ANALYSIS OF A NEW SPACE-TIME PARALLEL MULTIGRID
ALGORITHM FOR PARABOLIC PROBLEMS

MARTIN J. GANDER * AND MARTIN NEUMULLER 1

Abstract. We present and analyze a new space-time parallel multigrid method for parabolic
equations. The method is based on arbitrarily high order discontinuous Galerkin discretizations in
time, and a finite element discretization in space. The key ingredient of the new algorithm is a
block Jacobi smoother. We present a detailed convergence analysis when the algorithm is applied to
the heat equation, and determine asymptotically optimal smoothing parameters, a precise criterion
for semi-coarsening in time or full coarsening, and give an asymptotic two grid contraction factor
estimate. We then explain how to implement the new multigrid algorithm in parallel, and show with
numerical experiments its excellent strong and weak scalability properties.
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1. Introduction. About ten years ago, clock speeds of processors have stopped
increasing, and the only way to obtain more performance is by using more processing
cores. This has led to new generations of supercomputers with millions of computing
cores, and even today’s small devices are multicore. In order to exploit these new
architectures for high performance computing, algorithms must be developed that can
use these large numbers of cores efficiently. When solving evolution partial differential
equations, the time direction offers itself as a further direction for parallelization, in
addition to the spatial directions, and the parareal algorithm [29, 31, 1, 37, 18, 9]
has sparked renewed interest in the area of time parallelization, a field that is now
just over fifty years old, see the historical overview [8]. We are interested here in
space-time parallel methods, which can be based on the two fundamental paradigms
of domain decomposition or multigrid. Domain decomposition methods in space-
time lead to waveform relaxation type methods, see [17, 7, 19] for classical Schwarz
waveform relaxation, [12, 13, 10, 11, 2] for optimal and optimized variants, and [28,
33, 15] for Dirichlet-Neumann and Neumann-Neumann waveform relaxation. The
spatial decompositions can be combined with parareal to obtain algorithms that run
on arbitrary decompositions of the space-time domain into space-time subdomains, see
[32, 14]. Space-time multigrid methods were developed in [20, 30, 41, 25, 40, 26, 27, 43],
and reached good F-cycle convergence behavior when appropriate semi-coarsening and
extension operators are used. For a variant for non-linear problems, see [4, 36, 35].

We present and analyze here a new space-time parallel multigrid algorithm that
has excellent strong and weak scalability properties on large scale parallel computers.
As a model problem we consider the heat equation in a bounded domain Q C R,
d =1,2,3 with boundary T" := 99 on the bounded time interval [0, T,

Opu(zx,t) — Au(z,t) = f(x,t) for (z,t) € Q :=Q x (0,T),
(1.1) u(x,t) =0 for (z,t) € ¥:=T x (0,T),
u(x,0) = up(x) for (z,t) € ¥o := Q x {0}.
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We divide the time interval [0, T into subintervals

T

N )

and use a standard finite element discretization in space and a discontinuous Galerkin
approximation in time, which leads to the large linear system in space-time

(1.2)  [K: @M+ M, Kpltunt1 = fos1 + Ne @ Mpu,,, n=0,1,....,N —1.

O=to<t1 <...<ty_1<ty=T, witht, =n7and 7=

Here, M}, is the standard mass matrix and K} is the standard stiffness matrix in
space obtained by using the nodal basis functions {¢;} Y7, € H (), i.e.

Mali,j] == / i@ pi@)dw, Knli,j] = / Ve, (@) Vei(@)dz, ij=1,....N,.

The matrices for the time discretization, where a discontinuous Galerkin approxima-
tion with polynomials of order p; € Ny is used, are given by

tn

KT[kvé] = Tﬁ?(t)aﬂ/fg(t)dt + 1/’?(%)1/12(%)7 kag = 15 ey Nta
tn—1

Mkt i= [ RO N = 0 e ).

Here the basis functions for one time interval (¢,—_1,t,) are given by PPt(t,,_1,t,) =
span{@b?}é\[:tl, N; = p; + 1, and for p; = 0, we would for example get a Backward
Euler scheme. The right hand side is given by

t’Vl

FualtNo+ 5] = [

tn—1

[ @ty @pndade, j=1. Noy €= 1N

On the time interval (¢,,t,11), we can therefore define the approximation

upt (z ZZu”H x)e(t), with uZ‘jH = Up+1 [Ny + 7],

(=1 j=1

where w1 is the solution of the linear system (1.2). We thus have to solve the block
triangular system

Arp U fi
B:n Arn Uz f2

(1.3) . . =11
BT,h AT,h uN fN

with Ar,h =K, ®@ M, + M, ® Kj, and By}, :== =N, ® M,

To solve the linear system (1.3), one can simply apply a forward substitution with
respect to the blocks corresponding to the time steps. Hence one has to invert the
matrix A, for each time step, where for example a multigrid solver can be applied.
This is the usual way how time dependent problems are solved when implicit schemes
are used [38, 22, 23], but this process is entirely sequential. We want to apply a
parallelizable space-time multigrid scheme to solve the global linear system (1.3) at
once. We present our method in Section 2, and study its properties in Section 3
using local Fourier mode analysis. Numerical examples are given in Section 4 and
the parallel implementation is discussed in Section 5, where we also show scalability
studies. We give an outlook on further developments in Section 6.
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2. Multigrid method. We present now our new space-time multigrid method
to solve the linear space-time system (1.3), which we rewrite in compact form as

(2.1) E-,—JL’U, = f

For an introduction to multigrid methods, see [21, 39, 42, 44]. We need a hierarchical
sequence of space-time meshes Ty, for L = 0,..., My, which has to be chosen in
an appropriate way, see Section 3.2. For each space-time mesh Ty, we compute the
system matrix £, 5, for L =0,..., M. On the last (finest) level My, we have to
solve the original system (2.1), i.e. L7\, hy, = Lrn-

We denote by S;’h n, the damped block Jacobi smoother with v € N steps,

(2.2) uftl = F +wt(57L7hL)_l [f — ﬁTLthuk] .

Here lN)T_lh denotes an approximation of the inverse of the block diagonal matrix
L,L

Dy, p, = diag{A,, n, 1N, where a block A,, p, = My, @ K, + Ky, @ M,,
corresponds to one time step. We will consider in particular approximating (D, n, )~}
by applying one multigrid V-cycle in space at each time step, using a standard tensor
product multigrid, like in [3].

For the prolongation operator P we use the standard interpolation from coarse
space-time grids to the next finer space-time grids. The prolongation operator will
thus depend on the space-time hierarchy chosen. The restriction operator is the
adjoint of the prolongation operator, R* = (P*)T. With vy,v, € N we denote the
number of pre- and post smoothing steps, and v € N defines the cycle index, where
typical choices are v =1 (V-cycle), and v = 2 (W-cycle). On the coarsest level L =0
we solve the linear system, which consists of only one time step, exactly by using an
LU-factorization for the system matrix £, »,. For a given initial guess we apply this
space-time multigrid cycle several times, until we have reached a given relative error
reduction eygq.

To study the convergence behavior of our space-time multigrid method, we use
local Fourier mode analysis. This type of analysis was used in [16] to study a two-
grid cycle for an ODE model problem, and we will need the following definitions and
results, whose proof can be found in [16].

THEOREM 2.1 (Discrete Fourier transform). For m € N let w € R*™. Then

U . km
pr— ] = néek fr— = —
u = kzgl_m e (0), (O[] =", £=1,...,2m, O : ,
with the coefficients
Uy 1= 1 (u, p(—=6k)) 2 = 1 3 ul[l]p(—0;)[¢) fork=1-—m m
k'_2m , P k [2_2mé:1 "2 k ) — gy .

DEFINITION 2.2 (Fourier modes, Fourier frequencies). Let Ny € N. Then the

vector valued function @(0;)[¢] = % ¢ = 1,... Ny is called Fourier mode with
frequency
2km N Ng
Op €O =q—:k=1- = - ,
k€9 { NL 2 D) } C ( 7T,7T]
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The frequencies Oy, are further separated into low and high frequencies
T
O :=0LrN (-5, 5
L L ( 97 2]5
i s s W
O =0, N ((-m—5]U(F.7]) =01\ OF™.

DEFINITION 2.3 (Fourier space). For Nz, N; € N let the vector ®L(0),) € CNtNt
be defined as in Lemma 2.5 with frequency 0, € ©r. Then we define the linear space
of Fourier modes with frequency 0y as

U, (0k) = span{<I>L(6‘k)}
= {p" (k) € CV N ol (0) = URL(0k), n=1,...,Np and U € CN*Ne}

DEFINITION 2.4 (Space of harmonics). For Np, N; € N and for a low frequency
Or € ORY let the vector ®L(0;) € CNNL be defined as in Lemma 2.5. Then the linear
space of harmonics with frequency 0 is given by

EL(0r) := span {®"(0x), D" (y(6x))}
= {"(0x) € CVNL - (0k) = UL @7 (0k) + Ua®y; (7(0)),
n=1,...,Np and Uy,U, E(CNtXNt}.
LEMMA 2.5. The vector u = (w1, Uz, ..., uyn,)" € RNeNt for Ny N, € N and
Ny = 2Ny _1 can be written as
Np -1
u= > PLOLU)= D P 60k, U),
k=—Nr_1+1 0LEOL

with the vectors YL (0, U) == UBL(0y) and ®L(0,)[(] := p(0)[n] forn=1,..., N

and ¢ = 1,..., Ny, and the coefficient matriz U = diag(ig[1], ..., ax[Ng]) € CNexNe
with the coefficients [l := NLL Ef;ﬁ u;[l)(—0k)[i] fork=1—Np_1,...,Np_1.

LEMMA 2.6. For XA € C the eigenvalues of the matriz (K., + AM,,)"'N,, €
CNexNe gre given by

U((KTL + )‘MTL)ilNTL) = {OvR(ATL)}a

where R(z) is the A-stability function of the given discontinuous Galerkin time step-
ping scheme. In particular the A-stability function R(z) is given by the (ps,p: + 1)
subdiagonal Padé approzimation of the exponential function e*.

LEMMA 2.7. The mapping v : OF% — @};gh with v(0x) := 0 — sign(0)7 is a
one to one mapping.

LEMMA 2.8. Let 0 € O%. Then the restriction operator RY as defined in (3.5)

has the mapping property
RL : EL(ok) — \I/L,1(29k),

with the mapping

<g;> = (R(Ox) R(7(6))) <g;> € CNixN,



and the Fourier symbol

R(0;) := e ¢ Ry + R,.

LEMMA 2.9. Let 0 € O™, Then the the prolongation operator PL as defined in
(3.5) has the mapping property

PL : \I/L,1(29k) — EL(ek);

with the mapping

75(916) 2N X Ny
v ( Amek») vet

and the Fourier symbol

P(Ok) := = [ R] + R]].

N =

LEMMA 2.10. The frequency mapping
B:OYY 50, with 05, — 26,
1S a one to one mapping.

3. Local Fourier mode analysis. For simplicity we assume that Q = (0,1)
is a one-dimensional domain, which is divided into uniform elements with mesh size
h. The analysis for higher dimensions is more technical, but the tools stay the same
as for the one dimensional case. The standard one dimensional mass and stiffness
matrices are

.1 h IR |
1 4 -1 2

3.1. Smoothing analysis. The iteration matrix of damped block Jacobi is

:Lth = I:I_wt(DTthL)il‘CTLth}U7

where D;, 5, is a block diagonal matrix with blocks A,, .. We first use the exact
inverse of the diagonal matrix D, j, in our analysis, the V-cycle approximation is
studied later, see Remark 3.26. We denote by Nz, € N the number of time steps and
by N, € N the degrees of freedom in space for level L € Ny. Using Theorem 2.1, we
can prove

LEMMA 3.1. Let u = (u1,ug,...,un,,)" € RNNeeNee for Ny Ny N, €N,
where we assume that N, and Np, are even numbers, and assume that

u, € RViVie and Uy, € RV

form=1,...,Np, andr =1,...,Nr_. Then the vector w can be written as

u= Y > plo,,60)

0.€0rL, 0:€0L,

t
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with the vectors
Y™ (O, 00) o= URn b (02,00), By (0, 00) = B (1) 0" (0)[1]
form=1,...,Np,, r=1,...,Nr_ and with the coefficient matrix
U := diag (iig,¢[1], . . ., Gg e [Ny]) € CV¥ N
with the coefficients for 6, € ©r_ and 0, € Op,

1 Np, Nr,
Ug ] := n,r 0 —0 .
Uz t[{] N NLt ;nzlu )[rle(=64)[n]

Proof. For u = (u1,u2,...,UNLt)T € RNeNLaNLy we define for s = 1,..., N,
the vector w® € RNEeNt ag ws [(] := wu, s[f]. Applying Lemma 2.5 to the vector w®
results in

wi ) =willl= Y X @)= D Ul e (B[,
0.€0r, 0:€0r,
with
1 &
Uit ] = @510 = 5= > uns[lep(=00) )
n=1

Next, we define for a fixed n € {1,...,Nr,} and a fixed ¢ € {1,..., N;} the vector
2™t € RNLe as 2*[s] := u, s[f]. Applying Theorem 2.1 to the vector 2™, we get for
s = 1, ey NL,I
NLz
unsll] = 2™ sl = D 2rlo(f,)s], with 2= — Zum 02)[r].
0,€0L, Le

Combining the results above, we obtain the statement of this lemma with

Nr, N,
wislll= Y D" 0)sle(0:) i) — N N D> wnlle(=6) (6, n]
0.€01, 0,€07, L g——

= Y D ieslle(0:)[s]e (0]

0,€01, 0:€01,

= > Y Ul ORI (6.,0,)]4)

0,€01, 0:€01,

= D D (6.0,

0,€01, 0:€01,

O

DEFINITION 3.2 (Fourier space). For Ny, Np,,Np, € N and the frequency 6, €
O, and 6; € O,, let the vector ®L=Lt(0,,0,) € CNeNLaNLv pe as in Lemma 3.1.
Then we define the linear space of Fourier modes with frequencies (0,,0:) as

U, 0,(0z,0,) := span{@L”’L‘ 91,6‘,5)}
= {op" "l (0,,0,) € CNNraNeeqplale (9, 6,) := UL (64, 60),
n=1,...,Ng,,r=1,...,Np, andUE(CNfXNf}.



LEMMA 3.3 (Shifting equality). For Ny, Ni,, Ny, € N and the frequencies 6, €
Or,, 0. € O, let pl=Le(0,,0,) € ¥ 1,(0x,0:). Then we have the shifting equalities

"nbﬁi)lL,; (917 6‘15) = e_wt"/’rlz/,mr’Lt (ewv 975)7 "/’lefrfi (awv 975) = e_wm ,l/’rlll,mr)Lt (6‘17 6‘15)

form=2,...,Np, andr=2,...,Np,.
Proof. The result follows from the fact that

(B)[n— 1] = 1D = G0 = p(0) 1],
which can be applied for the frequencies in space 6, € O, and the frequencies in
time 0; € @Lt. 0
LEMMA 3.4 (Fourier symbol of £+, ,). For the frequencies 8, € O, and 0; €

Oy, we consider the vector Yr=Lt(0,,0,) € Yy, 1,(04,0:). Then forn=2,...,Np_;
andr =2,...,Nr, —1 we have

(‘CTL,hL sz,Lt (917 ot))’n,,?“ = ‘CATL,hL (996; et)wﬁﬁvth (996; 915)7

where the Fourier symbol is given by

A h .
Loy (02,00) = = 2+ 05(0,)) [Kr, + B ?B(00) My, — 7N, ] € VXN,

with the function B(0,) := 6 ;;zg;gz;; € 1[0,12].
Proof. Let ¢L=Lt(0,,0,) € ¥, 1,(0,0;). Then we have for n = 2,..., Ny, and

using Lemma 3.3

(‘CTLJIL’QDLSMLt (917 ot))n = BTLth’lvbrLLiﬁlLt (917 9,5) + ATLthwﬁmLt (996’ 915)
= (e_th‘rL,hL + ATL,hL) ¢7€m7Lt (emu et)
Hence, we have to study the action of A, and B, j on the local vector plale(g, 6,).

By using the definition of B, we obtain for r =2,..., Ny, —land { =1,..., N,
using Lemma 3.3

Nr, N,
(Brou " (02,600)) [0 = = D > Mu,[r, sIN+, [0 Kby ™ (65, 64)[K]
s=1 k=1
N
h
= =3 = (rs O, 00K + 49 (O 00) ) + 36,715 (0 00)[K]) Ny (£ K]
k=1
Ny
h —1i i t
= = DN K] (7 4t ) i (6, 60) K
k=1
h Al
= 5 (24 cos(60:)) Y No [6 Hpyis™ (62, 6,) 1
k=1
hr

=-3 (2 + cos(0z)) (Nrpprnt (0,,64)) [£].
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Next we study the action of the matrix A, j, on the local vector ¥Z«Lt(0,, 6,):

NrL, N,
(ATL,hLQ/’LmLt(e 975 ZZMhL Ty S TL[E k]'l,bL”’L'(ﬁ 6‘15)[ ]
s=1 k=1
Nr, N,
+ 0N K, [ s M [0 KR (0, 00) )
s=1 k=
h Al 1
= 5 2+ cos(02)) Y K, [0 K]l (6, 00) K
k=1
Nt 1 t t
-Fggﬁz( 4 0, 00) K] + 206155 (02, 00) K] — W55 (0, 00) K] ) Mo, €, K]
P (2.4 cos(6)) (K, e (02,60 [0

2 Ly,L
+hL (1 — cos(# Z NG R Late (0., 0) (K]

_ ({h?f (2 + cos(0)) Koy + h2L(1 ~ cos(6,)) M ] e Lt(em,et)) 1,

where we used Lemma 3.3. Hence we conclude the proof with

h :
(Lo ¥™= 1 (02,60)),, = ?L (2 + cos(0,)) (K7, — e N, ) plnte(0,,6,)

(1= cos(B)) My, Y5 (82, 0)
L

hr, 1 —cos(bs) _io, .
? (2 + COS(G )) <K7'L + 6hL22—i—TS(9)MTL — € o NTL ’l[JL L (9179,5)
h .
?L (2+ cos(0,)) (Kry, +hp2B(0,)M;, — e 70N, ) plale(0,,0,).

d

If we assume periodic boundary conditions in space-time, i.e.

(3.1) u(t,0) =u(t, 1) for t € (0,7,

' u(0,z) = u(T, x) for x € Q= (0,1),

we obtain from Lemma 3.4 the mapping property

Lrpny Ve, 0,600,600 = ¥r, 1,(0z,0),

(3.2) )
U Loy by, (02,00)U.
LemMA 3.5 (Mapping property of SY, ;). For the frequencies 0, € O, and

0, € ©r, we consider the vector ¥r=Lt(0,.0,) € Vi 1,(0.,0;). Then under the
assumption of periodic boundary conditions (3.1), we have for n = 1,... Ny,
T = 1, v ,NL

, and

x

( TL, hL,l/)LmLt (ew’ 975)) = [STLJLL (9:67 975)} ¢LE7Lt (emu 915)7



where the Fourier symbol is given by
Sryng (02,00) = (1 — wi) Iy, +wie % (Kypp +hp2B(0,) My, )~ Ny, € CNXNe,
with the function B(0;) as defined in Lemma 3.4.
Proof. Let pl=L¢(0,,0,) € ¥, 1,(0.,0;), then for a fixed n = 1,..., Ny,
fixed r =1,..., Nr_, we have that
(Si,_,hﬁ/’Lz’Lt (ezvet))nm = ((INtNLzNLt - wt(DTL,hL>71£TL,hL) plete (emaet))nm
A -1
= (INt — Wt (ATL,hL (6‘1)> ‘CTLJLL (6‘17 9t)> ’l/’rl{,mr’Lt (ewv 975)

= STL,hL (GI) 0t>¢7l7,/7’:l‘7Lt (ex’ et)

,and a

with

. 2
Arp by (0g) 0= (2 + cos(0)) Kr, + e (1 —cos(0,)) M,
L

(2 + cos(6,)) [Kr, +hy?B(0.)M,,] .

e

Further calculations give

N -1 N -1 .
(ATL7hL (ew)) ['TL,hL (ewvet) = (ATL,hL (ew)) [KTL + h225(9m)Mm - eith'rL]

= Iy, — e [K,, +h;2B(0.) M, ]~ Ny

Hence we have

i _ -1
STL,hL (ewuet) = INt — Wt (INt —€ i6¢ (KTL + hL2B(9$)MTL) NTL>
— (1 —wi)In, +wie % (K., +h;28(0,)M,,) " N,

By induction this completes the proof. O
In view of Lemma 3.5, the following mapping property holds when periodic bound-
ary conditions are assumed:
; : \I/Lzth(emaet) — \I/Lzth(exaet)v

(3.3) Tl .
U (Sry 1, (00, 00))"U.

Next we will analyze the smoothing behavior for the high frequencies. To do so,
we consider two coarsening strategies: semi coarsening in time, and full space-time
coarsening.

DEeFINITION 3.6 (High and low frequency ranges). Let Ny,, Ny, € N. We define
the set of frequencies

2km 20w NL NL NL NL 2
() = (=—, =) k=1—-—=,... Zand l=1—-—*,... : -
Lz;Lt {(NLZ,NLt) 2 ? Y 2 an 2 bl ) 2 }C( 7T77T]7

and the sets of low and high frequencies with respect to semi coarsening in time,

low,s ™ T high,s low,s
Or 7, =01, N (=7 X (—§a 5]5 01°7, =01, \0 7,
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6 6
T T
r T
i high,s i high,f
i z LeLs i z LyLs
I 2 | 2
L L [
|
| low,s : low,f }
| Ly,L; P : Ly,L : % T
| |
—T b — =z | O

I | 2 :
| i ‘
| | :
i _ : _z
i high,s 2 I 2
i Ly, Ly i
| |

-7 -7

(a) Semi coarsening. (b) Full space-time coarsening.

Fig. 1: Low and high frequencies 0, and 6; for semi coarsening and full space-time
coarsening.

and full space-time coarsening

low,f | T Mo high,f | low,f
Or, L, =0r,,N (—5, 5] , Op°y, =00, \07 .

In Figure 1, the high and low frequencies are illustrated for the two coarsening
strategies.
DEFINITION 3.7 (Asymptotic smoothing factors). Let Sy, n, (6x,60;) be the symbol
of the block Jacobi smoother. Then the smoothing factor for semi-coarsening in time
is

s 1= max { o(Sry . (0, 0,)) : (0:,01) € OF; L
and the smoothing factor for full space-time coarsening is
pls 1= max { o(Sr . (0, 0,)) : (60:,01) € OF; ! L.

To study the smoothing behavior, we need the eigenvalues of the Fourier symbol

S‘I’L,hL(eIuet): .
LEMMA 3.8. The spectral radius of the Fourier symbol S;, 1, (0,60:) is given by

0 (Srins (02,00)) = max {1 = ], S(wr, (02 10),00) |
with
. 2
(S(wt, a, 9,5)) = (1 — w)? + 2w (1 — wy)acos(B;) + o’w?,

where a0y, 1) := R(—pB(0;)) and R(z) is the (pi,pi + 1) subdiagonal Padé approxi-
mation of the exponential function e* and p := TLhZ2 18 a discretization parameter.
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Proof. The eigenvalues of the Fourier symbol

A _n _ 71
STLJLL (ewvet) = (1 - Wt)INt + wie o (KTL + hL2B(6‘1)MTL) NTL

are given by
U(STL7hL (ewv 975)) =1—-w+ e_wkwto((KTL + hZQﬁ(ez)Mm)_an)-

With Lemma 2.6 and using the definition of «(f,, 1) we are now able to compute the
spectrum as

0(Sry iy, (02,04)) = {1—wi,1—wi+e P wa(l,, )}
Hence we obtain the spectral radius
0(Sr, iy, (02,60:)) = max {11 = w1 —we + e rua(b,, w|}-
Direct calculations lead to
1 —w; + e %ua(b,, u)‘2 = (1 —we)? + 2w (1 — wi) Oy, 1) cos(r) + (b, p))?w?,

which completes the proof. O

Next, we study the smoothing behavior of the damped block Jacobi iteration for
the case when semi-coarsening in time is applied.

LEMMA 3.9. For the function

. 2
(S(wt, a, 9,5)) = (1 — wi)? + 2w (1 — wy)acos(8y) + aw?

with « = a0y, ) as defined in Lemma 3.8 and even polynomial degrees py, the min-
max principle

. 5 1

it sup S(wn ol 1), 00) = ——

wi€(0.1] 6,7 ,m) V2
0, €[0,7]

holds for any discretization parameter p > 0 with the optimal parameters

0; = g and 6 =0.

Proof. Since we consider even polynomial degrees p;, the (pt, pr + 1) subdiagonal
Padé approximation R(z) of the exponential function e is positive for all z < 0. Hence
we also have that a0, ) = R(—uf(05)) is positive for all 4 > 0 and 6, € [0, 7]. Since
wy € (0,1], we obtain

b5 = argsup S(we, a0, 1), 01) = =
6.€1% 7] 2

Since «(0, 1) =1 and |0, )| < 1 for all 8, € [0, 7] and p > 0 we get

6} := argsup S‘(wt, (b, 1), 0%) = 0.
0, €[0,7]
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Hence we have to find the infimum of
R 2
(Sweallr,m),0)) = (1 = we)* + i,

which is obtained for w} = % This implies that

(8t a.m,00) =1,

which completes the proof. O
LEMMA 3.10 (Asymptotic smoothing factor for semi-coarsening). For the func-
tion

(S(wtu 04(6‘17 M)v 915))2 = (1 - wt)2 + 2(“)75(1 - wt)a(ewv /J') COS(et) + (a(9I7 M))zw?

where o = a0z, 1) is defined as in Lemma 3.8 and the choice wyf = % and any
polynomial degree p; € No, we have the bound

sup S‘(wt,a(Om,,u) 0;) < —
QtG[%,ﬂ] \/_

0, €[0,7]

Proof. For even polynomial degrees p;, we can apply Lemma 3.9 to get the bound
stated. For odd polynomial degrees, the (p:, p: + 1) subdiagonal Padé approximation
R(z) of the exponential function e* is negative for large negative values of z. If the
value of a(6%, u) = R(—pB(0%)) for the optimal parameter 87 € [0, 7] is positive, we
get directly the bound of Lemma 3.10. Otherwise we obtain

9;: ‘= argsup S(wtv O‘(H;a :u)v 975) =7
9t€[%,7‘r]

For a negative «(6%, 1), this implies that

. 1 3 1
sup  S(wi, a0y, p1),0:) < =(1+ (0, p)]) < =(VB—1) < —,
0,€(% ] ! =2 4 NG
0, €[0,7]

since any subdiagonal (p;,p; + 1) Padé approximation R(z) is bounded from below
by R(z) > £(5—3v/3) for all z < 0. 0

Lemma 3.10 shows that the asymptotic smoothing factor for semi-coarsening in
time is bounded by ug < \/_ Hence, by applylng the damped block Jacobi smoother

with the optimal damping parameter w; = 2, the error components in the high

frequencies @%iflzi are asymptotically damped by a factor of at least %

LEMMA 3.11 (Asymptotic smoothing factor for full space-time coarsening). For

the optimal choice of the damping parameter w; = %, we have

A 1
sup S(wzvavot) = _(1+ |OZ|)
6:€[0,7] 2

with the optimal parameter
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Proof. Let o € R. For the optimal damping parameter w; = % we have

. 2 ]
(S(wf, a, 9,5)) =7 (14 2acos(fy) + a?) .
First we study the case a > 0, where we get

07 := argsupS(w;', o, 0;) = 0.
0:€[0,7]

For the case o < 0 we obtain

0; := argsupS(w}', o, 0;) = .
0:€[0,7]

This implies that

(1+al)?,

=

(1+2]a|+a?) =

RNy

(S(w:, a, 9,5*))2 =

which completes the proof. O

Lemma 3.11 shows that we obtain good smoothing behavior for the high fre-
quencies with respect to the space discretization, i.e. 0, € @}angh, if @ = a(f,p) is
sufficiently small for any frequency 6, € [, 7]. Hence combining Lemma 3.10 with
Lemma 3.11, we see that good smoothing behavior can be obtained for all frequencies
(0z,0:) € G}L‘lf}‘L’i, if the function o = «(0y, p) is sufficiently small. This results in a
restriction on the discretization parameter u. With the next lemma we will analyze
the behavior of the smoothing factor uf with respect to the discretization parameter
w for even polynomial degrees p; € Ny.

LEMMA 3.12. Let py € Ny be even. Then for the optimal choice of the damping
parameter w; = % we have

. 1
sup - S(wy, o0z, 1), 01) = 5 (1 + R(=3p)),
64 €(0,7] 2

016[%177]

where R(z) is the (pt,pr +1) subdiagonal Padé approzimation of the exponential func-
tion e*.
Proof. In view of Lemma 3.11 it remains to compute the supremum

1
sup 5 (1+|a(fs, m)l)-
0.€[5 7]

Since for even polynomial degrees p; the function a(8,, u) = R(—p8(0,,)) is monotoni-
cally decreasing in 8(6, ), the supremum is obtained for 5(6,) = 3, since 5(0,) € [3, 12]
for 0, € [T, n]. This implies that 65 = 7, and we obtain the statement of the lemma
with

sup S(wzv OZ(@I, :u))v et) = S(w:a 05(9;7 /L)a 0:) =
64 €[0,7]
0z €[5, 7]

(1 + (@, m)]) = 5(1+ R(-34).

N =

|
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Fig. 2: Smoothing factor S(w;, (6., 1), 0;)? for 6,6, € [0, 7] for p; = 0 and different
discretization parameters pu.

The proof of Lemma 3.12 only holds for even polynomial degrees, but the result
is also true for odd polynomial degrees p;, only the proof gets more involved, since the
Padé approximation R(z), z < 0 is not monotonically decreasing for odd polynomial
degrees.

REMARK 3.13. In view of Lemma 3.12 we obtain a good smoothing behavior for
the high frequencies in space 6, € 91215}‘, i.e. Nfg < \/Li’ if the discretization parameter
w is large enough, i.e.

(3.4) p> g with R(=3p%) =v2—1.

Hence we are able to compute the critical discretization parameter w, with respect to
the polynomial degree py,

2
= % ~ 0.4714045208,

1
i = 5(=3 = V24 11+ 12v2) = 02015022565,

s~ 0.2938105446,
w3 =~ 0.2937911168,
pho ~ 0.2937911957.

To compute the critical discretization parameter u*_, we used the fact that the (ps, pr+
1) subdiagonal Padé approzimation R(z) converges to the exponential function e* for
z <0 as py — o0.

REMARK 3.14. Lemma 3.11 shows that for all frequencies (05,0;) € Or, 1, we
have the bound

S(wi, albz, 1)), 00) < 5 (L+[R(=5(02)p)]) < 1.

N~

Only for 8, = 0 we have that 5(0;) = 0, which implies R(—3(0,)u)) = 1. Hence if
the discretization parameter i = TLhZ2 is large enough we have that

|R(=B(0z)p)| ~ 0

for almost all frequencies 0, € O, which implies a good smoothing behavior for
almost all frequencies, see Figures 2a-2c. Only the frequencies 6, € O, which are
close to zero imply S(w;, (0., 1)), 0:) = 1. Hence for a large discretization parameter
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W the smoother itself is a good iterative solver for most frequencies, only the frequencies
0, € O©p, which are close to zero, i.e. very few low frequencies 6, € @15;”, do not
converge well. To obtain also a perfect solver for a large discretization parameter
w we can simply apply a correction step after one damped block Jacobi iteration by
restricting the defect in space several times until we arrive at a very coarse problem.
For this small problem one can solve the coarse correction exactly by solving these
small problems forward in time. Afterward, we correct the solution by prolongating
the coarse corrections back to the fine space-grids.

3.2. Two-grid analysis. The iteration matrices for the two-grid cycles with
semi-coarsening and full space-time coarsening are

s . QU2 L,,L -1 pL,,L v1

TL,hp T STLJ'LL |:I - Ps o (ﬁQTL,hL) Rs * tETL,hL} STL,hL7

f . QU2 Ly,L —1pL;,Ly Iz
MTL,hL = ©7rp,hL {I_ Pf (‘C2TL12hL) Rf ‘CTLJIL T,

with the restriction and prolongation matrices

Rlele = Iy, ®@R™, Ry=M = RE @ REY,

Plele =1y, ® P, Prett =Pl @ L.
The restriction and prolongation matrices in time, i.e. R** and P*¢ are given by (see
[16])

R Ry

R Ry
(3.5) R':= € RNV NexNMelNe—a -oplh . (RE)T
Ri Ry

with the local prolongation matrices R; := M;LlMTlL and Rj = M;Ll]T/[/fL, where for

~ N,
basis functions {wk}kN;l C PP+(0,7) and {1/)k}k C PP+(0, 271,) the local projection
1

matrices from coarse to fine grids are defined for k,1=1,...,N, by

27L -~

ML [k, €] = /0 TLJg(t)qpk(t)dt and M2 [k, €] := o) i (t + 7)dt.

TL

The restriction and prolongation matrices in space for the one dimensional case are

2 1
1 2 1
(3.6) RL= ::% € RNtoxNig1
1 2 1
1 2
(3.7) Pre = (Rpe)T € RNta -1 Nes,

To analyze the two-grid iteration matrices M3 , ~and ./\/liL n,, We need

LEMMA 3.15. Let u = (uy,ug,...,uny,,)" € RV NeeNee for Ny Ny Np, € N
where we assume that Np, and Ny, are even numbers, and assume that

u, € RVtVte and Up,r € RNt
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form=1,...,Np, andr =1,...,Nr_. Then the vector w can be written as

w= 3 [ (0a,00) + T ((0). 60)

(ew,et)e@‘g:;;t

+ Lol (0,,7(0:) + PPt (v(0.),7(6:))],

with the shifting operator () := —sign(0)m and the vector =Lt (0,,0;) € CNeNLaNe,
as in Lemma 3.1.
Proof. Using Lemma 3.1 and Lemma 2.7 leads to the desired result with

u= Y > ptele(6,,0,)

0:€0L, 0:€0L,

= > > e+ Y Y plel(6,,6,)

0. €O €0 0, €07 8" 0, €O
La,L L, Ly
+ ) > e t0,,00)+ D > el (6,,0)
0 €07 9,c0)E" 0.€0}e" 9, colE

ST (0,0, + e E (5(0,), 00)

low,f
(Gz,et)G@EzJ‘t

+ple b (00,7(00) + ot (1(02), 7 (6:))]

O
DEFINITION 3.16 (Space of harmonics). For Ny, N, N, € N and the frequen-
cies (05,0;) € @f:i’it let the vector ®L=Lt(0,,0,) € CNtNtaNLe be as in Lemma 3.1.
Then we define the linear space of harmonics with frequencies (0,,0;) as
5L17Lt (ema 915) = Span{¢Lz7Lt (ema 915)7 ¢Lz7Lt (’Y(em)a 915)7
L (0, 5(0:)), @5 (v(02),7(0:) }
= {9t (0,,60,) € CNeNeNee
Qpﬁ,mr’Lt (ewv 975) =U (I>7L1fr7Lt (9% 975) + U2(I>7szr7Lt (7(ew)7 975)
+ U3(I)7€7T1Lt (emv 7(975)) + U4(I)711/7T1Lt (7(91)7 7(975»5
forallm=1,...,Np,,r=1,...,Np, and Uy,Us,Us,Uy € CN¥Ne .

With the assumption of periodic boundary conditions, see (3.1), Lemma 3.4 im-

plies for the system matrix £, p, for all frequencies (6,,6;) € @f:v’zt the mapping

property:

(3.8)
Lrpny €0,.1,(02,0:) = Er,.1,(0z,0t)
Ur ‘C:TLth(ozvet)Ul U,
Us Loy ny (7(02),0:)Us ~ Us
N i Ery oy (02,0 ,
Us ‘CATLJLL (6‘177(915))(]3 L7hL( t) Us
U4 ETL,}LL (’7 91)7’7(915))(]4 U4

where ENTL,;IL (0,0;) € CHNex4Ne g a block diagonal matrix. With the same argu-

ments, we obtain with Lemma 3.5 for the smoother for all frequencies (6, 6;) € GILOX’Lft
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the mapping property

(3.9)
:L,hL : ngth (917 ot) — ngth (ema 915)
Ur (STLth (emaet))yUl U,
Uz (STL hr (7(ew)7 et))VUQ S v | Uz
| = (8111 (02,0 ,
U3 (‘S:TL,}LL (emuw(et)))VU?) ( L)hL( t)) U3
Us (STLJIL (7(996),7(915)))1][]4 Uy

with the block diagonal matrix Sy, j, (6, 0;) € CHNex4N:,
To analyze the two-grid cycle on the space of harmonics &1, 1, (05,0;) for fre-

quencies (0,,0;) € GILOZV)’Lft, we further have to investigate the mapping properties of
the restriction and prolongation operators for the two different coarsening strategies
RLeLe RE=Et and pLale, plete,

LEMMA 3.17. Let RLe and P« be the restriction and prolongation matrices as
defined in (3.6). For 6, € OF™ let @ (0,) € CNe= and @ =~1(20,) € CNEa—1 be
defined as in Theorem 2.1. Then

(RE= " (62)) [r] = Ra(0) "™~ (262)[1],

forr =2,...,Np,_1 — 1 with the Fourier symbol Ry(0,) := 1 + cos(f,). For the
prolongation operator we further have

(PL=pl==1(26,)) [s] = (ﬁz(em)so“ (62) + Pa(y(0:)) ™ (v(t%))) [s],

fors=2,...,Np, — 1 with the Fourier symbol 7596(91) = %fzm(oz)
Proof. The prove is classical, see [39] for example. O

DEFINITION 3.18. For Ny, Np_,Nr, € N and the frequencies (6,,0:) € @f:’it

let the vector ®@L=Lt=1(9, 0,) € CNtNLaNLi-1 pe defined as in Lemma 3.1. Then we
define the linear space with frequencies (0,,26y) as
Up,.0,-1(05,20;) : = span { ®@"=L71(0,,20,), DL (v(6,), 260,) }
= {¢Lm’L“_1(9w,29t) € CNeNLoNey—1
wrlz‘,zrﬁLtil(emv 2975) = Ul(I)vI;,zrthil(exv 2975) + UQ(I)rlz/,zrthil(FY(ez)v 2975)
foralln=1,... Nr,,r=1,...,Nr, and U1,Us € (CN‘XNt}.

For semi-coarsening, the next lemma shows the mapping property for the restric-
tion operator RE=Lt.
LEMMA 3.19. The restriction operator RL="Lt satisfies the mapping property

REwLe o gp 1,(04,00) = Vi, 1,-1(04,20;)

with the mapping

U1 Ul
UQ - U2
U3 — Rs (9t ) U3 R

U, U,
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and the matrix

s o0 (R(B) 0 R(y(6)) 0
Rs(01) -—< 0 R(6) 0 73(’7(@)))

with the Fourier symbol R(0;) € CNe*Ne as defined in Lemma 2.8.

Proof. Let ®F=-Lt(0,,0,) € ¥, 1,(05,0;) and ®L=Le=1(0,,20,) € Uy, 1, _1(0,,26;)
be defined as in Lemma 3.1. Then forn=1,...,Ng,_; and r =1,..., Ny, we have,
using Lemma 2.8,

N, Nr,
(REwbe@bebe(0,,0,)), =33 Iy, [r, /R  [n,m]®Lr i (0,.0,)
s=1 m=1

Nz,

=™ (02)r] D R [n,mI @y (61)
m=1

=" (0] (R™ @"4(6)),,

= R(0:)®LE 1 (20,) 0" (0,)[r]

= 7@(915)(1)7[{?[4_1 (990’ 29t)

Applying this result to the vector ==L (0,,0,) € £, 1,(0x,0;) with (0,,0,) € ©F |
results in

(RE=Leaplele(0,,0,)) = R(ONV1 L5 (0,,26,)
+R(0) U257 ((62),26,)
(YO Us @y ™1 (02, 27(61))
(V) U@y 7 (1(62), 27(60)).-
Since ®Ln Lm0, 2y(60;)) = ®L5 L1 (0,,20,) we further obtain

[ (0)U1 +R(y (9t))U3} Bl l1(g,20,)
+ [ROVz + R(:(00)0s) @L55 7 (1(02), 260),

which completes the proof. O
LEMMA 3.20. With the assumptions of periodic boundary conditions (3.1) the
following mapping property for the restriction operator holds:

Rsz’Lt €00, (02, 00) = Vi, 11, -1(20,20;)

with the mapping

U1 Ul
Us ~ Us
Us — Re(0,,6;) Us
U4 U4

and the matrix

Ri(00,60) i= (R(02,00) R((02),00) R(0,7(0:))  R(v(0),7(01)))
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with the Fourier symbol
R(0z,0;) = Ry (0,)R(6;) € CNXNe,

where R, (0,) € C is defined as in Lemma 3.17.
Proof. For the frequencies (6,,0;) € O™, let &L= (0,,0,) € Wy, 1,(0.,0;)
and ®L=—bLe=1(29,20,) € Uy 11, 1(20.,260,) be defined as in Lemma 3.1. Then

forn=1,...,Np,—1andr=2,...,Nr,_1 — 1 we have
N, Nz,
(RE@EE(0,,00)) =30 3 RE[r, SR  [n m]@ L™ (62,61)
wr s=1 m=1
N, Ng,
= | DO RE[rslet (02)r] | | D R¥ [n, mI®L (6:)
s=1 m=1

= (Ry=¢™(6)) [r] (RM @M (6))),
Applying Lemma 3.17 and Lemma 2.8 leads to

= Ra(0:)R(0) L (20,) 0"~ (20,)[1]
= R(0z,0,)® L1 71 (20,,20,).

Using this result for the vector 4= (6,,0;) € £, 1,(0x,0;) with (6,60,) € ©f |
results in

(Rfm’LtT/JLI’Lt(emaet)) = R0, 0,) U1 L1 E (20, 20,)

+ R(Y(0z), 0) Up @171 (24(6,), 26,)
+ R(Os, ¥(0:) Us @1 E 71 (20, 27(6,))
+ R(y(02),7(0,)) Us®LEr~ 1L (27(0,), 29(6r)).

With the relations

®rembhm1(20,,20,) = @M1 (29(6,),20,) = @ T T (20,,24(6,))
=@ (29(6,),29(61)),
we obtain the statement of this lemma with
(REFphE(02,00) = [R(02, 00)U1 + R(3(6:), 0)Ua + R0, 7(0:))Us

n,r

- R(Y(02),7(00)Us] @511 (20, 26)).

d
With the next lemmas, we will analyze the mapping properties of the prolongation
Lz,Lt L:mLt
operators P; and P; .

LEMMA 3.21. For (0,,6;) € @sz,Ln the prolongation operator PLeLt satisfies the
mapping property

Plede W 1, 1(0:,20:) = Er,.1, (02, 01)
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with the mapping

Uy Aﬁ(oet) 75(09t) U\ _ 5 Uy
() | mton [0 | (52 =00 (i)
0 P(v(6:))

and the Fourier symbol P(6;) € CN*Nt defined as in Lemma 2.9.
Proof. Let I/JL Le=1(9,,20,) € O, 1,-1(0.,20;) for (0,,0,) € @L 1,- Then we
have forn =1,..., N, and r=1,..., Nz that

t
Ni, Ni,

(P teapt b =4(0,,200),, = 30 D I, [ sIP [ mlprei™ 71 (0, 201)

s=1 m=1
Np,

= > Plln,mlplrb (0., 20,)

m=1
NLt

= 3 Ph ] (0" 0 U B (26,)
m=1

+ (P (1(8)]U2) @ 7 (26).

Since L= (0,)[r)U; € CNe*Ne and pl=(y(0,))[r]Us € CNt*Nt we further obtain by
applying Lemma 2.9 that
(0:) (@™ (0,)[r]UL) @7 (0;)
(7(6e)) (™ (02) [r]U1) @7 (7(61))
P(6:) (0" (7(6:)[r]U2) @1 (6:)
(V(0)) (@™ (1(02) [r]U2) @yy* (7(61)).

With the definition of the Fourier mode ®%=:1(6,,0,) we get

= P(0,)U1 B (6, 01)

+ P(y(0:)) UL L5 (00, (6))
+ P(61) U@L (v(6,), 61)
L

( (et))UQ(ErI{fr)Lr (7(91)7 ’7(6‘15))7

which completes the proof. O
LEMMA 3.22. With the assumptions of periodic boundary conditions (3.1) the
following mapping property for the prolongation operator holds:

PL L 1, 1(204,20,) = En, 1,62, 61)

with the mapping

vy 91),915) U =: 'ﬁf(emuet)U
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and the Fourier symbol
P (0, 01) = Pa ()P (0r),

where P(0;) is defined as in Lemma 2.9.
Proof. Let apt=—1le=1(20,,20,) € W 11, 1(20.,20,) for (0.,60,) € O | .

Then we have forn=1,..., N, and r =2,..., N — 1 that
Np, Nr,
(PfLvawLw-let-l(zem,299) =3 "> Pl sPE [, il B (204, 26,)
wr s=1 m=1
Nr, Ni,
= Yo Pielr sl 20.)[s) | | D PHeIn,ml@L T (26,)
s=1 m=1

Using Lemma 2.9 gives

= (Pal02)0™ (00)lr) + Po(1(02))9" (1(6:))Ir])
x (PONURE (00) + P(1(0))UBE (+(60))))

Using now the definition of the Fourier mode ®%=:L(6,,6,) leads to

= POz, 0)URL L (04, 0,) + P(v(6s), 0) UL (v(6.), 0r)
+ P (0, (0 U REE (05, 7(8:)) + P((02), v(0:)) U L=t (7(82),v(6r)),

which completes the proof. O

For periodic boundary conditions (3.1), we further obtain with Lemma 2.10 the
mapping property for the coarse grid correction, when semi coarsening in time is
applied,

(Loryiy) 20, 1, 1(02,200) = Ur_ 1, 1(02,20,)

(3.10) U s —LU 2Ny x N
(Uz) = (Lo (62:260)) (Uz) <€

with the matrix

R -1
_ 4 ((Lorans (02,200)) 0
( sy (O 29,:)) = EotE ! A | e v
0 (‘C2TL,hL (7(91)7 6‘1&))
For full space-time coarsening, we have the mapping property
(£2TL,2hL)71 : \I/LI*LLtfl (29m7 29,5) — \I/L:*I,Ltfl(29m, 291&)
(3.11) B »
U (Lhyy 2, (202,260)) U € CVN,

- -1 . 1
with (EQTL)%L(%% 290) = (EQTL,%L(%w, 290) € CNexNe We can now prove

the following two theorems:
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THEOREM 3.23. Let (6,,0:) € @f:’it With the assumption of periodic bound-
ary conditions (3.1), the following mapping property holds for the two-grid operator
b with semi coarsening in time:

MiL,hL : ngﬁLt (917 9,5) — ngth (ema 915)7
with the mapping

U1 Ul
Us — Us
U3 — MM(Hk,Ht) U3
U4 U4

and the iteration matrix
NGO, 60) = (Srins 02,00 K02, 00) (Srins (0,00)) € CHVXaN:

with

Ro(02,00) i= Lane = Pul0) (L7, 0, (00:26)) Rel00) Ly, (0, 00).

Proof. The statement of this theorem follows by using Lemma 3.19, Lemma 3.21
and the mapping properties (3.8), (3.9) and (3.10). O

THEOREM 3.24. Let (6,,0:) € @f:’it With the assumption of periodic bound-
ary conditions (3.1), the following map];ing property holds for the two-grid operator

Mith with full space-time coarsening:

Mf’L;hL : ng;Lt (917 et) — ng7Lt (9;3, 9,5),
with the mapping

U1 Ul
Us ot Us
Us = M#(Hk,et) Us
U4 U4

and the iteration matrix

MO, 00) 1= (e 00,00)) Ki(02,00) (Sry i, (02,0)) - € CHNexaN:
with

Ki(02,0:) i= Tan, = Pr(0s,00) (Lhr, a0, (262,201))

1 -
Rf(917 et)‘CTLJLL (HW 975)

Proof. The statement of this theorem is a direct consequence of Lemma 3.20,

Lemma 3.22 and the mapping properties (3.8), (3.9) and (3.11). O

In view of Lemma 3.15 we can now represent the initial error e® = u — u? as

= 3 W00 + T (1(0.).6,)
(02,00)€O L,
+ LT (0, 7(00) + 9 ((02),1(60)]
Z 1/;(917 9t)’

low,f
(01,(#)6(9,4%,4t
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with 9(0,,0,) € Ep,.1,(0,,0,) for all (6,,0,) € OF" . Using Theorem 3.23 and
Theorem 3.24 we now can analyze the asymptotic convergence behavior of the two-
grid cycle by simply computing the largest spectral radius of M3, (0, ;) or Mf (O, 0:)

with respect to the frequencies (6., 6;) € ®1°Wt This motivates
DEFINITION 3.25 (Asymptotlc two-grld convergence factors). For the two-grid

iteration matrices M2 and M? we define the asymptotic convergence factors

TL,hL TL,hL

o(M) := max {g(ﬂz(ek, 0:)) : (02,60:) € O™L with 6, + o} ,
o(M") := max {g(ﬂg(ek, 0:)) : (02,0,) € O™ F with 0, # o} .

Note that in the definition of the two-grid convergence factors we have neglected
all frequencies (0, 6;) € GILOZV’Lft, since the Fourier symbol with respect to the Laplacian
is zero for 6, = 0, see also the remarks in [39, chapter 4].

To derive the assymptotic convergence factors Q(MZ) and Q(ML) for a given
discretization parameter ; € Ry and a given polynomial degree p, € Ny we have to
compute the eigenvalues of

(3.12) M, (0x,60,) € CHNANeand - M (6y,,0,) € CHNVXAN:

with Ny = p; + 1 for each low frequency (0,,6;) € ®1°Wt Since it is difficult to
find closed form expressions for the eigenvalues of the 1teration matrices (3.12), we
will compute the eigenvalues numerically. In particular we will compute the average
convergence factors for the domain = (0, 1) with a decomposition into 1024 uniform
sub intervals, i.e. Nr, = 1023. Furthermore we will analyze the two-grid cycles for
Np, = 256 time steps.

We plot as solid lines in the Figures 3a—3b the theoretical convergence factors
Q(MZ) as functions of the discretization parameter u = 7,h;% € [1076,109] for
different polynomial degrees p; € {0,1}, and different number of smoothing steps
v =y =v € {1,2,5}. We observe that the theoretical convergence factors are
always bounded by g(./\;lZ) < % For the case when semi coarsening in time is applied
we see that the two-grid cycle converges for any discretization parameter p. We also
see for polynomial degree p, = 1 that the theoretical convergence factors are much
smaller than the theoretical convergence factors for the lowest order case p; = 0.

We also plot in Figures 3a—3b using dots, triangles and squares the numerically
measured convergence factors for solving the equation

LTLJILU = f

with the two-grid cycle when semi coarsening in time is applied. For the numerical
test we use a zero right hand side, i.e. f = 0 and a random initial vector u° with
values between zero and one. The convergence factor of the two-grid cycle is measured
by

||Tk+1||2 ith k L k
a _c r® = f— u
k:f’l‘l‘”)](\mcr ”rkHQ ) W1 f TL,hL )
where Niter € N, Niger < 250 is the number of two-grid iterations used until we
have reached a given relative error reduction of eyyg = 107140, We observe that the
numerical results agree very well with the theoretical results, even though the local
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Fourier mode analysis is not rigorous for the numerical simulation that does not use
periodic boundary conditions.

In Figures 4a—4b we plot the theoretical convergence factors Q(MZ) for the two-
grid cycle Mf.h n, Wwith full space-time coarsening as function of the discretization pa-
rameter p € [107°,109] for different polynomial degrees p; € {0,1}. We observe that
the theoretical convergence factors are bounded by Q(M};) < % if the discretization
parameter u is large enough, i.e. for g > p*. In Remark 3.13 we already computed
these critical values p* for several polynomial degrees p;. As before we compared
the theoretical results with the numerical results when full space-time coarsening is
applied. In Figures 4a-4b the measured numerical convergence factors are plotted as
dots, triangles and squares. We see that the theoretical results agree very well with
the numerical results.

Overall we conclude that the two-grid cycle always converges to the exact solution
of the linear system (1.3) when semi coarsening in time is applied. Furthermore, if
the discretization parameter p is large enough, we can also apply full space-time
coarsening, which leads to a smaller coarse problem compared to the semi coarsening
case.

REMARK 3.26. For the two-grid analysis above we used for the block Jacobi
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smoother
(313) S:L, hr — [I_wt(DTL,hL)ilﬁTL,hL}U
the exact inverse of the diagonal matriz DTL,hL = diag {ATL,hL} —i. In practice, it

is more efficient to use an approximation DT hy, by applying one multigrid iteration
in space for the blocks A;, 1, , see also [34], where such an approximate block Jacobi
method is used directly to precondition GMRES. Hence the smoother (3.13) changes
to

12

(314) ETL;hL = [I — Wt (I - MTLJIL) (DTLth)il‘CTLth]V5

s the iteration matric

Nz,
with the matric M, j, = diag {MTL hL} , where M¥
’ n=1

of the multigrid scheme for the matriz A;, 1, . In the case that the iteration matriz

thhL is given by a two-grid cycle, we further obtain the representation

TL,hL

ME =85 [1 Pl A

TL,hr TL,hL

L z, vy
Rm ATthL:| S

TL 2hr, TL,hr?

with a damped Jacobi smoother in space

-1 v . . (2h Nz,
ATL,hL] , hp dlag{?KTL —|— } b

TL,hL

Sm,yw = |:I — w:E (DithL)
and the restriction and prolongation operators
L« L Hla L
Rw I:RwI®INt and Pw I:PII®INt.

With the different smoother (3.14) we also have to analyze the two different two-grid
iteration matrices

S t —1 2 Lt -
(315) MTL,hL = STL hr {I_ ,PstyL (LQTLJIL) Rf o ‘CTthL:| Sri,hLa

f
TL,hL

V1

(3.16) M, ., =82 [I — PEot (Lary on,) RfLm’L“ﬁn,hL} S

TL,hL TL,hL"

Hence it remains to analyze the mapping property of the operator M., p, on the space
of harmonics £r,,.1,,(0,60;). By several computations we find under the assumptions
of periodic boundary conditions (3.1) that

Moy €Ly, (02,0:) = Er,.0,(02,04)

with the mapping

U1 ~ Ul
(3.17) Ol (Mronn(e) 0 Uz

Us 0 My, p,(02)) | Us |’

U4 U4

and the iteration matrix

Mry o (0:) = 87775, (02)KE, 1, (0)87,%, (02) € C2No2N,

TL,hL TL,hL

2 n(00,00) = Doy, — Pul0:) AT ) (200)Ru(02)Ary iy (0,) € CHV2Ne

TL, 2hL
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with the matrices

~ 0
A, h 0,) ;= TLJIL ) c (C2Nt><2Nt,
- L( ) ATL;hL(’Y(eI))
—1
A on, (200) = (Ary 20, (20,)) € NN

x

(STLJIL (w177(91)>)u
Ra(bz) := (Rm(ez)INt R (7(02)) Ly, ) € CHNXNe,

~ . Pu(02)In, N x2N;
Pulbe) = ( P10 ))m)ec :

( TL,hL Wzv z)) 0 6 (CQNtXQNt

and the Fourier symbols

N h 9
ATL,hL (91) = ?L (2 + cos(ﬁw)) KTL N

(1 —cos(f,)) M,, € CNexNe,
hr

-1
Srp by (W, 0y) == IN, — wy (%K}L + %Mn) A, n, (0,) € CNeXNe
Hence we can analyze the modified two-grid iteration matrices (3.15) by taking the
additional approzimation with the mapping (3.17) into account. For the smoothing
steps V¥ = vi = 2 and the damping parameter w, = % for the spatial multigrid
component, the theoretical convergence factors with semi coarsening in time are plotted
in Figures 5a-5b for the discretization parameter p € [1075,106] with respect to the
polynomial degrees p; € {0,1}. We observe that the theoretical convergence factors
are always bounded by Q(ﬂi) < % We also notice that the theoretical convergence
factors are a little bit larger for small discretization parameters p, compared to the
case when the exact inverse of the diagonal matrix D, j, is used. The numerical
factors are plotted as dots, triangles and squares in Figures 5a-5b. We observe that
the theoretical convergence factors coincide with the numerical results.

In Figures 6a—6b the convergence of the two-grid cycle for the full space-time
coarsening case is studied. Here we see that the computed convergence factors are
very close to the results which we obtained for the case when the exact inverse of the
diagonal matriz D, p, is used.

4. Numerical examples. We present now numerical results for the multigrid
version of our algorithm, for which we analyzed the two-grid cycle in Section 3.2.
Following our two-grid analysis, we also apply full space-time coarsening only if py >
©* in the multigrid version. If pu; < p*, we only apply semi coarsening in time.
In that case, we will have for the next coarser level ur_1 = 27'Lh22 = 2ur. This
implies that the discretization parameter pur_; gets larger when semi coarsening in
time is used. Hence, if uy_p > p* for £ < L we can apply full space-time coarsening
to reduce the computational costs. If full space-time coarsening is applied, we have
Wwr—1 = 27r (2hL)_2 = %uL, which results in a smaller discretization parameter pr,_1.
We therefore will combine semi coarsening in time or full space-time coarsening in the
right way to get to the next coarser space-time level. For different discretization
parameters p = cu*, ¢ € {1,10}, this coarsening strategy is shown in Figure 7 for 8
time and 4 space levels. The restriction and prolongation operators for the space-time
multigrid scheme are then defined by the given coarsening strategy.
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We now show examples to illustrate the performance of our new space-time multi-
grid method.

EXAMPLE 4.1 (Multigrid iterations). In this example we consider the spatial
domain 2 = (0,1)3 and the simulation interval (0,T) with T = 1. The initial decom-
position for the spatial domain ) is given by 12 tetrahedra. We use several uniform
refinement levels to study the convergence behavior of the space-time multigrid solver
with respect to the space-discretization. For the coarsest time level we use one time
step, i.e. 7o = 1. For the space discretization we use P1 conforming finite elements
and for the time discretization we use piecewise linear discontinuous ansatz functions,
i.e. pr = 1. To test the performance of the space-time multigrid method we use a zero
right hand side, i.e. f = 0 and as an initial guess u® we use a random vector with
values between zero and one. For the space-time multigrid solver we use v = vy = 2,
wy = %, v = 1. We apply for each block A., 1, one geometric multigrid V-cycle to
approzimate the inverse of the diagonal matriz D, p,. For this multigrid cycle we
use Vi = v5 =2, wy = %, Yz = 1. For the smoother we use a damped block Jacobi
smoother. We apply the space-time multigrid solver until we have reached a given
relative error reduction of ey = 1078, In Table 1, the iteration numbers for several
space and time levels are given. We observe that the iteration numbers stay bounded
independently of the mesh size hr,,, the time step size Tr,, and the number of time



28

time levels

time levels

7 6 5 4 3 2 0 7 6 5 4 3 1 0
3 0 0 O . . . 3/ O 0 O . O .
2 .\. . . . . . 2 .\.4n . . . .

space levels

ole . .

ole . .

space levels

(a) Discretization parameter on the finest space-

time level: p7 = 10p™*.

(b) Discretization parameter on the finest space-

time level: p7 = p*.
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Table 1: Multigrid iterations for Example 4.1.

steps Ny, = 2L

EXAMPLE 4.2 (High order time discretizations). In this example we study the
convergence of the space-time multigrid method for different polynomial degrees py,
which are used for the underlying time discretization. To do so, we consider the
spatial domain 2 = (0,1)? and the simulation interval (0,T) with T = 1024. For the
space-time discretization we use tensor product space-time elements with piecewise
linear continuous ansatz functions in space, and for the discretization in time we use
a fized time step size T = 1. For the initial triangulation of the spatial domain € we
consider 4 triangles, which are refined uniformly several times. For the space-time
multigrid approach we use the same parameters as in Fxample 4.1. We solve the
linear system (2.1) with zero right hand side, i.e. f =0 and for the initial vector u®
we use a random vector with values between zero and one. We apply the space-time
multigrid solver until we have reached a relative error reduction of enyjg = 1078, In
Table 2 the iteration numbers for different polynomial degrees p; and different space
levels are given. We observe that the iteration numbers are bounded, independently of
the ansatz functions for the time discretization.

5. Parallelization. One big advantage of our new space-time multigrid method
is that it can be parallelized also in the time direction, i.e. the damped block Jacobi
smoother can be executed in parallel in time. For each time step we have to apply one
multigrid cycle in space to approximate the inverse of the diagonal matrix D., j, .
The application of this space multigrid cycle can also be done in parallel, where one
may use parallel packages like in [6, 5, 24]. Hence the problem (2.1) can be fully
parallelized in space and time, see Figure 8.
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polynomial degree p;

0 1 2 3 4 5 10 15 20 25 30 35 40 45

o7 76 6 6 6 5 5 4 4 4 4 5 5

, Y|\ v v o7 o 0 7 7 7T 7 7
T>) 27 v 7 v 7 7 v v v v 7 17 7 7
<~ 37 77777 7 7 7 17 7 7 17 7
§ 4\7 7 7 7 7 v 7 7 7 7 7 717 7 7
s s5\7 7 7 7 7 7 7 7 7 7 7 717 7 7
6|7 v 7777 7 7 v v 7 17 7 7
T\ v v v 77 v 7 v v 7 17 7 7

Table 2: Multigrid iterations with respect to the polynomial degree p;.

s o | — [

(a) Parallelization only in the time direction. (b) Full space-time parallelization.

Fig. 8: Communication pattern on a fixed level.

The next example shows the excellent weak and strong scaling properties of our
new space-time multigrid method.

ExXAMPLE 5.1 (Parallel computations). In this example we consider the spatial
domain Q = (0,1)3, which is decomposed into 49 152 tetrahedra. For the discretiza-
tion in space we use P1 conforming finite elements and for the time discretization we
use polynomials of order p, = 3 and a fized time step size 7 = 101, For the multigrid
solver in space we use the best possible settings such that we obtain the smallest com-
putational times when we apply the usual forward substitution. In particular we use a
damped Gauf-Seidel smoother with the damping parameter w, = 1.285 and we apply
one pre- and one post-smoothing step, i.e. v = vy = 1. We also tune the multigrid
parameters with respect to time, such that we also obtain the best possible computa-
tional times for the presented space-time multigrid solver. Here we use v = vg =1
smoothing steps and since u = Th~2 is large enough we use for the damping parameter
wr = 1, see also Remark 3.14. Of course we could also use the assymptotic optimal
damping parameter w; = % which would lead to slightly more multigrid iterations for
this case.

To show the parallel performance, we first study the weak scaling behavior of the
new multigrid method. We use a fived number of time steps per core, i.e. 2 time
steps for each core, and we increase the number of cores when we increase the number
of time steps. Hence the computational cost for one space-time multigrid cycle stays
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cores | time steps dof iter | time | fwd. sub. cores | time steps dof iter time

1 2 59 768 7 29.3 21.2 1 32768 | 979 238 912 7 -

2 4 119536 | 7 | 29.6 44.0 2 32768 [ 979238912 [ 7 -

4 8 239072 7 29.6 87.7 4 32768 | 979 238 912 7 -

8 16 478144 | 7 29.7 176.7 8 32768 | 979238912 | 7 | 60232.5

16 32 956288 | 7 | 29.6 351.7 16 32768 | 979238912 | 7 | 30239.5

32 64 1912 576 7 29.7 703.8 32 32768 | 979 238 912 7 15 136.2

64 128 3825152 | 7 | 29.7 1408.3 64 32768 [ 979238912 [ 7 7590.0

128 256 7 650 304 7 29.7 2819.8 128 32768 | 979 238 912 7 3805.2

256 512 15 300 608 7 29.8 5662.7 256 32768 | 979 238 912 7 1906.8

512 1024 | 30601216 | 7 | 29.7 | 11278.4 512 32768 | 979238912 | 7 951.8

1024 2048 61 202 432 7 29.8 22 560.3 1024 32768 | 979 238 912 7 473.4

2048 4096 | 122404 864 7 29.7 45111.3 2048 32768 | 979 238 912 7 238.2

4096 8192 | 244809728 | 7 | 29.7 | 87239.8 4096 32768 [ 979238912 [ 7 119.0

8192 16 384 | 489 619 456 7 29.8 | 174 283.5 8192 32768 | 979 238 912 7 59.4

16 384 32768 | 979238912 | 7 | 29.7 | 348 324.0 16 384 32768 | 979238912 | 7 29.7
(a) Weak scaling results. (b) Strong scaling results.

Fig. 9: Scaling results with solving times in seconds.

almost the same for each core. Only the cost for the communication grows, since the
space-time hierarchy gets bigger, when we increase the number of time steps. In Table
9a, we give timings for solving the linear system (2.1) for a different number of time
steps. We see that the multigrid iterations stay bounded, if we increase the problem size
and that the computational costs stay completely constant if we increase the number
of cores. We also compare the presented space-time multigrid solver with the usual
forward substitution. For this we apply for each time step the space multigrid solver
with the best possible settings from above. We run the space multigrid solver until
we obtain the same relative error tolerance as for the space-time multigrid method.
In Table 9a the timings for the forward substitution are compared with the parallel
space-time multigrid solver. Here we observe that the space-time multigrid solver is
already faster when we use only two cores. Furthermore, when we increase the number
of cores we observe that the space-time multigrid approach completely outperforms the
forward substitution.

To test the strong scaling behavior, we fix the problem size and use 32 768 time
steps, which results in a linear system with 979 238 912 unknowns. Then we increase
the number of cores, which results in smaller and smaller problems per computing
core. In Table 9b the timings are given for different numbers of cores. We see that
the computational costs are divided by a factor very close to two, if we double the
number of cores. All the parallel computations of this example were performed on the
Lemanicus BlueGene/@Q Supercomputer in Lausanne, Switzerland, and for one, two
and four cores, the computational times needed were too large to run, since Lemanicus
has a maximum wall clock time restriction of 24 hours.

6. Conclusions. We presented a new space-time multigrid method for the heat
equation, and used local Fourier mode analysis to give precise asymptotic convergence
and parameter estimates for the two-grid cycle. We showed that this asymptotic
analysis predicts very well the performance of the new algorithm, and our parallel
implementation gave excellent weak and strong scaling results for a large number of
processors.

This new space-time multigrid algorithm can not only be used for the heat equa-
tion, it is applicable to general parabolic problems. It has successfully been applied
to the time dependent Stokes equations, where one obtains similar speed up results
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as for the heat equation. Furthermore, this technique has been applied successfully
to parabolic control problems, but the analysis and the results will appear elsewhere.
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