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1 Introduction

Ever since the publication of the first book on domain decom-
position methods by Smith, Bjgrstad, and Gropp [8], where
non-matching grids were used for overlapping Schwarz meth-
ods (see on the right), and the methods worked very well, a
theoretical understanding of their convergence remained open.
We are interested in a better understanding of such Schwarz methods for Dis-
crete Duality Finite Volume (DDFV) discretizations for anisotropic diffusion,

L(u) :=—div(AVu) = fin 2, u=0o0n 09, A(x,y):= (Ai;” £22)7 (1)
where 2 is an open bounded domain of R?, and A is a uniformly symmetric
positive definite matrix. DDFV optimized Schwarz methods have been de-
veloped for (1) in [5, 4], because these techniques are especially well suited
for anisotropic diffusion [6, 3, 1]. We study here for the first time a new
overlapping DDFV Schwarz algorithm with classical Dirichlet transmission
conditions that can handle non-matching grids, due to carefully chosen addi-
tional unknowns in the DDFV scheme. We prove convergence of the DDFV
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Fig. 1: Primal non-matching meshes associated to the decomposition {2 =
27 U £25. Left: primal mesh 9, = My; U Myo for 27 in red. Right: primal
mesh My = Moy UMy, for £25 in black. Both meshes M, are completed to
the entire domain to investigate the limit of the method.

Schwarz algorithm in the case of matching grids, and show numerically that
for some non-matching grids convergence is still achieved to monodomain
DDFYV solutions. Finally, under mesh refinement, the Schwarz limit always
converges to the underlying continuous monodomain solution.

2 Overlapping DDFV Schwarz algorithm

The continuous parallel Schwarz method for (1) and two subdomains {21 and
(25, 2 = (21 U ) reads

—diV(AVug‘H) = fin (2, u?‘l =0 on 992, ué.“ =uton Ty, j=1,2 (2

where ¢ = j + 1 mod 2 and 992; = 992;, U I; with I'; N 92 = (. Each
subdomain Qj can be partitioned into ij U (_Zji with §2;; = $2;; = £2; N (2;.
We now introduce the technical description of DDFV, see [1] for more details.
The meshes. Consider for j = 1,2 a DDFV mesh T; = (901;, 90}, 99, 0907)
of the domain §2; defined as follows: the primal mesh 9t; = 9M;; UMy, is a
set of disjoint open polygonal control volumes K C §2; such that UK = ﬁj
Here 9M1;; (resp. My;) stands for the control volumes in (2;; (resp. in £2;;).
In particular, this implies that no primal control volume of 9; is crossed by
I;. Note also that in general the meshes in the overlap need not be the same,
M;; # M5, as shown in Fig. 1. We call the special case when 9;; = 9,5 the
conforming case, and otherwise the non-conforming case. We denote by 99,
(resp. OM;n, OM,) the set of edges of the control volumes in 9; included
in 082 (resp. 082;p, I';) with OM; = 9IM; , U OM,. To each primal cell K,
we associate a center xk. To each vertex zy~ of the primal mesh, we associate
a dual cell as shown in Fig. 2, by joining the surrounding centers. We use
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Fig. 2: Different dual cell sets (top left) and diamond cell sets (bottom left).
Notations in the diamond cell (top right). Diamond cell in ®; r, and 99, r,
(bottom right).

analogous notation for the dual mesh, 97, 997, OM7 | and 693?}],. The set of
dual cells can be portioned into M5 = M7, UM, UM . corresponding to cells
included in §2;;, £2;; or crossing I; as shown in Fig. 2. For both meshes, the
intersection of two control volumes that is not empty or reduced to a vertex
is called an edge. We define the diamond cells D, ,+ as the quadrangles whose
diagonals are a primal edge 0 = K|L = (z+,2.+) and a corresponding dual
edge 0* = K*|L* = (ax, z). The set of diamond cells is called the diamond
mesh, denoted by D;.

For any C in 7;, we denote by mc its Lebesgue measure, by & the set
of its edges, and D¢ := {Dy o+ € D;, 0 € E}. For D = D, -+ with vertices
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(xk, Tg+, Ty, T+ ), we denote by xp, the center of D, that is the intersection of
the primal edge o and the dual edge ¢*, by my its measure, by m, the length
of o, by me~ the length of o*, by m,, . the length of 0k* N (2;, by m,, the
length of D N 02;, and by m,, the length of [z, zp]. Ny is the unit vector
normal to o oriented from zyx to x;, and ng«y~ is the unit vector normal to
o* oriented from i« to z,-. We can split the set D; into @;-"t U ’D;fft with
DM =9;;UD;,UD; 1, D5 = 0D,,,UIDr; corresponding to cells included
in £2;5, £2;; or crossing I; or boundary diamond cells as shown in Fig. 2.
The unknowns: the DDFV method associates to all primal control volumes
K € M; UOIM; an unknown value u;x, and to all dual control volumes K* €
o U 09)?; an unknown value u; k. We denote the approximate solution on
the mesh 7; by u, = ((w),x)xe(m;uam;) (Uj7K*)K*e(m;U89ﬁ;)) € R7i. When
[ is a continuous function, we define fr = ]P’;rj f the evaluation of f on the
mesh 7; defined for all control volumes ¢ € T; by fo := f(zc).

Operators. DDFV schemes can be described by two operators: a discrete
gradient V®i and a discrete divergence div’/, which are dual to each other,
see [1]. Let V®i : ur, € R — (VD“n)De@j € (R*)® and div’ : &, =

(&p)pen, € (R?)®7 5 diviién, € R75 be defined as

1

VPur, = S ((wjn = wj)MoNok + (Ujis — Ujis )Mo= ), VD € Dy,
. 1
divieo, = — Z Mo (& Nok), VK € M,
K Dedy
. K* 1
div® §z>j = m Z Mg (fj,Dvna*K*)y VK* € f)ﬁj
K Dedy

DDFYV scheme on (2; for Dirichlet boundary conditions on I’;. For
ur, €R%, fr € R% and hy, € RO r; VOMT,
‘Cgi(uTjaij’th) = 0 refers to

, the linear system denoted by

—div® (Ap,V®iur,) = f, VKEMy, 3)

—div® (Ap,V®iur,) = fer, VK* €M, (4)
ujx =0, YKeEIM,;,, ujx- =0, VK€M, (

Ui = Gug = by, YL EIMry,  ujxe = hjx-, Y K* € M5, (6)

mp

ot
=

where for all L. € 99r;, we note that the edge associated to L belongs both
to a diamond cell D € Qi,rj whose vertices are denoted by xx,, Tk, , Tk*, Tr*
with zx, € £2;s and to a boundary diamond cell D;; € 09;, I whose vertices
are denoted by g, zx+, 21+ We denote by the half-diamond D;; the triangle
whose vertices are xx,, %k, = and by the half-diamond D;; the triangle
whose vertices are xg;, T+, Ty (See Fig. 2 bottom right). It is classical to see
that this discrete formulation is well posed, see [1].



Overlapping DDFV Schwarz algorithms on non-matching grids 5

DDFV Schwarz method. The overlapping DDFV Schwarz method per-

forms for an arbitrary initial guess ho e ROy VO ,and [ =1,2,... the
following steps (below either (j,4) = (1 2) or (j,1) = (2 1))

e Compute the solutions u/*! € R7 of Eg;( ut fr, hh ) = 0.
e Set hé*;(l = uifﬁ for all K* € 90T, , noting that K* € sm*

e Compute th there exists a unlque value ul*! such that
Dy, l4+1 _ D.. 142
(ADV uT+ ,nUKi) = (ADV “uTJ; 7n(,Ki)

defined by

7,K; 7,L* 7,K*

Mo, My
ultl = Mot 10y l+1 + g (ulf! — ul“) : (7)
My My

Apngy - (mD m ;na -

. J
with )\D = mpMe ADnaKl Noky
of classical DDFV meshes, ie xp = (v, 2x,) N (zx+, 20+ ), see Fig 2. We
then obtain

i
T M Ny )

which equals zero in the case

mp
+1 . l+1 I+1 l+1
GL + Ap ( i,L* U; )

3 Convergence of overlapping DDFV Schwarz

The main difficulty to prove convergence of a Schwarz algorithm on non-
matching grids is to identify its limit. In the conforming case, we will show
that the limit is solution of a classical DDFV scheme on the entire domain,
referred to as the monodomain solution. In the non-matching case, we will
define two classical DDFV schemes on the entire domain, one associated to
each subdomain, and then study numerically if convergence of the subdomain
sequences occurs to their corresponding monodomain solution. To construct
the monodomain solutions, consider ’7' the DDFV discretization of {2 associ-
ated to the primal mesh 95? = M;; UM, UMM, Note that in the conforming
case, smﬂ = 9M;;, the extended meshes 7; and T3 coincide, and we denote
them by 7. The solution ulP™ of the classical monodomain DDFV scheme for
homogeneous Dirichlet conditions is solution of the variational formulation

(see e.g. [3])

I B - 1 _ 1 _
a]—(u?mv,v:rj) ::ZmDADVDuﬁ . V%ﬂ = §ZmeKvK + B ZmK*fK*UK*.
pED; KEM K* €
(8)
I+1

In each subdomain, we solve E (UT T hl ) = 0, and extend the solution

H'l to RT using the previous iterate on the nelghborlng domain,
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Wl on RVLUM;
ﬂl‘H _ T; ’ (9)
;i i U UM,

T .

T l m
J ug, on R

Q_)E)ﬁ“ USLRTLUEUIT r.

Introducing V; = {T)Tj € R7 such that Ti = 0}, by construction

of the extension, we have @' — ﬂ%—,
i

7
ST ZDDFV 5\ () o - I+1 I+1
aj (u7—3 — "™, o7) = 0 since there exists (¢ )K*egmzrj and (gt Jueom,,
such that

e 1 1 ) _ _
1) = 5 S et Y me et 3 mert Y gk

KEM; K* eSfTI;f K*Eim;‘,pj LEOM 1,

€ V; and for all vy € V; we have

Theorem 1 If the meshes are conforming, M;; = Mj;, then the DDFV
Schwarz algorithm converges in the discrete DDFV H' semi-norm

g [l = ( ZmDHVDﬁTjHQ)i- (10)

pED;

Proof If M;; = Mj;, then a; = a; := a, and we obtain that a(ﬂlgl -
J
ﬁl,—r , 1773) = 0 for all vy, €V and thus ﬂ%l - ﬂl,—r is the orthogonal projection
of uj’v — ﬁl,—r onto V; with respect to the scalar product induced by a. Now
because R7 = Vi + Vi, we can apply [7, Lemma 2.12 and Theorem 2.15] (see
also [2, Fig. 2.4]) to conclude that the proposed overlapping DDFV Schwarz
method converges geometrically to the monodomain DDFV solution in the
norm induced by a or equivalently for the discrete DDFV H' semi-norm

(10). O

If the meshes are non-conforming, M;; # M;;, we have two monodomain
solutions, one from extending each subdomain mesh to the overall domain,
and neither convergence nor the limit of the DDFV Schwarz algorithm is
known. We thus study now numerically its convergence, for both the con-
forming and non-conforming cases. We use a strong anisotropy A = ({2 92)
and a manufactured solution u.(z,y) = sin(7x) sin(7y) sin(w(x + y)) putting
the corresponding source term f and non homogeneous boundary conditions
on (—0.75,0.75) x (0,1). The overlap is (—0.25,0.25) x (0,1). The meshes
are built using refinements of the meshes shown in Fig. 1. For both families,
M1 is the triangle mesh and Moy is the square mesh, and in the conforming
case Myo and Moy are both the square mesh, while in the nonconforming
case Mo is the triangle mesh and Moy is the square mesh. Note that the
dual meshes exhibit a large variety of polygonal cells. Tables 1 and 2 show
a detailed error analysis of the results we obtain, stopping the algorithm as
soon as [|ul — u! 71| 2 < le — 13 with



Overlapping DDFV Schwarz algorithms on non-matching grids 7

#cells| cellsize [ [Jul T 1=l 1 [ [|[ul=a°™V|| g1 [ |u!'—PTuel| g1 [ order [ [Ju!'=PZue| .2 [ order
140 |3.5E-01| 2.080E-15 4.062E-16 1.355E-01 — 1.086E-01 —
458 |1.8E-01| 1.360E-15 1.022E-15 5.945E-02 1.19 2.897E-02 1.91
1634 [8.8E-02| 3.662E-14 1.911E-15 3.104E-02 0.94 7.998E-03 1.86

6146 [4.4E-02| 2.537E-14 8.703E-15 1.563E-02 0.99 2.071E-03 1.95

23810 |2.2E-02| 2.694E-14 1.945E-14 7.737E-03 1.01 5.228E-04 1.99

93698 |1.1E-02| 3.561E-14 3.139E-14 3.832E-03 1.01 1.311E-04 2.00

Table 1: Conforming overlap: convergence of the Schwarz algorithm ||u!*!1—
u!|| g1 — 0 and convergence to the monodomain solution #*®™ for all mesh
sizes; convergence under mesh refinement of the limit of the Schwarz algo-
rithm to the exact solution of order 1 in H' and order 2 in L2.

#cells| cellsize [[|[ul T T—u!|| 1 [[|ul—a@PPFV]| 1 |order||[u!'—PZ ue|| g1 [order|[|u'—=PZ uc || 2 [order
166 [3.5E-01| 3.497E-15 3.875E-02 — 1.469E-01 — 1.207E-01 —
562 [1.8E-01| 1.079E-14 1.833E-02 |1.08 | 5.987E-02 |1.29| 2.930E-02 |2.04
2050 [8.8E-02| 8.451E-14 6.271E-03 |1.55| 3.233E-02 |0.89| 8.178E-03 |[1.84
7810 (4.4E-02| 6.264E-14 1.830E-03 |1.78 | 1.677E-02 |0.95| 2.153E-03 |1.93
30466 |2.2E-02| 4.514E-14 5.152E-04 |1.83| 8.448E-03 |[0.99| 5.498E-04 |1.97

Table 2: Non conforming overlap: as for Table 1, but only convergence under

mesh refinement to the monodomain solution @°°fV .

#cells| cellsize [[|ul—ul=1|| g1 [[Ju'=a®°"V|| g1 [[|w!'=PLue || g1 [order|||u'—PZuc|| ;2 [order
166 |3.54E-01| 1.183E-13 2.412E-14 7.521E-03 — 1.366E-03 —
562 [1.77E-01| 7.843E-14 1.569E-14 3.769E-03 1.00 | 3.315E-04 | 2.04
2050 |8.84E-02| 7.024E-14 1.448E-14 1.886E-03 1.00 | 8.154E-05 | 2.02
7810 (4.42E-02| 7.071E-14 2.165E-14 9.434E-04 1.00 | 2.022E-05 |2.01
30466 |2.21E-02| 7.668E-14 1.193E-13 4.718E-04 | 1.00 | 5.034E-06 | 2.00

Table 3: Case u(z,y) = vy and A = Id and convergence of ||u'—a """z as
in the conforming case of Table 1, even thought the mesh is non-conforming!

g llze == | > miu2 + > meul.

KEM ; K* €9~ Uom

In the third column we see that the algorithm converges in all cases in the rel-
ative discrete H!—norm (10) defined for ur—vr by |[ur—vr]| = %
The fourth column in Table 1 shows convergence to the monodomain Iéolu—
tion for conforming meshes as proved in Theorem 1, but only convergence
under mesh refinement in the non-conforming case in Table 2. The remain-
ing columns show that the limits of the Schwarz algorithm converge always
under mesh refinement to the evaluation P7u, of the exact solution u. on the
meshes, of order 1 in H' and order 2 in L?, for an illustration of the converged
solution, see Fig. 3. We observe however also several cases where a””"V cor-
responds to the limit of u' even in the nonconforming case, e.g. for u, = 0 or

ue(x,y) = xvy with A = Id as shown in Table 3. The complete understanding
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ad

Fig. 3: u} (left) and u (right) after | = 21 iterations on the primal non-
conforming meshes with refinement 2, corresponding to 562 unknowns.

of convergence to the mono-domain solution in the non-conforming case thus
requires a deeper study of the limiting equations of the overlapping Schwarz
process when discretized by nonconforming DDFV.
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