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Schwarz methods use a decomposition of the computational domain into sub-
domains and need to put boundary conditions on the subdomain boundaries.
In domain truncation one restricts the unbounded domain to a bounded com-
putational domain and also needs to put boundary conditions on the compu-
tational domain boundaries. In both fields there are vast bodies of literature
and research is very active and ongoing. It turns out to be fruitful to think of
the domain decomposition in Schwarz methods as truncation of the domain
onto subdomains. Seminal precursors of this fundamental idea are Hagstrom,
Tewarson and Jazcilevich (1988), Després (1990) and Lions (1990). The first
truly optimal Schwarz method that converges in a finite number of steps was
proposed in Nataf (1993) and used precisely transparent boundary conditions
as transmission conditions between subdomains. Approximating these trans-
parent boundary conditions for fast convergence of Schwarz methods led to
the development of optimized Schwarz methods — a name that has become
common for Schwarz methods based on domain truncation. Compared to
classical Schwarz methods which use simple Dirichlet transmission conditions
and have been successfully used in a wide range of applications, optimized
Schwarz methods are much less well understood, mainly due to their more
sophisticated transmission conditions.

A key application of Schwarz methods with such sophisticated transmission
conditions turned out to be time-harmonic wave propagation problems, be-
cause classical Schwarz methods simply do not work then. The last decade
has brought many new Schwarz methods based on domain truncation. A re-
view from an algorithmic perspective (Gander and Zhang 2019) showed the
equivalence of many of these new methods to optimized Schwarz methods.
The analysis of optimized Schwarz methods is however lagging behind their
algorithmic development. The general abstract Schwarz framework can not be
used for the analysis of these methods, and thus there are many open theoret-
ical questions about their convergence. Like for practical multigrid methods,
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Fourier analysis has been instrumental for understanding the convergence of
optimized Schwarz methods and to tune their transmission conditions. Similar
to Local Fourier Mode Analysis in multigrid, the unbounded two subdomain
case is used as a model for Fourier analysis of optimized Schwarz methods
due to its simplicity. Many aspects of the actual situation, e.g., boundary
conditions of the original problem and the number of subdomains, were thus
neglected in the unbounded two subdomain analysis. While this gave impor-
tant insight, new phenomena beyond the unbounded two subdomain models
were discovered.

This present situation is the motivation for our survey: to give a compre-
hensive review and precise exploration of convergence behaviors of optimized
Schwarz methods based on Fourier analysis taking into account the original
boundary conditions, many subdomain decompositions and layered media.
We consider as our model problem the operator —A + 7 in the diffusive case
1 > 0 (screened Laplace equation) or the oscillatory case n < 0 (Helmholtz
equation), in order to show the fundamental difference of the behavior of
Schwarz solvers for these problems. The transmission conditions we study in-
clude the lowest order absorbing conditions (Robin), and also more advanced
perfectly matched layers (PML), both developed first for domain truncation.
Our intensive work over the last two years on this review led to several new re-
sults presented here for the first time: in the bounded two subdomain analysis
for the Helmholtz equation, we see a strong influence of the original boundary
conditions imposed on the global problem on the convergence factor of the
Schwarz methods, and the asymptotic convergence factors with small overlap
can differ from the unbounded two subdomain analysis. In the many sub-
domain analysis, we find the scaling with the number of subdomains, e.g.,
when the subdomain size is fixed, robust convergence of the double sweep
Schwarz method for the free space wave problem either with fixed overlap
and zeroth order Taylor conditions, or with a logarithmically growing PML,
and we find Schwarz methods with PML work like smoothers that converge
faster for higher Fourier frequencies; in particular, for the free space wave
problem plane waves (in the error) passing through interfaces at a right angle
converge slower. In addition to the main part on analysis, we also give an ex-
pository historical introduction to Schwarz methods at the beginning, and a
brief interpretation of the recently proposed optimal Schwarz methods for de-
compositions with cross points from the viewpoint of transmission conditions,
before we conclude with a summary of open research problems. In Appendix
A, we provide a Matlab program for a block LU form of an optimal Schwarz
method with cross points, and in Appendix B, we give the Maple program for
the two subdomain Fourier analysis.
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Figure 1.1. Left: Hermann Amandus Schwarz (25.1.1843-30.11.1921). Right: orig-
inal figure for the decomposition in the alternating Schwarz method.
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1. Introduction

Schwarz domain decomposition methods are the oldest domain decomposi-
tion methods. They were invented by Hermann Amandus Schwarz (see Fig-
ure 1.1 on the left) in 1869 with a publication in the following year (Schwarz
1870). Schwarz invented the now called alternating Schwarz method in order
to close a gap in the proof of the Riemann mapping theorem at the end of
Riemann’s PhD thesis (Riemann 1851b6), an English translation of which is
available (Riemann 1851a). In his proof, Riemann had assumed that the
Dirichlet problem

Au=01in €, wu =g on 01, (1.1)
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always had a solution, just by taking the function u(zx,y) which solves the
minimization problem?!

J(u) = //Q(gZ)z + ((;Z)dedy — min, wu =g on Jf, (1.2)

and satisfies the boundary condition © = g on 9. When asked why this
minimization problem had always a solution, Riemann replied that he had
learned this in his analysis course taught by Dirichlet, the functional J(u)
being bounded from below, thus coining the term Dirichlet principle. Weier-
strass (1870) then presented a counterexample to this way of arguing: the
functional to minimize, fjll (x - u')?dr — min, is also bounded from be-
low, but when one tries to find a function that minimizes this integral with
boundary conditions u(—1) = a, u(1) = b, a # b, v’ should be small when
x is away from zero, best is taking u’ = 0 so there is no contribution to the
integral, and when x = 0, u’ can be large, since it is multiplied with 0 and
thus also does not contribute. The minimizing “solution” is thus piecewise
constant and discontinuous at = 0, and the gap in Riemann’s proof re-
mained. However, the Dirichlet problem (1.1) had a well known solution on
rectangular and circular domains, using Fourier techniques from 1822. H.A.
Schwarz invented his alternating method by choosing as domain €2 the union
of a disk and an overlapping rectangle (see Figure 1.1 (right)). If we call
the overlapping subdomains €y and Qo (77 and T3 in the original drawing
of Schwarz), and the interfaces I'y and I'y (L2 and L; in the original draw-
ing of Schwarz), the alternating Schwarz method computes alternatingly on
the disk and on the rectangle the Dirichlet problem and carries the newly
computed solution from the interface curves I'y and Iy over to the other
subdomain as new boundary condition for the next solve,

Au = 0 nQy, Auy = 0 in Q,
ut = g on 0N N, uy = g on dNNQo, (1.3)
up = uy”t onTy, uy = uf only.

Schwarz proved convergence of this alternating method using the maximum
principle, see Gander and Wanner (2014) for more information on the origins
of the alternating Schwarz method. All this happened during the fascinat-
ing time of the development of variational calculus and functional analysis,
which led eventually to the finite element method, see the historical review
Gander and Wanner (2012).

! Indeed, taking a variational derivative of J (u), we find for an arbitrary variation v that
vanishes on 0 that L7 (u + ev) = 2ff9(8<uatw) )2+ (8(“6ZE“>)2—Z dz dy. Therefore
at € = 0, using integration by parts and that the variation v vanishes on 950, we get
[, Auv dz dy = 0. Since this must hold for all variations v, we must have Au = 0, i.e.

equation (1.1) holds at a stationary point.




It took many decades before the alternating Schwarz method became a
computational tool. Miller (1965) was the first to point out its usefulness
for computations, but it was with the seminal work of Lions (Lions 1988,
Lions 1989, Lions 1990), and the additive Schwarz method of Dryja and
Widlund (1987), that Schwarz methods became powerful and mainstream
parallel computational tools for solving discretized partial differential equa-
tions. Lions (1988) also proposed a parallel variant of the method, by simply
not using the newest available value along I's but the previous one in (1.3),

uy = u~" on Ty, (1.4)
so that the subdomain solves can be performed in parallel. This is analogous
to the Jacobi stationary iterative method, compared to the Gauss-Seidel sta-
tionary iterative method in linear algebra. Note that the additive Schwarz
method is quite different from the parallel Schwarz method: it is a precon-
ditioner for the conjugate gradient method, and does not converge when
used as a stationary iteration without relaxation, in contrast to the parallel
Schwarz method, see Gander (2008, Section 3.2) for more details.

Lions (1990) also introduced a non-overlapping variant of the Schwarz
method? using Robin transmission conditions in (1.3),

(Ony +p1)ut = (O +p1)uy " on T, (Ony+p2)us = (ny+p2)uf on Ty,

where 0y, j = 1,2, denotes the unit outward normal derivative for 2; along
the interfaces I';, and, following Lions, the p; can be constants, or functions
along the interface, or even operators. In contrast to the classical Schwarz
method, where it was only important to obtain convergence for closing the
gap in the proof of the Riemann mapping theorem, and convergence speed
was not an issue, a good choice of the Robin parameters p; can greatly
improve the convergence of Schwarz methods. Hagstrom et al. (1988) worked
on Schwarz methods for non-linear problems, and advocated to use Robin
transmission conditions involving non-local operators. The work of Tang
(1992) on generalized Schwarz splittings also points into this direction, for
a more detailed review, see Gander (2008).

What is the underlying idea of changing the transmission conditions from
Dirichlet to Robin conditions, even involving non-local operators? In Schwarz
methods for parallel computing, one decomposes a domain into many sub-
domains, see Figure 1.2 for two typical examples. To obtain an overlapping
decomposition, it is convenient to first define a decomposition into non-
overlapping subdomains €2;;, and then to enlarge these subdomains by a
thin layer to get overlapping subdomains €2;;, as indicated in Figure 1.2.

2 He considered therefore decompositions where I'y = I'y, but the method is equally
interesting with overlap as well, since it converges faster than the classical Schwarz
method, as we will see.



6 M. J. GANDER AND H. ZHANG

Yy
A
Y|
Yy
A
t
Yp Y]
Q) —> «— O—pe— Qy—pt— Q>
< Oy > OFQl Pila 0, < 934‘
b Ll
}/j 7777777 | | Xé Xg X
0 X! xr X "

Figure 1.2. Two typical domain decompositions: a two dimensional decomposition
with cross points (left), and a one dimensional or sequential domain decomposition
(right).

Omne then wants to compute only subdomain solutions on the €;; to ap-
proximate the global, so called mono-domain solution on the entire domain
Q. Let us imagine for the moment that the source term of the partial
differential equation to be solved has only support in one subdomain some-
where in the middle of the global domain, like for example in subdomain
2;; in Figure 1.2 on the left, and assume that the global domain is infinitely
large. Then it would be best to put on the boundary of the subdomain
containing the source transparent boundary conditions, since then by solv-
ing the subdomain problem we obtain by definition® the restriction of the
global, mono-domain solution to that subdomain. Robin boundary condi-
tions are approximations of the transparent boundary conditions, and one
can thus expect that with Robin boundary conditions subdomain solvers
compute better approximations to the overall mono-domain solution than
with Dirichlet boundary conditions.

To illustrate this, we solve the Poisson problem Au = f on the unit square
with zero Dirichlet boundary conditions and the right hand side source func-
tion f(x,y) := 100e~100((x=3)*+(¥=3)*) | We show in Figure 1.3 on the left
this source term, and on the right the corresponding solution of the Poisson

3 Transparent boundary conditions are exactly defined by truncating the global domain
such that the solution on the truncated domain coincides with the solution on the global
domain.
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Figure 1.3. Gaussian source term (left) and solution on of the corresponding Poisson
problem (right).
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Figure 1.4. First few iterations of classical (top) and optimized parallel Schwarz
(bottom) for the Poisson problem with Gaussian source term from Figure 1.3.

problem, using a centered finite difference scheme with mesh size h = 1/40.
If we decompose the unit square domain into 3 x 3 subdomains as indicated in
Figure 1.2 (left), and solve the subdomain problem in the center with Dirich-
let boundary conditions v = 0, we obtain the approximation shown in Figure
1.4 (top left). If we perform the solve with Robin conditions (0, + p)u =0
with p = 4, we get the approximation shown in Figure 1.4 (bottom left).
We clearly see that the result when truncating with Dirichlet conditions is
much further away from the desired solution shown in Figure 1.3 (right)
than when truncating with Robin conditions. This is however precisely the
first iteration of a classical Schwarz method with Dirichlet transmission con-
ditions, compared to an optimized Schwarz method with Robin transmission
conditions, when starting the iteration with a zero initial guess. We show in
Figure 1.4 also the next two iterations of the classical (top) and optimized
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Schwarz method (bottom) with algebraic overlap of two mesh layers*, and
we see the great convergence enhancement due to the Robin transmission
conditions, which are much better approximations of the transparent bound-
ary conditions than the Dirichlet transmission conditions. This illustrates
well that Schwarz methods (and domain decomposition methods in general)
are methods which approximate solutions by domain truncation, and we see
that transmission conditions that are better at truncating domains lead to
better convergence.

This became a major new viewpoint on domain decomposition methods
over the past two decades. Naturally Dirichlet (and Neumann) conditions
then appear as not very good candidates to truncate domains and be used
as transmission conditions between subdomains: it is of interest for rapid
convergence to use absorbing boundary conditions which approximate trans-
parent conditions, like Robin conditions or higher order Ventcell conditions,
and also perfectly matched layers (PMLs), or integral operators in the trans-
mission conditions between subdomains.

Optimized Schwarz methods were pioneered in the early nineties by Nataf
et al. (Nataf 1993, Nataf, Rogier and de Sturler 1994); see in particular also
the early contributions of Japhet (1998), Chevalier and Nataf (1998), En-
gquist and Zhao (1998), and Gander, Halpern and Nataf (2000) where the
name optimized Schwarz methods was coined. Optimized Schwarz methods
use Robin or higher order transmission conditions or PMLs at the interfaces
between subdomains, and all are approximations of transparent boundary
conditions, see Gander (2006) and references therein for an introduction®.
This conceptual change for domain decomposition methods is fundamental
and was discovered independently for solving hard wave propagation prob-
lems by domain decomposition and iteration, since for such problems classi-
cal domain decomposition methods are not effective, see the seminal work by
Després (1990), Després (1991), and Ernst and Gander (2012) for a review
why it is hard to solve such problems by iteration. Also rational approxima-
tions have been proposed in the transmission conditions for such problems,
see for example Boubendir, Antoine and Geuzaine (2012), Kim and Zhang
(2015), Kim and Zhang (2016). This new idea of domain truncation led,

4 This corresponds for the classical Schwarz method to a physical overlap of 3k (h the
mesh size), see Gander (2008, Figure 3.1) for the relation between algebraic and physical
overlap, and the discussion in St-Cyr, Gander and Thomas (2007, Section 4.1) for the
algebraic overlap when Robin conditions are used, and algebraic overlap of two mesh
layers corresponds to physical overlap h only.

The term optimal Schwarz method for Schwarz methods with transparent boundary
conditions appeared already in (Gander, Halpern and Nataf 1999) for time dependent
problems, and this use of optimal means really faster is not possible, in contrast to
the other common use of optimal meaning just scalable in the domain decomposition
literature.

ut



independently of the work on optimized Schwarz methods, to the invention
of the sweeping preconditioner (Engquist and Ying 2011a, Engquist and
Ying 20110, Poulson, Engquist and Ying 2013, Tsuji, Engquist and Ying
2012, Tsuji and Ying 2012, Liu and Ying 2016), the source transfer domain
decomposition (Chen and Xiang 2013a, Chen and Xiang 20135, Xiang 2019),
the single layer potential method (Stolk 2013, Stolk 2017), and the method of
polarized traces (Zepeda-Ntunez, Hewett and Demanet 2014, Zepeda-Nufez
and Demanet 2016, Zepeda-Nufniez and Demanet 2018). All these methods
are very much related, and can be understood in the context of optimized
Schwarz methods, for a review and formal proofs of equivalence, see Gan-
der and Zhang (2019), and also the references therein for the many followup
papers by the various groups. A key ingredient of these independently devel-
oped methods is the use of perfectly matched layers as absorbing boundary
conditions, a technique which had only rarely been used in the domain de-
composition community before, for exceptions see Toselli (1999), Schidle
and Zschiedrich (2007), Schédle, Zschiedrich, Burger, Klose and Schmidt
(2007).

While optimized Schwarz methods were developed for general decompo-
sitions of the domain into subdomains, including cross points, as shown
on the left in Figure 1.2 and in the corresponding example in Figure 1.4
(right), the sweeping preconditioner, source transfer domain decomposition,
the single layer potential method and the method of polarized traces were
all formulated for one dimensional or sequential domain decompositions, as
shown in Figure 1.2 on the right, without cross points. This is because these
methods were developed with the physical intuition of wave propagation in
one direction, and not with domain decomposition in mind. In these meth-
ods, the authors had in mind the transparent boundary conditions at the
interfaces, which contain the Dirichlet to Neumann (DtN), or more gener-
ally the Steklov Poincaré operator replacing p in the Robin transmission
condition, and with this choice, the method becomes a direct solver. We
illustrate this in Figure 1.5 for the strip decomposition in Figure 1.2 (right)
with three subdomains and our Poisson model problem with Gaussian source
from Figure 1.3. We see that the method converges in one double sweep,
i.e. it is a direct solver. The iteration matrix (or operator at the continu-
ous level) is nilpotent, and one can interpret this method as an exact block
LU factorization, where in the forward sweep the lower block triangular
matrix L is solved, and in the backward sweep the upper block triangular
matrix U is solved, and the blocks correspond to the subdomains. This in-
terpretation had already led earlier to the Analytic Incomplete LU (AILU)
preconditioners, see Gander and Nataf (2000), Gander and Nataf (2005) and
references therein. Note that other domain decomposition methods can also
be nilpotent for sequential domain decompositions: for Neumann-Neumann
and FETI this is however only possible for two-subdomain decompositions,
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Figure 1.5. Optimal alternating Schwarz using DtN transmission conditions sweep-
ing with the iterates from left to right and then back to left (double sweep) for a
sequential decomposition into three subdomains, solving the Poisson problem with
Gaussian source term from Figure 1.3. The last figure shows the error after one
double sweep, on the order of machine precision.

and for Dirichlet-Neumann up to three subdomains, and in some specific
cases more than three subdomains, see Chaouqui, Gander and Santugini-
Repiquet (2017). The only domain decomposition method which can in
general become nilpotent for sequential domain decompositions is the opti-
mal Schwarz method.

If we use approximations of the optimal Schwarz method, for example
an optimized one with Robin transmission conditions, the method is not
nilpotent any more, as shown in Figure 1.6, but convergence is still very
fast, compared to the classical Schwarz method with Dirichlet transmission
conditions shown in Figure 1.7.

Using PML as transmission conditions in optimized Schwarz methods to
approximate the optimal DtN transmission conditions is currently a very ac-
tive field of research in the case of cross points. Leng and Ju (2019) proposed
a parallel Schwarz method for checkerboard domain decompositions includ-
ing cross points based on the source transfer formalism which uses PML
transmission conditions, and the method still converges in a finite number
of steps, see also Leng and Ju (2021) for a diagonal sweeping variant, and
the earlier work (Leng and Ju 2015, Leng 2015). In Taus, Zepeda-Nufez,
Hewett and Demanet (2020), L-sweeps are proposed for the method of polar-
ized traces interpretation of the optimized Schwarz methods, which traverse
a square domain decomposed into little squares by subdomain solves orga-
nized in the form of L’s, from one corner going over the domain. In these
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Figure 1.6. Optimized alternating Schwarz using Robin transmission conditions
sweeping like optimal alternating Schwarz in Figure 1.5 (the last figure shows the
error after one double sweep).
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Figure 1.7. Classical alternating Schwarz (using Dirichlet transmission conditions)
sweeping like optimized alternating Schwarz in Figure 1.6 (the last figure shows the
error after one double sweep).
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methods, storing the PML layers and using them in the exchange of infor-
mation is an essential ingredient, and it is not clear at this stage if such a
formulation using DtN transmission conditions is possible.

It is however possible to use the block LU decomposition also in the case of
general decompositions including cross points, to obtain a sweeping domain
decomposition method which converges in one double sweep. We show this
in Figure 1.8 for our model problem and the same 3x3 domain decomposition
used in Figure 1.4. We have chosen here simply a lexicographic ordering
of the subdomains, and we see that the method converges in one double
sweep. We show in Figure 1.9 the sparsity structure of the corresponding LU
factors, which indicate the structure of the transmission conditions generated
by the block LU decomposition in this case, a subject that needs further
investigation; if the domain decomposition is a strip decomposition without
cross points, i.e. like in Figure 1.2 on the right, it is known that the block
LU decomposition generates transparent transmission conditions on the left
and Dirichlet conditions on the right of the subdomains, like in the design
of the source transfer domain decomposition method. There is uniqueness
in the block LU decomposition only once one chooses the diagonal of one
of the factors, e.g. the identity matrices on the diagonal of U as we did
here. For the strip decomposition our block LU factorization gives therefore
a different algorithm from the optimal Schwarz method shown in Figure 1.5
which used transparent boundary conditions involving the DtN operator on
both sides of the subdomains. We give a simple Matlab implementation for
these block LU factorizations in Appendix A for the interested reader to
experiment with.

Note that we could have used any other ordering of the subdomains for the
sweeping before performing the block LU factorization: we show for example
in Figure 1.10 the ordering for L-sweeps. We see that the algorithm also
converges in one double sweep, by construction. The corresponding block
LU factors are shown in Figure 1.11.

We show in Figure 1.12 the further popular diagonal ordering for sweeping.
Again we see convergence in one double sweep. The corresponding block LU
factors are shown in Figure 1.13.

It is currently not known how to obtain a general parallel nilpotent Schwarz
method for such general decompositions including cross points. It was how-
ever discovered in Gander and Kwok (2010) that it is possible to define
transmission conditions at the algebraic level, including a global communi-
cation component, such that the associated optimal parallel Schwarz method
converges in two (!) iterations, independently of the number of subdomains,
the decomposition and the partial differential equation that is solved. Such a
global communication component is also present in the recent work (Claeys,
Collino, Joly and Parolin 2020, Claeys and Parolin 2021) for time harmonic
wave propagation problems, which is based on earlier work of Claeys (2019),
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Figure 1.8. Forward and backward sweep for an optimal Schwarz method obtained
by a block LU decomposition for the model problem and 3 x 3 subdomains. We
observe convergence after one double sweep.
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Figure 1.9. Sparsity of the block L and U factors of the optimal Schwarz method
for the 3 x 3 subdomain decomposition from Figure 1.8.

where the multi-trace formulation was interpreted as an optimized Schwarz
method, including cross points.

We will use in what follows the two specific domain decompositions shown
in Figure 1.2, namely one dimensional, sequential or strip decompositions,
and two dimensional decompositions including cross points. For sequential
domain decompositions, we can use Fourier analysis techniques to accurately
study the influence of the transmission conditions used on the convergence
of the domain decomposition iteration, whereas for two dimensional domain
decompositions, such results are not yet available.

2. Two subdomain analysis

It is very instructive to understand Schwarz methods by domain truncation
starting first with a simple two subdomain decomposition, since then many
detailed convergence properties of the Schwarz methods can be obtained
by direct, analytical computations. We consider therefore the strip decom-
position shown in Figure 1.2 on the right but with only two subdomains,
Qp := (0, XT) x (0,Y) and Qg := (X4,1) x (0,Y). Throughout the paper,
by y = O(z) we mean Ci|z| < |y| < Calz| for some constant Cy,Cy > 0
independent of z, and we write the asymptotic y ~ x if limy/z = 1 and =
consists of the leading terms.

2.1. Laplace type problems

We study first the screened Laplace equation (sometimes also called the
Helmholtz equation with the “good sign”),

m—Au=f inQ:=(0,1)x(0,Y), (2.1)
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Figure 1.10. Forward and backward sweep for an optimal Schwarz method obtained
by a block LU decomposition for the model problem and 3 x 3 subdomains using
an L-sweep. We observe again convergence after one double sweep.
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Figure 1.11. Sparsity of the block L and U factors of the optimal Schwarz method
for the 3 x 3 subdomain decomposition from Figure 1.8 when using the L-sweep
ordering.

with 7 > 0. As boundary conditions, we impose on the left and right a
Robin boundary condition,

Bl(u) == du+plu=g', B'(u):=0u+pu=g", (2.2)

where 0,, denotes the unit outer normal derivative (i.e. —0, on the left and
0; on the right). On top and bottom we impose either a Dirichlet or a
Neumann condition,

B®(u) = g with either B®(u) := u or B®(u) := I,

Bi(u) = g with either B!(u) := u or Bt(u) := Opu. (2:3)
An alternating Schwarz method then starts with an initial guess u9 in subdo-
main 2o and performs for iteration index n = 1, 2, ... alternatingly solutions
on the subdomains,
(m—Aut = f in O, (m—Auy = f in Q,

P(uf) = Bi(uy™!) atw=X{,  Bh(uf) = By(u}) at z =X},
B'(u}) = ¢ at =0, B"(uy) = ¢g" at © =1,
B(uf) = ¢" at y =0, B'(up) = ¢"  aty=0,
B'(uf) = ¢ aty =Y, B'(ug) = g¢' at y =Y.

(2.4)

Here the key ingredient are the transmission conditions B} and BZQ, which in
the classical Schwarz method are Dirichlet, see (1.3), but in Schwarz methods
based on domain truncation, e.g. optimized Schwarz methods, they are of
the form

Bl (u) == dpu+ Sy (u), Bh(u) := du+ Sh(u). (2.5)
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Figure 1.12. Forward and backward sweep for an optimal Schwarz method obtained
by a block LU decomposition for the model problem and 3 x 3 subdomains using
an D-sweep. We observe again convergence after one double sweep.
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Figure 1.13. Sparsity of the block L and U factors of the optimal Schwarz method
for the 3 x 3 subdomain decomposition from Figure 1.8 when using the D-sweep
ordering.

Here S and Sé can either be constants, S| = py, Sé = p2, pj € R, which
leads to Robin transmission conditions, or more general tangential operators
acting along the interface, e.g. S| = p1 — q10yy with p1,¢1 € R, which would
be Ventcell transmission conditions, or one can also consider more general
transmission conditions involving rational functions or PMLs, see Gander
and Zhang (2019) and references therein.

In order to study the convergence of the Schwarz method (2.4), we intro-
duce the error €7 := u — u}, j = 1,2, which by linearity satisfies the same
iteration equations as the original algorithm, but with zero data, i.e.

(m—A)e! =0 in Qq, (m—A)es =0 in Qy,
ren) = Bi(ep) atw— X[, Bh(el) — Bh(et) atz— Xb,
Bie}) =0 at =0, B(ey) = 0 at © =1,
Bb(e?) = 0 at y =0, Bb(ef) = 0 at y =0,
Bi(el) = 0 aty=Y, Bi(eh) = 0 aty=Y,

(2.6)
as one can easily verify by directly evaluating the expressions on the left of
the equal signs, e.g.

(n—Al=m—A)u—uy)=f—-f=0.

To obtain detailed information on the functioning of such Schwarz methods,
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it is best to expand the errors in a Fourier series in the y direction?,

ey = Zé?( cos( )+ Z ) sin —y) (2.7)
k=0

Now if at the bottom and top we have Dirichlet conditions, all the error
coefficients of the cosine are zero, and if we have Neumann conditions, all
the error coeflicients of the sine are zero. In either case, inserting the Fourier
series into the error equations (2.6), we obtain by orthogonality of the sine
and cosine functions for each cosine error Fourier mode er,J =12 (and
analogously for the sine error Fourier mode €}') the Schwarz iteration

(77—839I+k2)é?:0 in (07 X{)a (n_awz+k2) Anzo in (Xé, 1),
Br(EM=p7(eh" 1) at z=XT, pLem=p(er) at z=X1,
BLem)=0 at =0, B (e8)=0 at =1,

(2.8)
where we defined the frequency variable k := 5+, and f7, 52, B, A" denote

the Fourier transforms of the boundary operators also called their symbols,
e.g. B = 0, + o] with o] the symbol of the tangential operator chosen in
(2.5). If this operator was for example S| = p1 — q10yy, P1, q1 constants,
then its symbol would be o] = p1 +¢1 k2, from the two derivatives acting on
the cosine, which also leads to the sign change from minus to plus.

Solving the ordinary differential equations in the error iteration (2.8), we
obtain using the outer Robin boundary conditions for each Fourier mode k
the solutions” (with z := 1 — )

&z, k) = A2(K) (\/k:2 + 1 cosh(v/&Z + nz) + p' sinh(v/k2 + nx)) :
ey (x, k) = A5 (k) (\/k2 + ncosh(v/k2 + nz) + p” sinh(\/ k2 + n@)) :

To determine the two remaining constants A} (k) and A5 (k) we insert the
solutions into the transmission conditions in (2.8), which leads to

At = pi (ko plip" o) ALY, AL = po(k,m,p', 0", 0h) AT, (2.10)
with the two quantities

(k2—oTp"+n) sinh(y/k2+n(XT—1))—cosh

(2.9)

\ E24n(XT—1))\/k2+n(p"—0o7)

(
P1= (k2+o7pt+n) sinh(y/ k241 X7 )+cosh(v/k2+nXT)\/ k2 +n(pt+o7) ’ (2 11)
P (k2 —abp'+n) sinh(v/k?+0.X3)+cosh(y/ k2 40 X5) v/ k2 +n(p! —ob) '

(

VE2n(XL—1) /K2 +n(pr+ab)

(k2+0okpr+n) sinh(y/k2+n(X},—1))—cosh

6 Note the different symbols éj for the cosine, and €] for the sine coefficients.
" These computations can easily be performed in Maple, see Appendix B.
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Their product represents the convergence factor of the Schwarz method,

p(k,n,p',p" 07, 0b) = pi(k,n,p',p", o)) pa(k,n, 0 ", o), (2.12)

i.e. it determines by which coefficient the corresponding error Fourier mode
k is multiplied over each alternating Schwarz iteration.

Since the expression for the convergence factor p looks rather complicated,
it is instructive to look at the special case first where the domain, and thus
the subdomains, are unbounded on the left and right. This can be obtained
from the result above by introducing for the outer boundary conditions a
transparent one, i.e. choosing for the Robin parameters the symbol of the
DtN operator® p" := \/k2 + 1, p! := \/k2 + 1. This leads after simplification
to the convergence factor

/12 + /k2 +
p(k,n,0f,0h) = i i 02 —X)VE - (2.13)
VE2+n+ 0o n+oh
This convergence factor shows us a very important property of these Schwarz
methods: if we choose o] = o} := \/k? + 7, the tangential symbol of the
transparent boundary condition, the convergence factor vanishes identically
for all Fourier frequencies k, i.e. after two consecutive subdomain solves,
one on the left and one on the right (or vice versa), the error in each Fourier
mode is zero, i.e. we have the exact solution on the subdomain after two
alternating subdomain solves! This is called an optimal Schwarz method,
see footnote 5. If we thus used a double sweep, first solving on the left
subdomain and then on the right, followed by another solve on the left
(or a double sweep in the other direction), we would have the solution on
both subdomains, which shows for two subdomains the double sweep result
illustrated in Figure 1.5 for three subdomains. This result holds in general
for many subdomains in the strip decomposition case; it was first proved in
Nataf (1993, Result 3.1) for an advection diffusion problem. If we use the
parallel Schwarz method for two subdomains, then we need two iterations
in order to have each subdomain solved one after the other, so the optimal
parallel Schwarz method for two subdomains will converge in two iterations,
a result that generalizes to convergence in J iterations for J subdomains in

8 The symbol of the DtN operator for the transparent boundary condition can be ob-
tained by solving e.g. () — Oz + k%)é1 = 0 on the outer domain (—oo,0) with Dirichlet
data é1(0) = g, which gives é; = geV k2+"w, because solutions must remain bounded as
x — —oo. Since 0;61 = \/k? + né1, the outer solution é; satisfies for any = € (—o0, 0]
the identity —0,é1 + 1/k? + né1 = 0. One could therefore also solve this outer problem
on any bounded domain, e.g. (a,0) imposing at x = a the transparent boundary con-
dition 9né1 + \/k% + né1 = 0, since the outward normal 9, = —3d,, and get the same
solution. Note that \/k2 + n is the symbol of the DtN map § — 9né1 with 9, = O,
i.e. the operator that takes the Dirichlet data g, solves the problem on the domain, and
then computes the Neumann data for the outward normal derivative.
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the strip decomposition case, first proved in Nataf et al. (1994, Proposition
2.4).

In the bounded domain case, we can still obtain these same results by chos-
ing in the transmission conditions the tangential symbols of the transparent
boundary conditions for the bounded subdomains, which is equivalent to
choosing ¢} and o such that p; and p in (2.11) vanish, which leads to

V2 (tanh (/K20 (X] ~1)) /K240 —p" )

o] = ’
tanh(y/k2+n(X]~1))p" —/k2+1 (2.14)
l v/ (vanh (/R0 XA) /R
0'2 - :

tanh(y/k2+nX5)pl4++/k2 41
As in the unbounded domain case, these values correspond to the symbols of
the associated DtN operators on the bounded domain, as one can verify by a
direct computation using the solutions (2.9) on their respective domains, as
done for the unbounded domain in footnote 8. We see that in the bounded
domain case, the symbols of the DtN maps in (2.14), and hence the DtN
maps also, depend on the outer boundary conditions, since both the domain
parameters (X7 and X4) and the Robin parameters in the outer boundary
conditions (p' and p") appear in them. However, for large frequencies k, we

have
NV SN

since tanhz — +1 as z — 400, and thus only low frequencies see the
difference from the bounded to the unbounded case in the screened Laplace
problem.

Choosing Robin transmission conditions, S := p} = o7 and S} := pl, = o}
with p7, pl, € Rin (2.5), and taking the limit in the convergence factor (2.13)
as the Robin parameters p] and plz go to infinity, we find

pk,n,) = e 2T XDV, (2.15)

which is the convergence factor of the classical alternating Schwarz method
on the unbounded domain, since the transmission conditions (2.5) become
Dirichlet transmission conditions in this limit of the Robin transmission
conditions. We see now explicitly the overlap L := X] — X} appearing in
the exponential function. The classical Schwarz method for the screened
Laplace problem therefore converges for all Fourier modes k, provided there
is overlap, and n > 0. If n = 0, 4.e. we consider the Laplace problem, then
the Fourier mode & = 0 does not contract on the unbounded domain. Re-
call however that k = 0 is only present in the cosine expansion for Neumann
boundary conditions on top and bottom, it is the constant mode, and the
Schwarz method on the unbounded domain does indeed not contract for this
mode. For Dirichlet boundary conditions on top and bottom, %.e. consid-
ering the sine series in (2.7), the smallest Fourier frequency is k = ¢ > 0
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Figure 2.14. Left: classical Schwarz convergence factor for n — A and different
outer boundary conditions on the left and right. Right: corresponding Schwarz
convergence factor with Robin transmission conditions.

so the Schwarz method is contracting, even with n = 0. Note also that the
contraction is faster for large Fourier frequencies k£ than for small ones due
to the exponential function, and hence the Schwarz method is a smoother for
the screened Laplace equation. A comparison of the classical Schwarz con-
vergence factor (2.15) with the convergence factor for the optimized Schwarz
method with Robin transmission conditions in (2.13) shows that the latter
contains the former, but in addition also the two fractions in front which are
also smaller than one for suitable choices of the Robin parameters. The op-
timized Schwarz method therefore always converges faster than the classical
Schwarz method, and furthermore can also converge without overlap, which
was the original reason for Lions to propose Robin transmission conditions.

To see how the classical Schwarz method contracts on a bounded domain,
we show in Figure 2.14 (left) the different cases for the outer boundary con-
ditions (p' = p” = 5 in the Robin case), by plotting (2.12) for when the pa-
rameters in the Robin transmission conditions go to infinity, and the model
parameter n = 1, for a small overlap, L = X{| — X% = 0.51 — 0.49 = 0.02.
This shows that the different outer boundary conditions only influence the
convergence of the lowest frequencies (k small) in the error, for larger fre-
quencies there is no influence. This is due to the diffusive nature of the
screened Laplace equation: high freqency components are damped rapidly
by the (screened) Laplace operator, and thus they don’t see the different
outer boundary conditions. On the right in Figure 2.14 we show the cor-
responding convergence factors with Robin transmission conditions, chosen
as p] = pl2 = 3. This indicates that there is an optimal choice which leads
to the fastest possible convergence, which in our example is achieved for
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the Neumann outer boundary condition with the choice p| = p12 ~ 3, since
the maximum of the convergence factor is minimized by equioscillation, i.e.
the convergence factor at k = 0 equals the convergence factor at the inte-
rior maximum at around k£ = 18. For different outer boundary conditions,
there would be a better choice p} = p), equioscillating e.g. for Dirichlet outer
boundary conditions the blue curve. This optimization process led to the
name optimized Schwarz methods.

Let us compute the optimized parameter values: for the simplified situa-
tion where we choose the same Robin parameter in the transmission condi-
tion, pj = pl2 = p, we need to solve the min-max problem

min _max_|p(k,n,p',p",p,p)| (2.16)
p ke[kmin,oo)
with the convergence factor p from (2.12). The solution is given by equioscil-
lation, as indicated in Figure 2.14, i.e. we have to solve

p(Kmin, 0, 5 07, 0%, 0%) = p(kym, pty 07, 0%, pY), (2.17)

for the optimal Robin parameter p*, where k denotes the location of the
interior maximum visible in Figure 2.14 (right). We observe numerically
that k ~ Ck#, and p* ~ Cpﬁ, see also Gander (2006) for a proof of
this, and Bennequin, Gander and Halpern (2009) for a more comprehensive
analysis of such min-max problems. Inserting this Ansatz into the system
of equations formed by (2.17) and the derivative condition for the local
maximum

akp(%vnaplvpr7p*ap*) = 07 (218)
we find by asymptotic expansion® for small overlap L
_ i 2(2C, — C?
Op(k,n, o, p", 0", p%) = 2026, ) ’(’12 k)L+O<L4/3), (2.19)
k
roox % C
plhmin, 099" p"p") = 1= 5 LY +(9(L2/3> : (220)
D
_ 219
ol gt pt) = 102G 2y O(L2/3) , (2:21)
k

9 For the expansions involving k, it is much easier to expand the convergence factor of
the unbounded domain analysis (2.13), which gives the same result as the expansion of
the convergence factor (2.12) with (2.11) from the bounded domain analysis, since they
behave the same for large k, see Figure 2.14 on the right. This approach was discovered
in Gander and Xu (2014) under the name asymptotic approximation of the convergence
factor, see also Gander and Xu (2017), Chen, Gander and Xu (2021) where this new
technique was used.
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where all the information about the geometry!? is in the constant stemming
from the value of the convergence factor at the lowest frequency (2.20),
_ 28((k12nin + pipr +1n)s + s¢s(pr+ pr))
(((Sspr + Scs)csx - (cspr + 355)35x)(55a:pl + Csxs)) ’

Here we let s := \/k2 + 1, cs := cosh(s), ss := sinh(s), csy := cosh(sX}),
sz = sinh(sX}) to shorten the formula. Setting the leading order term
of the derivative in (2.19) to zero, and the other two leading terms from
(2.20) and (2.21) to be equal for equioscillation leads to the system for the
constants Cj, and Cp,

2(2C, — C}) C . CE+2C,

— =0, =2

Ci

C, Cv
1/3 2/3
a-(5)" o-3(5)"
2 2 \ 2

The best choice of the Robin parameter is therefore given for small overlap

L by
_1/C 23
Pr=3 <2> L7Y3, (2.23)

(2.22)

whose solution is

with the geometry constant C' from (2.22), which leads to a convergence
factor of the associated optimized Schwarz method

9\ 2/3
pr~1—2 (C) L3, (2.24)

We show in Figure 2.15 on the left the contraction factor for this optimized
Schwarz method for the different outer boundary conditions, and also for
the unbounded domain case, for the same parameter choice as in Figure
2.14. We see that the contraction factor equioscillates using the asymptotic
formulas already for an overlap L = 0.02, so the formulas are very useful
in practice. We see also that the unbounded domain analysis which does
not take into account the geometry leads to an optimized convergence factor
in between the other ones. In practice one can also use the corresponding
simpler formula from Gander (2006, equation (4.21)), namely

* 1 —
p = 5 Al + )AL (2.25)

in the case of the screened Laplace equation, which only deteriorates the
performance a little, see Figure 2.15 on the right.

10 See also Gander and Xu (2016) where it is shown that variable coefficients also influence
essentially the low frequency behavior.
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Figure 2.15. Left: optimized Schwarz convergence factor for n — A and different
outer boundary conditions. Right: corresponding convergence factors when using
the optimized parameter from the simpler unbounded domain analysis.

Another, easy to use choice is to use a low frequency Taylor expansion
about £ = 0 of the optimal symbol of the DtN operator (2.14), since the
classical Schwarz method is not working well for low frequencies, as we have
seen in Figure 2.14 on the left. Expanding the optimal DtN symbols in
(2.14), we obtain

. Vv(tanh(y/n(X7—1))/n—p"
h = t(anh(\/?;(X{"il))p“x/ﬁ ) * O(k2) ’ (2.26)
1 /m(tanh(ynXh)ym+pt) +O(k?) '
by = tanh(\/ﬁXé)pl"F\/ﬁ )

We see that the Taylor parameters also take into account the geometry.
Using just the zeroth order term leads to the Taylor convergence factors
shown in Figure 2.16 on the left. Their maximum k is affected by the
outer boundary conditions, and can be explicitly computed when the overlap
L := X} — X7 becomes small'!,

_ P+

where p| and pl are from (2.26) without the order term, and setting X7 :=
X} in pf due to the expansion for L small.

On the right, we show the results when using the first term in the Robin
transmission conditions from the Taylor expansion of the optimal symbols

11 We give in Appendix B the Maple commands to show how such technical computations
can be performed automatically.
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Figure 2.16. Left: convergence factor for Schwarz with Taylor based Robin trans-
mission conditions for n — A and different outer boundary conditions on the left
Right: corresponding Taylor Schwarz convergence factor using the zeroth order Tay-
lor transmission conditions from the unbounded domain analysis, p} = pl, = NGE

from the unbounded domain analysis, \/k%2 +n = /7 + ﬁkQ + O(k4),

te p] = pl2 = /n. We see that this choice works even better compared
to the precise Taylor coefficients adapted to the outer boundary conditions
in the Neumann case, but slightly worse for the Dirichlet and Robin case.
Nevertheless, convergence with the simple Taylor conditions is not as good as
with the optimized ones in Figure 2.15, and this becomes more pronounced
when the overlap L becomes small as shown in (2.27) compared to (2.24).
Higher order transmission conditions can also be used and analyzed, see
Gander (2006), and give even better performance with weaker asymptotic
dependence on the overlap.

2.2. Helmholtz problems

We now investigate what changes if the equation is the Helmholtz equation,
(A+whHu=f inQ:=(0,1) x (0,Y), (2.28)

with w € R. As boundary conditions, we impose on the left and right again
the Robin boundary condition (2.2), and on top and bottom first a Dirich-
let or a Neumann condition as in (2.3). The alternating Schwarz method
remains as in (2.4), but with the differential operator (n — A) replaced by
the Helmholtz operator (A +w?). The corresponding error equations for the
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Fourier coefficients are

(Opatw?—k2)er=0 in (0,X7), (Opptw?—k?)eh= in (X4,1),
Bi(en)=p1(es") at a=XT, Bh(e5)= (6?) at x=XJ,
B(e1)=0 at =0, B"(e5)=0 at r=1.

(2.29)

Solving the ordinary differntial equations, we obtain using the outer Robin
boundary conditions for each Fourier mode k # +w the solutions (z := 1—z)

& (x, k) =A% (k) (\/w2 " k2 cos(vw? — k2z) + pf sin(vVw? — k%)) ,
ey (x, k)=A5 (k) (\/0.12 — k2 cos(Vw? — k2z) + p" sin(vw? — k2g)> )

Comparing with the solutions for the screened Laplace equation in (2.9), we
see that the hyperbolic sines and cosines are simply replaced by the normal
sines and cosines, which shows that the solutions are oscillatory, instead of
decaying. Note however that the arguments of the sines and cosines are only
real if k? < w?, i.e. for Fourier modes below the frequency parameter w. For
larger Fourier frequencies, the argument becomes imaginary, and the sines
and cosines need to be replaced by their hyperbolic variants and we obtain
that solutions behave like for the screened Laplace problem in (2.9).

The two remaining constants A} (k) and A% (k) are determined again using
the transmission conditions, and we obtain after a short calculation again
the convergence factor of the form (2.12), with

(K2 —oTp"—w?) sin(vVw?2—k2(XT—1))—cos(Vw2—kZ(XT—1))Vw2—k2(p"—o7)
PL= (k2+o7pt w2)sm(\/w2 k2XT)+cos(Vw2—k2XT)Vw2—k2(pl+o7) ’ (2 31)
1)+ .
)=

(2.30)

(k?—olp! —w?) sin(vVw2—k2 X} cos(\/w27k2Xé)\/w27k2(pl70'é)
p2= (k2+olpr—w?) sin(vVw2—k2(X,—1))—cos(Vw2—k2 (XL —1)) Vw2 —k2(pr+0ob)

It is again instructive to look at the special case first where the domain, and
thus the subdomains, are unbounded on the left and right, which can be ob-
tained from the result above by introducing for the outer Robin parameters
the symbol of the DtN operator, i.e. p’ := ¥ivw? — k2, p' := divw? — k2,
where ¥ = sign(w? — k?) if \/z for z € C uses the branch cut (—oo, 0). These
symbols can be obtained as shown in footnote 8 for the screened Laplace
problem, and leads after simplification to the convergence factor

bl 0,07, )= VR =0y VAR e vioa?,
Y Fivw?— k:2+al Yivw?— k2+a

As in the case of the screened Laplace equation, we see again that if we
choose in the transmission conditions the symbol of the DtN operators,
ol = ob = ¥ivw? — k2, the convergence factor vanishes identically for all
Fourier frequencies k, and we get an optimal Schwarz method, see footnote
5, as for the screened Laplace problem.

(2.32)
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In the bounded domain case, we can still obtain an optimal Schwarz
method choosing in the transmission conditions the tangential symbols of
the transparent boundary conditions for the bounded subdomains, which is
equivalent to choosing ¢} and o such that p; and ps in (2.31) vanish, and
leads to
r V?T—E2(—tan(Vw?—kZ(X] —1))VwI—kZ—p")

B tan(vVw2—k2(XT—1))p" —Vw2—k2 ’ (233)
l VTR~ tan(Va— K2 X)) VR —RZ+p! )
B tan(vw2—k2 XL )pl+vw? —k2 ’

As in the unbounded domain case, these values correspond to the symbols
of the associated DtN operators, as one can verify by a direct computation
using the solutions (2.30) on their respective domains, as done for the un-
bounded domain case of the screened Laplace problem in footnote 8. We see
that in the bounded domain case, the symbols of the DtN maps in (2.33),
and hence the DtN maps also, depend on the outer boundary conditions,
since again both the domain parameters (XJ and X)) and the Robin pa-
rameters in the outer boundary conditions (p' and p") appear in them. For
large frequencies k, we still have

T VR, o iR,

since the tangent function for imaginary argument iz becomes itanh z — +i
as z — Foo, and thus high frequencies, also called evanescent modes in the
Helmholtz solution, still do not see the difference from the bounded to the
unbounded case, as in the screened Laplace problem.

Choosing Robin transmission conditions, S} := p| = o} and S} := ph, = o},
with pf, p, € R in (2.5), and taking the limit in the convergence factor (2.13)
as the Robin parameters p} and p} go to infinity, we find

plk,m,) = e 2T —XDVEI—e? (2.34)

which is the convergence factor of the classical alternating Schwarz method
for the Helmholtz equation on the unbounded domain, and we see again the
overlap L := X{ — Xé appearing in the exponential function. The classical
Schwarz method therefore converges for all Fourier modes k% > w?, provided
there is overlap. However for smaller Fourier frequencies, the method does
not contract on the unbounded domain.

To see how the Schwarz method contracts on a bounded domain, we show
in Figure 2.17 (left) the different cases for the outer boundary conditions
(p' = p" = iw in the Robin case), by plotting (2.12) for when the parame-
ters in the Robin transmission conditions goes to infinity, and the Helmholtz
frequency parameter w = 10, again with overlap L = (0.02. This shows
that the different outer boundary conditions greatly influence the conver-
gence for Fourier modes k? < w?, the Schwarz method violently diverges
for these modes, except for the unbounded case where we obtain stagna-
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Figure 2.17. Left: classical Schwarz convergence factor for Helmholtz and differ-
ent outer boundary conditions on the left and right. Right: corresponding opti-
mized Schwarz convergence factor with Taylor transmission conditions from the
unbounded domain analysis.

tion, but still no convergence. For larger frequencies k% > w?, there is
no influence of the outer boundary conditions on the convergence. On the
right in Figure 2.17 we show the corresponding convergence factors with
Robin transmission conditions, chosen as p| = pl2 = iw, which correspond
to Taylor transmission conditions of order zero from the unbounded do-
main anaylsis'?, by expansion of the corresponding optimal symbol around
k=0, iVw? — k% = iw+ O(k?). Here we see that again the different outer
boundary conditions greatly influence the convergence for Fourier modes
k? < w?: for unbounded subdomains, and also subdomains with Robin ra-
diation conditions at the ends, the Schwarz method converges well for small
Fourier frequencies. With Dirichlet and Neumann outer boundary condi-
tions however, we obtain again divergence, although a bit less violent than
in the classical Schwarz method. For larger frequencies k2 > w?, there is
again very little influence of the outer boundary conditions on the conver-
gence. We also observe an interesting phenomenon around k? = w? the so
called resonnance frequency: with Robin radiation conditions, the Schwarz
method also converges in this case, while for unbounded subdomains we
obtain a convergence factor with modulus one there.

It does not help to use the corresponding Taylor transmission conditions
of order zero adapted to each outer boundary conditions, as we show in
Figure 2.18 on the left. Now the low frequencies converge well in all cases,

12 Tt is interesting to note that the same result is also obtained for the bounded domain
case when the outer Robin transmission conditions are chosen as p" = p' = iw.
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Figure 2.18. Left: optimized Schwarz convergence factor for Helmholtz and dif-
ferent outer boundary conditions on the left and right, using the correspondingly
adapted Taylor transmission conditions. Right: corresponding optimized Schwarz
convergence factor minimizing the maximum of the convergence factor numerically
with complex Robin transmission conditions.

but divergence is even more violent for other frequencies with Dirichlet and
Neumann outer boundary conditions. We finally show the results of numer-
ically optimized Robin transmission conditions with pf, pé € C on the right
in Figure 2.18, minimizing the convergence factor in modulus'®. We see that
there do not exist complex Robin parameters that can make the optimized
Schwarz method work well for Dirichlet and Neumann outer boundary con-
ditions on the left and right, low frequencies simply converge badly or not
at all. However with Robin outer boundary conditions on the left and right,
the optimization leads to a quite fast method now, with a convergence fac-
tor bounded by 0.4, compared to the Taylor transmission conditions where
the convergence factor was bounded by about 0.8. This shows that for
Helmholtz problems absorbing boundary conditions on the original problem
are very important for Schwarz methods to converge, and we thus focus on
this case in what follows, i.e. p! = p" = iw.

We start by studying the performance with Taylor transmission condi-
tions, p| = pl2 = iw, when the overlap is varying, and the Helmholtz fre-
quency w is increasing. We show in Figure 2.19 the convergence factors
for four different overlap sizes L = 0.2,0.1,0.02,0.002 and Helmholtz fre-
quencies w = 10, 20,30,40. We see that convergence difficulties increase

13 For the unbounded case we did not optimize since the convergence factor equals 1
there for k = w. There are however optimization techniques in this case as well, see
e.g. Gander, Magoules and Nataf (2002), Gander, Halpern and Magoules (2007a) and
references therein.
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Figure 2.19. Optimized Schwarz convergence factor for Helmholtz with Robin outer
boundary conditions and Taylor transmission conditions for different overlap sizes:
from top left to bottom right w = 10, 20, 30, 40.

dramatically with increasing w: while for w = 10, the convergence factor
is smaller than one for all overlap sizes L, we see already that the largest
overlap L = 0.2 is not leading to better convergence than the next smaller
one, L = 0.1. For w = 20 now the two larger overlaps L = 0.2 and L = 0.1
lead to divergence. For w = 30 the best performance is obtained for the
smallest overlap L = 0.002, and for w = 40 the smallest overlap is the only
overlap for which the method still contracts. We thus need small overlap
in this waveguide type setting with Dirichlet or Neumann conditions on top
and bottom for the method to work with Taylor transmission conditions.
Let us investigate this analytically when the overlap L goes to zero. Com-
puting the location of the maximum at k& > w visible in Figure 2.19 and then
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Lo | maxelel | 1-maxclo] |

0.1000000000 | 22.7898956625 | -21.7898956625
0.0100000000 | 1.2309097387 | -0.2309097387
0.0010000000 | 0.9962177046 | 0.0037822954
0.0001000000 | 0.9987180209 | 0.0012819791
0.0000100000 | 0.9998069224 | 0.0001930776
0.0000010000 | 0.9999749357 | 0.0000250643
0.0000001000 | 0.9999969499 | 0.0000030501
0.0000000100 | 0.9999996424 | 0.0000003576
0.0000000010 | 0.9999999591 | 0.0000000409
0.0000000001 | 0.9999999954 | 0.0000000046

Table 2.1. Maximum of the convergence factor for Taylor transmission conditions
with the same outer boundary conditions on the left and right and w = 100, for
decreasing overlap size L.

evaluating the value of the convergence factor in modulus at this frequency
k, we obtain for the convergence factor for small overlap L after a long and
technical computation

mkax|p(k:,w,L)| =1-(8-4lm2—-4InL)L+O(L?). (2.35)

The method therefore converges for small enough overlap also when w be-
comes large for this two subdomain decomposition and outer Robin condi-
tions on the left and right, p' = p" = iw with Taylor transmission conditions
Pl = pl2 = iw. However convergence is rather slow, compared to the case

of the screened Laplace equation with convergence factor 1 — C’)(\/Z) as

shown in (2.27), even though there is absorption for Helmholtz on the left
and right. We show in Table 2.1

the convergence factor for w = 100 when L goes to zero for a symmetric
subdomain decomposition, X% = % —L/2, X] = X% + L/2, and one can
clearly see the logarithmic term In L in the last column which displays 1 —
maxy, |p|, from the slow increase in the first non-zero digit. One can also see
from Table 2.1 that for a given Helmholtz frequency w, there is an optimal
choice for the overlap, here around L = 0.001 for best performance.

We next investigate if an optimized choice of the complex transmission
parameters pﬁ",pé € C can further improve the convergence behavior with
Robin conditions with p” = p' = iw on the left and right outer boundaries. A
numerical optimization minimizing the maximum of the convergence factor
gives the results shown in Figure 2.20. Comparing with the correspond-
ing Figure 2.19 for the Taylor transmission conditions, we see that much
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Figure 2.20. Optimized Schwarz convergence factor for Helmholtz with Robin outer
boundary conditions and optimized complex Robin transmission conditions for dif-
ferent overlap sizes: from top left to bottom right w = 10, 20, 30, 40.

better contraction factors can be obtained using the optimized transmis-
sion conditions, and also that the method is convergent for all overlaps for
w = 10,20, 30. However, for w = 40, we see again that for the largest over-
lap, the optimized contraction factor is above 1, and thus as in the Taylor
transmission conditions, for large Helmholtz frequency w, the overlap will
need to be small enough for the optimized method to converge, and there
will be a best choice for the overlap.

To investigate this further, we show in Table 2.2 the best contraction fac-
tor that can be obtained for w = 100, as we did in Table 2.1 for the Taylor
transmission conditions, and we also show the value of the optimized com-
plex transmission condition parameter. We see that the optimization leads
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L P =1h | maxy, [p| | 1—maxg || |

0.1000000000 | -13.7512+4i17.6068 | 1.366317 | -0.366317
0.0100000000 -0.7183+126.7434 0.963833 0.036166
0.0010000000 0.7700+17.8147 0.882396 0.117603
0.0001000000 1.6590+111.5704 0.929865 0.070134
0.0000100000 3.6059-+124.6349 0.966615 0.033384
0.0000010000 7.7838+152.9876 0.984342 0.015657
0.0000001000 | 16.7767+i114.0584 | 0.992699 0.007300
0.0000000100 | 36.147741i245.6848 | 0.996604 0.003395
0.0000000010 | 77.879441529.2904 | 0.998422 0.001577
0.0000000001 | 167.7869+11140.3116 | 0.999267 0.000732

Table 2.2. Best complex parameter choice and maximum of the convergence factor
for optimized complex Robin transmission conditions with outer Robin boundary
conditions p! = p” = iw on the left and right and w = 100, for decreasing overlap
size L.
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Figure 2.21. Asymptotic behavior of the optimized complex Robin parameter and
associated convergence factor distance from 1.

to a method which degrades much less, compared to the Taylor transmission
conditions, and there is still a best choice for the overlap that leads to the
most advantageous contraction, around overlap L = 0.001 as in the Taylor
case. But using the optimized parameters the method will converge ap-
proximately 100 times faster, since 0.9987180208'%° = 0.879607 = 0.882396.
There are however so far no analytical asymptotic formulas for this opti-
mized choice available. Nevertheless, plotting the results from Table 2.2 in
Figure 2.21 cleary shows that the optimized choice behaves asymptotically



L

maxy ||

| 1 - maxe ol |

0.1000000000
0.0100000000
0.0010000000
0.0001000000
0.0000100000
0.0000010000
0.0000001000
0.0000000100
0.0000000010
0.0000000001

0.0471851340
0.3360508362
0.7854583112
0.9537799195
0.9913446318
0.9984392375
0.9997213603
0.9999503928
0.9999911753
0.9999984305

0.9528148659
0.6639491637
0.2145416887
0.0462200804
0.0086553681
0.0015607624
0.0002786396
0.0000496071
0.0000088246
0.0000015694
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Table 2.3. Maximum of the convergence factor for Taylor transmission conditions
with the same Robin outer boundary conditions all around and w = 100, for de-
creasing overlap size L.

for small overlap L as
P (CTHONL T, pha( CHHCHLT, maxlpl=1-0(11%), (2.36)

which is a much better result than for the Taylor transmission conditions
that gave maxy [p| = 1 — O(L) up to the logarithmic term.

Since we have seen how important absorption is for the Helmholtz prob-
lem, in contrast to the screened Laplace problem, we now study the Helmholtz
problem also with Robin conditions all around, also on top and bottom. This
needs the solution of the corresponding Sturm-Liuville problem (details can
be found in Section 3). We start again by studying the performance with
Taylor transmission conditions, p| = plg = iw, when the overlap is varying,
and the Helmholtz frequency w is increasing. We show in Figure 2.22 the
convergence factors for four different overlap sizes L = 0.2,0.1,0.02,0.002
and Helmholtz frequencies w = 10,20,30,40. We see immediately the
tremendous improvement by having now also Robin conditions on the top
and bottom in the Helmholtz equation: the Schwarz method converges for
all overlap sizes L, even if the Helmholtz frequency is increaseing, there is
no requirement any more for the overlap L to be small. We do currently not
yet have an analysis of this behavior, but we show in Table 2.3 the conver-
gence factor for w = 100 when L goes to zero for a symmetric subdomain
decomposition, Xé = % —L/2, X| = Xé + L/2, and one can clearly see the
much better asymptotic performance due to the Robin boundary conditions
on top and bottom, compared to the waveguide case shown in Table 2.1.
We can also numerically observe the dependence of the convergence factor



36 M. J. GANDER AND H. ZHANG

1.2 1.2

1 11
0.8 0.8
0.6 0.6
0.41 0.41
0.2 0.2

0+ ; : " " y 04 ; : ‘ " )

0 10 20 30 40 50 0 10 20 30 40 50
kk kk
—— L-02 — L=0.1 — L=0.02 — L=0.002 — 1-02 — L-0.1 — L=0.02 — L=0.002

1.24 1.2

19 1
0.8 0.8
0.6 0.6
0.4 0.4
0.24 0.2

e
0+ ‘ ‘ ; - y 0+ ; ‘ ; -
0 10 20 30 40 50 0 10 20 30 40 50
kk kk
[—L1=02—1L=01 — L=0.02 — L=0.002] [—L=02—1L=01 — L=0.02 — L=0.002]

Figure 2.22. Optimized Schwarz convergence factor for Helmholtz with Robin outer
boundary conditions all around and Taylor transmission conditions for different
overlap sizes: from top left to bottom right w = 10, 20, 30, 40.

in this case to be
max p(k,w, L)) = 1 - O(L3/4> (2.37)

as we show in Figure 2.23 on the left. On the right, we show how the
maximum location k = O(L‘l/ 4) is increasing now.

We next show that an optimized choice of the complex transmission pa-
rameters pj, plg € C can still further improve the convergence behavior with
Robin conditions all around the global domain. A numerical optimization
minimizing the maximum of the convergence factor gives the results shown
in Figure 2.24. Comparing with the corresponding Figure 2.22 for the Taylor
transmission conditions, we see that again much better contraction factors
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Figure 2.23. Asymptotic behavior of the convergence factor with Robin conditions

all around (left) and of the maximum location k (right).

L P} = ph | maxy |p| | 1— max; || |
0.1000000000 0.0002+182.4166 0.057800 0.942200
0.0100000000 0.0003+150.8853 0.292866 0.707134

0.0010000000 47.7606+4-179.4621 0.301674 0.698326
0.0001000000 120.2543+1142.8230 0.538849 0.461151
0.0000100000 266.8504+-1287.5608 0.746725 0.253275
0.0000010000 578.47444-1609.4633 0.872807 0.127193
0.0000001000 | 1247.93824-11308.2677 | 0.938763 0.061237
0.0000000100 | 2689.36944-12816.3510 | 0.971090 0.028910
0.0000000010 | 5794.42744-16066.6093 | 0.986475 0.013525
0.0000000001 | 12483.88014-113069.6327 | 0.993699 0.006301

Table 2.4. Best complex parameter choice and maximum of the convergence factor
for optimized complex Robin transmission conditions with outer Robin boundary
conditions all around and w = 100, for decreasing overlap size L.

can be obtained using the optimized transmission conditions. To investigate
this further, we show in Table 2.4 the best contraction factor that can be
obtained for w = 100, as we did in Table 2.3 for the Taylor transmission con-
ditions, and we also show the value of the optimized complex transmission
condition parameter. We see that the optimization leads to a method which
again degrades much less, compared to the Taylor transmission conditions,
and the best choice is the largest overlap when there are Robin conditions all
around the domain. There are currently no analytical asymptotic formulas
for this optimized choice either, but plotting the results from Table 2.4 in
Figure 2.25 cleary shows that the optimized choice behaves asymptotically
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Figure 2.24. Optimized Schwarz convergence factor for Helmholtz with Robin outer
boundary conditions all around and optimized complex Robin transmission condi-
tions for different overlap sizes: from top left to bottom right w = 10, 20, 30, 40.

for small overlap L again as
P~ (CT+ICT) LY, phes(Ch+iCH L3, m,gx|p|:1—0(L1/3), (2.38)

like in the waveguide case with Dirichlet or Neumann conditions on top and
bottom. This is still much better than for the Taylor transmission conditions
that gave maxy [p| =1 — O(L3/4).

From the two subdomain analysis in this section, we have already learned
many things for Schwarz methods by domain truncation, or optimized Schwarz
methods: for the screened Laplace problem, outer boundary conditions are
not influencing convergence very much, and complete analysis is available for
the convergence of these methods, also with optimized formulas for Robin
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Figure 2.25. Asymptotic behavior of the optimized complex Robin parameter and
associated convergence factor distance from 1 when there are Robin conditions all
around the domain.

transmission conditions. Compared to classical Schwarz methods with con-
traction factors 1—O(L) when the overlap L becomes small, Taylor transmis-

sion conditions give a contraction factor 1 — O(\/f), and optimized Robin

transmission conditions give 1 — (’)(Ll/ 3). This is very different for the
Helmholtz case, where the performance of Schwarz methods is very much
dependent on the outer boundary conditions imposed on the domain on
which the problem is considered. Radiation boundary conditions are very
important for Schwarz methods to function here: in a waveguide setting
with Robin conditions on the left and right, classical Schwarz methods still
do not work, but Taylor transmission conditions of Robin type, the simplest
absorbing boundary conditions, can then lead to convergent Schwarz meth-
ods, provided the overlap is small enough, with convergence factor 1 — O(L)
up to a logarithmic term. Optimized Robin transmission conditions lead
again to 1 — (’)(Ll/ 3), as in the screened Laplace case. If there are radia-
tion conditions of Robin type all around, using these same conditions also as
transmission conditions leads to contraction factors of the form 1— O(LB/ 4),
but now the methods also work with larger overlap, and optimized Robin
conditions give 1 — (’)(Ll/ 3) with numerically observed much better con-
stants, asymptotically comparable to the screened Laplace case!

3. Many subdomain analysis

We now investigate the performance of optimized Schwarz methods, or
equivalently Schwarz methods by domain truncation, when more than two
subdomains are used. Since we have seen in Section 2 that absorbing bound-
ary conditions (ABCs) play an important role for the Helmholtz case, and
perfectly matched layers (PMLs) are another technique to truncate domains,
we now study the convergence of Schwarz methods for a sligthly more general
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problem where the operators in the x and y direction are written separately,
so that PML modifications can be introduced, namely

(Lo +Lyu+nu=f onQ=[0,X]x[0,Y],
B'u=0 on {0} x [0,Y],
B'u=0 on{X}x][0,Y], (3.1)
B =0 on [0,X]x {0},
Bu=0 on[0,X]x{Y},

where L, is a linear partial differential operator about *, 1 is a constant
which we will choose to handle both the screened Laplace and the Helmholtz
case, the unknown u and the data f are functions on 2, and B*’s are linear
trace operators. For Schwarz methods, the domain is decomposed first into
N subdomains [X}, XT] x [0,Y] with X! = (j — 1)H, X] = jH + 2L and
H = (X —2L)/N, as shown for an example in Figure 1.2 on the right. The
restriction of (3.1) onto the subdomains €2; are solved with the solutions u;
to satisfy the transmission conditions

B uj = B ujgy on {X17} % [0,Y7], (3.2)

except on the original boundary {0, X'} x [0, Y].

Remark 3.1. We note that if u; satisfies the restriction of (3.1) onto €,
by linearity of (3.1), the partial differential equation for the error u — u;
on €; is homogeneous (with f = 0) and invariant under the transforma-
tion (x,y,m) — (%, %,YQn). We further assume that the boundary and
transmission conditions have the same invariance. Then, we can let Y =1
without loss of generality for the convergence analysis.

The generalised Fourier frequencies +£ correspond to the square-roots of
the Sturm-Liouville eigenvalues £2,

Lyp=E¢ onl0,Y],
B¢ =0 at {0}, (3.3)
Bl¢o=0 at {Y}.

We assume that the eigenfunctions {¢(y,&,)}, € € {&o,&1,8&2,...} C C al-
low the solution of (3.1) to be represented as Y oo u(z,&,)d(y, &)1, with

14 We still denote the Fourier transformed quantities for simplicity by the same symbols
u, f, B' and B" to avoid a more complicated notation.
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Figure 3.26. Illustration of the interface-to-interface operators.

u(zx, §) satisfying the problem

Lou+ (& +nu=f  onl0,X],
Blu=0 atz=0, (3.4)
Bu=0 at r = X.

Let gé = Bé.Uj at v = le- and g7 = Bju; at x = XJ. To rewrite (3.2)

in terms of the interface data gé, . ,gf\,, 91s-->9nN_1, t-e. in substructured
form, we define the interface-to-interface operators (see also Figure 3.26)

aj: (ﬁj at l’:le-)—) (Bé-ﬂvj at m:X]l»_H) with v; solving

L,0j+(624+1)v;=0 in (X;-,X;), Bé»vjzfj at :L“:le», Biv;j=0 at z=X7,

b;: (v; at m:X;)—>(B§-+1vj at x:XJl-H) with v; solving
L0+ 4n)v;=0 in (X]l»,X;-'), Bé-vjzo at a::X}, Bivj=~; at x=X7,

¢j: (75 at sz?)—)(B;?_lvj at x:X;_l) with v; solving

£mvj+(£2+77)vjzo in (le,X]T)’ Bé.vj:() at :L':le», B;Uj:fyj at $:X;y

d;: (Ej at x:XJl-)%(B;_lvj at m:X;_l) with v; solving

vaj+(§2+n)vj:0 in (X;-,X;), Bévjzﬂj at x:X]l-, B;vj:() at x:X;-",

where B} := B! and BY, := B". Using these operators, we can rewrite (3.2)
as a linear system, namely
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l

1 —b1 92 T2
—as 1 7b2 gé Té
—anN-1 1 —bn_1 g 7k
—ds 1 —C2 g1 T
—ds Lo 95 5
—CN -1
L —dn 1 1 L IN—1 | L TN-1 |
(3.5)
which we denote by
I-A -B g _ 7t (3.6)
-D I1-C||g"| ||’ '
where le. = Bgvj, 7} := Bjv; with v; satisfying

Lovj+ (€ +mo;=f o [X],X]),
Bé-vj:() atx:X]l-,
Biv; =0 at © = X7.
The double sweep Schwarz method amounts to a block Gauss-Seidel iteration

for (3.6): given an initial guess ¢"0 of ¢", we compute for iteration index
m=20,1,...

gr= (-0 [+ DI - AN B (3)

We denote by €™ := ¢g" — ¢g"™ the error, which then by (3.7) satisfies a
recurrence relation with iteration matrix Tposm,

ML = Thogve™ == (I — O)"'D(I — A)~'Be™™, (3.8)

The Jacobi iteration for (3.5) gives the parallel Schwarz method with the
recurrence relation

m m A B l,m
€™t = Tpogme™ = [D C’} [E’"m} . (3.9)

Remark 3.2. The block Jacobi iteration for (3.6) leads to the X (cross)
sweeps (Stolk 2017, Zepeda-Nunez et al. 2014, Zepeda-Ninez and Demanet
2016) starting from the first and last subdomains simultaneously, namely,

m m ) I—A)~1B] [ém
€™ = Toogme™ = |:(I—C)_1D ( O) :| |::T7m:| . (3.10)

It is easy to see that T(%OSM has the same spectra as Tposm does.
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Remark 3.3. For two subdomains N = 2, (3.5) reduces to

1 —bl gé _ ’é
—dy 1 | |g] gl

Then, Tposm = bids is exactly the two-subdomain convergence factor (2.12).
On the one hand, the influence of the outer left/right boundary conditions
BY"u = 0 is totally contained in by and dy. For fast convergence, the b; and
d; are the only entries that can be made arbitrarily small by approximating
the transparent transmission conditions. On the other hand, the influence
of N is mainly through (I —C)~!, (I — A)~!in (3.8) or the nilpotent A, C
in (3.9), not directly related to the diagonal B, D. This explains why and
how the two-subdomain analysis from Section 2 is useful.

Let s := \/§2T77 be the symbol of the square-root operator /L, + 1 (also
known as the half-plane Dirichlet-to-Neumann operator, see footnote 8).

Assume the boundary operator B" has the symbol F¢-" (€)d, + p-"(€).
Then, one can find the symbols of the operators a;, bj, ¢; and d; in (3.5) so
that the iteration matrices Tposm and Tposm become symbol matrices; see
e.g. Nataf and Nier (1997), Bootland, Dolean, Kyriakis and Pestana (2022),
Gander and Zhang (2020). Let
A O O B O O O O
x-[5 o] 2=[o o -«-[o & =-[5 7]

There exist the following results in norm.

Theorem 3.4 (Nataf and Nier (1997)). Let || - || be an algebra norm
of matrices (so that the submultiplicative property ||AB|| < || A||||B]| holds),
with || I|| = 1. If for some & we have

N—-2 N-2
o(&) = [BOID)]l (Z ||9‘(§)Hn> (Z Hﬂf)!") <1,
n=0 n=0

then the estimates
1
[TEosm(E)I < Co(f)l_ig(g)
ITBosm(E)l < Co(§)(1 + o(€))e(€)", vn > 2,

. _ o(§) o(§) o(§)
hold with Co(¢) = (1 + ||%<s)||> (1 M EGI II%(é)IIHD(ﬁ)II)'

This theorem tells us the optimized Schwarz methods converge as soon as
|bj|, |d;j| are sufficiently small while |a;|, |c;| remain bounded, which corre-
sponds to having nearly transparent conditions on the left and right bound-
aries of each subdomain. The upper bounds suggest that a double sweep
iteration Tposm is worth 2N — 2 parallel iterations nggﬁ. But since we do
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not know how sharp the bounds are, we can still not answer precisely the
scalability questions such as the scaling with N — co. For that purpose, we
opt to calculate the eigenvalues of the symbol matrices numerically. In case
of Tposm with real-valued symbols, a two-sided estimate is also available
(Gander and Zhang 2020).

Let p=p(&,n, N, H, L,...) be the spectral radius of the symbol iteration
matrix, where the dots represent the parameters to be introduced in the
transmission operator B;-’T. The goal of this section is to find the asymptotic
scalings of max¢ p in terms of , N, H, L, etc. One scaling is N — oo with

B = Bé-’r and n, H, L fixed (or generally all the symbol values a, b fixed).
Another scaling is to fix X and let N — oo with 7 either fixed or growing.
In this scaling, H = (X —2L)/N — 0 and L = CH" (v > 1). To distinguish
the effects of N — oo and H — 0, it is useful to study a third scaling with
H — 0, L = CH” and all the other parameters fixed. In particular, for
N = oo, we can see how the subdomain size (or block size in the matrix
language) influences the convergence. Also, the effect of small overlap can
be revealed with L — 0 and N, X fixed.

For the parallel Schwarz iteration with a; = a, b; = b, ¢;j = ¢, d; = d
independent of j and a = ¢, a closed formula for ps := limy_,o p has been
found rigorously (Bootland et al. 2022), which we shall use later. Here, we
give a formal derivation when the domain becomes (—oo,00) x (0,Y") and
Q; = (X;,X;f) x (0,Y) for j = 0,41, £2, .... The interface data are collected
as the bi-infinite sequence g := (... ,gé, 951 9§'+1’ gj,--.) with the displayed
four entries indexed by 25 — 1, 2, 25 + 1 and 2j + 2. We define the splitted
Fourier sequences (entries displayed at the same indices as before)

Gt = (..., @M=D g G2+ o),
Cb,u, 2 = ( e 707 eiu(?j)’ Oa eiu(2j+2)7 o ')7

with o € [—m,7]. Then, one can find that span{¢, 1, ¢, 2} is an invariant
subspace of Tposm. In fact, using the definition (3.9), we can calculate

(Trosmey)(2j — 1) = ac78) = ae™W. ¢, (2 - 1),
(Trosnidy,1)(27) = de* 7Y = de™# - ¢, 5(25),
so we have TposmPu,1 = ae 2. Gu1 + de . ¢u,2. Therefore, we find

ae 2t pelt
Trosm(Pu,1, Ou,2) = (D1, u2) ( de—il  ¢o2in )

When a = ¢, the eigenvalues of the last matrix are

Au+ 1= acos(2p) £ \/bd — aZsin?(2u),

which for p € [—m, 7] generate the continuum part of the limiting spectra
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proved by Bootland et al. (2022). But there may be also isolated points
to appear in the limiting spectra under some circumstances (Bootland et
al. 2022), which we did not find here. In all of our numerical observations,
we found that no outlier contributed to the spectral radius.

When we graph the function p(£), in contrast to the two subdomain Sec-

tion 2, we will rescale & as \/&2 +n/,/7 for n > 0 and Re{/w for n = —w?,

w > 0 so that in both cases the evanescent modes among e* E4neticy g1
ways correspond to the rescaled variables greater than one. Moreover, in
the transmission conditions for domain truncation, it is essential to approx-
imate the square-root symbol /&2 + 1. For example, the Taylor of order
zero approximation gives /&2 +n = /n. The reflection coefficient without
overlap given by

£24n
R VI—VE€+n 1775
\/7_\/6-2—’_77 1+ £2+77

Vv

can naturally be understood as a function of the rescaled variables.

Two different elliptic partial differential equations will be considered.
One is the diffusion equation with £, + £, = —A, n > 0, also known
as the screened Laplace equation, the modified Helmholtz equation, or the
Helmholtz equation with the good sign. The other is the time-harmonic
wave equation with £, + L, = —A'in Q, n = —w?, w > 0, also known as
the Helmholtz equation. For free space waves, the bottom and top bound-
ary [0, X] x {0,Y} is from domain trunction of [0, X] x (—o0,00). In case
PMLs are used for this along the bottom and top boundaries, we consider
the problem (3.1) on the PML-augmented domain [0, X] x [-D,Y + D] with
L, = —3(y)9,(3(y)d,) in the PML, B* = T or 9, on [0, X]x {—D,Y + D},
and the complex stretching function

1 on [0,Y],
=] (- on[-D], (3.11)
(1—-is(y—Y))~t on[Y,Y + D],

a(0) = 0, f0D5(y) dy = 3D~y (a specific form of & has no influence on
the convergence analysis), and v > 0 is the PML strength. In this case,
we will consider the generalised Fourier frequency from the Sturm-Liouville
problem (3.3) defined on [—D,Y + D] and we have { = jn/(Y + (2 —iy)D),
J a nonnegative integer for C = F9, or positive integer for C = Z. The trace
operators in the transmission conditions (3.2) are chosen from Table 3.5,
where the PML operators need more explanation. For the diffusion problem,
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Table 3.5. Trace operators Bé-’r in the transmission conditions (3.2): column 2 for
the diffusion problem, column 3 for the wave problem

Problem | (—A+nu=f,n>0 | (-A—wHu=fw>0
Dirichlet | z | not used
Taylor of order 0 | FOr + /M | FO, + iw

Continuous PML | F9, + S with S in (3.12) | ¥, + S with S in (3.14)

we will use the following Dirichlet-to-Neumann operator:
S : g — 0;v(0) with v satisfying
(—5(x)02(8(x)0z) — Oyy +m)v =0 on [-D,0] x [0,Y],
B =0 on[-D,0] x{0,Y}, (3.12)
Cv=0 on{-D} x]0,Y],
v=g on{0}x]0,Y],

where 3(z) = (1+&(—z))"" on (=D,0), 5(0) = 0, [ 5(x)de = LD~,
v > 0, and C is either Dirichlet or Neumann trace operator. Let S be the
symbol of the above § and n be the outer normal unit vector. We have

1+E
Ern  HC=T,

S= 1_E (3.13)
2 _ fC =
£ +7]1+E, if C = 0On,

with F = exp(—(2 + v)D+/&%2 4+ n). For the free space wave problem, we
will use the following Dirichlet-to-Neumann operator:
S:9—0,v(0) with v satisfying
3(2)04(5(2)90) +5(1)9y(3(y)d,0)=nv  on [~D,0]x[~DY +D],
Cv=0 on [-D,0]x{-D,Y+D}, (3.14)
Cv=0 on {-D}x[-D,Y+D],
v=g on {0}x[-D,Y+D],
where the complex stretching function § has been defined in (3.11). The
symbol of the above S is (3.13) but with E = exp(—(2 — iv)Dv &2 + 7).

Remark 3.5. The signs in front of the imaginary unit i, e.g., — in (3.11)
and + in Table 3.5, reflect that we are using the time-harmonic conven-
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Table 3.6. Scalings of max p of the Schwarz methods for the diffusion problem.

£€l0,00)
N number of subdomains; L overlap width; X domain width; H subdomain width

Parallel Schwarz | N — oo, H, L fixed | N — oo, X, £ fixed

Dirichlet | O(1) € (0,1) | 1—- O(N_Z)
Taylor of order zero | O(1) € (0,1) | 1-O(N7Y)
PML fixed |  O(1)e(0,1) | 1-0(N7Y

Double sweep Schwarz | N — o0, H, L fixed | N — o0, X, % fixed

Dirichlet | o0@1)e(0,1) | 1-0(N7?)
Taylor of order zero | O(1) € (0,1) | 1-0(NY)
PML fixed | o1 e(,1) | O(1) € (0,1)

tion e, and the signs would be opposite for the other convention e~
(more popular). Our choice is consistent with y/£2 + 1 using the branch cut
(—OO, 0)

In the following subsections, we shall explore the various specifications of
the Schwarz methods for the diffusion and free space wave problems in detail
based on the numerical calculations of the eigenvalues of the symbol iteration
matrices. For the anxious readers, we first list the main observations in
Table 3.6 for diffusion and Table 3.7 for free space waves. More information,
e.g., the dependence on the other parameters, will be revealed later.

3.1. Parallel Schwarz methods for the diffusion problem

In this case, the original problem (3.1) has £, + £, = —A, n > 0. The
Neumann boundary condition Bt = FOy is imposed on top and bottom
of © so that & = 0,m,2m,3m,... but for simplicity the continuous range
¢ € ]0,00) is considered for the diffusion problem. The boundary condition
on left and right of €2 is Neumann, Dirichlet or the same as the transmission
condition: B = F0,, T or Bz.’r.
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Table 3.7. Scalings of max¢ p of the Schwarz methods for the free space wave prob-
lem. N number of subdomains; L overlap width; X domain width; H subdomain

width; w wavenumber; D PML width

Parallel | N — oo, w, N — oo, w, w — 00, N, N — o0, ¥,

Schwarz H, L fixed X, % fixed X, Lw fixed | X, Lw% fixed
Taylor [1-0(N"Y)" [ 1-0(N"§) [1-0(w ) | 1-0(N?)
PML | 1-O(N7") | 1-0O(N 1) o(1) 1-0(N 1)
L =0 | with D fixed | with D fixed | with D fixed | with D fixed

* We observed also one exception for which maxe p=1— O(N73/2); see Figure 3.55.

Doubl
oupe N — oo, w, N — 00, w, w — 00, N, N — oo, ¥,
sweep L 3
H, L fixed X, T fixed X, Lw fixed | X, Lw? fixed
Schwarz ’
Taylor o0(1) diverges 1-0 (w_%) diverges
PML — 0 with D — 0 with D O0(1) — 0 with D
L=0 | =0O(logN) = O(log N) | with D fixed | = O(logN)

3.1.1. Parallel Schwarz methods with Dirichlet transmission for the
diffusion problem

We begin with the parallel Schwarz method with classical Dirichlet transmis-
sion B;’T = 7 for which the overlap width L > 0 is necessary for convergence.
For a general sequential decomposition, a variational interpretation of the
convergence was given by Lions (1988). An estimate of the convergence
rate was derived recently (Ciaramella and Gander 2018). A general the-
ory for the parallel Schwarz method is far from being as complete as the
theory for the additive Schwarz method (Toselli and Widlund 2005). For
example, a condition number estimate of the restricted additive Schwarz
(RAS) method (Cai and Sarkis 1999) has been an open problem for two
decades, and RAS is equivalent to the parallel Schwarz method (Efstathiou
and Gander 2003, St-Cyr et al. 2007).

Convergence with increasing number of fived size subdomains With the num-
ber of subdomains N — oo, the subdomain width H fixed, and the overlap
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width L fixed, the convergence factor p = p() is illustrated in the top half of
Figure 3.27. The plots of p on the left show that p from the limiting spec-
trum formula is a very accurate approximation of p already starting from
N = 10. It is also clear that the Schwarz method is a smoother that performs
better for larger cross-sectional frequency €. The plots of the log-scaled 1 —p
on the right display a constant slope of the initial parts of the curves. The
slope is estimated to be 2 for p,,. The influence of the original boundary
condition is also manisfested in those plots: the asymptotic p — po as
N — oo comes later for the Dirichlet problem (more precisely, mixed with
the Neumann conditions on top and bottom, similarly hereinafter) than for
the Neumann problem. In the bottom half of Figure 3.27, the scaling of
1 — max¢ p (attained at £ = 0 as seen before) is shown. The conclusion is
that max¢p = O(1) < 1 independent of N — oco. But a preasymptotic
deterioration with growing N is visible for B = T and small n, H.

Convergence on a fixed domain with increasing number of subdomains With
the number of subdomains N — oo and the domain width X fixed, the
results are shown in Figure 3.28 in a format similar to Figure 3.27. In this
scaling, the symbol values a, b vary with N and no limiting spectral radius
is known in closed form, since the matrix entries change with the scaling.
But the plots of the convergence factor p = p(&) in the left column of the
top half of Figure 3.28 indicate the limiting curve is the constant one, and
the plots in the right column display a constant slope in the log scale of
1 — p for small \/£2 + 7. The slope is estimated to be 2 for the Neumann
problem and 0 for the Dirichlet problem. The bottom half of Figure 3.28
shows the scaling max¢ p =1 — (’)(N _2) for various values of the coefficient
1 and the overlap width L. The hidden constant factor in O(N *2) can be
seen depending linearly on 7 and % for the Neumann problem, and linearly

on % but is independent of small 5 for the Dirichlet problem.

Convergence with a fized number of subdomains of shrinking width With the
number of subdomains N fixed and the subdomain width H — 0, we try
to understand the dependence of the convergence factor p on H separately
from the dependence on N. As we can see from the top half of Figure 3.29,
smaller H leads to slower convergence for all the Fourier frequencies &. Note
that each graph of p(§) for N = 10 is accompanied with a graph of the
corresponding po, for infinitely many subdomains N = oco. So by “interpo-
lation” one can imagine roughly the graphs for other values of N based on
the knowledge of Figure 3.27. In the right column of Figure 3.29, we see
that, for the Neumann problem, the process of the subdomain width H — 0
alone incurs the deterioration of convergence, while for the Dirichlet prob-
lem the process of H — 0 needs to be combined with number of subdomains
N — oo to incur a deterioration. The bottom half of Figure 3.29 presents
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Figure 3.27. Convergence of the parallel Schwarz method with Dirichlet transmis-
sion for diffusion with increasing number of fixed size subdomains.
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Figure 3.28. Convergence of the parallel Schwarz method with Dirichlet transmis-
sion for diffusion on a fixed domain with increasing number of subdomains.
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the scaling of 1 — max¢ p with H — 0. On the left for the overlap width
L = O(H), it shows that max¢ p = 1 — O(H?) for the Neumann problem
where O(H?) depends linearly on the coefficient 7, and max¢ p = O(1) for
the Dirichlet problem where O(H 2) is independent of 7. On the right, dif-
ferent values of v for the overlap width L = O(H") are used, which suggests
max¢ p = 1 — O(HL) for the Neumann problem and max¢ p = 1—O(H L)
for the Dirichlet problem.

Convergence on a fired domain with o fized number of subdomains of shrink-
ing overlap With both number of subdomains N and the domain width X
fixed and the overlap width L — 0, we find the convergence factor p(§) — 1;
see the top half of Figure 3.30. In particular, the right column shows a
faster convergence of the Schwarz method for the Dirichlet problem than
for the Neumann problem. The speed of max¢ p = p(0) — 1 appears linear
in L — 0; see the bottom half of Figure 3.30. The hidden constant factor
in O(L) = 1—pis O(nH) for the Neumann problem and robust in the
coefficient 1 and subdomain width H for the Dirichlet problem.

3.1.2. Parallel Schwarz method with Taylor of order zero transmission for
the diffusion problem

By using the Taylor of order zero transmission condition, see Table 3.5, the
subdomain problem away from the boundary {0, X } x[0, Y] is a domain trun-
cation of the problem on the infinite pipe (—o0,00) x [0,Y]. It is interesting
to check how the original boundary condtion on {0, X} x [0,Y] influences
the convergence. At least, we expect the Schwarz method to work when the
original boundary operator is also Taylor of order zero: B“" = Bé-’r, because
then the original problem is a domain trunction of the infinite pipe prob-
lem. In the following paragraphs, we will study the convergence of parallel
Schwarz for the Dirichlet/Neumann/Taylor BY" separately. The literature
on a general theory of the optimized Schwarz method with Robin transmis-
sion conditions is rather sparse. Lions (1990) gave the first convergence proof
in the non-overlapping case, without an estima