Posedness of the Algorithm

We first need to study the well-posedness of the subdomain problems with the new boundary conditions.
As we saw in the previous section, in order for the convergence factor to be smaller than 1 in modulus, we
need p > 0,¢ > 0. The special case where ¢ = 0 can be found in [22], and hence, in the sequel, we assume
q # 0. We show here only the analysis for the subproblem on , the results for 25 can be found similarly
by symmetry. The boundary of ; is Ty, = {L} x R¥~!. Using the boundary operators S and B; defined
in (3.11), the problem consists in finding v in an adapted subspace of C(0,T; L%(Q4)) N L2(0,T; H' (%))
such that
Ly = f in Q; x (O,T),
v(,0) = wo in Qy, (5.3)
Biv = gr onTpx(0,T).

For the variational formulation, we introduce for any real number s the space
H:(Ql) = {U S Hs(Ql),U‘FL S HS(FL)},

where - r, denotes the trace operator on I'z,. The scalar product in L?(I'z,) is denoted by (-,-)r,. The
variational formulation is to find v € H} such that,

Yw € Hll(Ql),

—_

%[(v,w) +2¢(v,w)r, | + = (((a - V)v,w) = ((@ - V)v,w)) + v(Vv, Vw) + b(v, w)

(V]

+ g(va w)FL + 2q1/((c ‘ Vy)U7w)FL + 2q1/2(Vyv, Vyw)FL = (f7 U)v in DI((]:T)
Theorem 5.3 Forp >0 andq > 0, if f is in L?(0,T, L%(Q)), ug is in HL(Q), and gr, is in L2((0,T) x
T'L), then the subdomain problem (5.3) has a unique solution v in L*(0,T, H2(Q1)) N HY(0,T; HY(1)).

Proof The proof is based on a priori estimates: multiplying equation (5.3) by v and integrating in space,
and then using the boundary condition, we obtain

1d .
37 [||U('>t)||%2(91) + 2q[o( )Zar, | +2IVOC D2, + blloC DIz (q,)

p
+ 5”“(5 t)”%,Q(FL) + 2qV2||VyU(‘at)||i2(FL) = (f(':t)a U('at)) + V(g('at)a U('at))FL :
On the right-hand side we use the Cauchy-Schwarz inequality together with the inequality

. 1
af < g o+ — %, foralla,f €R, and 5 > 0. (5.4)

2n

If b = 0, we need furthermore the Gronwall Lemma. We obtain by integration in time a bound for v,
with a constant C' depending on the physical constants b, v, the parameters p and ¢, and the length of
the time interval T":

”U”%m(O,T,Hg(Ql)) + ||U||%2(0,T;H11(Ql)) < C(”f”%Q(O,T,LZ(Ql)) + ”g”%Z(O,T,LZ(FL)))' (5.5)
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To get further estimates, we multiply equation (5.3) by O;v, integrate in space, and use the boundary
condition to obtain

1d
37 | oG 72y +VIVOC D20y + 222, 7o,y + 0 1Vy0( D)2
+ 18e0 (- )72,y + 2q||6tv('7t)||L2(FL)

= (f(a t)7 atv('a t)) + (g('7t)7 atv('7t))FL - ((a ‘ V)’U(',t), 6,51)(',1’)) + QqV((c ° Vy)v('a t)7 6,511(-, t))FL
Using the Cauchy-Schwarz inequality together with (5.4) as before, integrating in time and using (5.5),
we obtain

||”||iw(o,T,H11(91)) + ||6t”||i2(o,T;Hg(Ql)) < C'(If 20,1, 200y + N9l1220,7,22(00 )5
where the constant C' depends also on a. We complete the result by using the equation, which gives
Av € L*(0,T; L (1)), 8,v —2quAyv € L*(0,T; L*(T'y)).

A regularity theorem proved in [29] asserts that this implies v € L(0,T; H2(Q;)), and gives a bound for
the norm in L2(0,T; H2(Q4)). Now we have altogether a bound for v in L2(0,T, H2) N H(0,T; HJ(Q4)).
This first proves uniqueness. Using a Galerkin method, we obtain the existence result. |
The previous result suffices to define the algorithm in the non-overlapping case. The overlapping case
however requires more regularity.

Theorem 5.4 For p > 0 and q > 0, let f be in H>1(Q x (0,T)), uo be in H3(Q), and g1 be in

H%:3(T x (0,T)), with the compatibility condition

p—a
2v

Then the solution v of the subdomain problem (5.3) is in H42(Qy x (0,T)). Furthermore, the following
compatibility property at © = 0 is satisfied:

gr(-,0) = Ouo(L, ) + wo(L, ") + 2q(v8szuo (L, ) — adzuo(L,-) — buo(L, ) + f(L,-,0)). (5.6)

lim Byv(0,-, ) = Byug(0, ) — P ?

=0+ ) T % u0(07 ) - Qq(’/ waO(OJ ) - aaw”O(Oa ) - bUO(O, ) + f(07 ] 0))

Proof With the assumptions in the Theorem, the solution u of (3.1) is indeed in H*2(Q; x (0,T)) by
Theorem 5.2, and by the Trace Theorem in [20], §z = Biu(L,-,-) is in H3'3(T, x (0,T)), and satisfies
the compatibility condition (5.6). Defining h = g1, — g, e = v — u is the solution of

Le = 0 in Oy x (0,7),
e(0) = 0 in Qq, (5.7
Ble = h on FL X (O,T).

Since h is in H%'4(T', x (0,T)), and h(-,0) = 0, we can extend it in H2:3(TI';, x R) by h vanishing on
I' x R_. Then we extend in time the first equation and the boundary condition in (5.7) to I'r, x R.
The solution é of the extended problem is an extension of e. We finally Fourier transform the resulting
equation in time and y . By (3.4), the Fourier transform of e is given in terms of Fh, the Fourier
transform of h, by

2v ~ atf(z)
z—L
( )7

T+ e

with 2 = i(w + ¢ - ) + v|n|?>. We introduce 7 = w + ¢ - . With the definition of f, and using that p > 0,
q > 0, we obtain

Fé(n,w) = (5.8)

Lemma 5.1 There exist positive constants D, D' such that
2v
@+ =

For large 7 and ), we have

T + |n|4)—1/2’ < DI(TZ + |n|4)—1/4’ |T’+|2 ~ 2(7_2 + |,’7|4)1/2‘

v
a+ Rf(z)
P>~ 277 + )2
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From (5.8), we obtain for the norm of the second derivative of e in time

L 2,4
4 ~
||6tzé||%2(91xR) :/ / /71/ “ D) |7h(777w)|2€mr+(z7”d:cdndw,
—oo JR"-1JR |f(z)+s(z)|

or after integration in the x variable,

420wt v -
02¢é||2 =/ / Fh(n,w)|*dn dw.
10z 0k Re-1JR | f(2) + 5(2)| a+§Rf(Z)| ()

We have by Lemma 5.1, for large 7 and n,

420t v

£(2) +5(2)|" a+Rf(2)

< D2D'(r — ¢ - n)i(r? 45/4_D2D/(7'_C'77)4 2 4\3/4
= *n T +|77| ) - (T2+|n|4)2(7— +|"7| ) -

Since h is in H2:%(I';, x R), we obtain

24112 " 2
107720 xrey < DINAIG 4.5 1

For the spatial derivatives, we proceed as before, and we have for j + k < 4,
4’/27“1]6’712]
1R |f(2) + s(2)|" @+ %f( )

10507 2120, ) = / \Fh(w)Pdn do.

From the bound on the integrand for large 7 and 7,

41/27,21;77[2]

|f(z) + sz)|2 a+Rf(2)

< D2D'2H(r* + )72,

we conclude as before that all space derivatives up to order 4 are square integrable, and finally we have

l1€]] 420, xr) < D”h”H%’% (TL xR)

Taking the infimum over all extensions h gives

”e”H‘l)z(QlX(U,T)) S C”h”H%’%(FLX(O,T))'

Similarly, we see that
4’/2|Z|2 3 243 |7, 2, —2RrTL
1520, W33y = oo, [ o g g+ @ PP PP

and therefore Se(0,-) is in H#:3(T', x (0,T)), with

2 _alL
”86”1{5 *4(Cpx(0,T)) — s e ”h”H%’%(FLX(O,T))'

For the compatibility property, since h is supported in I'z, x Ry, F h is analytic in the half-plane Sw < 0,
and by (5.8) and the Paley-Wiener Theorem [26], &(0, -, -) is supported in I't, x R} as well. Since e is in
H%2(Qy x (0,T)), 8e is in H2:3 (', x (0,T)), and hence all quantities in Bye are continuous on [0, T,
and therefore lim;_,o, B2e(0,-,t) = 0, which completes the proof of the theorem. |
We are now ready to show the well posedness of the algorithm: let gz, be given on I'z, and let gg be given
on Ty = {0} x R¥=1 and let p > 0 and ¢ > 0. We define for k = 1,2, ... the iterations by algorithm
(3.2), initialized by

Biui=gr on T x (0,T), Boul=go on Ty x (0,T), (5.9)

Consider first the nonoverlapping case: L = 0. Then it is easy to obtain:
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Theorem 5.5 Let L = 0, g, and go be given in L2(R"! x (0,T)), p > 0 and q > 0. Then, for
k =1,2,..., the algorithm (3.2) with the transmission operators given in (3.11), initialized with (5.9)
defines a unique sequence of iterates (u¥,u¥) in L2(0,T, H2(Q1))NH(0,T; HY (1)) x L2(0,T, H2(2:))N
H'(0,T; HY(22)).

In the overlapping case, we need to use the compatibility condition in Theorem 5.4:

Theorem 5.6 Let L > 0, p > 0 and ¢ > 0, f be in H>'(Qy x (0,T)), ug be in H>(Q), g1, and go be
given in H%*%(R"*I x (0,T)), with the compatibility conditions

9.(-,0) = dyuo(L, ) + P (L, ) + 2q(v9psu0(L,) — adyuo(L, ) = buo(L, ) + F (L, 0),

pt+a
2v

gO('7 0) = awUO(Ov ) - UO(Oa ) - 2q(yawwu0(07 ) - aawuﬂ(oa ) - bu0(07 ) + f(07 K 0))

Then, for k =1,2,..., the algorithm (3.2) with the transmission operators given in (3.11), initialized by
(5.9) defines a unique sequence of iterates (u¥,u%) in HH2(Qq x (0,T)) x H*2(Q2 x (0,7)).
5.2 Convergence of the Algorithm

Theorem 5.7 For p > 0 and q > 0, under the conditions of existence of the algorithm, the sequence
(uf,ub) converges to (u|q,,u q,)-

Proof We return to the analysis in Section 3, which has been validated by the previous theorems. The
Fourier transforms in time and ¥y of the errors satisfy

For p and ¢ strictly positive, we have |p| < 1 for all (w,n) in (R x R*~1). By the Lebesgue Theorem, we
conclude the proof. [ ]

Remark 5.1 The results in this Section generalize the analysis from [22] to the case when the operator
S contains the transverse Laplace operator Ay. In [22], the proof of convergence in the non-overlapping
case is based on clever energy estimates, and as such extends to variable coefficients.

6 Numerical Results

We perform in this section one-dimensional numerical experiments to measure the convergence factors
of the numerical implementation of the various Schwarz waveform relaxation algorithms analyzed at the
continuous level in this paper. We use the parabolic model problem (3.1) on the domain 2 = (0,6). We
impose homogeneous boundary conditions, «(0,¢) = 0 and u(6,¢) = 0, and use various initial conditions
u(z,0), z € Q.

6.1 Experiments with Two Subdomains

We first use a decomposition of the domain € into the two subdomains Q¢ = (0, L») and Q2 = (L4, 6),
L1 < Ly, and hence L = Ly — L. We refer with the term iteration to a double iteration of the respective
algorithms, since for two subdomains, one can perform all the iterations in an alternating fashion and thus
obtain the even iterates on one subdomain and the odd ones on the other, without having to compute
the remaining ones. We show only results of numerical experiments for the algorithm with overlap, since
with overlap, we can compare the results to the classical Schwarz waveform relaxation algorithm with
Dirichlet transmission conditions, which does not converge without overlap. We chose for the problem
parameters ¥ = 0.2, a = 1, b = 0. We discretize (3.1) using an upwind finite difference discretization
in space with mesh parameter Az = 0.02, and a backward Euler discretization in time, with time step
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At = 0.005. We chose L, = 2.96 and Ly = 3.04, which means the overlap is L = 0.08, and we compute
the numerical solution in the time interval [0, = 2.5]. Using as initial condition

u(z,0) = 673(1.2%)2,

we have already shown in Figure 3 for this example the first few iterations at the end of the time interval
T = 2.5, where we started the algorithm with a zero initial guess, both for the classical and the optimized
waveform relaxation algorithm. In Figure 5 on the left,
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Figure 5: Left: convergence factors of the classical Schwarz waveform relaxation algorithm with Dirichlet
transmission conditions compared to the same algorithm with the new first order transmission conditions.
Right: the error obtained running the algorithm with first order transmission conditions for 5 steps and
various choices of the free parameters p and ¢, and indicated by a star the choice p*, ¢* predicted by the
theory.

one can see the performance of the classical algorithm and the one with first order Taylor con-
ditions, p = pr = 1 and ¢ = ¢qr = 0.4, and with optimized parameters, which were found to be
p = p* = 1.366061845 and ¢ = ¢* = 0.1363805228 using Theorem 4.3. It is important to realize that
the computational cost per iteration of all these algorithms is the same: a change in the transmission
conditions does not affect the local solver cost on each subdomain.

In Figure 5 on the right, we performed five iterations of the optimized Schwarz waveform relaxation
algorithm with first order transmission conditions, varying the free parameters p and ¢, and show the
base 10 logarithm of the error obtained. We indicate by a star the optimal parameters p*, ¢* predicted
by Theorem 4.3. This shows that the continuous analysis predicts the optimal choice very well.

To illustrate the asymptotic results given in Theorem 4.3 for the Taylor conditions and in Theorem 4.4
for the optimized ones, we choose the same problem parameters as before, but start now with a coarser
mesh both in space and time, Az = 0.04 and At = 0.01, and we fix the overlap to be L = Az. We then run
the optimized Schwarz waveform Relaxation algorithm with first order Taylor and optimized transmission
conditions until the error becomes smaller than 1074, and count the number of iterations. We repeat this
experiment dividing Az and At by 2 several times. This corresponds for the first order Taylor conditions
to the case in Theorem 4.3 where the convergence factor should behave like 1 — O(v/Ax), and for the
first order optimized conditions to the case in Theorem 4.4 where the convergence factor should behave
like 1 — O(Az®), almost independent of Az. Figure 6 shows on the left
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Figure 6: Asymptotic behavior as the mesh is refined with an overlap L = Ax: on the left the case
where At = O(Axz) and on the right where At = O(v/Ax), together with the predicted rates from the
analysis, both for the classical and the optimized Schwarz waveform relaxation algorithms with Taylor
and optimized first order transmission conditions.

the results obtained from these experiments. One can see that the asymptotic analysis predicts
very well the numerical behavior of the algorithms. Next, we perform a similar experiment, starting
with the same values for Az and At, but now we divide Az by 2 each time and At only by v/2 (such
a refinement is admissible, since our scheme is implicit), which implies At = O(v/Az). While this
does not change anything for the classical algorithm, which still has the same bad convergence factor
1 — O(Az), for the algorithm with Taylor first order transmission conditions now case 3 of Theorem 4.3
applies, and the algorithm should show the much better convergence factor 1 — O(Ax%). The optimized
Algorithm has according to Theorem 4.4 now the even better convergence factor 1 — O(Az16), virtually
independent of Az. In Figure 6 on the right, one can clearly see that this is the case. The algorithm has
different asymptotic convergence factors with the same overlap, depending on the discretization in time,
as predicted.

6.2 Experiments with Eight Subdomains

We now show experiments which indicate that the results we obtained for two subdomains are also
relevant for many subdomains. Using the same model problem as before, we now decompose the domain
into eight subdomains. In Figure 7, we show in the top row the first 3 iterations of the classical Schwarz
waveform relaxation algorithm, and below the same iterations for the algorithm with optimized first order
transmission conditions.
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Figure 8: Left: convergence factor comparison for the eight subdomain case. Right: Asymptotic
behavior as the mesh is refined with an overlap L = Az for the eight subdomain case, with At = O(Ax),
together with the predicted rates from the two subdomain analysis.
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Figure 7: From left to right, the first, second and third iterates uf(m, T),j=1,...,8 (dashed) at the end
of the time interval t = T together with the exact solution (solid) for the same model problem as before:
top row the classical and bottom row the optimized algorithm.

This clearly shows how important the transmission conditions are in the many subdomain case. We
show the corresponding convergence factors in Figure 8 on the left, and on the right we perform the same
asymptotic experiments as in Figure 6 on the left, but now with eight subdomains, which indicates that
the results of Theorems 4.3 and 4.4 also hold for more than two subdomains.

7 Conclusions

We presented and analyzed a homographic best approximation problem for complex functions of one
complex variable, which is important for the performance of a new class of waveform relaxation algo-
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rithms. We showed that the best approximation problem has at least one solution and that all solutions
satisfy an equioscillation property. In the case of a compact domain, we also proved that the solution is
unique. An important part of the analysis is the study of local minima. We then introduced the new
waveform relaxation algorithm, whose performance relies on the optimization of the convergence factor
on a range of relevant discrete frequencies. Using the general results in the first part, we were able to
prove an “overequioscillation property” for this particular problem, which leads to explicit formulae for
the optimal parameters in one dimension. We also derived asymptotic formulas, both for the one and
higher dimensional cases, which permit the direct use of the optimized algorithms in practice.

We showed that the new algorithm is well posed and convergent, and that it greatly outperforms the
classical one. Our analyses concern both the overlapping and nonoverlapping cases. Therefore the new
algorithm can be used with or without overlap, which is an advantage for local adaptation in space-time.
Further improvements of our work will concern higher dimensions with variable coefficients.
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