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Abstract We study the question whether multistep methods or general multi-value
methods can be symplectic. Already a precise understanding of symplecticity of such
methods is a nontrivial task, because they advance the numerical solution in a higher
dimensional space (in contrast to one-step methods).

The essential ingredient for the present study is the formal existence of an invari-
ant manifold, on which the multi-value method is equivalent to a one-step method.
Assuming this underlying one-step method to be symplectic, we prove that the order
of the multi-value method has to be at least twice its stage order. As special cases
we obtain: multistep methods can never be symplectic; the only symplectic one-leg
method is the implicit mid-point rule, and the Gauss methods are the only symplectic
Runge-Kutta collocation methods.

1 Introduction

We consider the numerical solution of Hamiltonian systems

p'=—Hyp,q), ¢ = Hy(p,q), (1.1)

where p,q € IR?. Tt is well-known that the use of symplectic one-step methods has
favourable properties for long-time integrations (no secular terms in the error of the
energy integral, linear error growth in the angle variables instead of quadratic growth,
correct qualitative behaviour) as long as they are applied with constant step sizes.
Since multistep methods or general multi-value methods, when used in constant step
size mode, need in general less function evaluations than one-step methods, it is quite
natural to investigate the symplecticity of such methods.

The first difficulty that arises is that of a suitable definition of symplecticity of
multistep or, more general, multi-value methods. Recall that the exact flow of (1.1) is
a symplectic transformation in the phase space IR??, i.e., it preserves the differential
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2-form w = dp A dq = ?:1 dp® A dq' (here, p', ¢ denote the ith components of p, q).
It is straightforward to define the symplecticity of one-step methods y,, 11 = Pp(yn),
because they advance the numerical solution in the same space. However, for multi-
value methods a satisfactory definition of symplecticity is less obvious.

In this article we consider three classes of numerical methods: multistep methods,
one-leg methods, and general linear methods. For the system (1.1), written in the
form y' = f(y), linear multistep methods are

k k
Zajyn-i-j = hzﬁjf(yn-l-j)? (1'2)
§=0 §=0
and the corresponding one-leg methods are
k k
> AYntj = hf(Z 5jyn+j)~ (1.3)
5=0 5=0

Throughout this paper we assume the methods to be stable, consistent, and with
normalization Z?:o B; = 1. We also consider general linear methods

k s
i N (1.4)
7j=1 7=1

All these methods have in common that they advance the numerical solution in the
higher-dimensional space (IR*?)~.

The outline of this article is as follows. We start by considering linear problems
(Sect.2) and we deduce some necessary conditions for symplecticity. In Sect.3 we
show the formal existence of an underlying one-step method for each of the above
methods. This allows us to give a natural definition of symplecticity. Based on the
characterization of symplectic B-series of Calvo and Sanz-Serna [2], we derive order
barriers (Sect.4) for symplectic multi-value methods. Further results are presented
in Sect. 5, which indicate that symplectic multi-value methods do probably not exist
unless they are equivalent to one-step methods.

The presented order barriers remain all valid for partitioned methods, where the
variables p and q are discretized by different multistep, one-leg, or general linear meth-
ods. Despite of the negative results presented in this paper, partitioned multi-value
methods are interesting for long-time integration of Hamiltonian systems, as demon-
strated by Quinlan and Tremaine [9]. However, instead of focusing on symplectic
methods one has to use special classes of symmetric methods.

2 The Linear Case

For the harmonic oscillator H(p, ¢) = £(p?+¢?) the differential equation (1.1) becomes
y' = 1y, if we put y = p + ig. The application of a multistep (or one-leg) method to



y' = Ay yields a linear recurrence relation for the {y,}, whose solution is given by

c1(2)(1'(2) + 2(2)G (2) + -+ erl2) (R (2), (2.1)
where z = Ah and (;(2), ..., (x(z) are the roots of

2_: — 2;)¢7 = 0. (2.2)

The principal root (;(z) is the analytic continuation of (;(0) = 1 and approximates

the exponential function as (;1(z) = e + O(zP™)!. The coefficent c;(z) satisfies
c1(z2) = yo + O(zP), if the starting values approximate the exact solution to this
order. Furthermore, ¢;(2) = O(2P) for j = 2,...,k. Whenever the parasitic roots
(2(2),...,Ck(2) are bounded by 1, the numerical solution (2.1) is well approximated

by (I"(z)yo. Therefore, it is natural to require that the mapping yo — (i1(2)yo (the
underlying one-step method) be symplectic. For the harmonic oscillator (one degree
of freedom) symplecticity is equivalent to area preservation, which again is equivalent
to |[¢1(ih)| = 1. Since (3(z) is analytic in a neighbourhood of z = 0, this condition
becomes

G(2)G(=2) = 1. (2.3)
For general linear methods (1.4), applied to y' = Ay, we get
u™ = S(2)u™, S(z) = A+ zB(I — 2B)"'A. (2.4)

This recursion can be solved and yields for «™ an approximation as in Eq. (2.1), where
(;(#) are the eigenvalues of S(z) and ¢;(z) the corresponding eigenvectors. Therefore,
(j(2) are the zeros of the characteristic polynomial

Q(z,¢) := det(I — 2B) det(¢I — S(2)) = qe(2)¢" + qe-1 ()¢ + ...+ qo(2). (2.5)
The polynomials ¢;(z) have degree at most s (see [7], Lemma V.4.12).

Lemma 2.1 For irreducible linear multistep methods (or one-leg methods) the sym-
plecticity for linear problems (i.e., condition (2.3)) is equivalent to the symmetry of
the method, 1i.e.,

Qj = —0k—j, B = Br—j» J=0,... .k (2.6)

In the case of stable general linear methods with irreducible polynomial Q(z,() the
symplecticity for linear problems is equivalent to

¢;(2) = —qr—j(—2), j=0,...,k. (2.7)

Hence, the eigenvalues of the matriz A lie all on the unit circle.

'For historical reasons we use the same letter p for the variable in Eq. (1.1) and for the order
of a numerical method. Another historical incident is the simultaneous use of ¢ for the Lagrangian
coordinates as well as for the stage order and also for the coefficients in (2.5). We appologize.



Proof. Replacing in Eq. (2.5) z by —z and ¢ by 1/(, we see that the condition (2.3)
implies that (;(z) = 1/(1(—2) is also a root of the equation

qo(—=2)CF + @ (=) + .+ q(—2) = 0. (2.8)

The solution (;(z) of Q(z,() = 0, defined on a neighbourhood of the origin, uniquely
determines all other roots by analytic continuation. By the irreducibility of Q(z, ()
the polynomials (2.5) and (2.8) are therefore equal up to a complex constant. Using
the fact that Q(0,1) =0 and %—?(0, 1) # 0, this constant is seen to be —1. O

This lemma shows that for the study of symplectic multi-value methods one has
to consider weakly stable methods.

3 The Underlying One-Step Method

For nonlinear differential equations the definition of symplecticity for multi-value meth-
ods is less evident. One has essentially two possibilities: either

e cxtend the differential form dp A dg to the space (IR**)*; or

e restrict the flow of the numerical method to a submanifold of dimension 2d.

The first approach is that of Eirola and Sanz-Serna [4], where it is shown that sym-
metric one-leg methods preserve the differential form ZZ =1 GijApn4i N dgp4; for a suit-
able matrix G. Since the exact flow of (1.1), extended componentwise to the product
space (IRZd)k, does in general not preserve such a differential form (see Lemma 5.1
below), we follow the second approach.

Kirchgraber [8] proved that the mapping

\Ijh : (yna Yn+1y - - - 7yn+k71)T — (yn+17 Yn+2y -+ - yn+k)T7

defined by a strictly stable multistep formula, possesses an attractive invariant mani-
fold on which the multistep method is equivalent to a one-step method ®(y). The
manifold is given by

M = {(y; q)h(y)a ¢12'L(y)7 ce (I)iil(y))T ‘ ye ]RQd}

so that, whenever the starting values satisfy y; = @{;(yo) for 7 =0,1,...,k — 1, then
the numerical solution of the multistep method and that of the underlying one-step
method ®;(y) are identical. A generalization of this result to general linear methods
(1.4) can be found in Stoffer [10].

It is tempting to define a multi-value method to be symplectic, if its underlying
one-step method is symplectic. However, because of Lemma 2.1 we would need Kirch-
graber’s result also for weakly stable methods. The proofs of [8] and [10] are based on
invariant manifold theory and on fixed point arguments and cannot be extended easily
to cover weakly stable methods. We therefore try to construct explicitly the one-step
method as a series in powers of h.



3.1 Multistep Methods

Inspired by the Taylor series expansion of one-step methods (like Runge-Kutta meth-
ods) we are looking for a series (called B-series) of the form

2

Buly) = y+ha(-)f () + aa(2)f W)+

Lot ' (3.1)
= Y+ —na(ta(t)F(1)(y).
ier P(2)!
Here, we use the notation of [6], Sect.11.2: T = {., z,...} denotes the set of rooted
trees, p(t) the number of vertices of a tree t € T' (also called the order of t), and the
integer a/(t) counts the number of monotonic labellings of ¢. The functions F'(¢)(y) are
called elementary differentials of f(y) and are recursively defined by F'(+)(y) = f(y)
and

Ft)(y) = f™ () - (Ft) (), ..., Fltw)(y))  for t=[t1,... tn].

The tree t = [t1,...,t;] is obtained from ti,...,t,, by adding a new vertex (the root
of ) and by connecting it with the roots of ¢1,...,t,. The real coefficients a(t) (for
t € T) have to be determined in such a way that the values y; = ®} (yo) satisfy the
multistep formula (1.2).

Theorem 3.1 If the polynomial p(¢) = E?:o ;¢ of the multistep formula (1.2) sa-
tisfies p(1) = 0 and p'(1) # 0, then there exist uniquely determined coefficients a(t)
such that the series ®p(y) of (3.1) satisfies

gwﬁwzhg@ﬂﬂ@> (3.2)

in the sense of formal power series.

Proof. We denote the series (3.1) by B(a,y), and consider a second series of the same
structure but with a(t) replaced by b(t). It is known (Theorem I1.12.6 of [6]) that the
composition of these series is again a series of the same type

B(b, B(a,y)) = B(ab,y),

where (ab)(t) = a(t) +b(t)+... . The dots indicate expressions which only depend on
trees with less than p(t) vertices. Consequently, the jth iterate of ®5,(yo) = B(a, yo)
satisfies @7 (yo) = B(a?, yo) with

a(t) = ja(t) +... . (3.3)
Next we apply Corollary I1.12.7 of [6] and obtain that
hP®) ,
hf (®a(yo)) = - ——a(t)a' () F (t) (),

= p(t)!




where a'(+) =1 and d'(t) = p(t)a(t,) - ... - a(ty) for t = [t;,...,t,]. Inserting all
these expressions into (3.2) and comparing the coefficients we see that y; = @ (yo)
satisfies formally the multistep method if

k k
Sajd (t) =" Bi(a?) (t) forall teT. (3.4)

=0 =0
By (3.3) this is an equation of the type (¥¥_,ja;)a(t) = ..., where the right-hand
expression only depends on trees with less than p(t) vertices. Since }°; joy; # 0, this
equation uniquely defines the coefficients a(t). O

It is natural to ask, whether the series (3.1) with the coefficients a(t) from the pre-
ceding theorem converges. For linear problems this function corresponds to (;(Ah)yo
of Sect. 2. Since (;(z) is analytic in a neighbourhood of 0, we have convergence. This
convergence, however, is exceptional as can be seen from the following example.

Example Consider a consistent two-step method

Q2Ypt2 + O Ypr1 + QoY = h(ﬁQf(ynJrz) + B1f (Yn41) + ﬁof(yn));

and apply it to the simple system 3’ = f(x), 2’ = 1. The y-component of the series
(3.1) then takes the form

hP
Dy (20, yo) = Yo + Z F ap f(p_l)($0)~ (3.5)

p=1

Putting f(z) = € yields

A(g) — Z % é—p—l _ ﬁZGZC + ﬁleg + ﬁO

p>1 p! 042(1 + €C) + oy '

for the generating function of the coefficients a,. Since this function has finite poles,
the radius of convergence of A(() is finite. Therefore, the radius of convergence of the
series (3.5) has to be zero as soon as f(”)(x4) behaves like p! u 5” (what is typically the
case for analytic functions). Independent of the fact whether the method is strictly
stable or not, the series (3.5) usually does not converge.

Remark It can be shown that the coefficients a(t) of Theorem 3.1 satisfy an estimate
la(t)] < p(t)! p 7! (3.6)

with suitably chosen constants g and x. This is precisely the estimate that makes
a backward error analysis possible (see Lemma 10 of [5]). Details will be presented
elsewhere.



3.2 One-Leg Methods

The underlying one-step method for one-leg methods can be obtained in exactly the
same way. We only have to replace (3.4) by

> ajal (1) = (_Z ﬁjaﬂ‘>'(t) forall teT. (3.7)

3.8 General Linear Methods

In order to find the underlying one-step method of (1.4) we have to specify how the
numerical solution ¥, can be extracted from the vector u(™. Most common methods
are based on the assumption that u(™ approximates either

(y(x), ylx+h),...,y(x+ (k- 1)h))T (multistep case) or
(y(x), hy'(x), ..., %y(’“_l)(x))T (Nordsieck vector).

We therefore assume for the moment that y,, is one of the components of (™ or, more
general, that y, is a linear combination of the components of u(™.

Throughout this article we assume that 1 is a simple eigenvalue of A = (a;;), and
that a vector zy exists such that

AZO = 20, EZO =1 (38)

(preconsistency conditions; see [6], page 441), where 1 = (1,...,1)T. We also denote
the vector zy by z()) and its components by z;()). We then represent the so-called
starting procedure by the B-series

By) = w0+ X 00

teT p(t)‘

and we remark that Theorem 11.12.6 of [6] also covers the case where z;(()) # 1 (it is

only required that a(f)) = 1), i.e., we have B(z;, B(a,y)) = B(az;,y), where (az;)(t) =
zi(D)a(t) + z;(t) + ... (terms involving trees with less than p(t) vertices).

a(t)z(t)F(1)(y), (3.9)

Theorem 3.2 Let n be a vector satisfying n*zy = 1, and suppose that y, = n*u™® =
>k njugn). Then there exist unique coefficients a(t) and z;(t) for t € T, such that
uz(o) = B(zi,%), 11 = Bla,y) and uz(l) = B(z;,y1) satisfy the multi-value formula
(1.4) in the sense of formal power series. This means that the diagram

O (14 e
3.9 T 3.9 T
(3.1
Yo n

formally commutes.



Proof. We insert the series (3.9) together with y; = ®,(yp) of (3.1) into (1.4) and
compare the coefficients. This yields

(az)(t) = Az(t) + Bv'(t) (3.10)
v(t) = Az(t) + Bv'(t). '
Here we have used vector notation z(t) = (2, (t))?zl, (az)(t) = ((azj)(t));?:1 and simi-
larly for v(t). Observe that the second line of (3.10) serves as definition of v(t) and,

using (az)(t) = z(0)a(t) + z(t) + ..., the first line of (3.10) becomes

alt)zo+ (I —A)z(t)=..., (3.11)

where the right-hand expression only depends on a(7), z(7) with p(7) < p(t). By our
assumption on A (1 is a simple eigenvalue), Eq. (3.11) together with nz(¢) = 0 (what
is equivalent to 1, = n7u™) uniquely determine a(t) and z(t) as functions of a(7), z(7)
with p(7) < p(t). O

The existence of an underlying one-step method (although only in a formal sense)
is interesting by its own. It allows us to give natural definitions of order, symmetry, ...
for general linear methods by requiring the same property for the underlying one-step
method.

3.4 Error Analysis

For strictly stable methods it follows from [8] that the invariant manifold is expo-
nentially attractive. This implies that for arbitrary starting values yo, y1, ..., yx_1 the
numerical solution satisfies

Yn = Py (ys) + O(K"), (3.12)

where 0 < k < 1, and y; is close to y,. Therefore, the long-time behaviour of the nu-
merical solution is completely determined by that of the underlying one-step method.

For weakly stable methods the invariant manifold cannot be expected to be attrac-
tive. All we can hope is that the numerical solution remains close to the manifold for
very long times. Without going into details we shortly indicate, how the long-time
behaviour of such methods can be studied. It is possible to prove that formally the
numerical solution satisfies

Yn = O} (ys) + (G 2o(nh) + Y zz(nh) + ..., (3.13)

where (; = 1,(a, . .., (; are the roots of the characteristic equation (2.2) (or (2.5)), and
Cra1y Cpao, - - - are finite products of (s, ..., (;. Similarly to the asymptotic expansion of
the global error of multistep methods, the functions z;(x) are solutions of differential
equations z; = \;f'(y)zj+..., where ), is the growth parameter corresponding to ;.
If the functions z;(x) in (3.13) remain bounded and small over long time intervals, the
one-step method @, (y) determines the long-time behaviour of the multi-value method.



Adams explicit, 4 =100

symmetric multistep, 4 = 100

Figure 3.1: Multistep methods of order 4 applied to planetary orbits




Example The Hamiltonian for the equations of motion of the sun and the five outer
planets is given by

5 i—1

> Km;m;
T A T Ty
pipl

i=1j= O||qZ q]”

1

l\D

where g;, p; € IR*, K (gravitation) and m; (masses) are given constants.

We first apply the explicit Adams method of order 4, which is a strictly stable mul-
tistep method (first picture of Fig.3.1). A backward error analysis of the underlying
one-step method shows that the numerical solution is close to the exact solution of a
perturbed differential equation with dissipative perturbations. Hence, the numerical
orbits spiral inward and finally become completely wrong.

For the second experiment we take the symmetric method

h
Yn+da — Yn = g (8fn+3 - 4fn+2 + 8fn+1> .

In this case the underlying one-step method is symmetric and gives a qualitatively
correct solution. However, the functions z;(z) in (3.13) grow linearly in time, which
causes the increasing oscillations in the second picture of Fig. 3.1.

Finally, we apply a partitioned multistep method, where the two equations of
(1.1) are discretized by two different multistep methods (with generating polynomials
(p1,01) and (pa, 02)). Inspired by the results of [9] and [3] we construct the methods in
such a way that p; () and p2(¢) have no common zero with the exception of (; = 1. In
this case it turns out that the functions z;(x) of (3.13) are nicely bounded and small,
so that the observed numerical solution is essentially that of a symmetric one-step
method (last picture of Fig.3.1).

This example demonstrates that for a deeper understanding of the long-time be-
haviour of multi-value methods one has to study the boundedness of z;(z) as well as
the qualitative properties of the underlying one-step method. In the rest of this paper
we shall study properties of @, (y).

4 Order Barriers

Calvo and Sanz-Serna [2] have given a characterization of symplectic B-series. They
have shown that a transformation, defined by (3.1), is symplectic if and only if

a(uov) a(vou) afu) a(v)

wow) ")y Ay o wrelh (4.1)

Here, the product u o v, introduced by Butcher, denotes the tree of order p(u) + p(v),
which is obtained by attaching the root of v via an additional branch to the root of
u (which will be the root of u o v). This product is not commutative. The integer
coefficient y(t) is defined recursively by v(+) = 1 and ~(t) = p(t)y(t1) - ... - Y(tm)



for t = [t1,...,t,]. Inspite of the fact that the series (3.1) usually does not converge,
but encouraged by the considerations of Sect. 3.4, we use the following definition of
symplecticity.

Definition 4.1 A multistep method (or a general multi-value method) is called sym-
plectic, if the coefficients a(t) of the underlying one-step method satisfy (4.1).

The main result of this section will be presented in Theorem 4.3. It contains
Theorems 4.1 and 4.2 (recently also proved by Tang [11]) as special cases.

Theorem 4.1 (Multistep Methods) Consistent multistep methods can never be
symplectic.

Proof. The coefficients a(t), defined by (3.4), satisfy

a(t) = 1 for p(t) <p
a(t) = 1-C for p(t) =p+1,

where p is the order of the method and C' = (X; a;#*' — (p+1) 3, 8,5%) /(2 joy) its
error constant. Indeed, (4.2) implies a’(t) = 77 for p(t) < p, a’(t) = j*® +j(a(t) —1)
for p(t) =p+1, () (t) = p(t)j#Y " for p(t) < p+ 1, and one can easily check that
the coefficients of (4.2) satisfy (3.4) for p(t) < p+ 1.
We now take two trees u and v satisfying p(u) + p
multistep method to be symplectic, we obtain from (4.1) that
1

1 1 1
(1+ O)( + ) = : :
Y(wow) y(vou))  (u) (v)
The exact solution of the Hamilton system, which is a series (3.1) with all coefficients
equal to 1, is a symplectic transformation. Hence, by the criterion of Calvo and Sanz-
Serna, we have 1/y(uov)+1/y(vowu)=1/(y(u)-y(v)). Consequently, (4.3) implies
1+ C =1 which is not possible for a method of finite order. O

(4.2)

(v) = p+ 1. Assuming the

(4.3)

In his seminal talk at the 1975 Dundee conference . Dahlquist pointed out the
following interesting relation between multistep and one-leg methods: if {y,,} satisfies
the one-leg difference relation (1.3), then i, = 5 8jym+; satisfies (1.2); conversely,
the one-leg solution can be recovered from {7,,} by a relation of the form y,,, =

N 0Tt — h 50 b f (Umj) (see [7], pages 319-320). Hence, multistep and one-
leg methods are expected to have the same long-time behaviour.

Theorem 4.2 (One-Leg Methods) The highest possible order of a consistent sym-
plectic one-leg method is two.

Proof. In the same way as for multistep methods one finds that the coefficients a(t)
of a pth order one-leg method satisfy

a(t) = 1 for p(t) <p
a(t) = 1—-C, for p(t)=p+1 and t=[t] (4.4)
a(t) = 1—-Cy for p(t)=p+1 and t=[t1,...,t,] with m > 2,



where Oy = (X, 057" — (p + 1) %, 6;57)/ (2, jey) and Co = (X "t — (p +
1)(X;78;)7)/(X; jerj). Here, we have two different constants, because the local error
is composed of the differentiation and the interpolation errors, which are proportional
to y®*(z) and f'(y(z))y® (z), respectively.

Suppose the one-leg method to be symplectic and of order p > 3. Considering trees
u and v with p(u) + p(v) = p+ 1, p(u) > 2, p(v) > 2, we deduce Cy = 0 as in the
proof of Theorem 4.1. Taking u = - and p(v) = p we deduce C; = 0, which gives the
contradiction. O

The extension of these order barriers to general linear methods requires two defi-
nitions of order. Method (1.4) is said to have

(classical) order p <= a(t)=1 for p(t)<p
stage order ¢ < v;(t) = for p(t) <q and for all i.

Here, v;(t) are the components of v(t) defined in (3.10). We always assume p > 1, and
g > 1 is satisfied by definition of the c;.

Theorem 4.3 (General Linear Methods) If the underlying one-step method of
(1.4) is symplectic, then the order p and the stage order q are related by

p=2q.

Proof. We outline the main ideas of the proof in the following three steps.

a) Simplification by the stage order. Let

p(tm)
t:[tl,...,tmfl,tm] and ’U):[tl,...,tmfl,-,...,-] (45)

be two trees of the same order with p(t,,) < min(p,q). Then it holds true that
a(t) = a(w) and z(t) = z(w). (4.6)

This means that trees t = [t1,...,tm_1, %], where at least one of the subtrees ¢; satis-
fies 2 < p(t;) < min(p, ¢), can be disregarded in considering the order conditions. This
statement follows from the fact that v'(¢) = ¢'(w) (which is an immediate consequence
of p(t,,) < ¢) and by inspecting the composition formula of B-series for (az)(t). In
this way, the right-hand side of (3.11) is seen to be the same for ¢ and for w, so that
also (4.6) holds. a1

b) Order for the bushy trees. Let 7, = [, ..., « ] be the bushy tree of order o. We
shall prove that
a(ry) =1 for o <2q. (4.7)

Let o < 3 < ¢ and assume that a(7,) =1 for all v < 3. As in part (a) one can show
that a(7, 0 73) = a(73 0 7o) = a(7,+5) (due to the special structure of the trees we do
not need 3 < p). Application of the criterion (4.1) with u, v replaced by 7,, 75 shows
that a(7,) = a(7g) = 1 implies a(7.43) = 1. Consequently also (4.7) holds.



c¢) Order conditions for all trees of order < 2q. Using alternatively (4.6) and (4.1),
one proves by induction on p(t) that the order condition a(t) = 1 has to be satisfied
for all trees of order < 2¢q. With the help of (4.6) we first reduce a given tree ¢ with
p(t) < 2q to one of type w in (4.5) until at most one tree among {ti,...,t,}, say ti,
is of order bigger than ¢q. We then exchange the root of ¢ with that of ¢;. By (4.1)
the order condition of the new tree will be satisfied if and only if that of ¢ is satisfied
(by induction hypothesis we assume that the order conditions of lower order trees are
already satisfied). We again reduce the new tree with (4.6), so that finally we arrive
at a bushy tree which is satisfied by part (b). O

Remark Since multistep methods have stage order ¢ = p, and one-leg methods have
stage order ¢ = p — 1, the statements of Theorems 4.1 and 4.2 are a special case of
that of Theorem 4.3.

Aubry and Chartier [1] call a numerical one-step method pseudo-symplectic of order
r, if the condition (4.1) is satisfied for all trees u,v with p(u) + p(v) < r. Since the
order barriers of this section are all obtained by just looking at the leading term of the
truncation error, all statements of this section remain valid if one replaces “symplectic”
by “pseudo-symplectic of order p +1”.

5 Non-Existence of Symplectic Multi-Value Methods

It is an open problem whether there exist symplectic multi-value methods that are not
equivalent to a one-step method. In this section we show that with the exception of
the implicit mid-point rule none of the one-leg methods is symplectic. Some further
considerations support the conjecture that multi-value methods cannot be symplectic
unless they are equivalent to one-step methods.

5.1 One-Leg Methods

Eirola and Sanz-Serna [4] show that for every irreducible symmetric one-leg method
there exists an invertible, symmetric matrix G = (g;;) such that the numerical solution
preserves the differential form

k

> Gij dppri N A ;.
ij=1

The matrix G is defined via the relation
k
p(Q)o(w) + pw)o(¢) = (Cw—1) Y gi;¢" 1w, (5.1)
i,j=1

where p(¢) = ¥, 0;¢7,0(¢) = 3, ;¢ are the generating polynomials of the one-leg
method. We show in the next lemma that this property does not always imply the
symplecticity (for general Hamiltonian systems) of the underlying one-step method.



Lemma 5.1 Consider a numerical one-step method (pni1,Gn+1) = Pn(Pn, ¢n) that is
given by a formal series (3.1). If this method is symplectic (i.e., the condition (4.1) is
satisfied) and if there exists a symmetric matriz G such that

k !
> Gij Apnti Ny = Y gij Apnsio1 A dgpyja, (5.2)
ij=1 ij=1

then the matriz G has to be diagonal.

Proof. Let a(t) be the coefficients of the B-series representing the one-step method, and
denote by a’(t) those of the composite series (p,1i, Gnii) = @4 (pn, gn) = B(a’, (pn, qn))-
Inserting these series into (5.2) and using the independence of “elementary products”
(Calvo and Sanz-Serna [2, Sect. 5]) we see that (5.2) is equivalent to

(40 0) ajvou)_a(u)aj(v)
z;1gm< uov) " y(wou)  y(u) V(U))
_ at(uowv) dMvou) aM(u)a/"'(v)\ _
112:1 Ji ( (uow) Y(vou) 7(w) () > '

for all trees u,v € T. Exploiting the symmetry of G and the fact that a(¢) and hence
also a'(t) satisfy the symplecticity relations (4.1), this condition becomes

(- (- 5)

=\ (e 7(v)

(W @@ (@) @)
‘Z}gzy( ) Ger o) =

for all trees u,v € T'.
For the proof of the theorem it will turn out that it is enough to consider the bushy

trees 7,. We let a, = a(7,), al) = a’(7,) and consider the generating functions

A =21 A=Y ) oot

p>1 p! p>1 p'

(i-1)

.- . A p
From the composition formula for B-series we know that agf) = a, + > j=1 (";) a;

(assuming a; = 1), so that
A(Q) = AQ + e A () = (L ef e .+ eV A(Q). (5.4)

We now replace in Eq. (5.3) u by 7,, v by 7,, we multiply the equation by ¢ 'w’ !
and sum over all p and o. This yields

> gij(ete” = 1) (A 1(¢) — Aj—1(§)) (Ai—1(w) — Aj—l(w)) = 0.

1>7



Inserting (5.4) and dividing by (e — 1)A(¢)A(w)/((e¢ — 1)(e¥ — 1)), this gives the
necessary condition Y, gi;(e’¢ — e™) (e’ — ™) = 0, which is equivalent to

S 0i(i? — i7" — i) =0 forall p>1,0>1.
1>7

This is not possible unless G is a diagonal matrix. m

Theorem 5.1 The only irreducible k-step one-leg method that is symplectic (according
to Definition 4.1) is given by

p(Q)=(F=1/k o) =(F+1)/2. (5.5)
This s the implicit mid-point rule applied with step kh.

Proof. Suppose that the one-leg method is symplectic. By Lemma 2.1 it has to
be symmetric so that the existence of a symmetric matrix G, for which (5.2) holds,
follows from [4]. We therefore have to study for which methods this matrix is diagonal
(Lemma 5.1).

Assume that G, defined by (5.1), is diagonal. For w = 0 the right-hand expression
of (5.1) is therefore constant and we have

p(C)o(0) + p(0)a(¢) = C

(by our irreducibility assumption C' # 0). We now replace ¢ by 1/¢ and multiply by
¢*. Due to the symmetry of the method (relation (2.6)), we get

=p(Q)a(0) + p(0)o(¢) = CC*.

These two relations uniquely define p(¢) and o(¢) which, by the normalization o(1) =
1, are given by (5.5). O

5.2 General Linear Methods

For irreducible Runge-Kutta methods one knows that symplecticity (i.e., condition
(4.1)) is equivalent to

M = (biaij + bjaji - bibj)f,j:1 =0. (56)
This matrix is known from nonlinear stability theory (B-stability, algebraic stability).

In the case of general linear methods the analogous theory of Burrage and Butcher
leads to the matrix

_ AT AT 1Y _ AT
M:( G- ATGA ATD — ATGB ) (5.7)

DA - BTGA DB+ BTD — BTGB



where GG is an arbitrary symmetric matrix and D is an arbitrary diagonal matrix.
Replacing scalar products by exterior products in Lemma V.9.2 of [7] we get the
identity

k k+s
> g (dpl(l) A dq](-l) - dpz(o) A dq](-o)) + > my; dK; NdL; =0,
i,j=1 6,j=1

where (p{™,¢\™) and (P, Q;) are the components of u\™ and v, respectively (see

Eq. (1.4)). Further, (K, ..., Kps) = (017, .., p), —hHy(Pr, Q1), ..., —hHy (P, Qy)),
(Lb ) Lk+s) = (QEO)a ) QIE;O)a th(Pla Ql): ) th(Psa Qs))

Obviously, if M = 0 then the general linear method (1.4) preserves the differential
form

k

> gijdp™ A g, (5.8)

ij=1
But, as we have seen in the case of one-leg methods, this does not imply the symplec-
ticity of the underlying one-step method. We have to impose restrictions on the matrix
G. One p0851b1hty seems to be the followmg if the numerical solution is obtained from

u™ by (pn, qn) = ZJ L1 J" (see Theorem 3.2), then with the choice G = nn’

the differential form (5.8) becomes dp,, A dg,, and the assumption M = 0 would imply
the symplecticity of the underlying one- step method. Unfortunately, this choice of G
together with M = 0 imply that n” A = 57, D1 = B "y and d;b;; + d;bj; — did; = 0, so
that the method becomes equivalent to a one-step Runge-Kutta method.

6 Final Remarks and Open Questions

A large part of the present article deals with the underlying one-step method of multi-
value methods. This part is not only of interest in connection with symplectic inte-
gration, but it also allows us to give natural definitions for properties such as order,
symmetry, volume-preservation, etc.

The order barriers for pseudo-symplectic methods (Sect.4), and the results of
Sect. 5 support the conjecture that multi-value methods are probably never symplectic,
unless they are equivalent to one-step methods.

In contrast to the throughout negative results on symplectic multi-value methods,
the article [9] shows excellent numerical results with certain multistep methods for
the long-time integration in celestial mechanics. If one is interested in a theoretical
justification, the conclusion of the present article is that one should

e consider symmetric (instead of symplectic) methods, for which a good long-time
behaviour can be expected for reversible Hamiltonian systems;

e study the growth of the functions z;(x) in (3.13). Partitioned methods will have
more favourable properties (see Cano and Sanz-Serna [3]).
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