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OPTIMIZED SCHWARZ METHODS FOR THE TIME-HARMONIC
MAXWELL EQUATIONS WITH DAMPING*
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Abstract. In a previous paper, two of the authors have proposed and analyzed an entire
hierarchy of optimized Schwarz methods for Maxwell’s equations in both the time-harmonic and the
time-domain case. The optimization process has been performed in a particular situation where the
electric conductivity was neglected. Here, we take into account this physical parameter which leads
to a fundamentally different analysis and a new class of algorithms for this more general case. From
the mathematical point of view, the approach is different, since the algorithm does not encounter
the pathological situations of the zero-conductivity case and thus the optimization problems are
different. We analyze one of the algorithms in this class in detail and provide asymptotic results for
the remaining ones. We illustrate our analysis with numerical results.
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1. Introduction. Finding robust solvers for indefinite problems, such as Helm-
holtz and the time-harmonic version of Maxwell’s equations, has always been a chal-
lenging research topic. From the pioneering work of Despres [5], where the first
provably convergent domain decomposition algorithm for Helmholtz equations was
proposed and then extended to Maxwell’s equations in [6], other studies followed with
the declared purpose of improving the performance of these algorithms. The first
attempts to obtain better algorithms for this kind of equations were given in [4] and
then [3], where the first inspiring ideas of optimized Schwarz methods can be found.
Then, in [15] and in particular in [14], the advantage of the optimization process was
used at its best for the Helmholtz equations to design an algorithm without overlap;
for the second order Maxwell system, see [1]. But, for the first time, an entire hier-
archy of optimized transmission conditions for the first order Maxwell equations was
given in [9], with complete asymptotic results. Applications to real-life problems using
a discontinuous Galerkin method can be found in [10, 11]. For finite element—based
nonoverlapping and nonconforming domain decomposition methods for the compu-
tation of multiscale electromagnetic radiation and scattering problems, we refer the
reader to [16, 18, 17].

This paper is organized as follows: in section 2, we introduce the mathematical
formulation of the problem to be solved, and in section 3, the classical and optimized
Schwarz algorithms are presented. These algorithms are analyzed by computing their
convergence factor in Fourier space in section 4. The main part of the paper, and the
core of this study, is given in section 5, where an optimization problem is solved for
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one of the optimized Schwarz methods in all detail, and asymptotic results are given
for all optimized Schwarz algorithms considered in this paper.

2. Presentation of the problem. The system of Maxwell’s equations describes
mathematically the propagation of electromagnetic waves

(2.1) 6% —curl + o€ =-J, u%—tl + curl€ =0,

where £ and H denote the electric and magnetic field, € is the electric permittivity,
and g is the magnetic permeability. Here o denotes the conductivity and J the
applied current density.

We are interested in solving the time-harmonic Maxwell equations, which are
obtained from their time-domain counterpart (2.1) by assuming that the electric field
£ and the magnetic field H follow a harmonic dependence on time (as a result of the
time-harmonic dependence of the current density J(x,t) = Re(J(x) exp(iwt))),

E(x,t) = Re(E(x) exp(iwt)), H(x,t) = Re(H(x) exp(iwt)),

where the positive real parameter w is the pulsation of the harmonic wave. The
unknown complex-valued vector fields E and H are the solutions of the time-harmonic
Maxwell equations

(2.2) iweE — curl H+ oE = —J, iwpH + curl E = 0.

Equations (2.2) are solved in a bounded domain €. On the boundary 02 =T'y UT',,,
the following boundary conditions are imposed:

e a perfect electric conductor condition on I'y,: n x E =0,

e an impedance condition on I'y: Bn(E, H) = Bn(Einc, Hinc),
where the vector (E™°, H™) represents an incident electromagnetic wave and n
denotes the unit outward normal at any point of 92. The impedance operator is
given by

Bn(E,H):nxg—nx(Hxn).

Note that this condition is equivalent to imposing Dirichlet conditions on the incoming
characteristics if we consider the hyperbolic nature of the underlying time-dependent
system, and can also be seen as an approximation of a transparent boundary condition.

3. Schwarz methods for Maxwell’s equations. We introduce here a domain
decomposition method based on a Schwarz algorithm. In order to simplify the presen-
tation we consider a decomposition of the computational domain 2 with boundary 92
into two subdomains €2;, i = 1,2, such that Q = Q; |J Q2. We set Iy =09 ﬂﬁj\BQ,
where 0€; is the boundary of ;. For this decomposition (as shown in Figure 3.1), the
classical Schwarz algorithm consists in computing (E*" " H?" ) from (E", H/"™),
for j = 1,2, by the iterative process

—iweE"™ + curl HY" — B = J in O,
iwpHY™ + curl EM™ = 0 in Q1,

(3 1) Bl’ll (El,n’ HLn) — Bl’ll (]_32,11717 H2,n71) on F]g,
' —iweE*" 4+ curl H>" — gE?" = J in Q,
iwpH>™ + curl E*™ = 0 in Qo,

an (EZ,n’ HQ,n) — an (]_El,n—l7 Hl,n—l) on F21'
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F1c. 3.1. Domain decomposition into two subdomains.

—Classical Schwarz without overlap

--- Classical Schwarz with overlap
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Fic. 3.2. Convergence factor peq of the classical Schwarz method with (L = §) and without
overlap (L =0) as a function of |k|, w=2m, 0 =2, and p=¢ = 1.

For the classical Schwarz method, we see that at the interfaces (artificial bound-
aries between subdomains), characteristic information is exchanged. This type of
conditions has been proposed for the first time in [6] for the second order version
of the time-harmonic Maxwell equations.

In the constant coefficient case for the case of two half-spaces 0 = (—o0, L) x
R%, Qs = (0,00) x R?, an estimate of the convergence factor of this algorithm has
been obtained in [9] using Fourier analysis. The convergence factor (the reduction
of the error between two successive iterations) for each Fourier mode k = (k,, k.) is
given by

B2 timeZ—id 2 o -

\/|k|2 — &2 o Z+id

Here & = w,/eft = % denotes the adimensionalized frequency (or the wave number),
c = \/LE_N is the wave propagation speed, and L is the size of the overlap between

the subdomains. From this result, we see that if ¢ > 0, the method converges also
without overlap (L = 0). But for the high frequencies, the convergence factor is close
to one, and therefore the algorithm is not very efficient; see Figure 3.2.
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The convergence can be improved by modifying the transmission conditions in
the classical Schwarz algorithm (3.1), namely

—iweEM +curl HY " — B = J in Q,
iwpHY + curl EM" = 0 in 4,

(32) . (Bn21 +818n2)(2E177: HL:) = (Bnl +818n2)(E27n71, H2,n71) f)n ].—‘12,
—iweE*"+curl H*" —ocE“" = J in Qo,
iwpH>" + curl E*" = 0 in Q,

(Bn2 +828n1)(E2’T: HQ’n) = (Bn2 +828n1)(E1’n_1, Hl’n_l) on ].—‘21,

where S, j = 1,2, are tangential, possibly pseudodifferential, operators. For o = 0,
different choices of S;, j = 1,2, have been developed in [9] and lead to different
optimized Schwarz algorithms for Maxwell’s equations. In the next section, we develop
different choices of S; for the case ¢ > 0. This leads to optimization problems which
are very different from the case ¢ = 0. The min-max problems can now have interior
maxima, which complicates the mathematical analysis substantially, but their solution
is necessary to obtain optimized transmission conditions in the case o > 0.

4. Convergence analysis for nonzero electric conductivity. We present
here an analysis of algorithm (3.2) for the case where the electric conductivity is
nonzero, o > 0. In [9], it was proved that if the operators S;, I = 1,2, have the
Fourier symbol

1 k2~ k2 - XoZ — 2k, k.
A+ i0) A+ i@ + 0Z) —2k, k. K2 k2 XoZ |’

@1  F&)=

where A = \/|k[2 — @2 + i@o Z, then algorithm (3.2) converges in two iterations.
It was also shown that these symbols can be written in different forms,

1 o 1 A =i
A+io) AN +iw+0Z) k]2 +AoZ A+i@
; 3

A—it— 0o . . ~
= W —wZatia oz~ A-@A-is —oZ)M g

F(S) =

where M and M are given by

v | k= deZ  —2kk } - [ K2—k2+A0Z  —2kk.

M =
—2kyk, k2 — kg —XoZ |’ —2kyk, k2 — kg +XoZ

and A = \/|k|? — ©2 +iwoZ. This motivates different approximations of the trans-
parent conditions in the context of optimized Schwarz methods. In the following we
will denote by M, and M, the matrices M and M where we replaced the nonlocal
operator \ by a constant s. Note that after this approximation is performed we get
local differential operators: for example, k; is the symbol of the partial differential
operator —0y,.

COROLLARY 4.1. For different symbols of the operators S; (which approzimate
the nonlocal operators (4.1)) we get the following convergence factors.

Algorithm 1. IfS;, 7 =1,2, have the symbols

(4.2) oj = F(S;) =0,
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then the (classical) Schwarz algorithm (3.2) has the convergence factor

/1e12 ~o9, i~ . o
(4.3) p1(k|, @, 0,7, L) = ‘ K| otivoZ—io [k ~s+izoZL

VK -2 +ido Z+io

Algorithm 2. If S;, j = 1,2, have the Fourier symbols
§ — 1w
Ms,
(s +i0) (k|2 4+ s0Z)

(4.4) oj = F(S)) = se€C,

then the Schwarz algorithm (3.2) has the convergence factor

(4.5) p2(|k|,dz,a,Z,L,3):’< k| —a2+ivoz )e K —c2 iz L

\/|k|27d}2+idoZ+s

Algorithm 3. If S;, j = 1,2, have the Fourier symbols

1

46 = F(S;) = M,
(4.6) oj (S5) k|2 — 202 + 200 Z + (2i0 + 0 Z)s

s € C,

then (3.2) has the convergence factor

VIKP a2 tivoZ—io
(4.7) p3(|k|,w,a,z,L,s>:K k| —ar+iboz )

k|,0,0,7Z,L,s).
\/|k|2—&2+i&oZ—i& pa(fkd )

Algorithm 4. If S;, j = 1,2, have the Fourier symbols

85 — 1w

(Sj + l@)(|k|2 + SjUZ)

(48) 0j = .7:(8]) = Msj, S5 € C,

then the Schwarz algorithm (3.2) has the convergence factor

1
2 2

VIk2—@2tivez—s, 672\/|k|2—w2+iwaZL

49 k7aj70—7Z7L7878 =
(4.9) pa(lk| 1,52) e \/|k|2_@2+imoz+sl

Algorithm 5. If S;, 7 = 1,2, have the Fourier symbols

1
T K2 =202 + 2i00Z + (2i + 0Z)s;

(410) 0; = .F(SJ) MSja Sj € (Ca

then the Schwarz algorithm (3.2) has the convergence factor

VIKP —@2+iweZ —im
(411) p5(|k|,&),0’, Z7L781782) = ‘( Ikl - Z )

\/\k\z — @24 iGo Z+id

p4(|k|7@7 g, Za L7 S1, 52)~

Proof. The convergence factor for Algorithm 1 was already computed in [9]. The
interesting cases for the computation are Algorithms 4 and 5 (since Algorithms 2
and 3 are particular cases of the former, when the parameters are identical for both
subdomains). In what follows we will illustrate in detail the proof for Algorithm 4,
the treatment of the remaining cases being very similar. In order to be self-consistent



SCHWARZ METHODS FOR DAMPED MAXWELL’S EQUATIONS A2053
we will recall here the elements of the technique based on Fourier transform already
found in [9)].

Because of the linearity of the equations, it suffices to analyze the convergence to
the zero solution when the right-hand side vanishes. Performing a Fourier transform
of system (2.2) in the y and 2 directions, the first and the fourth equation provide
an algebraic expression for Ey and Hy, which is in agreement with the fact that
these are the characteristic variables associated with the null eigenvalue. Inserting
these expressions into the remaining Fourier transformed equations, we obtain the
first order system

(4.12)
0 0  kyk: O’ +k2+iwoZ ]
I i©/Z+o w/Z+o &
22 0 0 @2~k —iGoZ ky ks 2 0
) FE3 + iw/Z+o 0/ Z+o FEs _ 0
T H, kyk. @2,k§—i®az 0 0 H, 0
. L —— .
Hg 17 0 Hg 0
—&? k2 tivoZ kyk. 0 0
L iwZ T ez i

The eigenvalues of the matrix in (4.12) and their corresponding eigenvectors are

(4.13)
kyk. ©*—k2—iboZ
(i0/Z+o)X “G@/Z+o)N
~ — Ok 4iooZ kyk.
MY =—VIkP?-@?+ivoZ, vi= o/ Z )N . Vo= | “Ga/zrox |
1 0
0 1
and
(4.14)
_ kyks k2 —&?+idaZ
(i0/Z+o)X “(&/Z+o)X
@?—k2—ivoZ kyk.
3 4 = \/|k|2 - tiwoZ, v3= (i0/Z+o)X o V4= (o/Z+o)x |
1 0
0 1

where we set A := \/|k|? — ©2 + iwoZ. Because of the radiation condition, the solu-
tions of system (4.12) in €, [ = 1,2, are given by

(E27E35H27H3) )\(me)’
(E27E35H27H3)

(a1v1 + agva)e
4.15
(4.15) (B1vs + Bava)e 7,

where the coefficients o; and §; (j = 1,2) are uniquely determined by the transmis-

sion conditions. At the nth step of the optimized Schwarz algorithm, the coefficients
a = (a1,az) and 8 = (51, B2) in (4.15) satisfy

(416) a = A1—1A267ALﬁn—1’ Bn _ 31—132 67)\L0[n717

where the matrices 4; and By, | = 1,2, are given by

Ay = A1+ 0145, Ay =As+ 0141, Bi=A1+ 0242, By = As+ 024,

with A;, [ = 1,2, defined as
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A= [ —kyk., kg—w2+im+aZ(A+iw)]
V7 R2 =02 i\ + 0 Z(\ 4 id) —kyk. ’
(4.17)
A — [ kyk. —k2 4O HiON + 0 Z (A —i@) ]
2T RO HioN+ 0 Z (N — @) kyk. '

A complete double iteration of the Schwarz algorithm therefore leads to
o™+l = A7 A, By Bye P an 1, B = BrlBy A7 Aye~pnt,

We first replace o; from (4.8) into (4.16), and we compute the eigenvalues of the
iteration matrices A;* Ay B! By or equivalently By ' By Ayt Ay:

A - _)\—51 )\_52
! o )\+51 )\+ng
(4.18)
\ As10Z —id|k|2 AsaoZ — id|k|?
2 =

Y Ns10Z + i0k]? AspoZ + iw|k[?

The convergence factor of the algorithm will be given by

pa(|k|, 0,0, Z, L, 51, 80) = v/max{|\i], [ M| e L.

We can see that as soon as the imaginary part of As; is positive, Ay is bigger in
modulus than As. This is usually the case, since a simple computation shows that
R, SA > 0 and the optimized parameter is chosen as s; = p;(1+ 1), p; > 0 (see [9]
and the references therein for details). Therefore the convergence factor is

)\—81 .>\—82 —9AL /2
Ad+s1 A+s9

p4(|k|,(,:},0', Z7L751582) =V |)\l| -

and this ends the proof. d

The different symbols o; depend on the choice of the parameters s, s1, and ss.
In order to obtain an efficient algorithm, we will choose o, j = 1,2, such that p,
l =2,...,5, is minimum over a range of frequencies. Therefore the parameters are
solutions of the min-max problems

mingec Max k¢ e p;i(k|,&,0,Z,L,s), j=2,3,
(4.19) . g .
MmN, , s,eC maX|k|€K ,Oj(|k|,w, o,Z,L,s1, SQ)a Jj=4,5,

where K denotes the set of relevant numerical frequencies. In the next section, we
will analyze these min-max problems for each of the algorithms in Corollary 4.1.

5. Optimized transmission conditions. In this section, we solve the various
min-max problems seen in (4.19). The fundamental difference with the case ¢ = 0
is that here we do not need to exclude the resonance frequencies (see [9]). This
changes the nature of the min-max problems. We have more local maxima in |k|,
and balancing these maxima by the equioscillation principle is more difficult. In
a numerical implementation, the range of frequencies is bounded, i.e., |k| € K :=
[kmin, Kmax], where the minimum frequency ki, > 0 is a constant depending on the
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geometry, and the maximum numerical frequency that can be represented on a mesh
is kmax = %, where C' is a constant and h is the mesh size.

Before solving the min-max problems in (4.19), we give an asymptotic expression
for the maximum of the convergence factor (4.3) of the classical Schwarz algorithm
over |k| € K. This allows us to see the behavior of algorithm (3.1) when h goes to
Zero.

COROLLARY 5.1. The asymptotic convergence factor of the classical Schwarz
method (Algorithm 1) for small mesh size h is
(5.1)

) 1— 4 (9wi023=CS) hi + O(h%),  L=Cph,
max p1(|k|,0,0,Z,L) = ) _
kiex 1— %hﬂowﬁ), L=0.

Proof. The proof is obtained by expanding the maximum of p; over |k| € K for
h small. d

5.1. Optimization of Algorithm 2. We look for s under the form s = p + iq,
with (p,q) € Ri and p = ¢, such that p is the solution of the min-max problem

(5.2) min | max pa(|k|,@,0,Z, L,p(1+1)) | .
p20 \ |klek

We choose p = ¢ in order to simplify the computations, this choice being justified for
the Helmholtz equation case in [15]. The case where p # ¢ is discussed in [12].

The non-overlapping case. Using the change of variables

£(k|) =% (\/|k|2 — Q24 z‘awz) .y i=o0wZ,

the convergence factor simplifies to

A4€2(€ — p)2 _ 2
(@5, 2,0, Kl (1 + 1) = \/ e = R

Since the mapping |k| — £(|k|) is increasing, the optimization problem (5.2) can be
rewritten as

p=0 kmm§|k|§kmax P20 \ Emin <E<Emax

min( max pz(w,z,o,o,|k|,p<1+z'>>>=min< max R<s,y,p>>,

where Emin = E(kmin) and Emax = &(kmax). We can prove the following result.
THEOREM 5.2. In the nonoverlapping case, the solution of the problem

min < max  R(E, y,p))

P20 \ Emin <E<&max

is given by

(5 3) p* _ min(pQ;pQB) Zf y < 2§max gminy
min(plap12) Zf Y Z 2§max§min7
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where p1, pa2, P12, and pas are constants defined by

y% \/fmin (y +2 grznin + Emin v 2?4) yi \/fmax (y +2 frznax + &max v 29)
P12 = 2%£min y D23 = 2%€max )
_ V8€§1in+2y2 _ \/8€é1ax+2y2
b= 4 Smin 2= 4 gmax .

Proof. We start by computing the partial derivative of R with respect to p in
order to restrict the range of p in the min-max problem,

(5.4) R ) (3263 + 64.69) (pz _ %454;2@2)
: Fyi=—(& y,p) = .
LT ap (&5.2) R(&,y,p) (4€* + 83p + 88%p? + y? + 4yép)?
E; is negative for p € [0, 7@;5::2@;2] and positive for p € [7”%::2‘7!2, +00). Moreover,

/ 4 2
the minimum of the mapping £ — %;2‘” is \/g . This implies that for p < \/g ,

R decreases with p for all £ € [€pin, +00). Hence we can restrict the range of p to the
interval [/, 4+00).

We now look for the eventual extrema of £ — R(,y,p) by computing the zeros
of the derivative of R with respect to &,

OR Ap (€~ 49) (86 116 (y—p*) € + 24°)
5.5 3¢ (& ¥p) = '
(5:5) o€ &or) R(&,y,p) (464 + 883 + 862p + 2 + 4yt p)’

The polynomial P(§) = (£2—1y) (86" +16 (y — p?) €2 +2y?) has at most three
positive roots, and & = \/g is always a root. The other roots are given by

1
§13= 5\/—4y+4p2 F2V0By—2p?)(y —2p?).

We now show that for p > /3y/2, & is a maximum and the other two roots of P
cannot be maxima. The second partial derivative of R with respect to £ at &, is

82_R(§ )=—4 2 (2p* — 3y)p
ez P Y V20— il(V2p + 7))

which shows that & is a local maximum if p < +/3y/2. Moreover, in this case, the
other two roots are real and these are minima because & < & < &3. In the case
p > /3y/2, & is a local minimum and the other two roots are not real. Therefore
the maximum of R is either at {min, 2, or Emax-

From the expression (5.4) we can derive the following properties of R:

(a) The mapping p +— R(&min, ¥, p) is decreasing on [y/4,p1] and increasing on
[pl, +OO)'
(b) The mapping p — R({2,y,p) is increasing on [{/§, 4+00).

(c) The mapping p — R(&{max, ¥, p) is decreasing on [/, ps] and increasing on
[p2, +00).
To conclude the proof of the theorem, we need the following lemmas.
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LEMMA 5.3. Let p13 be the constant defined by

_ \/2 gmingmaX(yQ + 2y§r2nin + 4y&minémax + 2y51211ax + 4§r2nin§r2nax)
4£min§max '

Then the following properties are verified:
(i) pi2 is the unique solution of the equation R(Emin, y,p) = R(&2,y,p) on R1\{0}.
(ii) p1s is the unique solution of the equation R(&min,y,p) = R(&max,y,p) on
R\{0}.
(iil) pag is the unique solution of the equation R(&2,y,p) = R(&max, y,p) on RL\{0}.
(iv) We have

P13

max(pl pz) — D2 Zf y < 2€max gmina
’ b1 Zf Yy > 2€max gmilr

(v) We have

D23 Zf y < 2§max fmin,

max(pi2, p23) = .
{p12 Zf Yy Z 2§max fmin-

(vi) We have /3 < p12,p2s < pi3.
(vii) We have

max  R(&y,
Eminggggmax (5 y p)

R(gmamyap) if ¥ < 2&max Emin and p € [ %71)23]7
R(&,y.p)  ify <
R(&mins ¥:0) i Y > 2&max Emin and p € [/ 5, p12],
R(&,y.p)  ify =

2§max gmin and pe [p23a +OO)7

2§max gmin and p € [plQa +OO)

Proof. To prove the first three properties, we compute
(5.6)

R(&,y.p)" = R (m,y.p)°
_ 80 (6m — &) (26m& —y) (88 &mp® — 46767, — 268y — dy&m & — 207, — v°) .
(4 (& +p)’+y+ 2€bp)2) (4 €2 (Em+p)° + (y+ 2€mp)2)

This quantity is zero if

p = V2O (? + 208 + 6l + 2065, +AGER)
4€b§m

By successively replacing the pairs {&, &m} by {€min, €2}, {Emin, Emax |, and {2, Emax
in (5.6) we get the desired result.

To prove property (iv), we compute

2,2 (é-max - gmin) (gmin + gmax) (y - 2§max€min) (y + 2€max€min)
Y4 by = 852 2 ’

maxSmin

which shows that p; < p2 if ¥ < 2 &max&min and p1 > po if ¥ > 2 Enaxmin.
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To prove property (v), we compute

2 \/ﬂ\/i (gmax - gmin) (2 gmaxgmin - y) ]

2
P12 — P23 = —
2 2 4 gmaxgmin

We can see that pi1a < pa3 if ¥ < 2&max€min and pra > pa3 if ¥ > 2 &nax€min.

We now show (vi) by computing

2 __(2y+482) (G —1/2VVD)" _

p%Z_pliﬁ‘:_ 8 Emanlomi )
2

2 2 (4§r2nax+2y) (5min_1/2\/y\/§) <

P23 — P13 = — 8 Emanlomi <0,
2

o 3y VIV2 (Emin — 1/2 /5V2)

Pla — - = >0,

2 2€min

2

2 3y _ \/ﬂﬁ(fmax_l/2\/§\/§)

Po3 — o5 = > 0.

2 2 é-m ax

This shows that p3, — % >0 and p% —p3; <0,i=1,2.

Finally we treat the last point. After some computations we obtain

E3 == R (§min, yap)z — R (&max; yap)Q

64p€min§max (gmax - Smin) (2 gmaxgmin - y) (p2 - p132)
(4210 Emin +2)* + (0 + 26min2)”) (4G Eimax +2) + (4 + 2 marp)?)

)

E5:= R(&maxayap)z - R(f%yap)z

E4 =

32 Pmas (§max — 1/2 VIV (7 — p3s)
(1€ €+ 0+ w+2¢0)°) (v +2ViV2 +207)

R(&mimyvp)z - R(é-?ayap)z 5
32 p&min (§min — 1/2/4V2)~ (p? — p25) .
(1€ €+’ +w+2¢p)°) (v +2 ViV +217)

From the expression above we can easily see that the following hold:

If y < 2&max&min and p € [/, pas], then By < 0 because p1g > pos (see
property (vi)) and E5 > 0.

If y < 2&max&min and p € [pag,+00), then Ey < 0 since pia < pog (see
property (vi)) and E5 < 0.

Ify > 2&nax &min and p € [ %,plg], then Ey > 0 and E4 > 0.

If Yy > 2€max€min and p € [p12,+00)7 then E3 < 0 since D12 < Pb23 (See
property (vi)) and Ey < 0. O

Lemma 5.3 proves that the solution of the min-max problem (5.2) depends mainly
on the sign of y — 2&ax&min- We can see in Figure 5.1 the solution of the min-max
problem for different values of y, &min, and Emax. The pictures (a), (b), (c), and (d)
show the four cases of Theorem 5.2 (y < 2 &max Emin, P2 = P23), (¥ = 2 &max Emin, P1 >

P12), (Y

< 2€max gmina D2 §p23)7 and (y 2 2§max gmina b1 S p12)'
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(a) (b)
|
08
Y,p) 0.6
) T o4
0.2
0
100 0
N (©) N (@
06 - 06 e
0.4 o.4f
— REppY:P) T p — RGEp¥:P)
02 _REYP) 0o PPN T RGP
- R([‘;max'y'p /,'b/\: 3: L/Z:i - - R(émax’y’p)
0 40 50 ST 20 ;30 40 50

Fic. 5.1. Solutions of the min-max problem for different values of y, &min, and Emax. ()
y = 12.5, &min = 0.5, Emax = 100. (b) y = 125.5, &min = 0.5, émax = 100. (¢) y = 157, i = 3.5,
§max = 24. (d) Y= 157; Smin = 36; Smax = 20.

LEMMA 5.4. Ify < 2&nax &min, the solution of the min-mazx problem

min ( max  R(E, y,p))

\/gﬁpﬁpzs Emin <E<&max

is p* = min(pa, pa3), and the solution of the min-mazx problem

p2p23 §min S&S&max

min ( max  R(¢, y,p))

is p* = pa3.
Proof. By using property (vii) of Lemma 5.3, for p € [\/¥, p23], we have

R(émax, ¥, D) = o max R(&,y,p).

Hence the solution of the first min-max problem is the minimum of the mapping
p = R(&max, ¥, p) on [\/5,p2s]. By property (c) in the proof of Theorem 5.2, the
minimum of R(&max, ¥, ) on [\/§,p23] is min(pz, p3).

By using property (vii) of Lemma 5.3, for p € [pa3, +00), we have

R(&,y,p) = max  R(&y,p).
(52 y p) gminggggmax (5 y p)
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Therefore the solution of the second min-max problem is the minimum of the mapping
R(&2,9y,) on [pa3, +00). By property (b) in the proof of Theorem 5.2, the minimum
of R(é-?a Y, ) on [p237 +OO) is P23- a

LEMMA 5.5. If y > 2&nax Emin, the solution of the min-max problem

min max  R(&y,p )
\/ggpgp12 <€min<§<€max ( )

is p* = min(p1,p12), and the solution of the min-mazx problem

min ( max  R(E, y,p))

P>p12 \ Emin <E<Emax

s p* = p12.

Proof. By using property (vii) of Lemma 5.3, for p € [\/,p12], we have

R{Gmin, y,p) = Eomin S 2 Eman R(E,y.p).

The solution of the first min-max problem is the minimum of the mapping p
R(&min, ¥, p) on [\/5,p12]. Using now (a) in the proof of Theorem 5.2, the minimum

of R(gminaya ) on [ %7]912] is min(p17p12)-

By proposition (vii) of Lemma 5.3, for p € [p12, +00), we have

R(&2,y,p) = max  R(§y,p)

gmin Sgggmax

Therefore the solution of the second min-max problem is the minimum of the mapping
p + R(&,y,p) on [p12, +00). By property (a), the minimum of R(&2, y, -) on [p23, +00)
is P12 |

We can now return to the end of the theorem. The min-max problem (5.2) can
be rewritten in the equivalent form

min < max R(f,y,p)) :min< min < max R(&y,p)),

pz\/g gminggggmax \/ggpgng gmingfgfmax

min max  R(&y, ,
P>pa23 <§min§§§§max &y p)>>

which is useful for the case y < 2 &pax Emin, because we then get, using Lemma 5.4,

i R = R X ) i ) *
i (L FE.0)) = Rl minio )
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The min-max problem (5.2) can also be rewritten as

min < max R(f,y,p)) :min< min < max R(&y,p)),

PZ\/% Emin <E<&max \/gﬁpﬁplz Emin <E<Emax

min max  R(&y, ,
pP>pi2 <§min§§§§max (6 Y p)>>

which is now useful for the case y > 2 &nax Emin, because we then get, using Lemma 5.5,

min max  R(&, v, = R(&max, ¥y, min(py, . O
p>\/g_(gnﬁnggggnmx &y p)) (Emax, ¥, min(py, p12))

COROLLARY 5.6. For h sufficiently small in the nonoverlapping case, L = 0, the
solution of the min-maz problem (5.2) is given by

wop*ve . 2twowivh
2iVh P2 Ve
Proof. If we assume h sufficiently small, then &, = £(C/h) is large. By this

assumption, the solution of the min-max problem (5.2) is given by the first equation
of (5.3), i.e,

(5.7) P = +O(h).

V(5 2 + e V2VD)
- 2max

p

By expanding p* for h small, using that &n.x = &(C/h), we get the desired
result. O

Corollary 5.6 gives the optimal parameter p* and the corresponding convergence
factor of Algorithm 2 in terms of the mesh size h. In some practical situations, where
we consider high frequencies, it is interesting to give the optimized parameters in
terms of w. For the high frequencies, it has been shown in [2] that it is necessary, to
avoid the pollution effect, to couple the frequency w with h by the relation h = Cj,/w?,
where v > 1 depends on the discretization method. In [2], it has been shown that
v = % for a P finite element method. We have the following corollary.

COROLLARY 5.7. Let h = Cy/w". If v = 1, then for w large, the solution of the
min-mazx problem (5.2) is given by

T2 _ 2y1
(58) p* _ (O.:U“) (26; \/C_E:uch) w% and p; -1
4 h

If v > 1, for w large, the solution is

_ 24 (o) /T e
(C? —epCy)t

1
1

(au)%\/C 2v41 . 2%(17#)%\/0;I 1-24
———w T and py=1—-——"F——w T .

214/C}, vC
Proof. Tf we assume w sufficiently large, then {nax = £(wC/C}) is large. By this

assumption, the solution of the min-max problem (5.2) is given by the first equation
of (5.3), i.e,

(5.9) P =



A2062 EL BOUAJAJI, DOLEAN, GANDER, AND LANTERI

V2 \/ Emax (Y + 2max” + EmaxV2,/7)
2€max '

p:

By expanding p* for w large, using that &max = E(wC/Ch), we get the desired
result. O

The overlapping case. After the complete analysis of the best approximation prob-
lem without overlap in the previous paragraph, we focus in the remainder of this paper
on asymptotic analysis, in order to obtain tractable best approximation problems and
to be able to present a complete set of optimized transmission conditions for all al-
gorithms. We start with the case of the previous paragraph, but now consider an
overlapping method. We set L = h, kpin = 0, kpax = % and denote by p* the so-
lution of the min-max problem (5.2). Solving this min-max problem numerically for
different parameter values and different mesh sizes h, we observe that the solution of
(5.2) equioscillates once, i.e., p* is the solution of

(5.10) p2(k1,@,0,Z, L, p*(1 +1)) = pa(ke,@, 0, Z, L, p*(1 + 1)),

where k; and ko are two interior local maxima of py. For small h, we see numerically
that these maxima and the optimized parameter p* behave like

k1 =Cy,, ko = Cyp,h ™3, and p* = C,h~3 for some constants Cp, Cp,, Ch,.

In order to determine the constants Cbl, Ch,, and C),, we now solve the corresponding
equations asymptotically: since k; and ks are local maxima of the convergence factor,
the corresponding derivatives must vanish, and we find asymptotically

5P2
ok
802
Ok

(k1,@,0,Z,L,p*(1+14) =0 = Cy, =@,

(k2, 0,0, Z,L,p*(1+1)) =0 = Cp, = /2C,.

The equioscillation equation (5.10) must also be satisfied, which gives asymptotically

Cb, *+2C
Cb2 :

p2(Fr, 3,0, 2, L,p* (1 +1)) = po(F. 0,0, Z. Lp* (1 +1)) = Y2E0Z —

Solving the three equations obtained for the constants C3,, Cy,, and C,, and ex-
pressing the results in the original problem parameters w, €, u, and o, we find the
asymptotic result

(5.11) pr =

LEMMA 5.8. Asymptotically, the parameter p* defined in (5.11) is a local mini-
mum of the min-max problem (5.2).

Proof. The parameter p* is a local minimum if there exists no variation dp such
that po(k,@,0,Z,0,(p* + 6p)(1 4+ 1)) < palk,@,0,Z,0,p*(1 + i) for k = ky, ko.
By the Taylor formula, it suffices to prove that there is no variation dp such that
5pap2 (k,&,0,7,0,p*(1 +1i)) < 0 for k = ky, ko. To prove this, it is necessary to
obtain the next higher order terms in the expansions of p*, ki, and ko. After a
lengthy computation, we find that
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(b)
0.9
0.8 —Classical Schwarz
----Algorithm 2
0.7 ---Algorithm 3
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06 ----Algorithm 5

—Classical Schwarz
4 --- Algorithm 2
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K — Algorithm 4
= --- Algorithm 5
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Ikl

Fi1c. 5.2. Convergence factor comparisons of different algorithms for w = 27, o = 2, and
u=c¢e =1 for both nonoverlapping (L =0) (left) and overlapping (L = h = %) (right) cases

Fr~@+Cyphs,  ka~ Coh 5 +Chy,  p*~ Cph 5 + Cyhs.
With these three new constants determined, we obtain for the derivative of ps

2, - , 26h3  Opy — ) 28 b3
—(k1,@0,0,Z,h,p"(1+14)) ~4d——, —(ko, 0,0, Z,h,p* (1 +1i)) ~ —2———.
o P~ 4 P~ 2
Since these leading terms differ in sign, there cannot be a variation dp which diminishes

the contraction factor obtained for p*, and we have asymptotically a local minimum.
O

In Figure 5.2 we can see the convergence factor in the nonoverlapping and over-
lapping cases for Algorithm 2 compared to the classical Algorithm 1.

5.2. Optimization of Algorithm 3. Here, we look for s of the form s = p(1+i),
such that p is the solution of the min-max problem

(5.12) min (%163}}((/)3(k’w’ 0,Z,L,p(1+ Z))) .

Again we are only searching for an asymptotic solution of this best approximation
problem.

The nonoverlapping case. Setting L = 0, kpin = 0, kpax = % and denoting by
p* the solution of (5.12), we obtain from numerical experiments that the solution of
(5.12) equioscillates once, i.e., p* is the solution of

(5'13) pB(kmaX;djv 0-7 Z) O7p*(]‘ + Z)) = pB(E)(‘:}7 0-7 Z) O7p*(]‘ + Z)))

where k; is an interior local maximum of ps. For small h we find the asymptotic be-
- 1 4
havior k = Cyh™ 7, p* = C,h~7, and to determine Cj, and C),, we solve asymptotically
4
Cy
30207

%(E,@,U,Z,O,p*(l—ki)) =0 = C, =
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and the equioscillation equation (5.13), which leads to Cy = (6 C@*62Z2)7. Solving

the two equations for the two constants, and using again the original parameters w,
€, i, and o, we find

(5.14) p* =

4 44 2 3 1 1, 4
67C7TwTulAeldgTh™ T, p3=1— -

Wl =

LEMMA 5.9. Asymptotically, the parameter p* defined in (5.14) is a local mini-
mum of the min-mazx problem (5.12).

Proof. The proof follows the same argument as the proof of Lemma 5.8. We
obtain after a lengthy computation that

E~Cyh™T +Cph?,  p*~Cph™7 +Cph 7.

Determining the constants in the higher order terms as well, we can show that

dps W 4h ps — 12%3%07Z%h¥

Ewmax, @, 0, Z,0,p*(1 k Z,0,p*(1 - ,
T b, 0,0, 2,057 (140)) ~ 5 2 (R 6,0, 20" (149) ~ 3T
which shows by the opposite sign that p* is indeed a local minimum. O

The overlapping case. Also with L = h the solution of the min-max problem
(5.12) equioscillates once, i.e., p* is the solution of

p3(E17®7 g, 27 Lap*(l + Z)) = PB(E%GJ; g, 27 Lap*(l + 7’))7
where k; and ky are two interior local maxima of ps. For small h, we get

klzcblh_l_lg, E220b2h_1_70, p* :Oph_%,

and solving the corresponding equations asymptotically, we find in the original pa-
rameters w, €, pu, and o

1 3%5%[},%&]%0%2% 2 7 7 1 1 3 1.3
(5.15) pt= 3 52 , p3=1- §3ﬁ2ﬁwggﬁuﬁoﬁhﬁ.
5

In Figure 5.2 we can see the convergence factor in the nonoverlapping and overlapping
cases for Algorithm 3 compared to the classical Algorithm 1 and Algorithm 2.

5.3. Optimization of Algorithm 4. Here, we look for s; and sy of the form
=pi(1+41), 1 =1,2, such that the p; are solutions of the min-max problem

(5.16) min <maxp4(k w,0,7Z,L,p1(1+1),p2(1 —|—z))>

p1,p22>0 \ k

As for Algorithm 3, we proceed directly with the asymptotic analysis.

The nonoverlapping case. Letting L = 0, kyin = 0, kpax = % and denoting by
(p3,p5) the solution of the min-max problem (5.16), we find numerically that the
solution of (5.16) equioscillates twice, i.e., (p}, p3) is the solution of

z))

p4(E17@70727L7P>{(1+z)7p§(1+7’)) :p4(E27GJ g, Z L pT(]‘—’—Z)? ;(
,p3(1+1)),

= pa(kmax, 0,0, Z, L, p;(1 4 1)
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where k1 and ko are two interior local maxima of py. One can show that k; = &, and
for small h we get

ka=Cyh™2, pi=C,h %,  pi=C,h 1,

To determine the constants Cj,, Cj, and Cy, we solve asymptotically the equioscil-
lation conditions and the equation stating that ks is a maximum, which leads to the
system

103 . 1
Cha = /2C, Cy, Cq:§c—g, Cp=(2@0Z)sC1.

Solving this system, we obtain in the original parameters w, €, 4, and o the asymptotic
result

(2wop)sCi . Quopsci

B (2wo p)sha
ni PP T o '

(5.17) p; = o

) Pzzl—

The overlapping case. Also with overlap, L = h, the solution of of the min-max
problem (5.16) equioscillates twice, and we find that (pf, p3) is the solution of

where k1, ko, and k3 are three interior local maxima of p4. For small h, we get
El - Ob1) EQ - Ob2h_%, E3 :Cbzh_%a pI :Oph_%v

and solving the corresponding equations asymptotically, we find after a lengthy cal-
culation for the constants the system

Chp =@, Chb=+/2C,Cq Ch,=+/Cp, Cp=

After its solution, we obtain in the original parameters w, €, i, and o

4C

3
—2L, Cy=2C}.
ooz’ 1 P

o

1
5

o

o (womt
1 2h% ’ 2

(wo p)?
2

il

L Pi=1-4V2(wou)™ bt

In Figure 5.2 we show again a comparison of the convergence factors.

5.4. Optimization of Algorithm 5. We finally look for s; and ss of the form
si=pi(1+1),1=1,2, such that p; are solutions of the min-max problem

Nl i 0,0,2, L 141 141 .
(5 8) p1I,I;ll712r§O <I]?€a})((p5(k7wa 0, 4, 7pl( + Z)vp2( + Z)))

The nonoverlapping case. We set L = 0, kpin = 0, knax = % and let (p},p3)
be the solution of the min-max problem (5.16). We observe numerically that this
solution equioscillates twice, where (p3, p3) solves

p5(E1,(Z),0’, ZaLapT(l + z)ap;(]- + 7’)) = p5(E27®70—7 ZaLapT(]- + 7’)7 ;(1 + Z))
- p5(kmaxaa}707 ZaLapT(l + z)aPS(]- + 7’))7
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and ki and ko are two interior local maxima of ps. Asymptotically, we obtain the
behavior

gls

F1=Cpnh B,  Ta=Cuh B, pi=Ch B,  ph=Ch 5.

Proceeding as in the other cases, we find for the constants the system

i 10,° 28525 ZC10) 15
C’f}l:ﬁquaZ, Ch, = 20, Cy, ‘1:§C—p2’ Op:(3—%)’

which allows us to find the asymptotic result in the original parameters to be

8 2 1 3 1 10 11 6 3 3 9 4
. Qﬁwl—sg%u%gﬁOﬁ . 21—wﬁ0—1—35%u%01—3
p = 3 10 y P2 = 5 4 )
3ish1s 313 his
34 2 1 1 3 3
. 213WIs 01326 426 h13
ps=1- 3 3
3i5C1s

The overlapping case. We finally treat the overlapping case L = h, where the
solution of (5.18) equioscillates twice,

p5(E1,b~d,O’, ZaLapT(l + Z)7p§(1 =+ Z)) = p5(E27(’D705
= p5(k37(':}70'a

TABLE 5.1

Asymptotic convergence factor and optimal choice of the parameters in the transmission
conditions.

With overlap, L = h
Algorithm P Parameters
13
1 1-— % (9w40'2u3a) 8 hi1 none
T 1 1/3
2 1-26 (wop)/8 hs p:%
2h3
17 1 3 2 1
3 1— 270 (w*ep02)20 L 10 p= 25 (wtep3s2)T0
3 = 3 2
310 35h5
i wom? wom?
4 1—4v2(wop)io hs p1= 53— P2 =
2h5 2h5
23 1 3 1 1
2% (wtep®0?)32 h16 wleplo?)16 V2(wtep®o?) 8
5 1- ( 3 P1 = ( T 3 5 » P2—= ( 3
316 2438 h38 34h4
Without overlap, L =
254/1u3
wo\/pce 1 3
1 1-— e 1h none
9 1 24 (wop)4Vh (wop)4 VT
Ve ~ 2iva
11 103 14
3 1 27 (wrepo?)11n7 27 (wheps?)11C7
B 3%0% N 37 X
11 1 3 3/8 414
4 1 (Qwop)8h4 pl_(Qwo',u,g)SCAI p2_(2wo"u‘)1 C
= . , =
c1 h 2h4
34 1 3 8 110 11 3 4
5 1 QT(w4su302)%hT3 _ 2T3(w4su302)%cf _ 2173(1.«145;1,302)%6'173
- 33 p1= 3 10 y P2 = 9 4
313 C 13 313 K1 313 K13
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and ki, ko, and k3 are three interior local maxima of ps. Proceeding as before, we
arrive after a long asymptotic analysis at

i 1 3 1 1 3 1 23 1 1 3 1, 3

p*_w4§16‘u160'8 ot = \/5\/558#80'4 =1 2F wie3z 32016 hs
1—  1.,3,5 2 — - .3,1 5 - 3
2138 e 3% b1 ’ 316

In Figure 5.2 we show the convergence factor in the nonoverlapping and overlapping
cases for Algorithm 5 compared to the classical Algorithm 1, Algorithm 2, Algorithm
3, and Algorithm 4. Table 5.1 summarizes the asymptotic results that have been
obtained for all algorithms.

6. Numerical results. We present here numerical experiments in order to illus-
trate the performance of the optimized algorithms developed in the previous sections.
The domain (2 is partitioned into several subdomains €2;. The Maxwell equations are
approximated by a discontinuous Galerkin method (DG — P,); see [7] for further de-
tails. In short, given a mesh 75, of Q; such that Q; = {J,, .., the (DG —P,) method
consists in searching an approximate solution of each field component in the set

Vi = {V S LQ(Q) / V1 € 771,‘/‘7—,6 S Pp[Tk]},

P,[7%] = {polynomial function on 7 of degree < p}.

In all that follows we note that the computational cost for one iteration of all algo-
rithms is very similar since optimized algorithms introduce only a few modified entries
in the discretized problems at the nodes of the interface, and these modified entries
have no influence on the cost of the direct solvers we use in the interior.

6.1. Performance for a two subdomain decomposition. We first test the
propagation of a plane wave in a homogeneous and conductor medium using a trans-
verse magnetic formulation. To perform these tests, which confirm the theoretical
asymptotic results, we used the optimized Schwarz methods as solvers without a
Krylov method. The domain is Q = (0,1)?, and the parameters are constant in
Q, withe = p =1, 0 =5, and w = 27. We impose on the boundary an in-
cident field W™ = (Hire, Hi"e, Bin) = (£, =he 1)e=KX with k = (ky,k,) =

(wy/e —12,0), x = (x,y). The domain © is decomposed into two subdomains €2; =

Overlapping case Non-overlapping case
10°
-+ Alg. 1
2 -+ Alg. 1 B
10 N7 0™
"o Alg.2 10° zAlg'-zws
0 = on-1) o o)
5 } S -7 Alg. 3
2 wAlg. 3 =2 3110,
© © A
o a-0(h~319) g O(h
= -¢-Alg. 4 = 10° ¢ Alg_41/5
-1/5 *0O(h™™)
“*0(h™")
< Alg. 5 < Alg. 5
-+0(h —3/16) 4’O(h’:’/16
107
107 107 107

Fic. 6.1. Number of iterations against the mesh size h, to attain a relative residual reduction
of 1078,
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-0-DGTH-P1
=0("?)
¥-DGTH-P2
3/8
@ “0(0™)
S ||oDGTH-P3
S 407 1/3
5107|+00")
<"DGTH-P4
+0(”9) e
‘1
10 10 10

Fic. 6.2. Number of iterations against the wave number w for four different DG-element orders,
and theoretically predicted asymptotics.

(0,1/2+ L) x (0,1) and Qo = (1/2,1) x (0,1); L is the size of the overlap and is equal
to the mesh size h for the methods with overlap and is equal to zero for the methods
without overlap. For this test, we use a DG — Py method, i.e., a uniform polynomial
approximation of order two. The performance of the algorithms is shown in Figure
6.1. In this figure, we show the number of iterations as a function of the mesh size h
for both the nonoverlapping and overlapping cases. We have also represented in this
figure the theoretical asymptotic results denoted by O(h®). The numerical results are
in good agreement with the theoretical asymptotic results which are summarized in
Table 5.1, except for Algorithm 1 (the classical algorithm) without overlap, where we
get better results. The fact that the discretization can improve the performance of
Schwarz algorithms has also been observed and explained in [8] for Cauchy—Riemann
equations.

We next show a numerical experiment in order to illustrate the weak dependence
of our optimized Schwarz method on the wave number w, and to illustrate Corollary
5.7. We choose the same setting as in the previous experiment, but now set h :=
Ch/w?, with v = (2p + 1)/(2p), where p is the polynomial degree of the DG-element
we are using. This choice of the mesh size avoids the pollution effect; see [2]. We
show in Figure 6.2 for ¢ = 0.1 the iteration number our optimized Schwarz method
from Corollary 5.7 needs when we increase the wave number w. These numerical
experiments illustrate well the weak dependence of the convergence behavior on the
wave number w, as predicted by our analysis.

6.2. A more realistic application. We now present a second, more realistic,
test which consists in the simulation of electromagnetic wave propagation in a hetero-
geneous subsurface medium. For this test case, the optimized Schwarz methods are
used as preconditioners for a Krylov method (here BiCGStab). This kind of simulation
is very important in imaging; see [13] for details. The configuration of the subsurface
is shown in Figure 6.3 and is composed of media which are characterized by various
parameter values € and o: € = 1.5, 2.25, 3.25, 4.25 and ¢ = 1076, 107>, 1074, 1073.
The computational domain is decomposed into several subdomains without over-
lap; an example with eight subdomains for a mesh with 49430 elements is shown in
Figure 6.4. We test here the performance of the algorithms for a decomposition into
two, four, eight, and 16 subdomains, for two mesh resolutions: 49430 and 197720 el-
ements. In Table 6.2, we show the number of iterations needed for convergence, i.e.,
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Fia. 6.3. Configuration of a subsurface.

Fia. 6.4. Mesh and decomposition in eight subdomains.

TABLE 6.2
Iteration number comparison for the wave propagation problem in a subsurface with two meshes,
the original one shown in Figure 6.4 and a refined one where each triangle was cut into four.

49430 elements 197720 elements
No. of subdomains/processors | 2 [ 4 [ 8 16| 2 [ 4 | 8 [ 16
Algorithm 1 59 | 72 | 80 | 85 | 88 | 100 | 109 | 199
Algorithm 2 39 | 47 | 53 | 61 | 47 | 57 62 75
Algorithm 3 37 | 48 | 51 | 58 | 46 | 55 60 69
Algorithm 4 35 | 41 | 49 | 57 | 46 | 53 58 69
Algorithm 5 33 |40 | 47 | 54 | 45 | 51 56 67
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to attain a relative residual of 1078, depending on the number of subdomains and the
resolution. These results show that the optimized algorithms converge much faster
than the classical algorithm (i.e., Algorithm 1). We can also see that the hierarchy of
the optimized algorithms, in terms of number of iterations, is respected, as predicted
by the theoretical results in Corollary 4.1, and that refining the mesh leads only to a
very moderate increase in the iteration numbers required for the solution when using
optimized algorithms. Even increasing the number of subdomains only leads to a
moderate increase in the iteration numbers in these experiments.

7. Conclusions. We have developed several domain decomposition algorithms
based on optimized transmission conditions for Maxwell’s equations with nonzero
electric conductivity. Two algorithms are obtained by approximating the transparent
operator by zeroth order transmission conditions, while two further algorithms are
based on second order transmission conditions. We have shown that the convergence
factor of each algorithm can be written as 1 — O(h®#), i = 1,...,5. Our results are
well confirmed by the first numerical test with a decomposition into two subdomains,
where we also obtained numerical convergence factors in the form 1 — O(h%), i =
1,...,4, with a; =~ ;. The first test also shows that optimized Schwarz algorithms
converge much faster than the classical one. This is also confirmed by the second
more realistic test which also shows that these optimized algorithms can be effective
for more complex problems and for arbitrary decompositions.
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