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1 Introduction

For the Helmholtz equation, simple absorbing conditionthefformd, —iw were
proposed as transmission condition (TC) in Schwarz metfiostswithout over-
lap in [4], and later also with overlap, see [3, 12]. More atbed TCs can also be
used, see e.g. [11, 14, 2]. Furthermore, parameters carirbduced into TCs and
then optimized for rapid convergence, which led to the sledalptimized Schwarz
methods, see e.qg. [6, 13] for elliptic equationéthoutoverlap, the parameters in-
volved in some zero- and second-order TCs for the Helmhgjtaton have been
optimized in [8, 7].With overlap, preliminary numerical studies of the parameters
have been presented in [5, 9]. In this paper, we present jmpstic solutions of
the corresponding optimization problems with small oyerl/e also compare the
optimized parameters with other choices based on conveegastors and actual
iteration numbers. We finally test for the first time Taylocsed-order absorbing
conditions for domain decompositiovith overlap in the Helmholtz case.

2 Schwarz Methods with Overlap

As a model problem, we consider the Helmholtz equation ie §ace,
(@+8)u=f(xy), (xy)eRxR",

equipped with the Sommerfeld radiation condition

d-1,0U d_t
. SN | 2
rIlmr 2 (_dr —iw)=0, r=,|x +J§1yj.

We decompose the domain into two overlapping subdom@ins (—o, L) x R4-1
andQ, = (0,%) x RY~1 with the overlap siz& > 0. The Schwarz iteration reads

wultt AUl = f(xy), (X,y) € Qu,
B+ ALY = (@t ALY, yeRS L,
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and
W3t + AT = f(xy), (%) € Qo,
(= 0x+5’z)( ”“)(0 y) = (=0+72)(U)(0y), yeRI
where.%}, j = 1,2 are two linear operators in some trace spaces ajbfic RI-1

and{0} x R9-1, respectively. For the analysis it suffices to consider hgdrity the
casef(x,y) = 0 and to analyze convergence to the zero solution. We takedeFo
transform in they direction to obtain

(w? — |K2)aT™ + 9207 = 0, X € (—oo,L),
(@t S@ LK) = (@t s0)(B) LK)
and
(@ — k)03 + 9503 = 0, x € (0,),
(— ax+32)(An+l)(07 k) = (_aX‘f'SQ)(OE)(Ov k),
wherek is the Fourier variable of ands; denotes the symbol ofj. Since the

Sommerfeld radiation condition excludes growing solui@s well as incoming
modes at infinity we obtain the solutions

whereA (k) denotes the root of the characteristic equatiér- (w? — |k|?) = 0 with
positive real part or negative imaginary part,

AK) = { \/.|k|27 w? for k| > o, )

— |k|? for |k < w.

Substitution of the solutions into the transmission caodg yields

N K)—A (k ~
L0 — e ok,
0.k = Zrrrmge WLk

By recursion we have]*(L,k) = p(k)ai(L,k) andu§™1(0,k) = p(k)a3 (0, k),
where the convergence factorfor a double iteration is defined by

(2)

Setting the two complex parametefs= p; —iq; ands, = p2 —ig2, with pj,g; € R,
and inserting, S, and (1) into the convergence factor (2), we find after singii
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N

2+ (01— v/ @?—[K2)? p3+(da—+/w?—|K72) K2 2
) < W,
10(PL. . Po. G K) 2 = 4 PL (V2K P G072 g
P KB s 425 q1+(p17\/ ‘k‘z 0)2)2 q%Jr(pz /‘k‘Z 2)2674)\“()'_ |k|2 - wZ.
B+ (p1+1/K2—?)2 B-+(p2++/[K2—w?)? ’

3)
As long ask| # w andpj,q; > 0, we havegp| < 1.

Remark 11t was shown in [6] that the two-sided operatar§ = sj € C can be
transformed into the second-order operators

2
~ ~ . W+ S1S 1

A =Fo=r1—1002, with r1=——=2 rp=———, 4
1 2=r1—rly 1 2 4)

and the associated convergence factor for a single itaretithen given by

si(k) A (k) s2(k) —AK) gL
s1(k) +A (k) s2(K) +A (k) ’

which is just (2) withL replaced by /2.

p(k) =

()

3 Optimized transmission conditions

For simplicity, we considep; = gz, p2 = 2. Our goal is to find good parameters
p1, p2 such that the modulus of the squared convergence factos @ small as
possible over a range of frequencikisz [Kmin, k-] U[K+, Kmax], wherek_ < w < k..
We requirglk| to be away fromw becausép| = 1 when|k| = w, independently of
what one chooses for the parametpysandqg;. Since in general we do not know
how the Fourier coefficients of the initial error are distitibd over the frequencies,
we minimize|p| for the worst case, that is, we solve the min—-max problem

argmirtpl,pz)ep (kG |p(pla P1, P2, P2, k)lz) ) (6)

max
[kminka}u[kﬂhkmax]
whereP is a certain search domain of the parameters. For well-pesshf the sub-
domain problems, we should chodge [0,)2. The best approximation problem
(6) is difficult to solve, and we only give asymptotic formsiteor the parameters
such that the convergence factor is as small as possibldferatit limiting pro-
cesses in the mesh sik@nd the wave numbeo.

The proofs of the following theorems are beyond the scopéisefghort paper
and will appear in [10].

Theorem 1. Let L= C_h, kmax € [C/h, ], C_,C, kmin,k_,k; and w be positive and
independent of fmin < ko < @, kmax> ki > wandP = {(p1,p2)|0< p1 < p2 <
o}, Suppose h is small anll| € [kmin, k-] U [K+, kmax]. If we set
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pL=pj= c%/ Z (4L)"Y/3/2 4 o(h~1/5), -
P2 = p3=Ciy” (L)% +0o(h=2/%),

where G, = min{w? — k? k2 — w?}, then (3) is bounded by — 4(4L,/Cp)Y/5 +
o(h'/%). Moreover, any solution of (6) must satisfy (7).

Theorem 2. Let L=C.h, h=C,/w", y > 1, knax € [C/h, ], &, = min{w —
k_, ki — w} with G_,Cy,C,k_ and k;. positive constants independentf knin <
ko <, kmax> ki > wandP = {(p1,p2) |0 < p1 < p2 < w}. Supposew is large
and k| € [Kmin,K-] U [K+,kmax]. Then, forl < y < 9/8 any solution of (6) satisfies

pi = &3 (w/2)%/8+ 0(w/®),
pE _ (250))1/8 0‘)7/8+0(0l)7/8),

for which (3) is bounded by — 4 21/8 538 w=1/8 +- o(w1/8). For y > 9/8, any
solution of (6) satisfies

P} = (80 @)2/5L15/2.+ o(?/5+),
5 = () /SL-%/%/2+ o(w!/5+37/%),

and (3) is bounded by — 4v/2 (C4CL)Y/5 5 P w!/10-V/5 1 o(w/10-¥/5). Finally,
for y =9/8, any solution of (6) satisfies

p; = (ChCLOw) Y3 w®/® + o(w®®),
p5 = ChCL w"/8 + o(w"/®),

and (3) is bounded by

1—16C,CL Y8 + o(wY/8), if 2-15/85%8 < ¢ CL,
1-2v285°% 3 B w8 1 o(wV/B), it 27158558 > CyCL.

Remark 2In the particular casg = 9/8, the constant in front of the leading term
of pj can be an arbitrary number in the interfg2,/(8CCi ), 32C3CY] in order
to solve (6). But the choice in the above theorem is the betthénsense that it
simultaneously minimizes the maximum of the other localrmitglobal maxima.

Remark 3In practice, we use only the leading order terms of the ogtithparam-
eters. But it is also possible to extract higher order terms.

Fig.1 shows the convergence factors of different Schwarthaous, obtained for
the model problem ifR?, with w = 20 andh = 1/100. The maximum of the con-
vergence factors for double iterations over the chosemvaltk € |17, 0 — 7 U [w+
T, 11/h] are 10, for the classical Schwarz method and Després’ methdwwitover-
lap [4], 0.4376 for Després’ method with overlap [3, 12]1848 for the optimized
Schwarz methods without overlap [7], and an@7®4 for the same method with
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Fig. 1 Convergence factors of different Schwarz methods as fonstf the Fourier parametkyr
for w = 20m, h =1/100. The vertical lines indicate thwe, w — 1 and w + 1 which are used to
exclude a short interval for the optimized methods.

overlap. The overlap size we chose s 2nd we used the second-order formulation
(4), (5) for the optimized methods.

4 Numerical experiments

We used the ORAS formulation described in [13] for our impdatation. As an
alternative, one could also use a substructured formulatee e.g. [9]. We im-
plemented the second-order transmission conditions ésaited in Remark 1. We
always solve the homogeneous equation with the zero solaia use aan-
dominitial guess to stimulate all frequencies. We use the darmaicomposition
Q1 =(0,3+h)x(0,1), 2, = (3 —h, 1) x (0,1), and iterate until the relative resid-
ual is less than 10*. We compare the overlapping Schwarz methods with optimized
second-order transmission condition denoted by OO2 toethgith the classical
Dirichlet condition denoted by ClI, simple absorbing coiudis of the formg, —iw
(i.e. Després’ method with overlap, c.f. [3, 12]) denotgdTi®0, because it cor-
responds to a Taylor expansion of zero order of the symbdhe@fitN operator,
and the second-order low frequency absorbing conditioi;iwis denoted by TO2.
Since the Schwarz methods can be used as a stationaryiesatier, or as a pre-
conditioner for GMRES, both cases are tested, except focldwsical Schwarz
stationary iteration, which can not converge.

We consider the open cavity problem with homogeneous Detdtoundary con-
ditions on the top and the bottom of the unit square and the §&@nd-order ab-
sorbing conditions [1] on the left and the right sides, aisd #he free space problem
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Table 1 Iteration numbers for the open cavity problem on the left famdhe free space problem
on the right, top half fow = 9.57, and below forw = 101t

1/h Stationary GMRES Stationary GMRES

TOO TO2 002 CI. TO0O TO2 002 TOO TO2 002 CI. TO0O TO2 002
500 34 35 14 25 16 15 12 23 24 17 25 17 15 13
1000 74 84 17 30 22 22 13 33 41 21 28 21 21 14
200 166 172 20 38 27 32 14 51 73 22 33 27 30 15
400 343 345 20 49 33 41 14 85 135 23 42 33 40 15
800 662 717 21 67 40 50 16 144 249 24 58 42 49 16
500 67 70 19 26 15 14 14 22 23 17 26 16 15 13
100 227 222 31 30 21 22 15 32 40 20 27 21 21 14
200 469 371 44 38 28 32 15 50 71 22 33 27 30 15
400 681 455 51 51 34 42 15 83 130 22 43 34 40 15
800 864 504 55 68 41 52 17 136 241 23 55 42 49 15

truncated to the unit square with the TO2 second-order Abwpronditions at the
boundary.

First, we fix w = 9.5 (or w = 10m) which are away from (or on) the sine
frequencies at the continuous level in teirection. The corresponding iteration
numbers are listed in Table 1. We can see that the minimurardistfromo to
the frequencies at the discrete level in thdirection plays an important role in all
thestationaryiterations while in th&sMRESiterations this effect is only moderate.
Fig.2 shows the asymptotic behavior of the different Sclawaethods ak — 0, for
the open cavity problem, and confirms our Fourier analysisltgein Theorem 1.

Now we fix hew or hw®?2 constant to see how the Schwarz methods behave for
higher and higher wave numbers, which corresponds to The8reThe iteration
numbers are listed in Table 2. We see that the optimized rdetfiibconverges faster
than the others when used as a preconditioner for GMRESgwihd stationary

10
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Fig. 2 Asymptotic behavior of the Schwarz methods for the opentgawi= 9.5m.
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Table 2 Iteration numbers for the open cavity problem on the left famdhe free space problem
on the right, top half fohw = 71/5, and below fohw®/? ~ 3.52.

1/h Stationary GMRES Stationary GMRES

TOO TO2 002 CI. TOO TO2 002 TOO TO2 002 CI. TOO TO2 002
1000 86 67 35 38 20 19 16 27 27 18 35 20 18 15
200 - 110 - 48 25 22 19 33 30 19 43 25 21 16
4000 280 150 72 69 38 32 20 43 37 19 53 28 25 17
800 178 139 44 76 42 35 25 56 45 19 65 32 30 17
1000 80 87 15 34 22 20 14 29 31 19 30 21 18 14
200 - 2948 - 43 27 27 19 42 39 19 34 27 24 15
400 266 279 26 49 33 32 18 56 50 20 41 35 30 16
800 208 218 21 70 46 41 18 78 65 20 47 43 37 16

iterations are again greatly affected by the discrete feagies close to the wave
number. The bars in the tables represent divergence.

Next, we test the various Schwarz methods for an increasimgber of sub-
domains. Since in most cases the stationary iterationsgiyeve only show the
GMRES iteration numbers in Table 3, where we use a bar to septdteration
numbers larger than 3000. We can see, neglecting the nunmbtrs parentheses
for the moment, that all the methods deteriorate rapidly thedoverlapping TO2
method outperforms the others eventually. Clearly thenagtition of the two sub-
domain convergence factor does not predict well the optohalce in the case of
many subdomains for the Helmholtz equation.

To partially improve the OO2 method, we introduce now tworfgtics. First, we
taked, = N71/2 instead o, = in the former experiments, wheledenotes the
number of subdomains in thedirection. Second, since the real parts of the parame-
ters slow down the convergence for propagating modes, ildchmes worse when
the number of subdomains increases, wesjse (2/N —i) pj (j = 1,2) instead of
sj = (1—1i) p;. The new results are shown in the parentheses of Table 3ewiner
first numbers are obtained by using the two heuristics andeébend numbers are
from numerically optimized parameters based on a new mahgeamain Fourier
analysis. But still, the low frequency Taylor conditionsfeem best in these exper-

Table 3 lteration numbers of GMRES$y= 1/256,w = 5121, overlap 2.

Sub open cavity free space
Cl. TOO TO2 002 Cl. TO0O TO2 002
2x1 52 28 24 18 48 25 23 16
4x1 396 68 46 68 (45 40) 163 29 24 45 (30 22)
8x1 - 160 102 162 (91 88) - 44 33 108 (50 36)
16x1 - 682 221 492 (183 188) - 88 65 258 (82 67)
2x2[ 118 66 63 61 49 27 25 20
4x4| 2192 184 172 183 (177 166) 372 38 33 49 (42 35)
8x8 - 789 618 734 (638 601) - 69 65 104 (82 70)
16x 16 — 2047 1473 2268 (1859 1514) — 123 127 184 (168 136)
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iments. Our on-going work is to take a closer look at the rrdtmain case and to
seek better choices of parameters if it is possible.
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