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Abstract

Cross-points in domain decomposition, i.e. points where more than two
subdomains meet, have received substantial attention over the past years,
since domain decomposition methods often need special attention in
their definition at cross-points, in particular if the transmission condi-
tions of the domain decomposition method contain derivatives, like in
the Dirichlet-Neumann method. We study here for the first time the con-
vergence of the Dirichlet-Neumann method at the continuous level in
the presence of cross-points. We show that its iterates can be uniquely
decomposed into two parts, an even symmetric part that converges geo-
metrically, like when there are no cross-points present, and an odd
symmetric part, which generates a singularity at the cross-point and is
not convergent. We illustrate our analysis with numerical experiments.
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1 Introduction

Domain decomposition methods for partial differential equations are natu-
rally defined and analyzed at the continuous level, like the original overlapping
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Schwarz method from 1869 [1], and also the original Dirichlet-Neumann [2] and
the Neumann-Neumann [3] method. Even FETI (Finite Element Tearing and
Interconnect) was first presented at the continuous level in the original publica-
tion [4], as a minimization problem, before the authors proceeded to the finite
element discretization that led to its name. For symmetric and positive definite
problems, early domain decomposition research focused then however on condi-
tion number estimates for such methods used as preconditioners at the discrete
level, leading to groundbreaking results, see e.g. [5] and references therein.
The methods were thus intimately linked with the conjugate gradient method
and not considered as standalone solvers, in contrast to multigrid methods for
example [6, 7]. For more general problems which are non-symmetric and/or
indefinite, condition numbers are not the key quantities anymore for under-
standing their convergence when used as preconditioners, and directly studying
preconditioning properties for more general Krylov methods becomes difficult.
There has therefore been an effort to also investigate the underlying iterative
versions of these methods, and the study of their convergence properties at the
continuous level, see for example [8] and references therein. This reveals many
interesting properties of domain decomposition methods which are masked by
the Krylov method that can correct convergence problems when the domain
decomposition method is used as preconditioner. An interesting example is the
Additive Schwarz method, which needs Krylov acceleration to be used, while
Restricted Additive Schwarz does not, since it corresponds directly to the dis-
cretization of the parallel Schwarz method of Lions [9], and thus converges as
a standalone iterative method [10, 11].

We are interested here in understanding the convergence properties of the
Dirichlet-Neumann method in the presence of cross-points. Cross-points in
domain decomposition methods have become a focus of attention over the past
years because of an increasing interest in the domain decomposition research
community to better understand the discretization of domain decomposition
methods at cross-points, and the influence on the convergence of the iterative
solution. For the Helmholtz equation and Després’ seminal non-overlapping
Schwarz method with Robin transmission conditions, cross-points do not ham-
per convergence [12], and the same holds more generally for non-overlapping
optimized Schwarz methods when studied at the continuous level, see [13]. Care
needs to be taken however when discretizing such methods, see for example
[14-18], and this is even more important when higher order transmission con-
ditions like Ventcell conditions are used [19-23]. For the Neumann-Neumann
method, a well-posedness issue has been identified in the presence of cross-
points, see [24], and the authors present a modification of the method to get
around this difficulty. Also multitrace formulations pose problems at cross-
points, and a solution involving specific non-local operators has been proposed
in [25], see also [26] for a purely algebraic formulation. There was even a ded-
icated mini-symposium on cross-points in domain decomposition methods at
the last international conference on domain decomposition methods, DD27, in
Hong Kong [27].
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Fig. 1: Domain () divided into four square subdomains colored in gray and
white.

For the Dirichlet-Neumann method, the well-posedness issue in the pres-
ence of cross points was already mentioned in early work [28], but has so
far not been fully analyzed for the iterative version of the algorithm. Most
research works using this method or variants of this method do not encounter
this problem. Indeed, many authors consider the case of domain decomposi-
tions with two subdomains [2, 29, 30] or many subdomains in stripes [31, 32],
which excludes the presence of cross-points. Others use the Dirichlet-Neumann
method as a preconditioner for a Krylov method, see for example [8, 33, 34],
which hides the problematic behaviour of the Dirichlet-Neumann method. We
focus here on a simple but instructive Laplace problem on a square divided into
four squared subdomains of equal area. This allows us to develop a complete
analytical understanding of the convergence of the Dirichlet-Neumann method
in the presence of cross-points at the continuous level. We will show that the
even symmetric part of the iteration converges like when no cross-points are
present, but the odd symmetric part of the iteration generates singularities at
cross-points and is thus not convergent. Even though our analysis is limited to
the case of four subdomains, it reveals the behaviour of the iterates locally at
the cross-point. Therefore it is representative of the behaviour of the iterates
near cross-points for more general domain decompositions of grid-shape. The
study on how to correct the convergence problem of the odd symmetric part
will be addressed in a further research paper.

2 Geometry and model problem

As shown in Figure 1, we use as domain 2 C R? for our Laplace model problem
the square (—1,1) x (—1,1), divided into four non-overlapping square subdo-
mains Q;, i € T := {1,2,3,4}, of equal area. With such a partition, there
is one interior cross-point (red dot), and there are also four boundary cross-
points (black dots). The presence of boundary cross-points has been identified
as an obstacle for multitrace formulations, which requires some additional spe-
cific treatment, see for example [35, Section 2.4]. Conversely, these points are
not an issue here for the Dirichlet-Neumann method. We denote the interfaces
between adjacent subdomains by I';; := int(9€; N 0€;), and the skeleton of
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the partition by I' := U” Ej, and we have I';; = I';; for all 7, j. We further
denote the interior of the intersection between 0f); and the boundary 09 by
00 := int(9€2; N 9R), and the interior of the left, right, bottom and top sides
of Q by 99y, 0Q,., 0y, 0. Thus an arbitrary side of €2 is denoted by 02,
where o is in the set of indices S := {I,r,b,t}. We use the same notation also
for an arbitrary side of a subdomain €2;, namely 0f2; , with o € S.

2.1 Even and odd symmetric functions

We recall now the definition of an even/odd symmetric function in multivariate
calculus, and a useful decomposition result, which we express here in terms of
functions in LP, for p € [1, +0o0].

Definition 1 (Symmetric set) Let n > 1 be an integer. A subset U of R" is said to
be symmetric if, for any (z1,--- ,zn) € R",

(1, y&n) €U = (—z1, "+ ,—xn) €U.

Definition 2 (Even/odd symmetric functions) Let U C R™ be open and symmetric,
and p € [1,400]. A function h € LP(U) is called even symmetric if for almost all
($17"' 7$n) € U7

h(—z1, -+ ,—xn) = h(x1, - ,Zn).
Similarly, the function h is called odd symmetric if for almost all (x1, - ,xn) € U,
h(=z1,--- ,—zn) = —h(21, - ,2n) .

Theorem 1 (Even/odd decomposition) Let U C R™ be open and symmetric, and
p € [1,400]. Every function h € LP(U) can be uniquely decomposed as the sum of
an even and an odd symmetric function, both in LP(U), which are called the even
symmetric part and the odd symmetric part of the function. These functions, denoted

by he and ho, are for almost all (x1,--- ,xn) € U given by
1
he(.’l]],"' 7ZEn) = i(h(xlv ,l’n) +h(*l‘1, 771"”)) )
1
holr, - ) = & (hlar.o ) — h(—mr.o —an))

Proof Taking the sum, we see that he + ho = h almost everywhere (a.e.) in U. Then,
regarding uniqueness, let us assume that there exists another couple of even/odd
symmetric functions (he, ho) # (he, ho) such that he + ho = h a.e. in U. It follows
that

(he + ho)(x1,- -+ s zn) = (he + ho)(x1,- - ,xy), for almost all (z1,--- ,zn) € U .

This implies that he — he = ho — ho a.e. in U. Since the left hand-side is even
symmetric and the right hand-side is odd symmetric, we must have he — he = ho —
ho = 0 a.e. in U, which contradicts the initial assumption. O
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Definition 3 (Symmetry preservation of operators) Let X and Y be two Banach
spaces such that X C LP(U) and Y C L%(V) for some open symmetric sets U, V
and some p, g € [1,+00]. An operator T': X — Y is said to preserve symmetry if it
satisfies the following properties:

e for all h € X such that h is even symmetric, T'h is even symmetric,
e for all h € X such that A is odd symmetric, Th is odd symmetric.

The Laplace operator A : H2(2) — L?(Q) preserves symmetry, which can
be proved using the standard chain rule for C? functions together with the
density of C*°(2) in H%(£). In the same way, if p denotes an even symmetric
function in W2:°°(99), one can prove that the operator (9, +p) : H? () —
Hz(89) also preserves symmetry because for each z € T, n(—z) = —n(z).

2.2 Laplace model problem
We consider the Laplace problem with Dirichlet boundary condition on 2, that

is: find u solution to
—Au=f inQ,
(1)

where f € H1(Q) and g € H%(aQ). Of course, since 2 is Lipschitz, it is
known that (1) admits a unique solution u € H'(Q). We also consider the
Laplace problem with Robin boundary condition: find u solution to

u=g¢g on 0N,

{ ~Au=f inQ, 2

(On +p)u=g on 09,

where p € L>=(9Q) (p > 0 a.e. on 99Q) is even symmetric, f € H~*(Q) and
g € H-2(09). To ensure that the problem is well-posed in H' (), we assume
that p is strictly positive on a subset of 92 of non-zero measure.

2.3 Regularity results

In this section, we briefly recall some important results about the theory
of elliptic boundary value problems in nonsmooth two-dimensional domains,
adapted to our specific context of a square. The general results in arbitrary
polygons, together with their proofs, can be found in [36, Chapter 4], [37] and
[38]. For a brief review on the subject, the reader is also referred to the lecture
notes [39, Chapter 2].

HY(Q) regularity
As it has just been mentioned, the standard variational approach to study
problems (1) and (2) leads to existence and uniqueness of solutions in H*(2).

However, for this result to hold, the regularity required on the boundary data is
g € Hz(9Q) for the Dirichlet case and g € H~2 (99Q) for the Neumann (Robin)
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case. This means that g can be identified as the trace on 02 of a function in
H'() in the Dirichlet case. Similarly, in the Neumann (Robin) case, it can be
identified as the normal derivative on 99 of a function in H'(Q). When Q is
a polygon, the regularity on 02 can be expressed by means of the regularity
on each side of the polygon associated with so-called compatibility relations at
the corners, see [37, Chapter 1]. Let us introduce the set of corners C which
consists in four pairs of indices in S:

C:={(,b),(r,b),(rt), ()} .

For the reader’s convenience, the restriction of g to a part of the boundary 9€,,
will be denoted by g, := ¢ |9q, , for each o € S. With these notations, we have
the following useful characterization for the Dirichlet case: g € H B (0Q) iff

gs € H%(GQU), Vo €S, and / |gg(5) —gg/(—s)|2% < +00, Y(o,0") € C,
0
(3)

for some small € > 0. There exists a similar (and simpler) characterization for
the Robin case: g € H™2(9Q) iff

9o € H2(0Q,), Vo € 8. (4)

Therefore, replacing the regularity conditions on the boundary data g in prob-
lems (1) and (2) by conditions (3) and (4) leads to well-posed formulations in
HY(Q).

H?(Q) regularity

The existence and uniqueness results mentioned above only give us H*(Q2) reg-
ularity for the solution, which means u might not even be continuous since
Q0 C R?. Since we are interested in pointwise properties, especially what
happens at the cross-point, we need more regular functions.

Theorem 2 (Dirichlet case) If in addition to the previous assumptions, we have
feL?Q), g0 € H%(GQU) for allo € S, and go(0) = g5+ (0) for all (o,0") € C, then
the solution u to (1) is in H2(Q).

Theorem 3 (Robin case) If in addition to the previous assumptions, we have f €
L3(Q), p loq, € C°(002%) and go € H%((’)QU) for all o € S, then the solution u to
(2) is in H%(S).

We will also need regularity results for the mixed (Dirichlet/Neumann)
problem for subproblems generated by the Dirichlet-Neumann method: let D
and A be two subsets of S corresponding to the indices for Dirichlet and
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Neumann boundary conditions. In order to avoid well-posedness issues, we
assume that D # (). The mixed problem reads: find u solution to

—Au=f inQ,
u=g? on d9,, for o €D, (5)
5‘nu:gﬁ[ on 0, for o € N.

The set of corners C can be split into three subsets C = Cp U Car U Cpq corre-
sponding to Dirichlet corners, Neumann corners or mixed corners, such that
for each (o,0") €C,

Cp if 0,0’ € D,
(0,0') €S Cy ifo,0" €N,
Cym ifoeD,o’ eN.

Theorem 4 (Dirichlet/Neumann case) If in addition to the previous assumptions,
1
we have f € L2(Q), g2 € H%(GQU) foro €D, g € Hz2(0Qs) for o € N, and

92(0) = g2 (0), V(o,0") € Cp,

€ ’ 2ds
/0 ’g? (s) fgf,\//’(fs)‘ o < 400, Y(o,0") €Cp,

then the solution u to (5) is in H*(Q).

Finally, let us state one last useful result about the regularity of such
functions, which is a direct consequence of the Sobolev embedding theorem,
see for example [40].

Proposition 5 Let U be a bounded Lipschitz open subset of R2. Then, any function
in H2(U) is also in C°(U).

Proof From the Sobolev embedding theorem, since 2 > % and U C ]R27 we know that
H?(U) is (continuously) embedded in the Hélder space C}?’“(U) for some p € (0,1).
In addition, any function in Cg’”(U) is uniformly continuous on U, therefore it can
be extended to a continuous function on U. ]

From now on, we will assume that the data satisfy the regularity required by
the assumptions in Theorem 2 and Theorem 3. This ensures that the regularity
of the solutions we deal with is at least H?(£2).

2.4 Even/odd symmetric decomposition

We now decompose the problems (1) and (2) into two subproblems, in order
to analyze the subproblems separately. With Theorem 1, we can uniquely
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decompose the data, and thus the associated problem, into the even symmetric
part and the odd symmetric part. For problem (1), this leads to: find u® and
u® solutions to

—Au® = f, in Q,
e _ (6)
u® =g, on 0N,

—Au’ = f, in Q,
o_ (7)
u’ =g, on 0f).

These subproblems are still well-posed and the solutions still have H?({) reg-
ularity. Using the symmetry preserving property of the operator A : H?(Q) —
L?(Q), we see that u® is even symmetric and u° is odd symmetric. Moreover,
since (—A) is linear and the boundary conditions are linear as well, u¢ + u°
solves (1). Therefore u¢ 4+ u® = w, and since the decomposition is unique, the
solution to (6) u® coincides with u., the even symmetric part of u, and similarly
u® = u,. As we will see, the convergence analysis of the Dirichlet-Neumann
method reveals different behaviors for the even and odd symmetric subprob-
lems. Note that the geometric domain decomposition itself is also symmetric
with respect to the origin (0,0).

As for the Dirichlet problem, we define the even and odd symmetric
parts of (2), and still denote by u® and u® their solutions. When p is even
symmetric, in addition to the operator A, we have seen that the operator
(8, + p) : H2(09) — Hz(9Q) also preserves symmetry. Hence the even and
odd symmetry properties of the solutions u® and u°. Thus, the linearity of (2)
yields u€ + u° = u, and the uniqueness of the decomposition finally leads to
u® = u, and u® = u, like in the Dirichlet case.

3 Analysis of the Dirichlet-Neumann method

We use as in [8, Section 1.4] a gray and white coloring, see Figure 1, and
define the sets of indices Zg := {1 < ¢ < 4 : Q;isgray } = {2,4} and
Iw =TI\ Zg = {1,3}. The transmission conditions are indicated in Figure 1,
where ” D” stands for Dirichlet and ” N” for Neumann. Given an initial guess
u® and a relaxation parameter § € R, each iteration k > 1 of the method can
be split into two steps:

¢ (Dirichlet step) Solve for all i € Zyy

—Auf = f inQ,
uf =g on 007,

k
uf = 0uf ™+ (1= 0)uf~" on Ty, VjeTg st Ty £0.
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¢ (Neumann step) Solve for all i € Zg

—-A f in Q;,

=g onaQ
—0,

n7J

On,

uj =
uk
'I
f on Fija Vj € Iy s.t. Fij 7& 0.

To start the Dirichlet-Neumann method, we need an initial guess u°, or equiv-

alently \° := «® |r, since only the traces of u® on the interfaces I';; are used

in the initialization step £ = 1. This initial guess needs to satisfy the following
compatibility condition.

Definition 4 (Compatible initial guess) An initial guess u’ (or equivalently A°) is
said to be compatible with the Dirichlet boundary condition if it satisfies u? lonr=
g |r (or equivalently A% = g a.e. on dQ N T representing the set of boundary cross-
points).

In what follows, we fix an initial guess A° such that A\° € CO(I)NH 2 (T';;) for
all (i, ) such that I';; # 0, and A° is compatible with the boundary condition.

3.1 Case of the even symmetric part

We begin with applying the Dirichlet-Neumann method to the even symmetric
part of problem (1).

Theorem 6 Taking A as the initial guess for the Dirichlet-Neumann method applied
to the even symmetric part of problem (1) produces a sequence {ulg}k that converges
geometrically to the solution ue in the L?-norm and the broken H'-norm, for any
0 € (0,1). Moreover, the convergence factor is given by | 1 — 20 |, which also proves
that this method becomes a direct solver for the specific choice 0 = %1.

Proof We perform the first two iterations of the Dirichlet-Neumann method in terms
of the local errors ef = u; — uf where u; := u |, is the restriction of the orig-
inal solution to the i—th subdomain, see Section 4 (Example 1) for a numerical
illustration.

Iteration k = 1, Dirichlet step: In 1, we solve

—Ael1 =0 inQy,
e;,l =0 on BQ? ,
6;,1 = Ue — )\8 on o UTy .

Since AU is compatible with the even part of the Dirichlet boundary condition and
3
te |o0, , € H2(0Q1,5) for all 0 € S, by Theorem 2, e;l € H?(Q) exists and is

!The same result was already proved in [2], in the case of a symmetric decomposition with two
subdomains without any restriction on the even/odd symmetric nature of the data.
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unique. Moreover, we know that it is also continuous in €7 due to Proposition 5.
In the same way, we solve in Q3
—Aei,g =0 in Q3,
ei,g =0 on 89% ,
e;li,g = Ue — )\2 on I'o3 U3y .

Since ue — A2 is even symmetric, it follows that the only solution eé’g € H%(Q3) to
this problem verifies 6273(x7y) = 6(15’1(—1‘7 —y), for all (x,7y) € Q3.
Iteration kK = 1, Neumann step: Now, in {22, we solve
—Aeé’g =0 in Qo
1 0
€e2 =0 on 903,
316;2 = 830@;,1 = _696(6;,1(—%?/)) lz=0 onTia,
1 1 1 1
Oyeea = Oyec 3 = Oy(ec1(—z, —y)) ly=0= —0y(ec,1(—2,y)) [y=0 on I'zz.
This problem is well-posed in H!(Q2). In addition, it is clear that the function defined
in Qg by (z,y) — —eal(—x, y) solves the problem. By uniqueness, one deduces that
the solution 6;2 is given by e;Q(:my) = —eé’l(—w,yL for all (z,y) € Q2. Note that

this equality extends to the whole Q5. Again, in the exact same way, we get that the

solution eé’4 in Qy is given by 62,4(1’, y) = —eé,l(w, —y), for all (z,y) € Q4.

We are left with a recombined error el (defined in ©\ I') that is discontinuous
across all parts of the skeleton I' where ei,l # 0, see Figure 3c. This may lead to
discontinuities for the recombined solution ué = Ue + e}i. Also note that eJ; is even
symmetric in Q \ .

Iteration k = 2, Dirichlet step: In 1, we solve
~AeZ;=0inQ,
6371 =0 on 8(2(1) R
2 1 1 1
€e,l = 966,2 + (1 — 9)66,1 = (1 — 29)6671 on I'19,

621 = (1 - 20)6;,1 on F41 .

The unique solution to this problem is 62,1 =(1- 20)6;1. In the exact same way,
we get in Q3, 62’3 =(1- 29)6‘;3.
Iteration k = 2, Neumann step: Now, in 22, we solve
7A6£72 =0 in Qo
eg,g =0 on 6‘98 ,
axeg,g = 816271 =(1- 20)8936;_’1 onI'1g,
2 2 1

Oyeco = Oyeg 3 = (1 —20)0yec 3 on T'az.
The unique solution to this problem is 6572 =(1- 29)6;2. Again, in the exact same
way, we get in gy, 62,4 =(1- 29)6(1374, For all 6 € (0,1), the recombined solution e2
is exactly (1 —26)el.

Iterations k > 3: From the analysis of the first two iterations, it follows by
induction that, at iteration k, one has

ek =1-20"1tel ma\r,
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see Figure 3d. Therefore, the proposed domain decomposition method converges
geometrically to the solution ue both in the L?-norm and the broken H'-norm for
all 6 € (0,1),

k k—1 k ! k—1
| ue—ue lz2()< C|1-20 | and Y || uei—te, | gi(a)< C' [ 1-20°71.
€L
Note that the recombined solution ulg is in general not continuous across the skeleton
T. O

Remark 1 Tt is actually not difficult to find an initial guess A0 satisfying the assump-
tions of Theorem 6: the simplest way is to build a piecewise linear function on I'. If we
denote Py, k € {1,---,4}, the four boundary cross points, and set A\°(P,) := g(Py)
for each k, then A0 is compatible with the Dirichlet boundary condition. Next, we
set A2(0,0) := izk A(Py) and perform a linear reconstruction on each interface
I';;, which ensures that A0 e cD).

Of course, any other choice for A\°(0,0) would work as well, but this specific choice
leads to a function A\’ with minimal slopes as it satisfies

1 0 . . 0 2
sz:/\ (Pk)—arggﬂlnzkjw\ (Py) —a ™.

3.2 Case of the odd symmetric part

Let us now turn to the odd symmetric part of problem (1). Given our initial
guess, we obtain the following result.

Theorem 7 The Dirichlet-Neumann method applied to the odd symmetric part of
problem (1) is not well-posed. More specifically, taking )\8 as the initial guess, there
exists an integer kg > 0 such that the solution to the problem obtained at the ko-
th iteration is not unique. In addition, all possible solutions ulgo are singular at the
cross-point, with a leading singularity of type (In r)z.

The previous result shows that in this case, at some point, the Dirichlet-
Neumann method is not applicable anymore. In practice, since we are able to
find a solution to this ill-posed problem, one may wonder if it is possible to
recover a nice behaviour of the method if we go past this iteration kg. The
next theorem provides a negative answer.

Theorem 8 If we let the Dirichlet-Neumann method go beyond the ill-posed iteration
ko from Theorem 7, we end up with a sequence {ulé}kao of mon-unique iterates.

Moreover, for each k > ko, all possible ulg are singular at the cross-point, with a
leading singularity of type (In r)z(k_kf’)""z.

Before giving the proofs of these theorems, we need four technical lemmas
which provide solutions to the Laplace problem on the two-dimensional cone
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Fig. 2: Cone C and its boundaries.

C =Ry x (=7, %) with different types of Dirichlet and Neumann boundary
conditions on dC_ := R} x {5} and 0C, := R% x {7}, see Figure 2.

Lemma 9 For any integer q > 0, there exist coefficients (a%,j,m)j’m such that the
function qu defined in polar coordinates for all (r,¢) € C by
4]
27 —2
0] (r,¢) == (Inr)? + Z a%,j’m¢ T (o)™

Jym=1
is in L?(C) N C*>® (C\{(0,0)}) and solves
—Av =0 in C, ()
v=_nr)? on dC_UICy .

Proof Let us proceed by induction.

Base case. The cases ¢ = 0 and ¢ = 1 are easily verified. Indeed, vOD ;=1 and
v,lj := Inr clearly solve (8) for ¢ = 0 and g = 1, respectively.

Induction step. Let ¢ > 1 be fixed. We assume that the result of the lemma
holds for all £ < g. In order to find a solution to (8) for ¢ + 1, we begin with
the initial guess (In 7‘)’1"'1, which obviously satisfies the boundary condition. First,
we compute a correction rgH such that (In r)q+1 + rqD+1 is harmonic in C. Then,
since the boundary conditions are no longer satisfied due to this first correction, we
compute a second correction qu+1 such that (In7)4Tt 4 rqD+1 + qu+1 solves (8).

For the first step, we start by computing the Laplacian in polar coordinates. Let us
recall its expression for some smooth function f depending on (r, @)

or2  ror  r2o¢%’
For our intial guess (In7)?*!, this leads to

—1
A ((1nr)q+1> =(qg+1)q %.
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We can now cancel the term remaining on the right by adding on the left
1 - 1 Inr)4—3
A (nrt = S+ De ™) = = Je*a+ - la -2 B
Again, to remove the new term on the right, we add on the left

2
A ()t = J6a+ g )™ 16t ) - D))

-5
4 (h]T)q
=0 (Q+1)"'(q—4)T»
and continuing until the exponent on the (Inr) term in the right hand side reaches
0 or 1 gives
Lq+1

A 1nrq+l+z H(g+1)--(g+2—2))(Inr)?T 72 | =0,

Therefore, introducing ﬂ}ﬁ'l = (fl)j (q;'jl) for all j, and defining the correction
L4
+1 +1 ,2j +1-25
i = Z B}I ¢“ (Inr)? 7
Jj=1
we get a function (Inr)4tt + rgrl that is harmonic and is in L?(C) N

C* (C\{(0,0)}).

For the second step, let us note that this function verifies

L]
(7)1 4 r 8t = (Ing)?tt 4 Z 5q+1( ) (lnr)q+1_2j

on 9C_UJC. From the induction hypothesas, we know that for each j, there exists
a function UqD+172j that solves (8) for g + 1 — 2j. Therefore, if we define

g+l
1 T gkl (TN\H gr1-2;
e B
Jj=1

we obtain a function qu+1 = (Inr)tt 4 rq+1 + 7 ~q+1 that solves (8) for ¢ + 1 and
is in L2(C)nC™> (C'\{(0,0)}). In addition, given the expressions of the corrections

rqD+1 and qu+17 it follows that qu+1 can be written as

Lq+1
1 1 142 1-2
vp(n6) = ()T 4 37 el ¢ (n) T,
j,m=1
where the coefficients aD j m depend on the B;Hl and the a%’j’m, for ¢ < q—1.

d

Lemma 10 For any integer ¢ > 0, there exist coefficients (an/7j7m)j,m such that
the function v, defined in polar coordinates for all (r,¢) € C by

L)
4 m
vl (r,¢) = ﬂd)(lnr Z ol jm¢27+1(lnr)q 2

J,m=1
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is in L?(C) N O™ (C\{(0,0)}) and solves
—Av=0 inC,
v=—(nr)? ondC_, (9)
= (In7)? on dCy .

Proof Let us proceed by induction, in the same way as in the proof of Lemma 9.

Base case. It is not difficult to check that vOD/ = %qﬁ and UID/ = %gblnr solve
(9) for ¢ =0 and g = 1, respectively.

Induction step. Let ¢ > 1 be fixed. We assume that the result of the lemma
holds for all £ < ¢. As for Lemma 9, in order to find a solution to (9) for ¢ + 1, we
proceed in two steps, this time starting from %qﬁ(ln r)q'H as initial guess.

For the first step, following a similar iterative approach, we obtain a correction
2]

14 1_ 1,2j+1 1-2;
qD+/ — W¢ pat Z 6‘” ¢ J+ (1nr)q+ 7
Jj=1
where ,8;-”1 = %(—1)j (q;jl) for all j. This enables us to get a function %gb(ln )t 4

rqD'tl that is harmonic and is in L?(C') N C™ (C\{(0,0)}). However, we have
g+1

[45=]
2j+1 )
4gzﬁ(lnr)q+1 +rq+1 + | (Inr) q+1 + E ﬁq+1( ) ! (lnr)q+172]
T

on JC4+. This notation means that the sign depends on which part of the boundary
is considered: 4+ on 0C+ and — on dC_. Therefore, using the induction hypothesis,
we introduce a second correction

2j+1 ,
Fat1 +1 +1-2
P Z Bq ( ) Vv

such that qu-’,'l = %d)(ln )9t 4 rqD'tl + qu'tl solves (9) for ¢ + 1 and is in L?(C) N
C*> (C\ {(0,0)}). In addition, this function can be written as
L2

1 j —
v ¢) = ¢<1nr>q+1+ > ahl e eyt

j,m=1
for ¢ < q—1.
(]

where the coefficients of D’ and the O/D/

depend on the ,B?'H

] m j,mo

Lemma 11 For any integer ¢ > 0, there exist coefficients (O‘(Jl\f,j,m)ﬂm such that the
function ’U?V defined in polar coordinates for all (r,¢) € C by
L3]
2541 2
U?V(Ta ¢) == ¢(Inr)? Z N] m?® s (Inp)d—=m

j,m=1
is in L2(C) N C™> (C'\ {(0,0)}) and solves
—Av=0 inC,
dpv = (Inr)? on OC_ UIC .
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Proof Again, we proceed by induction, in the same spirit as in the proofs of the
previous lemmas.

Base case. Obviously, ’U?V := ¢ and vjlv := ¢Inr solve (10) for g =0 and ¢ = 1,
respectively.

Induction step. Let ¢ > 1 be fixed. The result of the lemma is assumed to hold
for all £ < q. As before, we aim at finding a solution to (10) for ¢ + 1 by proceeding
in two steps, this time starting from ¢(In r)qul as initial guess.

This initial guess is the same as in the proof of Lemma 10 (up to a factor 7) therefore
we have for the first correction
(4]

2
1 1 1,2j+1 1-2;
r?v"' ::¢rqD+ = Z ﬁ;ﬁ_ ¢ (lnr)q+ 7
i=1
where ,6’;1—"1 = (=1)7 (q;rjl) for all j. This choice ensures that ¢(Inr)?tt + T?V—H is

harmonic and is in L*(C) N C™ (C'\{(0,0)}). However, the boundary condition
satisfied by this new function is

g+1

O (o)™ ) = )4 YT @ 1) (%)27 (In )7+ -2
j=1

on OC_ U 0C. This time, the induction hypothesis leads to a second correction

L) ,
_q+1 ) 1/T\Y g41-25
r?\;L = — E (2]+1)B§Z+ (Z) U?VJF 7
j=1

Finally, we define v]qurl = ¢(Inr)?t 4 Tq+1 + ~q+1, which is solution to (10) for

¢+ 1 and is in L*(C) N C™® (C\A(o, 0)}) Moreover, we have for this function the
expression

1 1 L 2+l 1-2
vTH (r, ¢) = $(Inr) T 4 Z ottt ()t
j,m=1
where the coefficients O‘N 1 depend on the [3‘,1""1 and the afv7j,,,L, for £ < g—1. |

Lemma 12 For any integer ¢ > 0, there exist coefficients (a(IJ\/'/,j,m,)jvm such that
the function v}]v, defined in polar coordinates for all (r,¢) € C by

[31+1

4 (1 o 1 42 24 +2—2m
q N q_ q q J q
Vi (r,9) = — <2¢ ) = gy ) )+jmz_2aN,7j,m¢ (Inr)
is in L?(C) N C*>® (C\{(0,0)}) and solves
—Av=0 inC,
Ogv = —(Inr)? on 0C_, (11)

dpv = (Inr)? on dC .
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Proof We keep proceeding by induction.
Base case. Take ¢ = 0. Then we have v%, := 2 (¢2 — (In 7")2), which is indeed

s
solution to (11) for ¢ = 0.

Induction step. Let ¢ > 1 be fixed. The result of the lemma is assumed to hold
for all £ < q. In order to find a solutlon to (11) for g+ 1, we follow the usual two steps
starting from the initial guess qb (In r)‘Hl, which satisfies the boundary conditions.
For the first step, we reuse the computations performed in the proof of Lemma 9,

replacing g + 1 by ¢ + 3. Rewriting the function (In r)q+3 + rq+3, we get that
L4
()™ — 262+ 3)(a + 2™+ > (1) (q;j?’) 6% (1nr) T+
j=2

is a harmonic function. We can easily deduce from this a first correction for our
initial guess,

L5°
gt1._ 4 1 I )93 q+1 427 (1) ) d+3—2
TN C 7r(q+3)(q+2)(nr) + ]2_22 Bi" ¢~ (Inr) ’

)i+t
where ﬂ;Hl = %%(‘qﬁ) for all j. As desired, the new function
%qb?(lnr)q"'l + T?V'tl is harmonic and belongs to L%(C) N C*™ (C\{(0,0)}). In
addition, it satisfies

2 LquSJ 2j—1 .
8¢,( ¢*(Inr)?t? +7“q+1) =+ | (Inr)?™ + Z (27) ﬂ‘Hl (4> (Inp)dt3=2
j=2

on 9C+. Again, using the induction hypothesis for all £ < g — 1, we obtain a second

correction
a+3

2 2j—1
~q+1 N agHl (TN g43-2j
= — Z (2])/3’? (Z) AR
i=2
Therefore, we are able to build a function v}~ := %qﬁ (Inr)?+t 4 TQ+1 + F?V—tl that

solves (11) for ¢ + 1 and is in L(C) N C> (C\ {(0,0)}), namely
1

4 (1 .
vq—tl Q) =— (f 2 Inr el - Inr ‘Hd)
L)+t
+1 3—2
+ Z ol Gm® (ln pyata—m
j,m=2
where the coefficients aN, m depend on the ﬂ;ﬁrl and the af\,/’j’m, for ¢ <q-—1.

d

We can now prove Theorem 7 and Theorem 8.

Proof (Theorem 7) We want to prove that the algorithm has a nice behavior up to
some iteration kg, where the iterate becomes non-unique and singular near the cross-
point, with a leading singularity of type (In 7")2. The idea is to show that, in general,
after two iterations only, the approximate solution given by the method is singular
near the cross-point. In order to do so, let us apply the Dirichlet-Neumann method
step by step to (7), and write the local subproblems in terms of the local errors egZ
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Iteration k = 1, Dirichlet step: In 1, we solve
—Aeb1 =0 inQy,
1 0
es,1 =0 on 007,
6(1,,1 :uo—/\g onI'1oUTy.

As for the even symmetric case, by Theorem 2, 6371 € H%(Q1)  CO(Q) exists and
is unique. In the same way, we solve in (23

7A€(1)’3:0i1’193,
6(1)’3:0 onan,
Ly = A onTysuT
€0,3 =Uo — Ao On l'ag Ul'zyq .

Since uo—)\g is odd symmetric, it follows that the unique solution 6(1)) 3 to this problem
verifies, for all (z,y) € Qs, 6(1),3(:17,31) = —6(1)71(—:7:, —y). Note that the recombined
solution is continuous across the cross-point from Q; to 3 because 6(1)’1(0,0) =
(1o — A9)(0,0) = 0, since (uo — AY) is odd symmetric, see Figure 5b.
Iteration k = 1, Neumann step: Now, in 2, we solve
—Aeba =0 in s,
6;72 =0 on 8(28 ,
3x€(1>,2 = 83263),1 = —33:(6(1;,1(—17 Y)) le=0 on T2,
Dyeon = Oyeo 3 = —y(eo1(—x, —y)) ly=0= 0y (e5,1(~2,7)) |y=0 on Ias.
Here again, we know the problem is well-posed in Hl(Qg). However, in contrast to
the even symmetric case, we cannot argue that :tei’l(—:c,y) solves this problem.
There is a sign incompatibility in the boundary condition: minus sign on I';2 and
plus sign on I'23. The solution ellﬂ cannot be expressed explicitly. Nevertheless, since
e(1)71 € H?(Qq), we know that the trace 6(1)71(-, —1) on the bottom side of Q; and
the normal derivative 816(1)71(0, -) on the right side of € satisfy the compatibility
relation in Theorem 4 at the mixed corner (0, —1). Therefore, as eg;’l(-7 -1) =0,
this compatibility relation is also satisfied by the boudary conditions enforced in the
previous problem at this same corner (0, —1) in Q. The same argument can be used
for the other mixed corner (1,0). Moreover, the H? regularity of eé,l also implies
that dzel | € H? (T12) and dyel 5 € H2(T'23), which finally yields e} 5, € H?(Q9) C
cP (Q2) by Theorem 4 and Proposition 5. Despite this additional regularity property,
we are still not able to express the solution. Especially, we do not know the value of
6(1)72 at (0,0). For the reader’s convenience, let us denote it by 61 := 6(1)72 (0,0). Then,
in 4, we get that the solution 6(1774 is given by 6(1)74(113’, y) = —6(1772(—1’, —y), for all
(x,y) € Q4. Therefore, the recombined solution jumps across the cross-point from
5 in Q9 to —&' in Q4. This time, we are left with a recombined error e}) that is odd
symmetric in Q \ I', and discontinuous across the cross point, see Figure 5b.
Iteration k = 2, Dirichlet step: In 1, we solve

fAeg,l =0 in Qq,

eg,l =0 on 89(1) ,

eg,l = 963;,2 +(1- 9)63)71 onTI'ia,

63,1 = 96}),4 +(1- 9)611)71 on Iy .

(12)
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Since the boundary conditions are continuous on I'15 and I'47, we are able to compute
their limits at the cross-point, which yields

li el 1— 0l ) = o5 7
(w,y)1—>m(070) ( €o2 + ( )60,1) (z,y)
(z,y)€l 3

. 1 1 1
(x,y%l—>(070) (96074 +(1 9)6071) (z,y) =—065".
(z,y)€T4

In other words, whenever st # 0, the method enforces a discontinuous Dirichlet
boundary condition at this step, which may lead to a singular solution since the com-
patibility relation (3) is no longer satisfied. Especially, the problem is not necessarily
well-posed so the Dirichlet-Neumann method might not even be valid in this case.
Note that there is no other discontinuity enforced since the boundary conditions on
I'12 and T'y; extend to 0 at flz ﬂfl and f41 ﬂfl.

Case 61 # 0. In what follows, we prove existence and uniqueness of 6?),17 exhibit-
ing the type of singularity induced by this nonsmooth boundary condition. In order
to do so, we try to decompose 62,1 as the sum of a regular part ’U% and a singular

part w%, in the same spirit as in [37] for more regular problems. First, for each i € Z,
let us introduce the angle ¢; € (0,27) such that the rotation R; of angle —¢;, given
in polar coordinates by

Ri:(r,0) > (né— o) ,

maps the quadrant containing §2; onto the cone C. More specifically, we have

5T T i 3T
¢1-717 ¢2-7T7 ¢3~*Z, ¢47?
Using these notations, we define w% = (061) . v%, o R1, whose expression in polar
coordinates (r, @) reads
4
wi(r,¢) = 06" — (¢~ ¢1) . (13)

We know from Lemma 10 that w? is of class C°° in (R4)?\ {(0,0)}, and that it
satisfies
—Aw? =0 in R* xR* |

wi = 06" on {0} x R,
wi = —65" on R* x {0}.

Then, since we would like v + w? to solve (12), we must define v$ such that

7AU% =0 in Qq,
v% = fw% on 89(1) ,

v% = 96;2 +(1-— 0)6(1)71 - w% onI'1s,

v% = 96},,4 +(1-— 0)6271 — w% on I'yq .
Note that the Dirichlet boundary condition enforced here is in C°(9$2) NH?2 (09Q1,0)
for all o € S. Therefore v% cH 1(Ql) exists and is unique. Therefore, we have built

(in a unique way) a solution v? +w? to (12) which is in L2(Q1)\ H'(€Q1). Indeed, it
is easy to show that w? is in L?(Q1), but not in H'(£2;) since

2
| Vw? 2= (ealé) 1
s

r2
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Now, in order to conclude that eg,l = v% + w%, we must have uniqueness of the
solution to (12) in LQ(Ql). This uniqueness property is indeed guaranteed since we
know from [37, Theorem 4.4.3.3] that the subspace of all solutions z € L?(;) to
—Az=0 in Qq,
{ z=0 on 09,

3,1 = v% + w% exists and is unique.

is of dimension 0. Hence e
In the same way, one can conclude that, in Q3, 6273 = v2 4+ w3 exists and is
unique, with v € H1(Q3) and w? € L?(Q3) \ H(Q3). Of course, v3 and w3 can be

obtained immediately from v7 and wi using symmetry arguments, which gives for w%

wh(r,6) = 08"~ (6 6) (14

It is now clear that the algorithm generates a singular solution at this step. In order
to estimate how the singularity propagates in the Neumann step, let us keep going
and see what happens.

Iteration k = 2, Neumann step: In Q9, we solve

—A6(2372 =0 in QQ 5
6%72 =0 on 8(2(2) R (15)
2 2
Ozey o = Oge, 1 on 12,
2 2
8y6072 = 8y6073 on F23 .
Due to the lack of regularity of 6371 and 612)73, standard results fail to apply, so that
existence and uniqueness of 6(2),2 are not guaranteed. As in subdomains €27 and 3,
we decompose 6%72 as the sum of a regular part v% and a singular part w%, exhibiting

the singularity of w%. Using the previous decompositions for 63’1 and 63,37 we rewrite
the boundary conditions on I'12 and I'23,

2 2 2
{ameog = Ozv] + Ozwi on I'1o,

2 2 2
8y6072 = Oyv3 + Oyw3 on I'a3.

Then, let us introduce the function w3 := 7(0(51%) - oY o R, given in polar
coordinates by
8
w3(r.9) = —08" = [(6 = 62)* — (m1)*] . (16)

From Lemma 12, we know that w3 € C° (R, x R_ \ {(0,0)}), and that it satisfies
—Aw3 =0 in R} x R* |

axwg = E)xw% =— <961é) % on {0} x R* |

™
2 2 1431 *
Oywy = Oyw3 = — (95 ;) s RY x {0}.

This time, in order for v3 + w3 to solve the problem for 6272, we define v3 such that

fAv% =0 in Qg
v% = fwg on 898 ,

&w% = (%U% onI'1a,

dyvs = Byv3 on Taz .
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Given the regularities of w% , v% and v§ , we deduce that v% exists and is unique in
H' (). Again, we have built (in a unique way) a solution v3 4+ w3 to (15), where
v3 € H'(Q2) and w2 € L?(Q2) \ H'(Q3). But this is not enough to conclude that
6372 = 03 4+ w3. As for Q1, we know that this last equality holds provided that the

subspace of all solutions z € L?() to
—Az=0 in Q9
z=0 on BQg ,
Onz =0 on I'jo UT93,

is of dimension 0. Unfortunately, it follows from [37, Theorem 4.4.3.3] that its dimen-
sion is 1, and that it is spanned by a function in L%(Qy), say zo, that admits a
singularity of type Inr at the cross-point. Therefore, one has that 63’2 is not unique,
and it can be written as 6272 = v3 + w3 + C3 29, for some constant C5 € R. However,

no matter the value of 022 , one may always deduce that, in a neighborhood Vg of
(0,0),

2y~ 05t S (nr)? in Qy V. (17)
™

Note that there are actually three singular terms in 6321 (¢ — ¢2)?, (In7)? and Inr.
So the leading singularity is indeed (Inr)2.

Besides, one gets a similar result for 6374. That is eg’4 is not unique and can

be written as 6(2),4 = 03 4+ wi 4+ C2z for some C? € R, where v3 € H' (), w] €

L2(Q4) \ H'(y) is given by
8
wi(r.¢) = 06— (¢ — ¢2)° - (Inr)°] | (18)
and z4 € L2(Q4) admits a singularity of type Inr near the cross-point, Of course,
one obtains a similar asymptotic result in the neighborhood Vy of (0, 0), i.e.

6374 ~ 7951%(lnr)2 inunNVp.
™

Note that in this case, the integer kg in the statement of the theorem equals 2.
Case 61 = 0. In this case, well-posedness is guaranteed and no singularity is
generated by the method at the current iteration k£ = 2. Indeed, the method behaves
exactly as in the first iteration and all eii are well defined. Thus, we can introduce
62 € R such that 6(2)’2(0, 0) = —63’4(07 0) =: §2. Then we are again facing two possible
situations: 62 # 0, in which case well-posedness is lost and a (Inr)? singularity is
generated at the next iteration k = 3 (i.e. kg = 3), or 62 = 0, in which case we
still have the same behavior as in the first iteration. If we keep going with the same
reasoning, we end up with two possible cases: either there exists some integer kg > 1
such that all iterates are uniquely defined and regular up to kg and both regularity
and well-posedness are lost at k = kg, or 5% = 0 for all k > 1, in which case all iterates
are well defined and regular. This last case, which has never been encountered in
practice, is not treated here as it seems difficult to study convergence properties in

this specific situation.
d

Proof (Theorem 8) Here, we study how the singularity exhibited in Theorem 7 prop-
agates through the next iterations k > kg. To begin, we assume that the algorithm
is capable of finding one of the solutions to a problem for which uniqueness is not
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guaranteed (typically problem (15)). To simplify notations, we introduce the integer
p > 0 such that & = kg + p. Then, we claim that at iteration k, for each i € Z, there

exists a regular function vf € H'(Q;) and real coefficients 'sz,j7m im such that the
local error e’g’i is given by
2p+1 2p
elg,i = ’Uzk + Z Z’Yﬁj,m(‘b - ¢i)m(lnr)j , ifi eIy, (19)
m=0 j=0
2p+22p+2
Coi =0+ D D Mm@ —e)"(mr), ifielg. (20)
m=0 ;=0

In addition, for ¢ € Zyy, we have fyf’%}m = 0 if m > 1, which means that the leading
singularity in €; is of type (¢ — ¢;)(Inr)?P. And for i € Zg, we have 752p+27m =0
if m # 0, thus the leading singularity in §2; is of type (In r)2p+2.

To prove this, we proceed by induction and use the results of the four lemmas stated
earlier.

Base case. The case k = kg, or equivalently p = 0, has already been seen in the
proof of Theorem 7. Indeed, we have shown that the Dirichlet step in ; (i € Zy) led
to a local error with a singular part wfo that matches the one in (19) for k = ko, see
expression (13) or (14). In addition, the Neumann step in ; (i € Z) led to a local
error with a singular part wf” + C’f" z;, which can be replaced by wf" + C’f”(ln )
up to some changes in the regular part vf“. It follows from expressions (16) and (18)
that this matches the singular part in (20) for k = ko.

Induction step. Let k& > kg, or equivalently p > 0, be fixed. Assuming our
statement holds for any integer ¢ < k, let us prove that it still holds for k+ 1. Given

; for each ¢ € 7, the only way to get information about ek is to perform the
Dlrlchlet and Neumann steps of the algorithm.

Dirichlet step: In 1 we solve

At =0 in 0,

k+1 =0 on 891 ,

k+1 =0ek, + (1- G)ek r =)
€o,1 — U€o2 0,1 onlia,

k

+1 = 960 4+ (1— )egl on I'yq .

As previously, we know from [37, Theorem 4.4.3.3] that if there exists a solution to
(21) that is in L?(Q1), then it is unique In order to prove existence, we use the
induction hypotheslb for eo 5 and eo 4, then we decompose ek+1 = 6w k+1 +(1—0)ek €515

where w1 is for 1 < j < 2p + 2 the sum of the solutlons to the boundary value

problems
v = v§ on I'12,
(a) :
v=1uv4 on 'y .

v = uIQCJ (lnr)j on I'1o,

{—Au=01n91, 22)

and ®); )
v=0 on BQ?, / { 7_‘u’2€’j(1nr)ﬂ on Iy .
(© {v = Vé%(lnr)j on I'1o,

v= yg)j(lnr)j on I'yy,
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where we have introduced for each j

k ptl k T\ 2n k 2n+1
3= D Vijan (Z) and vy ;1= — Z V2,j,2n+1 ( ) :
n=0

Note that we have performed some simplifications using the equality ’y§7j7m =

_’Yzlf,j,m which holds for all k, j, m, due to the odd symmetry of the problem. Now,
we consider each part of (22), and express the general form of its solution. First, since
v5 and v¥ are smooth and verify v§ (z,y) = —vf(—z, —y) for almost all (z,y) € Qa,
we have already seen (in problem (12)) that there exists a solution

wh T € span{(¢ — ¢1)} + H' (1)

to part (a), where the coefficient in the linear combination depends on the jump
v§ (0,0) at the cross-point. Then, for each j, we get from Lemma 10 that there exists
a solution

€ M2J 2 (6 - 1)(mr)
+Span{(¢>f¢1)m(lnr)q | 3<m<j+1, 0§q§jf2}+H1(Ql)

~k+1

to part (b);. In addition, we also get from Lemma 9 that there exists a solution
e € V3 ()’ +span {(& — 1) (lnr)? | 2<m <G, 0< g <j -2} + H' ()

to part (¢);. Summing up all these contributions over the values of j, we deduce that

there exists a function ’Uk+1 H'(Q) and coefficients (vfj}n) ~ such that
2p+3 2p+2
~k41 ~k 1 k41 j
=0T+ Y Y (6 =60 (nr)?
m=0 j=0

solves (22) in L?(Qy), with 71 2p+2 m = 0 for m > 1. Finally, defining e’”l =

911')’f+1 + (1 - 9)6’;}1, we obtain a solution to (21) that is in L2(Qy), Wthh also
proves that it is unique in L?(€2;). Moreover, using the previous decomposition for

u?]erl and the induction hypothesis for 6571, we get that there exists a function

vf+1 = 9{)’1@+1 + (1 —0)vk € H'(Q1) and coefficients (’nyﬁn) ~ such that
2p+3 2p+2
k 1 k+1 k+1 j
=™+ 3 Y i@ 6™ (r)
m=0 j=0

with 'yf,;r; to.m = 0'~yf 2; +2.m = 0 for m > 1. Obviously, the same result (existence,

uniqueness, and decomposition) holds for elg'gl in Q3 due to the odd symmetry
property of the problem.
Neumann step: In Q2 we solve

~Aefh =0 in Oy,
KB =0 on 003, o)
83;ek+1 8956];:;1 on o,

k+1 k+1
Oyeq o 5 ByeO;Q on I'yz .



Springer Nature 2021 BTEX template

Cross-points in the Dirichlet-Neumann method 1 23

We have already seen (again from [37, Theorem 4.4.3.3]) that, if there exists a solution
to (23) that is in L2(€22), then the set of all solutions is an affine subspace of dimension
1. As in the Dirichlet step, in order to prove existence, we decompose 61542'1 using

the decompositions obtained for e’oc+11 and e§§1 More specifically, we consider for

1 < j <2p+ 2 the sum of the solutions to the boundary value problems
8¢v = (9¢U1 +1 on F12 s
(a O — okt
¢,U = 8¢’U3 on Fgg .

and (b)j ) 24
v="0 on 993 , Ogv = —u’f?l(lnr)j on Iag . 24)

. .
{—Av =0 in Qo Opv = ulgl(lnr)j onTg,
Opv = 1/1 J Yinr)? onTya,
Opv = V{C}_ (In7)? on Ta3,

where we have introduced for each j

2n 2n+1
E+1 ™ k+1
piy Z ’yl,] 2n+1 (2n+1) (Z> and vy Z ", 2n+2(2n+2) (4)
This time we have used the equality fyf’;l —7§}L1m to simplify the formulations.

Let us now study separately each part of (24), and express the general form of its

solution. To begin with, due to the regularities of v’f+1 and 'U’?f""l

standard results that there exists a (unique) solution
okt e H' ()

to part (a). Then, for each 7, we get from Lemma 12 that there exists a solution

—k+1 k+1 i 1 i+2
Wy, € Hij = ( (¢ — ¢2) (Inr)? — m(lnr)j )

+span {(¢ — ¢2)"(Inr)? | 4<m<j+2,0<q<j—2}+ H (Q)

, we know from

to part (b);. Finally, we get from Lemma 11 that there exists a solution

o e v (6~ é2)(lnr)
+span { (¢ — ¢2)™(Inr)? | B<m<j+1,0<q<j—2}+H ()
to part (c)j. Combining these results, we end up with a function

2p+42p+4

BT ST ST A (0 — ¢2)™ ()

m=0 5=0
that solves (24) in L*(Qz), where vk+1 € H'(Q3) and the coefficients (7§er}n)g m
satisfy 72 2p+4 m = 0 if m # 0. This means that every solution ek+1 to (24) is given

by the general expression

2p+42p+4

B = of T 3T ST At (00— d2) ™ () + C5 ey,

m=0 j=0
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with Cg +1 € R. Since the singularity in 29 is of type Inr, it follows that every solution

can be written as
2p+42p+4

k+1 k+1 j
TS (6 —go) (Inr)
m=0 j=0
up to some modification of the regular part vé”l and the coeflicient 7§J{10. Again,
the same result can be deduced for e in Qy4.

This ends the proof of our clalm about the expression of the local errors elg,i
(see (19) and (20)). The type of singularity generated by the domain decomposition
method at iteration k is directly given by those expressions, so the proof of the result
is complete. O

Remark 2 Following the same computations as in the previous proof while taking
care of the coefficient in front of the leading singularity at each step enables us to
end up with the following approximations of the errors in subdomains €21,...,€4 at
iteration k = kg + p

2\ P
eoi_:I:O(514(qb $1)—— L (g( 2, . forieTy,
(2p)! m

1 4 2\ pt+1
ko 1 i .
€oi = £6 2 1o (9 (Wlnr> ) , fori € g,

where the correct sign is + for ¢ € {1,2} and — for i € {3,4}.

(25)

The results given by Theorem 6, Theorem 7 and Theorem 8 can be easily
extended to the Laplace problem with Robin boundary conditions. In this case,
no compatibility condition is required, we only impose that the initial guess
A0 satisfies the regularity assumption that A’ € CO(I') N H 2 (T'y;) for all (4,5)
such that T';; # 0.

Theorem 13 Tuking N as the initial guess for the Dirichlet-Neumann method
applied to the even symmetric part of problem (2) produces a sequence {ulg}k that
converges geometrically to the solution ue with respect to the L?-norm and the broken
H'-norm. Moreover, the convergence factor is given by | 1 — 20 |, which also proves
that this method becomes a direct solver for the specific choice 0 = %

Theorem 14 The Dirichlet-Neumann method applied to the odd symmetric part of
problem (2) is not well-posed. More specifically, taking )\8 as the initial guess, there
ezists an integer ko > 0 such that the solution to the problem obtained at the kq-
th iteration is not unique. In addition, all possible solutions uléo are singular at the
cross-point, with a leading singularity of type (In T)2.

Theorem 15 If we let the Dirichlet-Neumann method go beyond the ill-posed itera-
tion ko from Theorem 14, we end up with a sequence {ulé}kzkﬂ of non-unique iterates.
Moreover, for each k > ko, all possible ulg are singular at the cross-point, with a
leading singularity of type (In T)Q(k_ko)""Q.
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Proof The proofs can be obtained by following the same steps as in the proofs of
Theorem 6, Theorem 7 and Theorem 8. O

Remark 3 Note that the formulas given by the asymptotic analysis near the origin
remain valid in the Robin case. Indeed, as this study has been conducted in the neigh-
borhood of (0,0), what happens ”far away” from this point (e.g. on the boundary
09) has no influence on the results.

4 Numerical experiments

We now illustrate the theoretical results obtained in the previous section. The
square domain ) is discretized using a regular grid of size h, and our numerical
method is based on a standard five-point finite difference scheme. In problems
with mixed boundary conditions (Dirichlet and Robin), the Dirichlet boundary
condition is enforced weakly using a penalty parameter € of order 1071°. Unless
otherwise stated, the mesh size will be set to h = 2-1072 in all experiments. In
addition, each convergence analysis is performed taking wu., (exact solution)
as the discrete solution obtained when solving on the whole domain € with a
direct solver.

4.1 Example 1

In order to illustrate the result of Theorem 6, i.e. convergence for the even
symmetric part, we take the source term f = f. = 1 in €, and set the Dirichlet
boundary condition to g = g, = 0 on 9f2. A simple initial guess compatible
with the Dirichlet boundary condition is in this case A = A\Y = 0 on I'. The
results are displayed in Figure 3. As expected, when 6 = %, the DN method
becomes a direct solver, thus the error at iteration 2 is ”zero” (here it cannot be
smaller than the order of magnitude of €), see Figure 3b. For 0 # %, we see from
Figure 3c and Figure 3d that the error on €2 is multiplied by a constant from
one iteration to the next. Moreover, the plot of the L? and broken H' norms
of the error in Figure 3e confirms that the DN method converges geometrically
in this case. We also see that, as predicted by the proof of Theorem 6, at each
iteration, the error remains continuous at the cross-point from Q; to 3, and
from Q9 to 4, and it has the expected symmetry property.

4.2 Example 2

We illustrate now the result of Theorem 13 for the even symmetric part with
Robin conditions: the source term is f = f, = 1 in 2, and the Robin boundary
condition is defined by p = p. = 1 and g = g, on 0f2, where g, is such that
ge = 1 on 9% U 0Q; (bottom and top sides) and g. = y? on 9§ U 99,
(left and right sides). The same initial guess A\° = XY = 0 on T is considered.
As shown in Figure 4, we observe the same convergence properties as for the
Dirichlet problem (Example 1). Especially, the DN method becomes a direct
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Fig. 3: Results for the DN method applied to (6) (Example 1).

solver when 6 is set to % (see Figure 4b), and for other choices of 8, it converges
geometrically (see Figure 4e), with the expected common ratio (1 — 26).

4.3 Example 3

Finally, we give an illustration of the problematic case described in Theorem
7 and Theorem 8. We consider a Dirichlet problem with the odd symmetric
data: f = f, = —sm(mv) cos(Gy) in © and g = g, = 0 on JQ. As in



Springer Nature 2021 BTEX template

Cross-points in the Dirichlet-Neumann method 1 27

i
i
Mk
il
el
i

0.5

y R x ¥ 1

1 X

(a) Exact solution. (b) Error at iteration 2, § = 0.5.

Yy -1
(d) Error at iter

1 X

ation 7, 6 = 0.45.

107

— el
— o lenk

100F ~ 11-261%
-~

1 2 3 4 5 6 7 8
iteration k
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Fig. 4: Results for the DN method applied to the even symmetric part of (2)
(Example 2).

the previous examples, the initial guess is set to A° = A2 = 0. The results
displayed in Figure 5 show that, as expected, the DN method applied to this
odd symmetric problem does not converge. More specifically, we see that after
the first iteration (see Figure 5b), continuity across the cross-point from Qs to
Q) is already lost. This jump (referred to as 6 # 0 in the proof of Theorem 7)
generates a ”singularity” at the next iteration, see Figure 5c. This ”singularity”
keeps propagating in the following iterations so that the method diverges, as
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Fig. 5: Results for the DN method applied to (7) (Example 3).

predicted by Theorem 8. Moreover, the graph in Figure 5d reveals a geometric
(divergent) behaviour of the errors in L? and broken H! norms.

Remark 4 Since we use a standard finite difference scheme, it is not possible to
enforce a discontinuous Dirichlet boundary condition. In practice, when two Dirich-
let boundary values do not match at a corner, the average is computed and imposed
at this corner. Thus every numerical solution in 2; necessarily belongs to a finite
dimensional subspace of C%(Q;), which explains the quotation marks for singular-
ity in the previous paragraph. More generally, solving this problem using standard
discretization methods (such as the finite difference method or the finite element
method) involves a regularization step, namely the projection of the discontinuous
boundary condition onto some finite dimensional subspace of C°(£2;).

Given our choice of projection (computing the average), the boundary data
are regularized in the disk Dy, of radius h centered at the origin. Outside
this disk, they are not modified. Consequently, one may argue that, in each
subdomain €2;, the local numerical solution should be ”"not too far” from the
local real solution in §;\ Dy. In order to verify this in the numerical results, we
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Fig. 6: Error at the cross-point at iteration 2 with respect to h, for the DN
method applied to the odd symmetric problem described in Example 3, with
0 = 0.45.

have plotted (red marks) the value of the error at the cross-point in subdomain
Q9 with respect to the mesh size h, see Figure 6. We see that these points follow
a curve of (In h)? type. An interpretation of that result is that the discretization
process (which acts as a regularization here) turns the singularity of type (In7)?2
from Theorem 7 (see formula (17)) into a pseudo ”singularity” of type (Inh)?.

Now, we would like to analyze how the ”singularity” propagates through
the numerical iterates. In other words, given the ”singularity” of type (Inh)?2
obtained at iteration k = kg, do we observe a "singularity” of type (Inh)?PT2
at the following iterations k = kg 4+ p with p > 0, as predicted by Theorem 8
? To answer this, let us first note that the error at the cross-point | ¥ ,(0,0) |
seems to grow geometrically with respect to k, see Figure 5d. Thus, for each
h, we are able to compute constants as, 82 such that, for £ > 2,

In | 65,2(()’0) |~ azk + B2 .

In addition, computing the logarithm of formula (25) (with ¢ = 2), we get in
the neighbourhood of the cross-point

k 4 ’ 3
In|lefyg|~In[0(—Ilnr k+ B2,
’ ™

where Bg depends on 6 and k (only logarithmically). In Figure 7, we have
plotted the value computed for the coefficient a5 as a function of the mesh
size h, and tried to make it fit with a curve of type In(ci(Inh)?) (drawn in
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Fig. 7: Slope of the curve k + In | e ,(0,0) | with respect to h, for the DN

method applied to the odd symmetric problem described in Example 3, with
0 = 0.45.

orange). As shown in the figure, this fitting was not successful and it appears
that the appropriate fitting is a curve of type co In(cz(In h)?) (drawn in blue),
with a constant co ~ 0.87. This suggests that, in the numerical experiments,
the ”singularity” at iteration k = ko + p is of type (In h)1'74(p+1) rather than
(In 2)2(P+1) One possible explanation for this is the regularizing effect of the
discretization, which may slow down the propagation of the ”singularity”.

5 Conclusion

We presented a complete analysis of the Dirichlet-Neumann method at the
continuous level in a specific configuration involving one cross-point. Based on
an even/odd symmetric decomposition of the data, we proved that the even
symmetric part of the iterates converges geometrically to the right solution,
while the boundary value problems associated to the odd symmetric part are
not well-posed, which generates singular iterates. We also exhibited the type
of singularity generated, and showed how this singularity propagates through
the iterations. Finally, we studied the impact of our theoretical findings on
numerical experiments.

A natural extension of this work would be to conduct a similar analysis
for the Neumann-Neumann method, which is also known to pose problems in
configurations with cross-points, see [41]. Another direction of future work,
which will be the subject of the second part of this paper, is to build a mod-
ified (and convergent) Dirichlet-Neumann method taking advantage of this
even/odd symmetric decomposition of the data.
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