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Optimal Inter cept Time

y

A

Police Boat: speed u
2R

yO

x0 ™\

> X

What direction doesthe police boat have to choose
to approachthe suspectvesselup to a distanceR as
quickly aspossible?
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Geometric Solution

Imaginethe policeboatgoinginto all directionsatthe
sametime=) ys+ (vt Xg)? = (ut + R).
In “Note onthe OptimallnterceptTime of Vesselto aNonzeroRange”

G, SIAM Review Vol. 40,No. 3, 1998.
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The Donut Problem

Side View

Top View

Whatis the maximumnumberof piecesonecanget
from a donutwhencuttingit with threeplanarcuts?

Startingwith anapple,how mary piecescanwe get?
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First Cut

Top view First cut

Themostwe cangetwith asingleplanarcutis two
pieces.
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SecondCut

First and second cuf

Top view

We getsix piecesin total, eachof the rst two is cut
twice.
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Third Cut

How mary piecesdowe have now ?
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The Total Number of Piecess

Upper top octant:  Upper left octant: Upper right octant: Upper bottom octan
3 pieces 2 pieces 1 piece 3 pieces

Lower top octant: Lower left octant: Lower right octant: Lower bottom octan

2 pieces 1 piece 1 piece 2 pieces

15 Pieceswith 3 planarcuts.
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Is this Solution Really Correct?

Theanswers '\ O, the maximumnumberof pieces
onecangetis 13! How ?

An articleby Martin Gardnernn the“Scienti c
American”containghegenerakesultfor atorusin n
dimensionsandm cutsalonghyperplanes.

Suppose/ou areallowedto move the piecesbetween
the cuts,whatis now the maximumnumberof pieces
you canget?
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Circular Bilhard

In which directiondo you have to pushtheredball so
thatit bouncesf therim exactly onceandthenhits

theblueball ?
I S th e rem O reth an O n e SOI Uti O n ? ComputationabndApplied Mathematics- p.10/31



Circular BiIIiard:y Algebraic Solution

f() = (1+ c:cos)p (a cos )2+ (b sin )2

P
(1 acos bsin) (c+ cos )2+ (sin )2
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Solution for the Given Example
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The Geometric Point of View
y

Weneedio nd anellipsewhichtouchedhecircle tan-
gentially.
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Number of Solutions

An examplewith 4 solutionsandonewith 2 only.

Q(u) = (M, mumy)u*+ (2my  2m2+ 2e°+ 2m35)u+ 6u°m,m;

+( 2m5+ 2ms+ 2m; 269U mom;

where = 2arctan(u). O(u) Iis a4th dec

m2:O

ree

polynomial,therecannot be morethanfour solutions
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Dependenceon the Ball Position

I Xing thepositionof one
ball andvaryingthe positionof the secondball.
Countingthe numberof solutionsgivesthe gray
shade:
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Dependenceon the Ball Position

U 0L

Theseparatrixx,y) canbecomputecanalytically(t parameter):

X(t) = g (1+ Ot + 3(1+ 30t*+ 3(1 3t2+ (1 ©)

y(t) = 1F6C2t3; h= (1+ 3c+ 2c9)t°+ 3(1+ c+ 2c2)t*+
+3(1 c+ 2c9)t°+ (1 3¢+ 2¢9)

wherec is the positionof the x edball onthex axis.
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Dependenceon the Ball Position

Top view of a coffee mugwith a point sourceof light
emulatingthe circularbilliard game
(Drexler andG, SIAM review Vol. 40, No. 2,1998)
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Digital Signal Processing

A periodicsignalf (t) canbedecomposeto its
Fouriercomponents:

X
f(t) = fekt:

k=1

Discreteversion:for thevectorf of lengthn, where
f =1(), =] t, t=2 =n,wehave

X1 |
fj = f’Le‘ktJ’:
k=0

Whatif thesignalis animage,or apieceof music?
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Population Dynamics

Jointwork with Antonio Steiner Il Volterriano
1997-2003
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The Lotka Volterra System

We considemrabbitsandfoxesliving in acommon
habitat.If x denotesherabbitpopulationandy the
fox populationthe Lotka Volterramodelstates

X = X Xy
Y = Y*TXy
Approximatingthe derwvative usingits de nition:
X(th+1)  X(tn)

t

y(tn+r)  Y(tn)
t

X(th)  X(tn)y(tn)

y(tn) + X(tn)y(tn)

We geta
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Solutions

Theexactsolutionsarecycles,but in generakexact
solutionscannot befound. Numericalsolutions
spiral:

ComputationahndApplied Mathematics- p.21/31



A SymplecticMethod

A very smallchangan the original method,insteadof

X(th+1)  X(tn)
t

Y(th+1)  Y(tn)
t

changingn thesecondine {, toty+q,

X(th+1) X(tn)
t

y(th+r)  Y(tn)
t

= X(tn)  X(th)y(tn)

= y(ta) + x(n)y(tn)

= X(th) x(tn)y(tn)

= y(tn) + X(th+1)Yy(tn)

leadsto a methodfor which one can prove that the
approximatesolutionis cyclic lik e the exactsolution.
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Success...

The approximatesolutions are also cycles, like the
mathematicallyexactor “biological” ones.
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and Failur e of the new method

But here,in spite of the proof of cyclic behaior, the
methodfailed. On theright onecanseewhy with the
zoom!
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SoWhen doesthe Method Work?

0.5 1.5

Theboundarybetaveenwherethe methodworksand
whereit doesnotis very complicatedit is afractal.
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Room Temperature in Montr eal

@ @ @u @u
FCOE @‘;(x; ) + @2(x D+ G200+ (6D

Room temperature
In  our living room
iIn  Montreal (outside
temperatureup to -47
degrees):the heatequa-
tion.

Y

Insulated walls, not
well insulatedwindows
anddoors.

ComputationahndApplied Mathematics- p.26/31




Why a Turntable in the Micr owave ?

Thephysicalmodelis Maxwell's equation

I - Ht,
r H = "E{+ E
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Why a Turntable in the Micr owave ?

Thephysicalmodelis Maxwell's equation

r E =
r H =
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NoiselLevelsin a VOLVO S90

Noise simulationon a par ?ﬁ 5

allel computerto improve 5
passengecomfort m‘h é‘ A‘
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Radiation Therapy for Cancer

For cancertreatmentt is importantto have avery pre-
cisemodelof thebody partthatwill be exposedto ra-
diation.
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. B-7471n Flight

Alr craft Industry
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The Fundamental Role of CAM

Biology:

- Population Dynamics
- Antibiotics

- Micromachines

Physics:
- Fluid Dynamics
- Aero Dynamics
- Radiation

- Particle Physics

Computational

AND P
Applied Mathematics/ = Q

Pure Mathematics:
- Geometry

- Asymptotics

- Existence

Seealso: www.math.mcgill.ca/mgnder
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