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Optimal Inter ceptTime

Suspect Vessel: speed v

Police Boat: speed u

y

x
x0

y0

What direction doesthe police boat have to choose

to approachthe suspectvesselup to a distanceR as

quickly aspossible?
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GeometricSolution
y

x0
x

R

y0

Imaginethepoliceboatgoinginto all directionsat the
sametime=) y2

0 + (vt � x0)2 = (ut + R)2.

In “Note ontheOptimalInterceptTimeof Vesselsto aNonzeroRange”

G, SIAM Review Vol. 40,No. 3, 1998.
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The Donut Problem

Top View

Side View

Whatis themaximumnumberof piecesonecanget
from adonutwhencuttingit with threeplanarcuts?

Startingwith anapple,how many piecescanweget?
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First Cut

Top view First cut

Themostwecangetwith asingleplanarcut is two
pieces.
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SecondCut

Top view

First and second cut

We get six piecesin total, eachof the �rst two is cut

twice.
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Third Cut

How many piecesdowehave now ?
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The Total Number of Piecesis
Upper right octant:

1
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13

14

15

3 pieces

Upper top octant:

Lower top octant:

1 piece

Lower left octant:

2 pieces

Upper left octant:

2 pieces 1 piece

Lower right octant:

1 piece

Lower bottom octant:

2 pieces

Upper bottom octant:

3 pieces

15Pieceswith 3 planarcuts.
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Is this Solution Really Corr ect?
Theansweris NO, themaximumnumberof pieces
onecangetis 13 ! How ?

An articleby Martin Gardnerin the“Scienti�c
American”containsthegeneralresultfor a torusin n
dimensionsandm cutsalonghyperplanes.

Supposeyouareallowedto move thepiecesbetween
thecuts,whatis now themaximumnumberof pieces
youcanget?
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Cir cular Billiard

In whichdirectiondoyouhave to pushtheredball so
thatit bouncesof therim exactlyonceandthenhits
theblueball ?

Is theremorethanonesolution?
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Cir cular Billiard: Algebraic Solution

PSfragreplacements 


� x

y

� c a

b

1

f (� ) = (1 + ccos� )
p

(a � cos� )2 + (b� sin� )2

� (1 � acos� � bsin� )
p

(c + cos� )2 + (sin � )2
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Solution for the Given Example
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Are therealwaysfour solutions?
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The GeometricPoint of View

PSfragreplacements

1

x

y

e� e m1

m2

�

�

Weneedto �nd anellipsewhichtouchesthecircletan-

gentially.
ComputationalandAppliedMathematics– p.13/31



Number of Solutions

An examplewith 4 solutionsandonewith 2 only.

Q(u) = (m2� m2m1)u4+ (2m1� 2m2
1+ 2e2+ 2m2

2)u3+ 6u2m2m1

+ (� 2m2
2 + 2m2

1 + 2m1 � 2e2)u � m2m1 � m2 = 0

where� = 2arctan(u). Q(u) is a4thdegree
polynomial,therecannotbemorethanfour solutions.
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Dependenceon the Ball Position
A numericalexperiment: �xing thepositionof one
ball andvaryingthepositionof thesecondball.
Countingthenumberof solutionsgivesthegray
shade:
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Dependenceon the Ball Position

Theseparatrix(x,y) canbecomputedanalytically(t parameter):

x(t) = �
c
h

�
(1 + c)t6 + 3(1+ 3c)t4 + 3(1 � 3c)t2 + (1 � c)

�
;

y(t) =
16
h

c2t3; h = (1 + 3c + 2c2)t6 + 3(1+ c + 2c2)t4+

+3(1 � c + 2c2)t2 + (1 � 3c + 2c2)

wherec is thepositionof the�x edball on thex axis.
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Dependenceon the Ball Position

Topview of acoffeemugwith apoint sourceof light
emulatingthecircularbilliard game

(Drexler andG, SIAM review Vol. 40,No. 2, 1998)
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Digital SignalProcessing
A periodicsignalf (t) canbedecomposedinto its
Fouriercomponents:

f (t) =
1X

k= �1

f̂ keik t :

Discreteversion:for thevectorf of lengthn, where
f j := f (t j ), t j = j � t, � t = 2� =n, wehave

f j =
n� 1X

k=0

f̂ keik t j :

Whatif thesignalis animage,or apieceof music?
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Population Dynamics

Jointwork with AntonioSteiner, Il Volterriano
1997-2003
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The Lotka Volterra System
Weconsiderrabbitsandfoxesliving in acommon
habitat.If x denotestherabbitpopulationandy the
fox population,theLotkaVolterramodelstates

_x = x � xy
_y = � y + xy

Approximatingthederivativeusingits de�nition:

x(tn+1 ) � x(tn)
� t

= x(tn) � x(tn)y(tn)

y(tn+1 ) � y(tn)
� t

= � y(tn) + x(tn)y(tn)

Wegeta discretedynamicalsystem.
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Solutions
Theexactsolutionsarecycles,but in generalexact
solutionscannotbefound.Numericalsolutions

spiral:
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A SymplecticMethod
A verysmallchangein theoriginalmethod,insteadof

x(tn+1 ) � x(tn)
� t

= x(tn) � x(tn)y(tn)

y(tn+1 ) � y(tn)
� t

= � y(tn) + x(tn)y(tn)

changingin thesecondline tn to tn+1 ,

x(tn+1 ) � x(tn )
� t

= x(tn) � x(tn)y(tn)

y(tn+1 ) � y(tn )
� t

= � y(tn) + x(tn+1 )y(tn)

leadsto a methodfor which one can prove that the

approximatesolutionis cyclic like theexactsolution.
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Success...
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The approximatesolutionsare also cycles, like the

mathematicallyexactor “biological” ones.
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and Failur eof the newmethod
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But here,in spiteof the proof of cyclic behavior, the

methodfailed. On theright onecanseewhy with the

zoom!
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SoWhen doesthe Method Work?
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Theboundarybeteweenwherethemethodworksand
whereit doesnot is verycomplicated:it is a fractal.
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RoomTemperature in Montr eal

@u
@t

(x; t) =
@2u
@x2(x; t) +

@2u
@y2(x; t) +

@2u
@z2(x; t) + f (x; t)

Room temperature
in our living room
in Montreal (outside
temperatureup to -47
degrees):the heatequa-
tion.

Insulated walls, not
well insulatedwindows
anddoors.
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Why a Turntable in the Micr owave?
Thephysicalmodelis Maxwell's equation

r � E = � � H t;
r � H = "E t + � E
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Why a Turntable in the Micr owave?
Thephysicalmodelis Maxwell's equation

r � E = � � H t;
r � H = "E t + � E

0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

0

0.05

0.1

0.15

0.2

0.25

0.3

0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

0

0.05

0.1

0.15

0.2

0.25

0.3

ComputationalandAppliedMathematics– p.27/31



NoiseLevelsin a VOLVO S90

Noisesimulationon a par-
allel computerto improve
passengercomfort
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Radiation Therapy for Cancer

For cancertreatmentit is importantto haveaverypre-

cisemodelof thebodypartthatwill beexposedto ra-

diation.
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Air craft Industry: B-747in Flight

Simulation of a B-
747 �ying througha
thunderstorm,com-
putation of the ice
accumulationon the
wings and around
theengineintake.
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The FundamentalRoleof CAM
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- Fluid Dynamics

- Radiation
- Particle Physics

- Aero Dynamics

Engineering:

- Active Noise Cancellation
- Cellular Phone Systems

- Population Dynamics
- Antibiotics
- Micromachines

Physics:

Applied Mathematics

Pure Mathematics:
- Geometry
- Asymptotics
- Existence

AND
Computational

Biology:

- Circuits Simulation

Seealso:www.math.mcgill.ca/mgander
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