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1 Introduction

Ever since the publication of the first book on domain decom-
position methods by Smith, Bjørstad, and Gropp [8], where
non-matching grids were used for overlapping Schwarz meth-
ods (see on the right), and the methods worked very well, a
theoretical understanding of their convergence remained open.
We are interested in a better understanding of such Schwarz methods for Dis-
crete Duality Finite Volume (DDFV) discretizations for anisotropic diffusion,

L(u) := −div(A∇u) = f in Ω, u = 0 on ∂Ω, A(x, y) :=
(
Axx Axy
Axy Ayy

)
, (1)

where Ω is an open bounded domain of R2, and A is a uniformly symmetric
positive definite matrix. DDFV optimized Schwarz methods have been de-
veloped for (1) in [5, 4], because these techniques are especially well suited
for anisotropic diffusion [6, 3, 1]. We study here for the first time a new
overlapping DDFV Schwarz algorithm with classical Dirichlet transmission
conditions that can handle non-matching grids, due to carefully chosen addi-
tional unknowns in the DDFV scheme. We prove convergence of the DDFV
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Fig. 1: Primal non-matching meshes associated to the decomposition Ω =
Ω1 ∪ Ω2. Left: primal mesh M1 = M11 ∪M12 for Ω1 in red. Right: primal
mesh M2 = M21 ∪M22 for Ω2 in black. Both meshes Mj are completed to
the entire domain to investigate the limit of the method.

Schwarz algorithm in the case of matching grids, and show numerically that
for some non-matching grids convergence is still achieved to monodomain
DDFV solutions. Finally, under mesh refinement, the Schwarz limit always
converges to the underlying continuous monodomain solution.

2 Overlapping DDFV Schwarz algorithm

The continuous parallel Schwarz method for (1) and two subdomains Ω1 and
Ω2, Ω̄ = Ω̄1 ∪ Ω̄2 reads

−div(A∇ul+1
j ) = f in Ωj , u

l+1
j = 0 on ∂Ωj,d, u

l+1
j = uli on Γj , j = 1, 2, (2)

where i = j + 1 mod 2 and ∂Ωj = ∂Ωj,d ∪ Γj with Γj ∩ ∂Ω = ∅. Each
subdomain Ω̄j can be partitioned into Ω̄jj ∪ Ω̄ji with Ωji = Ωij = Ωj ∩Ωi.
We now introduce the technical description of DDFV, see [1] for more details.
The meshes. Consider for j = 1, 2 a DDFV mesh Tj = (Mj ,M

∗
j , ∂Mj , ∂M

∗
j )

of the domain Ωj defined as follows: the primal mesh Mj = Mjj ∪Mji is a
set of disjoint open polygonal control volumes k ⊂ Ωj such that ∪k = Ωj .
Here Mjj (resp. Mji) stands for the control volumes in Ωjj (resp. in Ωji).
In particular, this implies that no primal control volume of Mj is crossed by
Γi. Note also that in general the meshes in the overlap need not be the same,
Mji 6= Mij , as shown in Fig. 1. We call the special case when Mji = Mij the
conforming case, and otherwise the non-conforming case. We denote by ∂Mj

(resp. ∂Mj,d, ∂MΓj ) the set of edges of the control volumes in Mj included
in ∂Ωj (resp. ∂Ωj,d, Γj) with ∂Mj = ∂Mj,d ∪ ∂MΓj .To each primal cell k,
we associate a center xk. To each vertex xk∗ of the primal mesh, we associate
a dual cell as shown in Fig. 2, by joining the surrounding centers. We use
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Fig. 2: Different dual cell sets (top left) and diamond cell sets (bottom left).
Notations in the diamond cell (top right). Diamond cell in Dj,Γi and ∂Dj,Γj

(bottom right).

analogous notation for the dual mesh, M∗j , ∂M
∗
j , ∂M

∗
j,d and ∂M∗Γj . The set of

dual cells can be portioned into M∗j = M∗jj∪M∗ji∪M∗j,Γi corresponding to cells
included in Ωjj , Ωji or crossing Γi as shown in Fig. 2. For both meshes, the
intersection of two control volumes that is not empty or reduced to a vertex
is called an edge. We define the diamond cells dσ,σ∗ as the quadrangles whose
diagonals are a primal edge σ = k|l = (xk∗ , xl∗) and a corresponding dual
edge σ∗ = k∗|l∗ = (xk, xl). The set of diamond cells is called the diamond
mesh, denoted by Dj .

For any c in Tj , we denote by mc its Lebesgue measure, by Ec the set
of its edges, and Dc := {dσ,σ∗ ∈ Dj , σ ∈ Ec}. For d = dσ,σ∗ with vertices
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(xk, xk∗ , xl, xl∗), we denote by xd the center of d, that is the intersection of
the primal edge σ and the dual edge σ∗, by md its measure, by mσ the length
of σ, by mσ∗ the length of σ∗, by mσk∗ the length of ∂k∗ ∩ Ωj , by mσl

the
length of d ∩ ∂Ωj , and by mσk the length of [xk, xd]. nσk is the unit vector
normal to σ oriented from xk to xl, and nσ∗k∗ is the unit vector normal to
σ∗ oriented from xk∗ to xl∗ . We can split the set Dj into Dint

j ∪Dext
j with

Dint
j = Djj∪Dji∪Dj,Γi , D

ext
j = ∂Dj,d∪∂DΓj corresponding to cells included

in Ωjj , Ωji or crossing Γi or boundary diamond cells as shown in Fig. 2.
The unknowns: the DDFV method associates to all primal control volumes
k ∈Mj ∪ ∂Mj an unknown value uj,k, and to all dual control volumes k∗ ∈
M∗j ∪ ∂M∗j an unknown value uj,k∗ . We denote the approximate solution on
the mesh Tj by uTj = ((uj,k)k∈(Mj∪∂Mj), (uj,k∗)k∗∈(M∗j∪∂M∗j )) ∈ RTj . When

f is a continuous function, we define fTj = PTjc f the evaluation of f on the
mesh Tj defined for all control volumes c ∈ Tj by fc := f(xc).
Operators. DDFV schemes can be described by two operators: a discrete
gradient ∇Dj and a discrete divergence divTj , which are dual to each other,
see [1]. Let ∇Dj : uTj ∈ RTj 7→

(
∇DuTj

)
D∈Dj

∈ (R2)Dj and divTj : ξDj
=

(ξj,d)D∈Dj
∈ (R2)Dj 7→ divTjξDj

∈ RTj be defined as

∇DuTj :=
1

2mD
((uj,l − uj,k)mσnσk + (uj,l∗ − uj,k∗)mσ∗nσ∗k∗) , ∀D ∈ Dj ,

divkξDj
:=

1

mk

∑
D∈Dk

mσ(ξj,d,nσk), ∀k ∈Mj ,

divk∗ξDj
:=

1

mk∗

∑
D∈Dk∗

mσ∗(ξj,d,nσ∗k∗), ∀k∗ ∈M∗j .

DDFV scheme on Ωj for Dirichlet boundary conditions on Γj. For

uT j ∈ RTj , fT j ∈ RTj and hT j ∈ R∂MΓj
∪∂M∗Γj , the linear system denoted by

LT jΩj (uT j , fT j , hT j ) = 0 refers to

−divk
(
ADj
∇DjuT j

)
= fk, ∀ k ∈Mj , (3)

−divk∗
(
ADj∇DjuT j

)
= fk∗ , ∀ k∗ ∈M∗j , (4)

uj,k = 0, ∀ k ∈ ∂Mj,d, uj,k∗ = 0, ∀ k∗ ∈ ∂M∗j,d, (5)

uj,l −
mdi

md
uj,kj = hj,l, ∀ l ∈ ∂MΓj , uj,k∗ = hj,k∗ , ∀ k∗ ∈ ∂M∗Γj , (6)

where for all l ∈ ∂MΓj , we note that the edge associated to l belongs both
to a diamond cell d ∈ Di,Γj whose vertices are denoted by xk1

, xk2
, xk∗ , xl∗

with xks ∈ Ωis and to a boundary diamond cell djj ∈ ∂Di,Γj whose vertices
are denoted by xkj , xk∗ , xl∗ . We denote by the half-diamond dii the triangle
whose vertices are xki , xk∗ , xl∗ and by the half-diamond djj the triangle
whose vertices are xkj , xk∗ , xl∗ (See Fig. 2 bottom right). It is classical to see
that this discrete formulation is well posed, see [1].
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DDFV Schwarz method. The overlapping DDFV Schwarz method per-

forms for an arbitrary initial guess h0
T j
∈ R∂MΓj

∪∂M∗Γj , and l = 1, 2, . . . the
following steps (below either (j, i) = (1, 2) or (j, i) = (2, 1)):

• Compute the solutions ul+1
T j
∈ RTj of LT jΩj (u

l+1
T j

, fT j , h
l
T j

) = 0.

• Set hl+1
j,k∗ = ul+1

i,k∗ for all k∗ ∈ ∂M∗Γj , noting that k∗ ∈M∗i,Γj .

• Compute hl+1
j,l : there exists a unique value ul+1

l such that(
Ad∇Diiul+1

T i
,nσki

)
=
(
Ad∇Djjul+2

T j
,nσki

)
defined by

ul+1
l =

mdi

md
ul+2
j,kj

+
mdj

md
ul+1
i,ki

+ λd
(
ul+1
i,l∗ − u

l+1
i,k∗

)
, (7)

with λd =
Adnσkj ·

(
mdi

mσ∗
j
nj
σ∗k∗−mdj

mσ∗
i
niσ∗k∗

)
mdmσAdnσk1 .nσk1

which equals zero in the case

of classical DDFV meshes, ie xd = (xkj , xki) ∩ (xk∗ , xl∗), see Fig 2. We
then obtain

hl+1
j,l :=

mdj

md
ul+1
i,ki

+ λd
(
ul+1
i,l∗ − u

l+1
i,k∗

)
.

3 Convergence of overlapping DDFV Schwarz

The main difficulty to prove convergence of a Schwarz algorithm on non-
matching grids is to identify its limit. In the conforming case, we will show
that the limit is solution of a classical DDFV scheme on the entire domain,
referred to as the monodomain solution. In the non-matching case, we will
define two classical DDFV schemes on the entire domain, one associated to
each subdomain, and then study numerically if convergence of the subdomain
sequences occurs to their corresponding monodomain solution. To construct
the monodomain solutions, consider T̄j the DDFV discretization of Ω associ-
ated to the primal mesh M̄j = Mjj ∪Mji∪Mii. Note that in the conforming
case, Mji = Mij , the extended meshes T̄1 and T̄2 coincide, and we denote
them by T̄ . The solution ūddfvj of the classical monodomain DDFV scheme for
homogeneous Dirichlet conditions is solution of the variational formulation
(see e.g. [3])

aj(ū
ddfv
j , v̄T̄j ) :=

∑
d∈D̄j

mdAd∇dūT̄j · ∇
dv̄T̄j =

1

2

∑
k∈M̄j

mkfkv̄k +
1

2

∑
k∗∈M̄∗j

mk∗fk∗ v̄k∗ .

(8)

In each subdomain, we solve LTjΩj (u
l+1
Tj , fTj , h

l
Tj ) = 0, and extend the solution

ul+1
Tj to RT̄j using the previous iterate on the neighboring domain,
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ūl+1
T̄j

=

{
ul+1
Tj on RMj∪M∗j ,

ulTi on RM∗i,Γj
∪Mii∪M∗ii .

(9)

Introducing Vj = {v̄T̄j ∈ RT̄j such that v̄
Mii∪M∗ii∪M

∗
i,Γj = 0}, by construction

of the extension, we have ūl+1
T̄j
− ūlT̄i ∈ Vj and for all v̄T̄j ∈ Vj we have

aj(ū
l+1
T̄j
− ūddfvj , v̄T̄j ) = 0 since there exists (ψl+1

k∗ )k∗∈M∗i,Γj
and (ψl+1

ki )l∈∂MΓj

such that

aj(ū
l+1
T̄j

, v̄T̄j ) =
1

2

∑
k∈M̄j

mkfkv̄k+
1

2

∑
k∗∈M̄∗j

mk∗fk∗ v̄k∗+
∑

k∗∈M∗i,Γj

v̄k∗ψ
l+1
k∗ +

∑
l∈∂MΓj

v̄kiψ
l+1
ki .

Theorem 1 If the meshes are conforming, Mij = Mji, then the DDFV
Schwarz algorithm converges in the discrete DDFV H1 semi-norm

‖ūT̄j‖H1 :=
( ∑

d∈D̄j

md‖∇dūT̄j‖
2
) 1

2

. (10)

Proof If Mij = Mji, then aj = ai := a, and we obtain that a(ūl+1
T̄j
−

ūlT̄i , v̄T̄j ) = 0 for all v̄T̄j ∈ Vj and thus ūl+1
T̄j
− ūlT̄i is the orthogonal projection

of ūddfvj − ūlT̄i onto Vj with respect to the scalar product induced by a. Now

because RT̄ = V1 +V2, we can apply [7, Lemma 2.12 and Theorem 2.15] (see
also [2, Fig. 2.4]) to conclude that the proposed overlapping DDFV Schwarz
method converges geometrically to the monodomain DDFV solution in the
norm induced by a or equivalently for the discrete DDFV H1 semi-norm
(10). �

If the meshes are non-conforming, Mij 6= Mji, we have two monodomain
solutions, one from extending each subdomain mesh to the overall domain,
and neither convergence nor the limit of the DDFV Schwarz algorithm is
known. We thus study now numerically its convergence, for both the con-
forming and non-conforming cases. We use a strong anisotropy A = ( 1.5 0.5

0.5 15 )
and a manufactured solution ue(x, y) = sin(πx) sin(πy) sin(π(x+ y)) putting
the corresponding source term f and non homogeneous boundary conditions
on (−0.75, 0.75) × (0, 1). The overlap is (−0.25, 0.25) × (0, 1). The meshes
are built using refinements of the meshes shown in Fig. 1. For both families,
M11 is the triangle mesh and M22 is the square mesh, and in the conforming
case M12 and M21 are both the square mesh, while in the nonconforming
case M12 is the triangle mesh and M21 is the square mesh. Note that the
dual meshes exhibit a large variety of polygonal cells. Tables 1 and 2 show
a detailed error analysis of the results we obtain, stopping the algorithm as
soon as ‖ul − ul−1‖L2 ≤ 1e− 13 with
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#cells cellsize ‖ul+1−ul‖H1 ‖ul−ūddfv‖H1 ‖ul−Pτcue‖H1 order ‖ul−Pτcue‖L2 order

140 3.5E-01 2.080E-15 4.062E-16 1.355E-01 — 1.086E-01 —

458 1.8E-01 1.360E-15 1.022E-15 5.945E-02 1.19 2.897E-02 1.91
1634 8.8E-02 3.662E-14 1.911E-15 3.104E-02 0.94 7.998E-03 1.86

6146 4.4E-02 2.537E-14 8.703E-15 1.563E-02 0.99 2.071E-03 1.95
23810 2.2E-02 2.694E-14 1.945E-14 7.737E-03 1.01 5.228E-04 1.99
93698 1.1E-02 3.561E-14 3.139E-14 3.832E-03 1.01 1.311E-04 2.00

Table 1: Conforming overlap: convergence of the Schwarz algorithm ‖ul+1−
ul‖H1 → 0 and convergence to the monodomain solution ūddfv for all mesh
sizes; convergence under mesh refinement of the limit of the Schwarz algo-
rithm to the exact solution of order 1 in H1 and order 2 in L2.

#cells cellsize ‖ul+1−ul‖H1 ‖ul−ūddfv‖H1 order ‖ul−Pτcue‖H1 order ‖ul−Pτcue‖L2 order

166 3.5E-01 3.497E-15 3.875E-02 — 1.469E-01 — 1.207E-01 —

562 1.8E-01 1.079E-14 1.833E-02 1.08 5.987E-02 1.29 2.930E-02 2.04
2050 8.8E-02 8.451E-14 6.271E-03 1.55 3.233E-02 0.89 8.178E-03 1.84

7810 4.4E-02 6.264E-14 1.830E-03 1.78 1.677E-02 0.95 2.153E-03 1.93

30466 2.2E-02 4.514E-14 5.152E-04 1.83 8.448E-03 0.99 5.498E-04 1.97

Table 2: Non conforming overlap: as for Table 1, but only convergence under
mesh refinement to the monodomain solution ūddfv .

#cells cellsize ‖ul−ul−1‖H1 ‖ul−ūddfv‖H1 ‖ul−Pτcue‖H1 order ‖ul−Pτcue‖L2 order

166 3.54E-01 1.183E-13 2.412E-14 7.521E-03 — 1.366E-03 —
562 1.77E-01 7.843E-14 1.569E-14 3.769E-03 1.00 3.315E-04 2.04

2050 8.84E-02 7.024E-14 1.448E-14 1.886E-03 1.00 8.154E-05 2.02
7810 4.42E-02 7.071E-14 2.165E-14 9.434E-04 1.00 2.022E-05 2.01
30466 2.21E-02 7.668E-14 1.193E-13 4.718E-04 1.00 5.034E-06 2.00

Table 3: Case ue(x, y) = xy and A = Id and convergence of ‖ul−ūddfv‖H1 as
in the conforming case of Table 1, even thought the mesh is non-conforming!

‖ūT̄j‖L2 :=

√ ∑
k∈M̄j

mkū2
k +

√ ∑
k∗∈M̄j

∗∪∂M̄∗j

mk∗ ū2
k∗ .

In the third column we see that the algorithm converges in all cases in the rel-

ative discrete H1−norm (10) defined for uT −vT by ‖uT −vT ‖ :=
‖uT −vT ‖H1

‖vT ‖H1
.

The fourth column in Table 1 shows convergence to the monodomain solu-
tion for conforming meshes as proved in Theorem 1, but only convergence
under mesh refinement in the non-conforming case in Table 2. The remain-
ing columns show that the limits of the Schwarz algorithm converge always
under mesh refinement to the evaluation Pτcue of the exact solution ue on the
meshes, of order 1 in H1 and order 2 in L2, for an illustration of the converged
solution, see Fig. 3. We observe however also several cases where ūddfv cor-
responds to the limit of ul even in the nonconforming case, e.g. for ue = 0 or
ue(x, y) = xy with A = Id as shown in Table 3. The complete understanding
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Fig. 3: ul1 (left) and ul2 (right) after l = 21 iterations on the primal non-
conforming meshes with refinement 2, corresponding to 562 unknowns.

of convergence to the mono-domain solution in the non-conforming case thus
requires a deeper study of the limiting equations of the overlapping Schwarz
process when discretized by nonconforming DDFV.
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