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Summary. The parareal algorithm is a method to solve time dependent problems

parallel in time: it approximates parts of the solution later in time simultaneously

to parts of the solution earlier in time. In this paper the relation of the parareal

algorithm to spa
e-time multigrid and multiple shooting methods is �rst brie
y

dis
ussed. The fo
us of the paper is on some new 
onvergen
e results that show

superlinear 
onvergen
e of the algorithm when used on bounded time intervals, and

linear 
onvergen
e for unbounded intervals.

1 Introdu
tion

The parareal algorithm was �rst presented in [LMT01℄ to solve evolution prob-

lems in parallel. The name was 
hosen to indi
ate that the algorithm is well

suited for parallel real time 
omputations of evolution problems whose solu-

tion 
an not be obtained in real time using one pro
essor only. The method

approximates su

essfully the solution later in time before having fully a

u-

rate approximations from earlier times. The algorithm has re
eived a lot of

attention over the past few years; for extensive experiments and studies of 
on-

vergen
e and stability issues we refer to [MT02, FC03℄ and the 
ontributions

in the 15th Domain De
omposition Conferen
e Pro
eedings [KHP

+

04℄.

Parareal is not the �rst algorithm to propose the solution of evolution

problems in a time-parallel fashion. Already in 1964, Nievergelt suggested a

parallel time integration algorithm [Nie64℄, whi
h led to multiple shooting

methods. The idea is to de
ompose the time integration interval into subin-

tervals, to solve an initial value problem on ea
h subinterval 
on
urrently, and

to for
e 
ontinuity of the solution bran
hes on su

essive intervals by means

of a Newton pro
edure. Sin
e then, many variants of the method were devel-

oped and used for the time-parallel integration of evolution problems, see e.g.

[BZ89, CP93℄. In [GV05℄, we show that the parareal algorithm 
an be inter-

preted as a parti
ular multiple shooting method, where the Ja
obian matrix

is approximated in a �nite di�eren
e way on the 
oarse mesh in time.
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In 1967, Miranker and Liniger [ML67℄ proposed a family of predi
tor-


orre
tor methods, in whi
h the predi
tion and 
orre
tion steps 
an be per-

formed in parallel over a number of time-steps. Their idea was to \widen the


omputational front", i.e., to allow pro
essors to 
ompute solution values on

several time-steps 
on
urrently. A similar motivation led to the blo
k time in-

tegration methods by Shampine and Watts [SW69℄. More re
ently, [SN88℄ and

[Wom90℄ 
onsidered the time-parallel appli
ation of iterative methods to the

system of equations derived with impli
it time-integration s
hemes. Instead of

iterating until 
onvergen
e over ea
h time step before moving on to the next,

they showed that it is possible to iterate over a number of time steps at on
e.

Thus a di�erent pro
essor 
an be assigned to ea
h time step and they all iter-

ate simultaneously. The a

eleration of su
h methods by means of a multigrid

te
hnique led to the 
lass of paraboli
 multigrid methods, as introdu
ed in

[Ha
84℄. The multigrid waveform relaxation and spa
e-time multigrid meth-

ods also belong to that 
lass. In [VdV94℄, a time-parallel variant was shown

to a
hieve ex
ellent speedups on a 
omputer with 512 pro
essors; while run

as sequential algorithm the method is 
omparable to the best 
lassi
al time

mar
hing s
hemes. Experiments with time-parallel methods on 2

14

pro
essors

are reported in [HVW95℄. In [GV05℄, it is shown that the parareal algorithm


an also be 
ast into the paraboli
 multigrid framework. In parti
ular, parareal


an be identi�ed with a two level multigrid Full Approximation S
heme, with

a spe
ial Ja
obi-type smoother, with strong semi-
oarsening in time, and se-

le
tion and extension operators for restri
tion and interpolation.

2 A Review of the Parareal Algorithm

The parareal algorithm for the system of ordinary di�erential equations

u

0

= f (u); u(0) = u

0

; t 2 [0; T ℄; (1)

is de�ned using two propagation operators. Operator G(t

2

; t

1

;u

1

) provides

a rough approximation to u(t

2

) of the solution of (1) with initial 
ondition

u(t

1

) = u

1

, whereas operator F (t

2

; t

1

;u

1

) provides a more a

urate approx-

imation of u(t

2

). The algorithm starts with an initial approximation U

0

k

,

k = 0; 1; : : : ;

�

k at the time points t

0

; t

1

; : : : ; t

�

k

given for example by the se-

quential 
omputation of U

0

k+1

= G(t

k+1

; t

k

;U

k

), with U

0

= u

0

, and then

performs for n = 0; 1; 2; : : : the 
orre
tion iteration

U

n+1

k+1

= G(t

k+1

; t

k

;U

n+1

k

) + F (t

k+1

; t

k

;U

n

k

)�G(t

k+1

; t

k

;U

n

k

): (2)

Note that, for n!1, the method will upon 
onvergen
e generate a series of

values U

k

that satisfy U

k+1

= F (t

k+1

; t

k

;U

k

). That is, the approximation

at the time-points t

k

will have a
hieved the a

ura
y of the F -propagator.

Alternatively, one 
an restri
t the number of iterations of (2) to a �nite value.

In that 
ase, (2) de�nes a new time-integration s
heme. The a

ura
y of the



On the Superlinear and Linear Convergen
e of the Parareal Algorithm 3

U

n

k

values is 
hara
terized by a theorem from [LMT01℄. The theorem applies

for a s
alar linear problem of the form

u

0

= �au; u(0) = u

0

; t 2 [0; T ℄: (3)

Theorem 1. Let�T = T=

�

k, t

k

= k�T for k = 0; 1; : : : ;

�

k. Let F (t

k+1

; t

k

; U

n

k

)

be the exa
t solution at t

k+1

of (3) with u(t

k

) = U

n

k

, and G(t

k+1

; t

k

; U

n

k

) the


orresponding ba
kward Euler approximation with time step �T . Then,

max

1�k�

�

k

ju(t

k

)� U

n

k

j � C

n

�T

n+1

; (4)

where the 
onstant C

n

is independent of �T .

Hen
e, for a �xed iteration step n, the algorithm behaves in �T like a method

O(�T

n+1

). Note that the 
onvergen
e of the algorithm for a �xed �T and

in
reasing number of iterations n is not 
overed by the above theorem, be
ause

the 
onstant C

n

is growing in n in the estimate of the proof in [LMT01℄.

3 Convergen
e analysis for a s
alar ODE

We show two new 
onvergen
e result for �xed �T when n be
omes large.

The �rst result is valid on bounded time intervals, T < 1, whereas the

se
ond one also holds for unbounded time intervals. The results apply for

an arbitrary expli
it or impli
it one step method applied to (3) with a 2 C ,

i.e., U

k+1

= �U

k

, in the region of absolute stability of the method, i.e., j�j � 1.

In our analysis an important role will be played by a stri
tly upper trian-

gular Toeplitz matrix M of size

�

k. Its elements are de�ned as follows,

M

ij

=

�

�

j�i�1

if j > i,

0 otherwise.

(5)

A key property of M , whose proof we omit here, is that

j�j � 1 =) jjM

n

jj

1

�

�

�

k � 1

n

�

: (6)

Theorem 2 (Superlinear 
onvergen
e on bounded intervals). Let T <

1, �T = T=

�

k, and t

k

= k�T for k = 0; 1; : : : ;

�

k. Let F (t

k+1

; t

k

; U

n

k

) be the

exa
t solution at t

k+1

of (3) with u(t

k

) = U

n

k

, and let G(t

k+1

; t

k

; U

n

k

) = �U

n

k

be a one step method in its region of absolute stability, i.e., j�j � 1. Then,

max

1�k�

�

k

ju(t

k

)� U

n

k

j �

je

�a�T

� �j

n

n!

n

Y

j=1

(

�

k � j) max

1�k�

�

k

ju(t

k

)� U

0

k

j: (7)

If the lo
al trun
ation error of G is bounded by C�T

p+1

, then

max

1�k�

�

k

ju(t

k

)� U

n

k

j �

(CT )

n

n!

�T

pn

max

1�k�

�

k

ju(t

k

)� U

0

k

j: (8)
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Proof. We denote by e

n

k

the error at iteration step n of the parareal algorithm

at time t

k

, e

n

k

:= u(t

k

)� U

n

k

. With (2) and an indu
tion argument on k, it is

easy to see that this error satis�es

e

n+1

k

= �e

n+1

k�1

+ (e

�a�T

� �)e

n

k�1

= (e

�a�T

� �)

k�1

X

j=1

�

k�j�1

e

n

j

:

This relation 
an be written in matrix form by 
olle
ting e

n

k

in the ve
tor

e

n

= (e

n

�

k

; e

n

�

k�1

; : : : ; e

n

1

)

T

, whi
h leads to

e

n+1

= (e

�a�T

� �)Me

n

; (9)

where matrix M is given in (5). By indu
tion on (9), we obtain

jje

n

jj

1

� j(e

�a�T

� �)j

n

jjM

n

jj

1

jje

0

jj

1

; (10)

whi
h together with (6) implies (7). The bound (8) follows from the bound

on the lo
al trun
ation error together with a simple estimate of the produ
t,

je

�a�T

� �j

n

n!

n

Y

j=1

(

�

k � j) �

C

n

�T

(p+1)n

n!

�

k

n

=

(CT )

n

n!

�T

pn

:

Remark 1. The produ
t term in (7) shows that the parareal algorithm 
on-

verges for any �T on any bounded time interval in at most

�

k � 1 steps.

Furthermore the algorithm 
onverges superlinearly, as the division by n! in

(7) shows. Finally, if instead of an exa
t solution on the subintervals a �ne grid

approximation is used, the proof remains valid with some minor modi�
ations.

Theorem 3 (Linear 
onvergen
e on long time intervals). Let �T be

given, and t

k

= k�T for k = 0; 1; : : :. Let F (t

k+1

; t

k

; U

n

k

) be the exa
t solution

at t

k+1

of (3) with u(t

k

) = U

n

k

, and let G(t

k+1

; t

k

; U

n

k

) = �U

n

k

be a one step

method in its region of absolute stability, with j�j < 1. Then,

sup

k>0

ju(t

k

)� U

n

k

j �

�

je

�a�T

� �j

1� j�j

�

n

sup

k>0

ju(t

k

)� U

0

k

j: (11)

If the lo
al trun
ation error of G is bounded by C�T

p+1

, then

sup

k>0

ju(t

k

)� U

n

k

j �

�

C�T

p

<(a) +O(�T )

�

n

sup

k>0

ju(t

k

)� U

0

k

j: (12)

Proof. In the present 
ase M , as de�ned in (5), is an in�nite dimensional

Toeplitz operator. Its in�nity norm is given by

jjM jj

1

=

1

X

j=0

j�j

j

=

1

1� j�j

:
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Using (9), we obtain for the error ve
tors e

n

of in�nite length the relation

jje

n

jj

1

� j(e

�a�T

� �)j

n

jjM jj

n

1

jje

0

jj

1

=

�

j(e

�a�T

� �)j

1� j�j

�

n

jje

0

jj

1

; (13)

whi
h proves the �rst result. For the se
ond result, the bound on the lo
al

trun
ation error, je

�a�T

� �j � C�T

p+1

, implies for p > 0 that � = 1 �

a�T +O(�T

2

), and hen
e 1� j�j = <(a)�T +O(�T

2

), whi
h implies (12).

4 Convergen
e analysis for partial di�erential equations

We now use the results derived in Se
tion 3 to investigate the performan
e

of the parareal algorithm on partial di�erential equations. We 
onsider two

model problems, a di�usion problem and an adve
tion problem. For the dif-

fusion 
ase, we 
onsider the heat equation, without loss of generality in one

dimension,

u

t

= u

xx

; in 
 = R; u(0; x) 2 L

2

(
): (14)

Using a Fourier transform in spa
e, this equation be
omes a system of de
ou-

pled ordinary di�erential equations for ea
h Fourier mode !,

û

t

= �!

2

û; (15)

and hen
e the 
onvergen
e results of Theorems 2 and 3 
an be dire
tly applied.

If we dis
retize the heat equation in time using ba
kward Euler, then we have

the following 
onvergen
e result for the parareal algorithm.

Theorem 4 (Heat Equation Converven
e Result). Under the 
onditions

of Theorem 2, if a = !

2

, and G(t

k+1

; t

k

; U

n

k

) = �U

n

k

with � =

1

1+!

2

�T

from ba
kward Euler, the parareal algorithm has a superlinear bound on the


onvergen
e rate on bounded time intervals,

max

1�k�

�

k

jju(t

k

)� U

n

k

jj

2

�




n

s

n!

n

Y

j=1

(

�

k � j) max

1�k�

�

k

jju(t

k

)� U

0

k

jj

2

; (16)

where jj�jj

2

denotes the spe
tral norm in spa
e and the 
onstant 


s

is universal,




s

= 0:2036321888. On unbounded time intervals, we have

sup

k>0

jju(t

k

)� U

n

k

jj

2

� 


n

l

sup

k>0

jju(t

k

)� U

0

k

jj

2

; (17)

where the universal 
onstant 


l

= 0:2984256075.

Proof. A simple 
al
ulation shows that the numerator in the superlinear

bound (7) is for ba
kward Euler uniformly bounded,

je

�!

2

�T

�

1

1 + !

2

�T

j � 


s

;
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where the maximum 


s

is attained at !

2

�T = �x

s

:= 2:512862417. This leads

to (16) by using the Parseval-Plan
herel identity.

The 
onvergen
e fa
tor in the linear bound (12) is also bounded,

je

�!

2

�T

�

1

1+!

2

�T

j

1�

1

1+!

2

�T

� 


l

;

where the maximum 


l

is attained at !

2

�T = �x

l

:= 1:793282133, whi
h leads

to (17) using the Parseval-Plan
herel identity.

Next, we 
onsider a pure adve
tion problem

u

t

= u

x

; in 
 = R; u(0; x) 2 L

2

(
): (18)

Using a Fourier transform in time, this equation be
omes

û

t

= �i!û: (19)

The 
onvergen
e results of Theorems 2 and 3 
an be dire
tly applied. If we

dis
retize the adve
tion equation in time using ba
kward Euler, then we have

the following 
onvergen
e result for the parareal algorithm.

Theorem 5 (Adve
tion Equation Convergen
e Result). Under the


onditions of Theorem 2, if a = �i!, and G(t

k+1

; t

k

; U

n

k

) = �U

n

k

with

� =

1

1+i!�T

from ba
kward Euler, the parareal algorithm has a superlinear

bound on the 
onvergen
e rate on bounded time intervals,

max

1�k�

�

k

jju(t

k

)� U

n

k

jj

2

�

�

n

s

n!

n

Y

j=1

(

�

k � j) max

1�k�

�

k

jju(t

k

)� U

0

k

jj

2

; (20)

where the 
onstant �

s

is universal, �

s

= 1:224353426.

Proof. A simple 
al
ulation shows that the numerator in the superlinear

bound (7) is for ba
kward Euler uniformly bounded,

je

�i!�T

�

1

1 + i!�T

j � �

s

;

whi
h leads to (20) using the Parseval-Plan
herel identity.

Remark 2. There is no long term 
onvergen
e result for (18). The 
onvergen
e

fa
tor in (11) is not bounded by a quantity less than one.

5 Numeri
al Experiments

In order to verify the theoreti
al results, we �rst show some numeri
al ex-

periments for the s
alar model problem (3) with f = 0, a = 1, u

0

= 1. The
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Fig. 1. Parareal 
onvergen
e for (3) on a short, medium and long time interval.

Ba
kward Euler method is 
hosen for both the 
oarse approximation and the

�ne approximation, with time step �T and �T= �m respe
tively. We show in

Figure 1 the 
onvergen
e results obtained for T = 1, T = 10 and T = 50,

using

�

k = 10 and �m = 20 in ea
h 
ase. One 
an 
learly see that parareal

has two di�erent 
onvergen
e regimes: for T = 1, the algorithm 
onverges

superlinearly, and the superlinear bound from Theorem 2 is quite sharp. For

T = 10, the 
onvergen
e rate is initially linear, and then a transition o

urs

to the superlinear 
onvergen
e regime. Finally, for T = 50, the algorithm is in

the linear 
onvergen
e regime and the bound from Theorem 3 is quite sharp.

Note also that the bound from Theorem 1 indi
ates stagnation for T = 10,

sin
e �T = 1, and divergen
e for T = 50, sin
e then �T > 1. The parareal

algorithm does however also 
onverge for �T � 1.
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PSfrag repla
ements

n

Fig. 2. Error in the L

1

norm in time and L

2

norm in spa
e for the parareal

algorithm applied to the heat equation, on a short (left) and long (right) interval.

We now turn our attention to the PDE 
ase and show some experiments

for the heat equation u

t

= u

xx

+f; in (0; L)� (0; T ℄ with homogeneous initial

and boundary 
onditions and with f = x

4

(1� x) + t

2

. The domain length L

is 
hosen su
h that the linear bound in (17) of Theorem 4 is attained, whi
h

implies that L = �

p

�T=�x

s

. With �T = 1=2 and �m = 10 we obtain the

results shown in Figure 2. On the left, results are shown for T = 4, where the

algorithm with �T = 1=2 will 
onverge in 8 steps. One 
an see that this is
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learly the 
ase. Before that, the algorithm is in the superlinear 
onvergen
e

regime, as predi
ted by the superlinear bound. Note that the latter bound

indi
ates zero as the error at the eighth step, and thus 
an not be plotted

on the logarithmi
 s
ale. On the right, the error is shown for T = 8, and the

algorithm is 
learly in the linear 
onvergen
e regime.


