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Abstract

We introduce a new non-overlapping optimized Schwarz method for
fully anisotropic diffusion problems. Optimized Schwarz methods take
into account the underlying physical properties of the problem at hand
in the transmission conditions, and are thus ideally suited for solving
anisotropic diffusion problems. We first study the new method at the
continuous level for two subdomains, prove its convergence for general
transmission conditions of Ventcell type using energy estimates, and also
derive convergence factors to determine the optimal choice of parame-
ters in the transmission conditions. We then derive optimized Robin and
Ventcell parameters at the continuous level for fully anisotropic diffusion,
both for the case of unbounded and bounded domains. We next present a
discretization of the algorithm using discrete duality finite volumes, which
are ideally suited for fully anisotropic diffusion on very general meshes.
We prove a new convergence result for the discretized optimized Schwarz
method with two subdomains using energy estimates for general Vent-
cell transmission conditions. We finally study the convergence of the new
optimized Schwarz method numerically using parameters obtained from
the continuous analysis. We find that the predicted optimized parame-
ters work very well in practice, and that for certain anisotropies which we
characterize, our new bounded domain analysis is important.
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1 Introduction

Optimized Schwarz methods are a modern class of Schwarz methods which use
instead of the classical Dirichlet transmission conditions at the interfaces more
effective transmission conditions, which can take the physics of the problem at
hand into account, see [18, 19] and references therein. This property is especially
important for anisotropic diffusion problems, which behave very differently at
interfaces depending on the orientation of the diffusion, see for example [24],
[14, Section 5], and the very recent reference [35]; for classical Schwarz methods
applied to anisotropic diffusion, see [36, 8, 11], and for a specific earlier two level
preconditioner [32]. Similarly when discretizing anisotropic diffusion problems,
the numerical scheme must be suitable for high anisotropy, and discrete duality
finite volume (DDFV) methods have this property, even in the case of discon-
tinuous anisotropic diffusion, see [27, 5, 26, 6, 9, 15, 2], and in particular [16,
Part II] which is dedicated especially to anisotropic diffusion. We are therefore
interested in optimized Schwarz methods which are discretized using DDFV
schemes. DDFV schemes belong to the class of discretization methods which
preserve certain geometric properties of the underlying differential operators,
like mimetic finite difference methods [28, 7], gradient methods [13], or discrete
variational derivative methods [17], see also finite element exterior calculus [3].
DDFV methods are thus part of the effort to lead the field of geometric nu-
merical integration, which reached a certain maturity for ordinary differential
equations [25] to the area of partial differential equations.

Our paper is organized as follows: in Section 2, we present a class of non-
overlapping optimized Schwarz methods for fully anisotropic diffusion at the
continuous level, prove well posedness of the subdomain problems and give a
convergence analysis using energy estimates for general Ventcell transmission
conditions. We use an (arbitrary) two subdomain decomposition, but the gen-
eralization to the many subdomain case without cross points presents no diffi-
culty'. We then derive a convergence factor for the method, which is classically
done for optimized Schwarz methods in the specific case of two unbounded or
rectangular subdomains using Fourier analysis. We define the associated best
approximation problem, and present a general theory for such problems which
allows us to solve it, leading to our main results of closed form asymptotic formu-
las for the best choice of parameters of Robin and Ventcell type in Corollary 2.8
for unbounded domains, and in Theorem 2.9 for the case of bounded domains,
where we used for the first time semi-asymptotic techniques. In Section 3 we
then present a Discrete Duality Finite Volume discretization of the optimized
Schwarz method, which naturally also allows the use of non-matching grids;
note that this requires usually special techniques, see for example the cement
method in the finite element case in [29, 30]. We prove well-posedness of the
discrete subdomain problems, and convergence of the algorithm using discrete
energy estimates for general Ventcell transmission conditions. For simplicity
of notation, we show the results again for a two subdomain decomposition, but

LCross points need special treatment and are beyond the scope of the present analysis, see
the conclusions for more information.



the generalization to the many subdomain case for decompositions without cross
points is straightforward. In Section 4, we first test our new optimized Schwarz
algorithms for anisotropic diffusion in the case covered by our analysis, i.e. on a
rectangle decomposed into two rectangular subdomains, and investigate numer-
ically for which kinds of anisotropic diffusion our new bounded domain analysis
is important for the choice of the optimized parameters. We then also test the
algorithm in situations not covered by the analysis, i.e. non-rectangular subdo-
mains and for the many subdomain case. We present our conclusions and an
outlook for further work in Section 5.

2 Analysis at the Continuous Level

We are interested in solving anisotropic diffusion problems of the form

Lu:=—div(AVu)+nu = f inQ,
v = 0 on 09,

where A is a symmetric positive definite matrix with W1 coefficients,

and (z,y) € Q — n(z,y) > 0 is a given non-negative function in L>°(€2). To
solve such problems on a computer, they have to be discretized, and we will use
DDFV methods to do so in Section 3. Schwarz algorithms are however most
naturally formulated and studied at the continuous level, and we will thus work
first without discretization.

2.1 Schwarz Algorithm for Anisotropic Diffusion

For simplicity, we consider a decomposition of the domain 2 into two non-
overlapping subdomains €2;, j = 1,2 with interface I'. A parallel optimized
Schwarz algorithm for the anisotropic diffusion problem (2.1) then solves for
(=1,2,...

L:u? = f in €,
ug = 0 on 0Q; N 0N, (2.2)
AVUS -ny 4+ Auf = —AVu; 'ng+ Augmt on T =00 N0y,

where j = 1,2, ¢ = 2,1, and n; denotes the unit outer normal in ;. The
transverse operator A depends on two optimization coefficients p and ¢, and is
given by

Au = pu — q0y(Ay,0yu), (2.3)

which represents a so called Ventcell or second order transmission condition.
The coefficient p is strictly positive, since Ventcell conditions with p = 0 would
lead to less efficient transmission conditions. In the case ¢ = 0 we obtain a
Robin transmission condition.



We first show that the subdomain problems of the form

Ly = f inQ,
u = 0 ondQp, (2.4)
(AVu,n)+Au = g on 0Qy,

which appear in algorithm (2.2) are well posed. An analysis of the Ventcell
problem when 9Q = 9y is a regular curve in R? can be found in [31].

Theorem 2.1 (Well-posedness of Subdomain Problems). Suppose € is convez,
A s in WH(Q), n > 0 in L=(Q) and (A(x)¢,€) > A > 0 for all x in Q, and
p >0 and ¢ > 0. For any (f,g) € L*(Q) x L?(09), problem (2.4) admits a
unique solution u. If ¢ =0, u is in H*(Q), and if ¢ # 0, u is in

W(Q) = {u € H*(Q), u=0 on 9Qp, vaa,u € H*(0Q) N H{(0Qv)}, (2.5)
where vyaq, stands for the trace of u on 0y .

Proof. The proof is based on a variational formulation in Hl1 4#() = {u €
HY(Q),u = 0on TP, vsq,u € H(OQv)}, which is obtained by multiplying
(2.4) by v and integrating by parts. We introduce the bilinear forms

ag(u,v) = [, AVuVvdrdy + [, nuvdz dy,
(2.6)
a(u,v) = ag(u,v) + (Au, v)sq,,

where the last term must be understood as a duality product in Hg (T'), which
can be rewritten in variational form as

(Au, v)pq, = p/ wody + q Ay Oyu Oyv dy.
QQV BQV

A is a self-adjoint continuous coercive operator from Hg (9Qy,) onto H~1(9y).

It has a continuous self-adjoint inverse, defining a scalar product on H~1(9Qy/)
by
(u, V) p-1 := (v, A" u)pqy, - (2.7)

Computing
a(u,u) :/ A\Vu\zdxder/ nu? dz dy +p/ uzderq/ Ayy(ayu)Qdy,
Q Q oy (2194

we see that a is a bilinear continuous coercive form on H 11’#(9), equipped with
the scalar product

(w, ’U)Hll#(g) = (Vw, V’U)Lz(g) + <ayw, ayU)aQV. (2.8)

This gives existence and uniqueness of a weak solution in H{ #(€2), i.e. asolution
of

a(u,v) = (f,v)r2(Q) + (9, v)oqy -



If ¢ = 0, the proof holds in H'().

For regularity results, u is such that Au € L?(2), vaa,u = 0 and (9, —
Dyy)voa,u € L2(00y). Such a regularity result was proved in [37] for a regular
boundary with Ventcell boundary condition all around, but due to the convexity
of the domain, the result applies here. O

2.2 Convergence Analysis Using Energy Estimates

We now prove that the optimized Schwarz algorithm (2.2) converges when ap-
plied to the anisotropic diffusion problem (2.1).

Theorem 2.2 (Convergence of the Optimized Schwarz Algorithm). For any
initial guess (ud,u9) in W(Q1) x W(Qa), (2.2) defines a sequence of iterates
in W(Q1) x W(Qs). If the solution u of (2.1) is such that Au € L*(T), the
sequence converges in H'(Q1) x H'(Qg) to u.

Proof. The existence of the iterates is a consequence of Theorem 2.1. The
solution u of the boundary value problem (2.1) satisfies the continuity of the
trace of u and the flux ' := AVwu - n on the interface. Therefore by linearity,
with the assumption stated in the theorem, only the convergence to the zero
solution of the sequences of iterates with f = 0 has to be proved. Defining the

continuous flux F f = —AVu? -n;, the transmission condition on I' takes the
form
—Ff + Auf =F/7" + Aui" (2.9)
Multiplying the PDE in (2.2) by ué» and integrating yields
ag, (uf,uf) + RY =0, R% = (F} uf)r. (2.10)

The essential step now in the proof is that, using the scalar product defined
by A=! in (2.7), the boundary term R%J can be rewritten as the difference of
squares,

R = (Ff, A" Aub)p = (Ff, Aul) -1 = ||Fe+A i — 7||F€ e
Inserting this last expression into (2.10), we obtain

1
aq, ) + JIFL + A3 0 = FIFS — Al

VR
We can now replace the right hand side using the transmission condition (2.9),

and get

ag, (uj, uj) + *IIF€+AU€||A 1= *||F€ o Aug IR

Summing this equality over the subdomains and the iterations, we obtain for
any fmax > 1, due to the telescopic sum, that

Lrax

2 2
1 ) . 1
Z Zaﬂ J’ J T Z 15+ AUJ'IMXH?\*] 1 Z 17 + AR
= j=1

=1 j=1



Since the right hand side is a fixed quantity, the left hand side must remain
bounded for all £,,.5, and thus the iterates uﬁ tend to zero in Hl(Qj) as £ goes
to infinity. O

2.3 Convergence Factor at the Continuous Level

The convergence proof by energy estimates from Theorem 2.2 does not tell us
anything about how to choose the parameters p and ¢ to obtain fast conver-
gence. In order to obtain such information, a technique in optimized Schwarz
methods is to study the algorithm on specific, simpler domains with constant
coefficients using Fourier techniques [18]. We therefore choose now the domain
O :=(—L, L) x R with subdomains €4 := (—=L,0) x R and 25 := (0, L) x R and
suppose that the matrix A and function n are constant. A Fourier transform in
the y direction with Fourier parameter k of (2.1) then leads in the homogeneous
case for the error we are interested in to solve the ordinary differential equation

0% ot

~Aus s - QikAxya—Z + (4 k2*Ay,)0 =0, (2.11)

where @ = 4(x, k) corresponds to the Fourier transformed solution of (2.1) with
f = 0. The characteristic equation of (2.11) is

Ayar? + 2ikAzyr — (n+ kQAyy) =0.

Since A is positive definite, there are two complex anti-conjugate roots

ry(k) = M, D(k) :== /nAz: + k*det A > 0. (2.12)

The transmission conditions in (2.2) then take the form

(ApeOp + ik Agy + AGk)) TS = (Appdy +ikAy, + A(ik))as™!

4
1
(= Aoy — ik Ay + Aik))i = (—Auady — ikAyy + AGR))al—t, (313

In the case when the subdomains are half spaces, L = 400, in order for the
subdomain solutions uﬁ to be temperate distributions, we must have

Wl (z, k) = CL(k)e+ W gl (z, k) = Ch(k)em-®)=, (2.14)
and the transmission conditions in (2.13) give

(P(k) + D(k)) Cf (k) = (P(k) — D(k)) Gy (k),
(P(k) + D(k)) C4(k) = (P(k) — D(k)) C{ ' (k),

with P(k) := A(ik). The convergence factor in this case is therefore

p(Pk) = P(k) = p+ qA,k?, (2.15)



characterizing the contraction of the functions Cf(k) in the subdomain solutions
(2.14),

C4 (k) = (p(P(k), k))? CL2(k) = (p(P(k), k)22 ¢ “D (k).

The smaller the convergence factor, the faster the convergence of the algorithm.
Suppose now that the subdomains are strips, and L > 0 is a fixed quantity.

Then the subdomain solutions are of the form
i (1, K) = C{(k) €7+ IE+0) 4 DE(k) 7~ 0040,

(. k) = C4(k) e~ 140 L Dl (k) ers (1)~ L+e), (2.16)

The outer boundary conditions for the error we consider here are @4 (—L, k) =0
and @4(L,k) = 0, which implies that D{(k) = —C{(k) and D§(k) = —02(16),
and therefore

The transmission conditions in (2.13) then give
(er+WE(P(k) + D(k)) — e~ WE(P(k) — D(k))) Ci(k)
= (e WL(P(R) ~ D(k)) — e+ L) + D) € ),
(e (P (k) + D(k)) — e+ (P(k) — D(k))) CH(k)
= (e O(P(k) = D(K)) — - OE(P(k) + D(k)) €L k),

There are therefore two components forming the convergence factor, one from
domain 1 to domain 2 and one from domain 2 to domain 1,

P(k) ( —r_(k)L _ 7r+(k: ) (k) ( —r_(k)L + 6*7’+(k)L)
P1—2 = P(k) (emr(k)L — e (k)L) + D(k) (er+(k)L +oer- (k)L) )
P(/C)( ry (k)L _ el (k) ) ( )( r+(k)L+er (k)L )
pP2—1 = P(k) (e_r_(k)L e 7“+(k)L) + D(k)( —r— (k)L 4 e—r+(k)L)'

Dividing their product by the factors multiplying P(k), we obtain

—r_(k)L —r4 (k)L r (k)L r_(k)L
e +e 't e+ +e
rsap _ P(k) - D(k)efr,(k)L —e—r+(k)L P(k) er+(K)L _ gr—(k)L
1—-2P2—=1 — .
6T+(IC)L + eT‘f(k)L e—Tf(k?)L + e—T+(k})L
P(k) + D(k) ry (k)L er— (k)L P(k) + D(k) e—T—(k)L _ o—r4 (k)L

A direct calculation shows that

==L | o= (WL ore (W)L 4 or— (k)L

e*Tf(k)L — e*T+(k)L = er+(k)L . e”'f(k)L - COth(

L
2 P,

and we therefore obtain p1_,0p2_1 = pg, with the convergence factor

P(k) — D(k) coth(<D(k))

_ Ava
po(P, k) = P(k) + D(k) coth(%ﬂD(k’)) .

(2.17)



We see that the convergence factor p,(P, k) for the bounded domain case is very
similar to the convergence factor p(P, k) in (2.15) for the unbounded domain
case, and converges to it for fixed k as L goes to infinity.

We however also notice that both convergence factors tend to 1 for high
frequencies for any fixed parameter choice p and ¢, and convergence for high
frequencies can thus be arbitrarily slow. Fortunately, in a discrete setting, only
frequencies smaller than the largest eigenvalue of the discrete transverse opera-
tor 0y, intervene. Therefore it is of great importance to find coeflicients p and
q which minimize the maximum of the convergence factor over a set of bounded
frequencies, k € [kmin, kmax], that is to find parameters p and ¢ which minimize
the maximum norm of |p(P(+),-)|, a best approximation problem we study next.

2.4 Best Approximation Problem and General Results

Since D(k) defined in (2.12) and P(k) depend on k? only, we define p := k2,
and on the unbounded domain the function

foo(u) = D(k) = Vpdet A+ nAg,, (2'18)

and the corresponding function on the bounded domain,

L L
1) = Dot (D)) = fliycot (7). (219
Then the corresponding convergence factors become with Q(p) :=p + qAyyp

Qp) — foolp) 2ik 2L L Q) — fr(p)
Q1) + foo (1) Qp) + fr(p)

Let M be a segment in RY, M := [fimin, maz] = [k, k21an)- foo and fr are

min’ Vmax
g Azy
2ik vy L

p(Q,p) = and  pr(Q,u) =e

positive functions on M, the term e in pp(Q, 1) has modulus equal to 1,
and can be omitted in what follows, giving rise to two real best approximation
problems which are of the form:

for F(Q, 1) 1= S=HE and G(Q) = sup,enr |F(Q(n), 1),

find @}, € P, such that 0 := G(Q}) = infgep, G(Q),

(2.20)

where P, is the space of polynomials of degree smaller or equal to n.

Definition 2.1 (Alternating sequence). Let Q € P,,. An alternating sequence
of length m for F(Q(-),-) is a sequence of points (1 < -+ < fim) in M such
that

[F(Q(pi) 1) = [F(Q(), oo s F(Q1i), i) = —F(Q(Hit1), it1)-

Theorem 2.3. Let M be a segment in R, n > 0, and f be a continuous positive
function on M. Then 6% < 1, and problem (2.20) has a unique solution Q7 for
which F(QX(-),-) has an alternating sequence of at least n + 2 points.



Proof. Existence, uniqueness and the alternation property are a consequence of
a more general analysis in C, see [4]. O

Theorem 2.4 (Homographic De la Vallée Poussin). Let M be a segment in R,
n > 0, and f be a continuous positive function on M. Then any polynomial
Q for which F(Q(:),-) has an alternating sequence py < -+ < pin+a of length
n+2, and 0 = ||F(Q(-),")||co < 1, is the global minimum Q3 of G.

Proof. By the uniqueness theorem it suffices to prove that 6 = 4,;. The proof is
then by contradiction: assuming that 6 > 4., we write for each 4

S () (Q (i) — Qy, (ki) (2.21)
(f(pa) + Qi) (f (1) + Qi (i) '

F(Q(pi), i) — F(Qr (i), i) = 2
+6 | |<8x<8

Note first that § < 1 if and only if @ is positive on the interval. The denominator
in the right hand side is therefore positive. Since f(u;) > 0 and since the
left-hand side has the sign of F(Q(u;), i), Q(pi) — Qi (u;) has the sign of
F(Q(ti), 7). Thus the polynomial @ — @} alternates in sign at the n+ 2 points
;. It must therefore have at least n 4+ 1 roots, and being of degree n it must
vanish identically, which implies @ = @ and § = J;. O

We now use the general results in Theorem 2.3 and 2.4 for the concrete case
of n =0 and n = 1, which correspond to the Robin and Ventcell transmission
conditions in the optimized Schwarz method.

Theorem 2.5 (Solution for n = 0). If f is positive and monotonic, problem
(2.20) for n = 0 has a unique solution Qf. The alternation points of F(Qg, ")
are the endpoints of the interval, pimin and fimqr, and

Qa = f(Mmaz)f(ﬂmzn)a

. e | VI Gmas) =/ F Gamin)
50 = ‘F(QO,,U/mzn” - \/f(umam)+\/f(llmm) '

(2.22)

Proof. By Theorem 2.3, there is a unique solution @, and it alternates at
least twice. Since J§ < 1, Qf is positive, and since f is monotonic, p +—
F(Q, 1) is monotonic as well, and the extrema can only be at the endpoints.
Alternation at those points, F(Q, tmin) = —F(Q, thmaz) is equivalent to Q =

V f(min) f (ftmaz ). By uniqueness, we then obtain that Qf = Q. O

Theorem 2.6 (Solution for n = 1). If f is positive, problem (2.20) forn =1
has a unique solution Q5. Furthermore, if f is twice continuously differentiable,
monotonic, with [ of constant sign, there exists a unique i € (fmin, lmaz)
solution of

=\ . f(/]) =5 5 = /J/mazf(/’['mzn) B /J/minf(:umaac)
= T T T ) — Pl

(2.23)



such that F(Q7%,-) alternates at pimin, i and pimaz- If Q5 (1) = pi + G p, then
the coefficients are given by

qrz\/ Furmn e SRCRE (2.21)

and we obtain 67 = |F(Q7F, trmin)|-

Proof. The assumptions in the Theorem imply that f is strictly monotonic, and
hence s is well defined, since the denominator can not vanish, and also f’ never
vanishes. By Theorem 2.3, there exists a unique polynomial )7 with at least
three alternation points for u — F(Q(u), 1), with Q(u) = p+¢u. The extremum
points can only be endpoints, or i such that 9, F(Q(u), ) = 0. Fixing p and
q, we compute

f(n) f(u)(P+§u):,jf/(u)M, (2.25)

qf
Q) + f(n))? (Qw) + f(n))?

Since f’ never vanishes, 0, F(Q(u), ) vanishes if and only if the numerator
vanishes, which leads to the first equation in (2.23). Since

P (10
2

under the assumptions of the theorem, g is monotonic, and so is the numerator

in (2.25) which shows that the derivative in p vanishes at most once. Therefore

the alternations are at (fmin, [, flmaz ), and the alternation property is expressed
by

0, F(Q(1), ) =

i
Q(tmin) + f(Hmin) B Q(tmaz) + f(Hmaz) B Qi) + (_)’
).

The system can be

Q(pmin) — f(Hmin) _ Q(Wmaz) — f(Hmaz) QR) — f(B) (2.26)

where [i is defined from s by the first equation in (2.23
rewritten in the form

QHmin)  QMmaz)  f(R)

f(Mmln) f(,uma:c) Q(ﬂ) '

The first equality can be solved for s in (2.23), and the second equality gives a
relation between ¢ and i,

62(3 + timin) (8 + 1) = f(pmin) f (1)

With pj, ¢§ and i defined in (2.23, 2.24), we thus have three alternations with
IG(pi+qi1)lloo < 1, and hence by Theorem 2.4, this is the unique solution. [

2.5 Optimized Parameters for the Schwarz Methods

According to the definition of the convergence factor in (2.15), the analysis of
the best approximation problem above applies in the case of an unbounded
domain Q with p = k?, f(u) := D(k), and Q(u) = p + Gu = p + qAyyp.

10



Theorem 2.7 (Best parameters for unbounded Q). Let D(k) =: /1Ay, + k? det A.
The coefficient leading to the best convergence for the Robin Schwarz algorithm
on the unbounded domain ) is

5™ = /D (kmaz) D(kmin), (2.27)

with associated optimized convergence factor

p*,oo _ \/D(kmaw) — \/D(kmln) )
’ \/D(kmaw)+\/D(kmin)

The coefficients leading to the best convergence for the Ventcell Schwarz algo-
rithm are

pp™ = Vdet

A 1
V2,20, k2, ) (D(kmaz)—D(kmin)) (D(kmin)D(kmax))
Vdet 4 D(kmaz)—D(kmin)
Avv 22,02, ) (D(kmin)D(kmaz))

with the even smaller optimized convergence factor

(2.28)

k2 D(kmin)_k?ninD(kmaa:)

max

(2.29)

*700 p—
q1 =

pﬁlﬂyoo + qT’OOAyykgu'n — D(kmin)
p;,oo + qT’OOAyyk?nin + D(kmin)

*)OO J—
P =

Proof. This result has already been obtained using a different analysis and a
transformation in [14, Section 5], and has even been extended to the case of
discontinuous coeflicients. We use here Theorem 2.5 and 2.6 with f = f
to give a different proof. First, for the case of Robin conditions, it suffices to
replace the definition of f into (2.22) from Theorem 2.5 to get (2.27) and (2.28).
For the Ventcell conditions, let ro be as defined in (2.23); then the solution of
(2.23) can be obtained in closed form,

_ 1 NAzx
floo = — — 2 .
Tso det A

(2.30)

To obtain the coefficients, we compute first the terms in p} defined in (2.24),

_det A

2 /- _ nAxwroo Too ,det A

oo _A:vwa 1 0000221— =92 _AQJZD;
Joolfioe) = == Froofice = 217507 = 2qq0 4 g Men)
(2.31)

and a direct computation shows that the common term can be expressed as

det A
- 77Am = foo (/mezn)foo(,u/ma:r)
Too

Substituting this into the the terms in (2.31) and inserting them into the formula
for pi defined in (2.24), we obtain p}"* in (2.29) when replacing u by k? and
foo by D(k), and the corresponding expression for ¢;"™ = ¢, /A, in (2.29)
follows using ¢;"™ = reop;’™ from (2.24). O

11



As mentioned earlier, the upper bound on the frequency k.. is related to
the largest eigenvalue of the discrete transverse operator dy,, that is kpmaz ~ 7,
where h is the mesh size along the interface [18], and we obtain the following
asymptotic result.

Corollary 2.8 (Asymptotic performance on unbounded Q). For small mesh
size h, i.e. large kyqax = 7, the best Robin parameter and associated convergence
factor behaves like

= /Domin) v*det ks + Okmis), 2
p*oo_1_2 Fonin kma:p+0(/€1) .

th max

and in the Ventcell case we obtain

*,00 D (kmin
pl7 = ( ) kﬁlaz +O( maz)
\fdet A8
.00 det A% 2.33
q17 = l mal + O( mal) ( )
V2Ay, D (kpin)*

p?oo =1- 2\@D(kmin)%det A% maz + O(kmaz)
Proof. Tt suffices to insert D(kmaz) = kmazVdet A(1+O(k;,2,)) into the closed

max
form solutions of Theorem 2.7 and to expand then for k., large. O

In the case of a bounded domain, it is unfortunately not possible to solve
(2.23) in closed form, and we first use an auxiliary asymptotic approximation
of the coth term in f; to obtain a very good approximation of the coefficients,
in closed form:

Theorem 2.9 (Semi-asymptotic performance on bounded ). Let fo, and fr,
be the functions defined in (2.18,2.19). The best Robin parameter and associated
convergence factor on a bounded domain of size 2L are in the Robin case

*7L: \/fL( \/fL mln 934
\/fL min fL( maw) pO \/fL( + \/fL mln . ( . )

In the Ventcell case, we obtain

T’L — Vet Ak ao Fr(Kpyin) —Kain foo (K3100))
\/2(’%” k2,008 Foo (K200) (Foo (k2,00) FL(K2,;,) = F2 (K2,,,,)) (oo (K200 ) — fL(k,,Lm))
+O(e ),
ST 2 2 3
qi‘vL — Al detA(foo(knzam)_fL(kmin))4 + O(e_kfn‘”")7
202, =N oo W2100) (oo i) P2 (B2 50)— T2 (R25))
(2.35)
with associated convergence factor
*,L
p*vL _ +q1 Ayykmzn fL( mzn)
=

P1 gy T Ay kR + fL(k) |

12



Proof. In the case of a bounded domain 2, where fr, (1) = foo () coth (ﬁfoo (u)) ,

Theorem 2.5 still applies, since f, is positive and strictly increasing, and we eas-
ily obtain (2.34) for the Robin case. For the Ventcell case, to use Theorem 2.6,
we need to solve equation (2.23) with f replaced by fr, i.e. with

L fL(M)
9e(1) = )

To see that equation (2.23) still has a unique solution, we compute

- u. (2.36)

a2

T 4f ()

A series expansion in Y of the function in the parentheses gives

L fOO(U)'

(2Y%coshY —sinh®Y coshY — YsinhY), Y = 1

7 (1)

dn(n—1)+ 1 — 3?

Z anyzna ap = (271) | )

n>1

and for n > 1, all coeflicients a,, are negative. Therefore gy, is strictly increasing,
and the equation gy, (1) = 2 from (2.23) has a unique solution, which is however
not available in closed form. We thus use exponential asymptotics for large
Imaz and fixed L,

fL(Mmaz) = foo(,ulma:r)(l + O(e_umam))7

_ foo (Wmaz)—=fr(Bmin) —Hmax
TL = e TG o iy T O(€ )-
1
Then % = O(pdaz), and since the function gy, is increasing, we can see that

the solution fr of (2.23) with g = gz from (2.36) must increase at infinity as
well. Furthermore for large p

_ fL(:u) o foo(,u) e M) — 1 = nAxac o H

Therefore, we obtain instead of [i, from the unbounded domain case in (2.30)

1 NAzz -
[ = — 2 Hmaz
ML . dot A +O(e )
HMmazx fL (Mmzn) — Hmin foo (Mmaz) nsz _
— — 2 + O e Hmazx ,
foo (Hmax) - fL (,umzn) det A ( )

and for the terms in pj we get instead of (2.31)

_ _ _ det A rpnA _
2 — 2 Hmaz) — _ e Hmaz
F2(n) = Faln) + O(emer) = EA G - T i),

and
TLT]AIZD

—Hmazx
det A )+ 0l )

1+rppn =2(1—

13



We now simplify asymptotically the common term,

_ anAaj(E _ foo(/fémaw) ,foo(/f’fmaw)fL(/szn) - fgo(/f"mzn) + (9(6_“”‘”)

det A det A Hmax fL (Nmzn) — Hmin foo (Mmaz)

and also the last remaining term in pj from (2.24),

(Mmaz - Hmin>fL(Mmin) + O(e—,umaa:).

1+ HminTL =
Hmazx fL (,Ufmin) — Mmin foo (,Umax)

Inserting these results into (2.24) and simplifying, we obtain (2.35).
O

Corollary 2.10 (Asymptotic performance on bounded ). For small mesh size
h, i.e. large kyae = 7, the best Robin parameter and associated convergence
factor behave like

= \/kmaz é/det A \/fLmin + O(k;zéa:),
) e (2.37)
P L fme — 4 O(k‘ 1 )

max

=1-
0 Vdet V max
where frin = \/A(kmin) coth (AL

A(k‘mm)), and in the Ventcell case we

obtain .
p* - ngu’n kfnar + O(kmar)
! \/Qdet AR
§ det A% 2.38
ql’L - 1 maz + O( maw) ( )
\[Aynymzn

pl =1- Q\ffLmlndetAS max + O( maa:)

Proof. Tt suffices to use in (2.35) the approximation

f (kzna:c) - kmam v det A(l + O(kmzzl'r))
O

From our asymptotic analyses in Corollary 2.8 for the unbounded domain
case and Corollary 2.10 for the bounded domain case, we can see that with Robin
transmission conditions, the convergence factor behaves like 1— (4/% V'h, where
h is the mesh size along the interface, With a slightly different constant C that
has an extra dependence on the ratio A
the ratio of the domain size compared “to the diffusion in the X—dlI‘eCthD will
influence the performance of the method on bounded domains. With Ventcell
transmission conditions, the convergence factor behaves like 1 — C det A%h%,
again with a slightly different constant with the same extra dependence on the
ratio ALM as in the Robin case. So Ventcell conditions will always lead to a

much faster algorithm than Robin conditions, and a large or small ratio AL,/,,.
will require the bounded domain analysis for accurate best parameter prediction.

14



The boundary dual cell K*

Node z* of the boundary dual cell
Interior node z+ of the dual cell
Primal node zy

Primal control volumes

Interior dual cell K*

Do

Figure 1: The mesh T

3 Analysis at the Discrete Level

We now present the discrete duality finite volume discretization (DDFV) for
anisotropic diffusion problems applied to the optimized Schwarz algorithms
presented in Section 2. The algorithm is built on the equation with variable
diffusion matrix A.

3.1 Discrete Duality Finite Volumes (DDFV)

DDFV discretizations need a certain amount of notation for which we follow
[1]. A DDFV mesh 7 consists of a primal mesh 9t and a dual mesh 9t* U99*,
see Figure 1 for an illustration. The primal mesh 91 is a set of disjoint open
polygonal control volumes K C € such that UK = 2. We denote by 99 the
set of edges of the control volumes in 9 included in OF), which we consider
as degenerate control volumes. To each control volume and degenerate control
volume K € 9 U 99M, we associate a point xx € K. This family of points is
denoted by X = {xx, K € MU IM}.

Let X* denote the set of the vertices xx+ of the primal control volumes in 1.
We split this set into X* = X%, U X*, where X, N9Q =0 and X}, C 9.
For all neighbor control volumes K and L, we assume that 9K N 0L is an edge of
the primal mesh denoted by o = K|L. We note by £ the set of such edges.

Given the families of points X and X*, we define the diamond cells D to
be the quadrangles whose diagonals are a primal edge o = K|L = (z+, z.+) and
the line (xy, ), see Figure 2. We call the set of diamond cells ©. A diamond
cell D is an interior diamond cell, D € @, if [zg+, x1+] ¢ O, and an exterior

diamond cell D € ®.,; otherwise, and we have Q = DU@D. To each diamond
€

D € ©, we associate a point zp € [zg+,x«]. Any interior diamond cell can
thus be split into four triangles D = T2. UTLE. UTY. UTE., and any exterior

diamond cell into two triangles D = T2, UTY ., see Figure 2. Let Dy be the
set of diamonds with xx as vertices and Dy« the set of diamonds with zy- as

15
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Figure 2: Notation in the diamond cells. Left: interior cell. Right: boundary
dual and diamond cells.

vertices. We then observe that any primal cell can be described as
K= UDGDK(TI]()K* U TI?L* )

To any point xx~ € X*, we associate in a similar way the polygon K* defined by

K* = U TP, UTP, U T>,. 3.1
De@ngim( KK LK )UDegngm KK (3.1)

This defines the set 0* U9M* of dual control volumes that forms a partition of
Q consisting of a family of disjoint polygonal control volumes. The dual edges
are denoted by o* = K*|L*, and £* is the set of dual edges.

For any primal control volume K € 9t U 09, we denote by my its Lebesgue
measure, and the corresponding dual notation is my+. For a diamond cell D
whose vertices are (xk, Tk, Zr, 21+ ), we denote by

e mp its measure,

e m, the length of the primal edge o,
e m,+ the length of the dual edge o*,
® M, . the measure of OK* NT.

In DDFV, an unknown value uy is associated with all primal control volumes
K € MU IM, and an unknown value uy~ is associated with all dual control
volumes K* € MM* U 9M*. We denote the approximate solution on the mesh 7
by ur € R” where

Ur = ((UK)Kg(gmUagm) ) (UK*)K*e(im*uaim*))'

Following [10, 27, 12], we define a consistent approximation of the gradient

operator denoted by V® : u, € R7 (VDuT)DEQ € (R%H)®,
1
VPu, = Py [(ur, — ug)Ngp, + (upe — ugs )Ngsps], VD € D, (3.2)
mp
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with Ny, = (2.« — 2x+)* and Ny« = (2, — 2) with the convention ((x,- —
xi ) A (2, — k), €2) > 0.

As in [27, 12], we also define a consistent approximation of the divergence
operator denoted by div” : ép = (£p)peo — div’ €p € R” with

1
diviéo == — Y (6p,Ny.), VK € 0, (3.3a)
MK peo,
* 1
div &g = > (€0, Niepr), VK" € M. (3.3b)
s DED«

The DDFV approximation ur € R” of (2.1) is then solution to the linear system

—div* (Ao VPur) + neug = f, VK€M, (3.4a)
—div® (Ao VPur) + neuge = fr, ¥V K* € MY, (3.4b)
ux =0, VK& oM, ug= =0, VK* e oM. (3.4c)
where
As = (Ap)peo: Ap = Alzp),

o=
o=

in case of smooth functions A, f and n. Otherwise, mean values of the functions
can be used.

(fK)Ke(imuasm) ) (fK*)K*e(Sﬁ*Uaf)ﬁ*))) f = f(@w), fr = flae),
(

nK)KE(DﬁU@EDT) ) (UK*)K*e(smmazm*)>7 M = (@), M = (@)

3.2 DDFYV on Composite Meshes

In the case of a domain decomposition into two subdomains Q = Q; U s,
we need to consider for each subdomain €; of Q, j = 1,2, a DDFV mesh
T; = (9 U oM, Mz U 893?;), and the associated diamond mesh ©;. Letting I
be the interface between 2, and 25, we denote by

D,r:={De®;, DNT # 0} the diamond cells intersecting T",

OM;r = {K € 0M;, KNI # 0} the boundary primal cells intersecting T,
OM o= {K* € OM7, K*' NI # (0} the boundary dual cells intersecting T,
OM; p :={K € OM;, KNIQ # 0} the boundary primal cells intersecting €2,
oM = {K* € M, K* N IQ # 0} the boundary dual cells intersecting 9.

For an example, see Figures 3 and 4. We will assume that the two meshes are
compatible in the following sense:

1. The two meshes have the same vertices on I'. This implies in particular
that the two meshes have the same degenerate control volumes on I', that
is 0Ny r = My r. Let N be the number of edges on I'. For the sake of
clarity, we sort these edges o1, ,0n in such a way that os Nogy1 # 0.
We refer to Tz, Tkr, | for the vertices of o5. Note that Tgr =05 N0Os1.

17



73‘ on Q]

Figure 3: From a DDFV mesh 7T of the whole domain 2 to the

QUQ,

0=

Figure 4: From a Nonconforming DDFV mesh 7 of the whole domain €2 to the

73' on Qj.

18



2. The edges o5, whose center is denoted by z,,, can be assimilated to a
primal degenerated boundary control volume for both meshes, i.e. Ly C

09y N OM,.

Remark 3.1 (Non conforming meshes). In the definition of general finite vol-
ume meshes, the intersections of two neighboring control volumes are called
edges of the mesh. Figure 4 (left) shows in the case of a non conforming mesh
that a square volume may have more than 4 vertices. To create a compatible
composite mesh from two a priori non conformal meshes, it is thus natural to
add additional vertices on T' as shown in Figure 4 (right) in such a way that
edges of 0 1 coincide with edges of OMa 1.

We next define the DDFV discretization for the transmission conditions of Vent-
cell type. We associate one unknown per interior and exterior primal and dual
cell ur; € R7 and one flux unknown ¢y~ for j = 1,2, per interface dual cell
K* € 09 .. We denote by ¢r; € R.r the collection of all flux unknowns
Yy, see Figure 5. For u,, € R7;, Yy, € Ram;f, fTJ. € RYGUMGUIMT and
hr, € R0V r e refer by

Eng‘(UTj?/l/]Tj?ij?th) =0

to the linear system

—div* (Ao VPur,) + neux = fx, VK €My, (3.5a)
—div™ (Ao VPur,) + it = fr, ¥ K* € 9, (3.5b)
1
T m Z(ADVDUTJ"NK*L*) Mg P | e ugs = Jies ¥ K*Eam;p,
-

De®
(3.5¢)

(ApVPur,, Ny ) + mo AP (ugon, ) = mohy, YL EIMp,  (3.5d)
Ve + A T (wgos ) = I, VKT € 0, (3.5¢)
ug =0, VK€M, p, ug- =0, VK" €0M; p, (3.5f)
with for s=1,--- | N

oM, 1 q 1 Uigp — U, s UL, — Uns 4
A7 (upom, ) = pur, — A? — A 3.6
Ls ( J,r) Ls m yy mch* yy ( )

Os

+1

and for s =2,...,N

aMm* q* . Ugr, | T Uk _q Ukr T Uk
Ay J’F(UBE)JI;F) :p*uK: - Ap —ti s psl s enl )
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where A;’jy and Az*y are the values of A, at the points z;, and zy-. Note that
Uy = Upy,, = 0 and Uiy = Ugy,, = 0 because of the boundary condition on
of.

Equations (3.5a)-(3.5¢) correspond to an approximation of the equation after
integration on M;, M and N} Equations (3.5d) and (3.5e) are related to the
Ventcell transmission conditions on 090 r and 090} .. Finally, equation (3.5f)
corresponds to the homogeneous Dirichlet boundary condition on 0f2.

3.3 DDFYV Schwarz Algorithm for Anisotropic Diffusion

We can now present the optimized Schwarz algorithm discretized by DDFV:
for an arbitrary initial guess hy € ROPLrUOMir 5 e (1,2}, the algorithm
performs for iteration index ¢ = 0,1,2,... and i,5 € {1,2}, j # i the two steps:

1. Compute (u%l, 7,/1%1) e R7 x R solution to
Egir( “1,¢€+1,fﬁ,h§j) =0. (3.8)

2. Compute the new values of heﬁ;l by

1 om;
h€+1 = _mi (ADvDuﬁ-TlvNKL) + AL "’ (Ug—&%im), VL € 89ﬁj,p, (39&)
o
oOM?*
hitt = =it AL (uggys ), VKT € 09 and LY € OMp 5. b 2y = @

(3.9b)

To prove that this algorithm is well posed, we will need the following two
Lemmas:

Lemma 3.1 (Properties of A?%r and A%™r). The operators AP and
Ar are symmetric and positive definite. The operators A%™i.r =1 gnd A9™.r =1
are also symmetric and positive definite, and induce a norm.

Proof. Using the weighted product on OMr, (usmy, vomry.) = Zi\[:l M, Up, U, ,
we show using (3.6) that

omt;
(AT (ugom; 1), vosm, r) pE M, Uy, VL,

+ q Z mo-k AG *+1 uLs+1 - uLs UL3+1 - ULS

Me Me
Koiq Koiq

)

and we see the symmetry between u and v, and this also implies the other

properties of A%.r and A9PU.r—1 Similarly, one can also obtain the properties
of A9ir and A1, O
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Lemma 3.2 (Variational form of the DDFV scheme). The vector (ur,;,¥r;) €

R7 x ROMGrW9Mir s g solution of the linear system

‘cgj-’]_“(uTj7wTjaij7th) = 0

if and only if for all vy, € R7i we have

2 Y mp(ApVPur,, VP20 )+ (AP (ugan, 1), vome, ) (A5 (wgoms ), vomms )
DeD;

+ E My MUV + g M T+ Uk Uk

KEM; K* €T UOM 1.
= E My fxVx + E Mg fier Ve
KEM ; K*Ef)ﬁ;f Uaﬁ)ﬁ;r\
+ g meghyvy, + E Mo it (3.10)
L€89ﬂj,r‘ K*EBEDT;F

Proof. We multiply equation (3.5a) by myvx and equations (3.5b)-(3.5¢c) by
Mmy=Vk= and sum theses identities over all the control volumes in 9, and Dﬁ;‘ U
OM. Reordering the different contributions over all diamond cells, we obtain

2 Z mD(ADVDuTj,VDvTj) — Z (ADVDuTj,NKL)vL

DeD; LEOM; 1
- g M Yix Vicx + g Mg Nk Uk Vk + E M+ Niex U+ U+
K* €M . KEM,; K* €M UOM 1.
= E my fxUx + g Mg fxrvge. (3.11)
KEM; K* €T UOM 1.

Introducing now the Ventcell transmission conditions (3.5d) and (3.5¢), we ob-
tain (3.10). O

We can now prove that the subdomain problems discretized by DDFV are
well posed:

Theorem 3.1 (Well-posedness of the DDFV Subdomain Problems). For any

fr; € RYGVIGUOMG g hy, € ROMG.e UM e there exists a unique solution

(ur,,¥r,) € RT x ROMGrVOMr of the linear system
-
£Q;)F<u7—j ) wm ij ) th) =0.

Proof. By linearity, it is sufficient to prove that if ng ,F(uﬂ. ,7,,0,0) = 0, then
ur, = 0 and ¢, = 0. We just use (3.10) with v,, = ur,, fr, =0, hy; =0 to
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Figure 5: Notation around a diamond. The new unknowns needed to describe
the DDFV scheme on () as the limit of the Schwarz algorithm.

obtain that

2 Z mD(ADVDuTj,VDuTj) + (Aamj'r (U/amjyr), Ug)gmj‘r)
De®
+ (Aam;,l" (uam;r), U@gm;r) + Z mKnKuK2 + Z M+ nK*uK*z =0,
KEM; K* €93 UM .
(3.12)

which implies with Lemma 3.1 due to the non-negativity of all terms that both
primal and dual unknowns are all identically zero. O

3.4 DDFYV Convergence Analysis Using Energy Estimates

We now show how the technique of energy estimates we have used at the contin-
uous level to prove convergence of the optimized Schwarz algorithm in Theorem
2.2 can be adapted to also prove convergence of the algorithm discretized by
DDFV.

Theorem 3.2 (Convergence of the DDFV Schwarz algorithm). The iterates
of the optimized Schwarz algorithm discretized by DDFV defined by (3.8)-(3.9)

converge as  tends to infinity to the solution ur of the DDF'V scheme (3.4) on
Q.

Proof. We first rewrite the classical DDFV scheme (3.4) on Q as the limit of the
Schwarz algorithm. To this end, we introduce new unknowns near the boundary
I, see Figure 5:

e for all K € 9; and K™ € M7, we set u® = ux and ugs = ux~,

o for all K € 99M; p and K* € 893?;,,3, we set u2® =0 and uls =0,
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o for all L; € 09, r and L; € 09, r such that L; = L;, we have K; € M;
such that L; € 0K;, we define Mg, to be the distance between and
rp. We also have K; € 91; such that L; € JK; and choose

0o 0o mUKi qu + mO'Kj uKi

Uy = i,

)
mo'Kj + mUKi

in such a way that (AD].VDJ'U;’%,NK].L) = — (ADiVDiuﬁ,NKiL), with
D; € ®;r and D;r € D; such that zp, = x; = xp, = 7y,.

e for all K* € M* such that K* = Ky UK} with K} € 990} . and K} € O] .,
choose uﬁj = uﬁf = ug+~ and

oo o] 1 D, oo mK;
Ye=—1gs = — E ApV7uT  Niess ) + (Mt — fer)

J @ m J JI m

Oy* DED, oy*
J
1 Mg
= § (ApVPuS Nirpr ) — — (e tier — ficr)-
mO'K*D ) Mg«
E’C‘DK’.“

By linearity, it suffices to prove convergence of the DDFV optimized Schwarz
algorithm (3.5) to 0. We have constructed (u$,¢3°) from the solution us of
the DDFV scheme (3.4) on €2 such that '

i
EQ;,F(urjawsf;aijah?f;) =0.

C+1 o 041 00 AL ] 00 oot
Observe that the errors 77" = uz"" — w3, W= = ¢ — 7 satisfy

75 41 £+1 4
ﬁgiyr(e% ,\IIT'LT ,O,HTJ_) =0,
with

oMm;
Hf.= -0l + AL "’F(egmfr), VK* € O and L™ € O 1 s. t. 2 = Ty,

1 )
Hf= ——(ApVPe! Niw) + AT (ehan, ), ¥ L € OMy .

g
An a priori estimate using discrete duality leads to

2 ) mp(ApVPelt, Vel
De®;

D_t+1 £+1 041 _0+1
- E (ApV7er " Ny e, — g Mo Uik et

LEOM; K* €M 1,
+ Z AR Z My e (€552 = 0. (3.13)
KEM, K* €M UOM* -
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Using the scalar product defined by (A?.r)~1 we get

_ Z (Ap VDeZ-H’N )é+1 ((A V©e€+1 )egg )
Leaﬁﬁj,p

= (Ao VP my), (APMr) 1 (A2 (et )

D 0+1 M1 (bt 1
((A v @+ n;), A J'F(eagﬂjvr)><z\"”"jf)*l'

1

Using the same trick as at the continuous level, the formula —ab = 1 ((a—b)* = (a+1b)?)
implies

1 : 2

¢ ¢ (o
— Z (A VDe +17N ) f—H = Z ‘ ( vge +17 j) +Ad§mg’r( 333%71“) A amz7p)_
LEOM, r
1 ) L 2
_ Z (ADVQG erl, nj) + ABQJT],F (e{;grj%j)p) (A2, T) -1 :

We can now use the Ventcell transmission conditions to replace the last term,

1 2
= Y (AVPe Naef ™ = £ | —(4a Vel my) + AT (e )

OM —
AT, Ty =1
Leaﬁﬁj,r ( )

W

1 2
4 H_(AD Ve m;) + AP (ehoy, )

@O™gry-1
Similarly, we also obtain on the dual mesh

+1 _(+1
— E My Vit e =
K*GGE)JT;F

1 [-1—1 (')DJT {41 2
4 H Vg +A (eam* ) ‘(Aafmir)ﬂ

1 : 2
1 |05 + AP e )

(Aafmf,r)—l .
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Summing over £ =0, ,£ppar — 1 and j = 1,2, we get

Lraz—

) Z z Z mD ADVD €+1 VD /—&-1)

=0 j=122€D;

lmaz—1 lmaz—1

FXX Somaa™ e Y 3 mene (o)

(=0 j=12keM; 6=0  j=1,2K*E€MIUOM" -
‘2

Zm“ oM ; Lnax
!— (A5 Vekzor my) + AP (el )

(A2 r)—1

2
H \Ijénbaa‘ + Aam ( gmaa‘ ) ’

(A'f’mf,r)—l

H (A, V eT,n])—FAam”( (9971,‘,1")‘2

(AP0 -1

2
H*‘IIO + AP (egaﬁ;,r)‘

NH
HM ||M M

n
PN B N »Jk\»—lw

(Aaa;vzj*.,r)f1 .

This shows that also in the discrete case, the total energy stays bounded as the
iteration index ¢ goes to infinity, and hence the algorithm converges. O

4 Numerical Experiments

We now investigate the influence of the anisotropy on the optimized Schwarz
algorithm discretized by DDFV (3.8,3.9) numerically. We start with numerical
experiments for a rectangular domain decomposed into two rectangular subdo-
mains, which corresponds precisely to our analysis, and allows us to illustrate
when the bounded domain analysis is important, and why it is essential for per-
formance to have the appropriate optimized choice of the Robin parameter in
the anisotropic case. We then also investigate cases not covered by our analysis,
namely domains which are not rectangular, and also decompositions into more
than two subdomains.

4.1 Rectangular Domain with Two Subdomains

We consider the domain Q = (—1,1) x (0,1) with the two subdomains Q; =
(=1,0) x (0,1) and Q9 = (0,1) x (0,1). We first compare the convergence on
conforming Cartesian meshes using the mesh size h = % forn =1 and A,, =
A,y =1, Az = 0 (the Laplacian), to the anisotropic cases with A,, = 16,
Ayy =1, Ayy = 0, and Ay, = 1, Ayy = 16, Ay = 0. We simulate directly
the error equations, measure the error in the discrete L? norm over primal
and dual unknowns, and start using a random initial guess, which is important
to test the algorithm using all possible frequencies in the error, for a detailed
explanation, see [19, Section 5.1, last paragraph]. We show in Figure 6 how
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Figure 6: Convergence of the DDFV Schwarz algorithm for various parameter
choices p with h = 272 and random initial guess. Left: A,, = Ayy =1, A,y = 0.

Middle: A., =16, Ay, =1, A,y = 0. Right: A, =1, Ay, =16, A,y = 0.

the error decreases over the iterations for different choices of the optimization
parameter p. We see that in all cases a good choice of p leads to fast convergence,
and the value of the best p is influenced by the anisotropy. We also observe that
the anisotropic case is harder to solve for the method than the Laplacian case
for the generic parameter choice p = 1, but good convergence is restored for
a well chosen parameter. We show in Table 1 a detailed comparison of our
asymptotically predicted optimized Robin parameters p}_ for the unbounded
domain analysis, pj, from the bounded domain analysis, and p},,,, that worked
numerically best, i.e. reaching the very small tolerance of 1e —12 in the smallest
number of iterations. We also show the corresponding number of iterations to
achieve this tolerance for each parameter choice. There are two interesting
observations: first, in the case of the Laplacian, the unbounded domain analysis
gives a Robin parameter p’_ which is very similar to the bounded domain Robin
parameter pj, and the same holds also for the anisotropic case A;; = 1 and
Ay, = 16. However, when A, = 16 and A,, = 1, this is not the case any more,
because due to the strong diffusion in the = direction, the homogeneous Dirichlet
boundary conditions at x = —1 and x = 1 influence the solution substantially,
and thus the boundedness needs to be taken into account to determine the
optimized parameter pj, which is different from p? . Second, in the case of
the Laplacian, the analysis also predicts well the parameter pJ ., that works
best, but in the anisotropic cases, even though the asymptotic behavior of the
optimized parameter is well captured, in the case A,, = 16 and A,, = 1 the
continuous prediction is a bit too large, and the bounded continuous analysis
which should be more accurate is actually less accurate. In the case A, =1
and A,, = 16 the prediction of the continuous analysis is a bit too small. To
quantify this, one would need a fully discrete analysis, which is beyond the scope
of the present paper and will be the subject of further studies.

We show next in Table 2 the corresponding results for the optimized Vent-
cell parameters. We observe again as in the case of the Robin parameters that
the asymptotically best parameters are predicted well, and the bounded do-
main analysis is important if A,, is large. For strong anisotropies, as in the
Robin case, there is a certain difference in the constants that could only be
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Do \ iter H D71 \ iter H Drum | iter
Mesh A =Id
23 9.11 43 9.12 43 8.34 39
2-4 12.87 | 60 12.89 | 60 11.81 | 55
2-° 18.21 | 85 18.23 | 85 16.43 | 76
2-6 25.75 | 120 || 25.78 | 120 || 22.42 | 105
Apr =16, Ay, =1
273 36.43 | 28 || 44.26 | 35 || 35.17 | 27
2-1 51.50 | 40 || 62.57 | 49 | 49.62 | 39
2-° 72.82 | 59 || 88.48 | 72 | 69.46 | 56
276 ]/ 102.99 | 82 || 125.13 | 100 || 96.33 | 77
Apw =1, Ay =16
273 35.60 | 95 || 35.60 | 95 || 49.09 | 73
24 50.34 | 136 || 50.34 | 136 || 74.44 | 95
279 71.20 | 186 || 71.20 | 186 || 104.99 | 129
26 1] 100.69 | 254 || 100.69 | 254 || 140.51 | 185

Table 1: Optimized Robin parameters p%_ and p} using kp,in, = 7 and ke =

s
o

and p},,,, performing best in numerical experiments, together with the corre-
sponding number of iterations to reach an error reduction of le — 12.

P | i [iter][ pp | ap [iter] phum | @Gum |iter
Mesh A=Id
27 | 3.6870 [0.0439 ] 19 [[ 3.6959 [0.0439 ] 19 ][ 4.0220 [0.04699 | 18
27 | 44898 [0.0269 | 20 || 4.4998 [0.0269 | 20 || 4.5815 | 0.02878 | 20
275 | 5.4069 [0.0163 | 24 || 5.4185 | 0.0163 | 24 || 5.3173 | 0.01745 | 24
20 | 6.4718 [ 0.0097 | 29 || 6.4853 | 0.0097 | 29 || 6.1922 [ 0.01063 | 27
Awe =16, Ay = 1
27 | 14.7479 [ 0.1757 | 16 [[ 20.7545[0.1693 | 14 [[19.1678 [0.18871 | 11
27 |[17.9591 [ 0.1077 | 20 || 24.6158 | 0.1059 | 17 || 22.1708 | 0.1249 | 15
25 [[21.6275 [ 0.0651 | 24 |[29.2025 | 0.0645 | 22 || 26.2975 [ 0.07849 | 19
27 [[25.8870 | 0.0390 | 30 || 34.8627 | 0.0388 | 27 || 30.8763 | 0.04811 | 24
A =1, Ay = 16
25 | 14.1316 [0.0111 | 59 || 14.1316 [ 0.0111 | 59 [[35.9474 [ 0.00699 | 55
27 |[17.2871[0.0068 | 56 || 17.2871 | 0.0068 | 56 || 42.0509 [ 0.00542 | 55
25 [20.8638 | 0.0041 | 56 || 20.8638 | 0.0041 | 56 || 44.7826 | 0.00330 | 55
270 [[24.9996 [ 0.0025 | 66 || 24.9996 | 0.0025 | 66 || 44.8330 | 0.00184 | 54

Table 2: Optimized Ventcell parameters p} ., ¢, p; and ¢}

and K = %a

of 1le — 12.

27

for kpin =
and P m, 9hum Derforming best in numerical experiments,
together with the corresponding number of iterations to reach an error reduction
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Figure 7: First and third iteration of the DDFV optimized Schwarz method with
Ventcell transmission conditions. Left: Nonconforming mesh with diagonal A.
Right. Irregular domain and mesh with a fully anisotropic A.

explained with a fully discrete analysis, which would then however be limited
to a particular mesh.

4.2 Non-Rectangular Domains with Non-Matching Grids

We now show that the continuous analysis allows us to determine optimized
parameters that work well also in more realistic situations, where we have non-
matching grids and non-rectangular geometries and meshes, namely the two
experiments shown in Figure 7. We start with a zero initial guess. For the
problem on the left, we use a diagonal diffusion matrix with A,, = 16 and
Ay, = 1 and the source function f(z,y) = e~ (@+05°=(¥=0.5  We show in
Table 3 how many iterations our code needs to converge to an accuracy of
1% with respect to a converged solution when using p = 1, ¢ = 0, p = 300,
g = 0, compared to using the optimized Robin parameter p%, = 63.07 and
Ventcell parameters p’, = 20.04 and ¢}, = 0.0803, which we obtained from our
continuous analysis using the smaller mesh size in the estimate for ky,.x = 7/h.
We clearly see that using the parameters predicted by the continuous analysis
leads to great savings in the number of iterations needed, and this without
changing the computational cost per iteration. Similar results we obtained also

for the example on the right in Figure 7, where we now used the fully anisotropic
16 0.5

05 1 } and the same source function as before, see

diffusion matrix A = [
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Problem | p=1,¢=0|p=300,¢=0 | p=p5,q=0 | p=pi,,q=q%
left 33 35 8 3
right 37 34 7 3

Table 3: Number of iterations needed when solving the left and right problem
in Figure 7 using the DDFV Schwarz algorithm.

Figure 8: Layer domain for the many subdomain decomposition and source term
for our experiments.

Table 3. The optimized parameters predicted by our continuous analysis were
pi, = 51.5 for the Robin case, and p%, = 17.96 and ¢%, = 0.1077 for the Ventcell
case. Again the predicted parameters lead to important savings.

4.3 Layered Multidomain Decompositions

We finally show an experiment where we decompose a layer of variable anisotropic
diffusion into many subdomains. The domain, together with the source term
6*1'25(0'1(9”*4‘0)2*(5’*0'5)2), is shown in Figure 8, and we use n = 1 in the fol-
lowing experiments. The variable diffusion matrix A is defined as follows: we
first define the Lagrange interpolation polynomial ¢(z) of degree 8 shown in red
in Figure 9, which passes through the 9 points (z;,v;), ¢ = 0,1,...,8 on the 9
boundaries of the subdomains, z; =, yg = 0.5, y1 = 0.9, yo = 0.65, y3 = 1.05,
yg = 0.91, y5 = 0.89, yg = 0.69, y7 = 0.99, ys = 0.59, also shown in Figure 9.

Figure 9: Decomposition of the layer domain into 8 subdomains, and the La-
grange interpolation polynomial ¢(x).
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Figure 11: Vector fields a;n and ast to build the anisotropic diffusion matrix.

We then define for each point of the curve given by the Lagrange interpolation
polynomial the normalized gradient and tangent vector

1 1
n(z) i= ——=(1,¢'(2))", t@) = ———=(-¢'(2),1)".
1+ (¢'(x)) 1+ (¢'(x))
We also define two coefficients a1 and as dependent on x by
a1(z) := 1.0(0.5tanh(12 — 4z) + 0.45 tanh(4z — 20) + 1),
az(z) = 0.9(0.5tanh(20 — 4z) + 0.45 tanh(4z — 12) 4+ 0.1),

which are shown in Figure 10 and will be used to determine the diffusion strength
in the normal and tangential direction of the Lagrange interpolation polynomial.
We now build the diffusion matrix A such that the diffusion equals a;(x) in the
direction n(z) and as(z) in the direction t(x) for any point z, and A is constant
in y, see Figure 11. The anisotropic diffusion matrix is thus given by the formula

A(x) := ap (x)n(z)n(z)T + ay(z)t(z)t(x)”.

We show the solution of this problem in Figure 12, where one can clearly see that
the anisotropic diffusion generates two maxima, even though the source had only
one. The solution was obtained using our new algorithm and 8 subdomains as
indicated in Figure 9, with the optimized parameters from our two subdomain
analysis shown in Table 4, starting with a zero initial guess. We show in Figure
13 the iterates £ = 1,4, 6, 8,12, 20 to illustrate how the algorithm converges. We
can see how the method first generates maxima in each subdomain, but very
quickly identifies the true location of the maxima of the solution, and converges
rapidly, without Krylov acceleration. We next also run our algorithm using only
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Figure 12: DDFV solution on the full domain: maximum solution value is 0.2958

interface p q

1 2.099499 | 5.38921E-002
2.301869 | 4.77629E-002
2.454977 | 2.06458E-002
1.451507 | 6.15922E-003
2.535083 | 1.98993E-002
2.160908 | 5.18254E-002
2.099499 | 5.38921E-002

| O O = W N

Table 4: Optimized Ventcell parameters for the layered multidomain decompo-
sition used locally on the interfaces.

0Ol =3k

(a) £ =1, max=0.1695 (b) £ =2, max=0.2443

el r="T"s7"

(c) £ =3, max=0.279 (d) ¢ =4, max=0.2889

=S =i

(e) £ = 5, max=0.2935 (f) £ = 10, max=0.2958

Figure 13: Iterations £ = 1,2,3,4,5,10 for the 8 subdomain case, and maxima
attained by the iterates.
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ww

(c) £ = 3, max=0.2907 (d) £ = 4, max=0.2942

=A==

(e) £ =5, max=0.2955 (f) £ =7, max=0.2958

Figure 14: Tterations ¢ = 1,2,3,4,5,7 for the 4 subdomain case, and maxima
attained by the iterates.

=S AE=T=7

(a) £ = 1, max=0.2958 (b) £ = 2, max=0.2958
(c) € =3, max=0.2958 (d) £ =4, max=0.2958

Figure 15: Iterations ¢ = 1,2,3,4 for the 2 subdomain case, and maxima at-
tained by the iterates.

four subdomains, see Figure 14, and finally only two subdomains, see Figure 15.
As expected, convergence is faster using less subdomains since we are just using
a one level method, but we observe also that when cutting through the fast
diffusion region in the middle only, the two maxima in the underlying solution
are identified very rapidly.

5 Conclusions

We introduced a new, optimized DDFV Schwarz algorithm with general Ventcell
transmission conditions for fully anisotropic diffusion, and showed that it is well
posed and convergent using energy estimates and two subdomain decomposi-
tion. We also determined optimized Robin and Ventcell transmission conditions
at the continuous level, both using the by now classical unbounded domain
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analysis, and a new technique which takes into account the boundedness of the
domain. Our optimized transmission conditions lead to low iteration counts for
the algorithm, and for certain types of anisotropic diffusion, we showed that
the bounded domain analysis is important. We also observed an interesting
discrepancy in the case of large anisotropies between our continuous analysis
and the discrete performance of the algorithm: while the asymptotically best
parameter choice is well captured, there is a difference in the constants. We
conjecture that this difference is related to the isotropic mesh size we use for
the anisotropic diffusion model problems we solved, and to gain more insight
into this phenomenon, we will have to embark on a fully discrete analysis.

While our analysis provides for the first time optimized transmission con-
ditions for Schwarz methods for fully anisotropic diffusion problems with an
appropriate discretization for such problems, this is only a first step in the de-
velopment of scalable solvers for such problems. Two further main ingredients
are needed for a scalable solver: the definition and analysis of the transmission
conditions at cross points, and an adapted coarse space for anisotropic diffu-
sion. For the simpler case of isotropic diffusion, an algorithm with Ventcell
transmission conditions and cross points has been studied at the continuous
level using energy estimates for rectangular decompositions in [34]. At the dis-
crete level, a condition number estimate for a finite element discretizations of
isotropic diffusion problems and Robin transmission conditions can be found in
[33]. Two different consistent discretizations at cross points for finite element
discretizations were derived and analyzed in [22], and optimized Robin param-
eters at cross points at the algebraic level were derived in [20], but classical
energy estimates can not directly be used in the presence of cross points [21].
There is also to the best of the authors knowledge no study so far on efficient
coarse spaces for anisotropic diffusion problems. In the case of the Poisson
equation, very recently the combination of optimized transmission conditions
with an adapted coarse space for optimized Schwarz methods led in an imple-
mentation in PETSc to substantially faster Schwarz methods than the default
two level Schwarz solver in PETSc [23], and wall clock times are comparable
to the multigrid solver implemented in PETSc. We are currently working on
developing similar techniques also for the anisotropic diffusion case.
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