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PDE-W-methods for parabolic problems
with mixed derivatives

S. Gonzalez-Pinto - E. Hairer -
D. Hernandez-Abreu - S. Pérez-Rodriguez

Abstract The present work considers the numerical solution of differential
equations that are obtained by space discretization (method of lines) of pa-
rabolic evolution equations. Main emphasis is put on the presence of mixed
derivatives in the elliptic operator. An extension of the alternating-direction-
implicit (ADI) approach to this situation is presented. Our stability analysis is
based on a scalar test equation that is relevant to the considered class of prob-
lems. The novel treatment of mixed derivatives is implemented in 3rd order
W-methods. Numerical experiments and comparisons with standard methods
show the efficiency of the new approach. An extension of our treatment of
mixed derivatives to 3D and higher dimensional problems is outlined at the
end of the article.

1 Introduction

This work is concerned with time integrators applied to the space discretiza-
tion (method of lines) of parabolic partial differential equations with mixed
derivatives. We focus on W-methods, which avoid the solution of nonlinear
equations and only require an approximate solution of linear systems with
matrix I — 07W, where I is the identity, 6 is a real parameter, 7 the time
step size, and W is an approximation to the Jacobian matrix of the ordinary
differential equation.

To reduce the work in the solution of the arising linear systems the alter-
nating-direction-implicit (ADI) method has been proposed by Peaceman, Rach-
ford, and Douglas (see [14] and [2]). One only needs to solve a sequence of
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tridiagonal linear systems (one for each space variable). An ADI method for
parabolic problems with mixed derivatives has been proposed in [1].

There are a few well-established time integrators for the numerical solu-
tion of parabolic problems with mixed derivatives based on ADI techniques.
An extension of the Douglas scheme, including stabilizing correction stages,
is given in [9]. It is called Hundsdorfer—Verwer (HV) scheme in [11]. With
the aim of getting more freedom in the scheme of [1] and thus improving its
stability, in’t Hout & Welfert [11] propose a modified Craig—Sneyd (MCS)
scheme. Convergence has been considered in [9,10] for the HV scheme and
in [12] for the MSC scheme. These methods have been developed mainly in
view of applications in financial mathematics.

The methods HV and MCS are second order in space and second order
in time. Much effort has been made to extend the ADI approach to higher
order (in space). Based on the time integrator HV, space discretizations of
order 4 (either using five nodes or as a compact scheme) are given in [3] with
an application to financial option pricing in [4]. Based on either the MCS or
the HV scheme, compact schemes of order 4 (in space) are derived in [7,8]. All
these extensions are fourth order in space and second order in time.

The present work is mainly concerned with improving the accuracy of the
time integration by targeting an order in time that is higher than two. This
can be achieved by considering W-methods ([17], see also [6, Section IV.7]) of
classical order at least three. Extending the ADI approach to the solution of
the linear system with matrix I — 671 (where mixed derivatives are present
in the elliptic operator) an efficient implementation is possible. In contrast
to a von Neumann stability analysis, which requires periodic boundary condi-
tions, our stability analysis is based on a test problem with Dirichlet boundary
conditions.

1.1 Class of evolution equations

On a rectangular domain (z,y) € [a,b] X [¢,d] and for ¢ > 0 we consider the
partial differential equation

du= A0, u+ B, u+2C0%,u+ g(t,x,y,u,0pu, dyu) (1.1)

with suitable boundary conditions and an initial condition at ¢ = 0. The
coefficients A, B, C' may depend on space and time. We assume that pointwise

A>0, B>0, AB>C(C? (1.2)

so that the leading part represents an elliptic operator. The stability analysis
of Section 3 below is carried out for the case of constant coefficients A, B, C,
and for vanishing function g.

We apply a space discretization (method of lines or MOL) using finite
differences. Let a = 20 < 21 < -+ < zp,41 =bandc=yp < y1 < --- <
Yn,+1 = d be subdivisions inducing a grid on the rectangular domain [a,b] x
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[¢, d], and denote by U;;(t) an approximation to the solution w(t, z;,y;) of (1.1)
at the grid points. Using differentiation matrices D, and D,, for the second
partial derivatives, and D, D, for the first partial derivatives, we obtain an
ordinary differential equation

U= A(I ® Dyp)U + B(Dy, ® U +2C (D, ® D,)U

1.3
+ (9(t, 26,95, Uij, (I @ Do)U)ij, (Dy @ DU )i5)) )

ST 4 b(t)

i5=1,1

N,y

for the vector U(t) = (U; '(t))ij:1 )
tions). The vector b(t) contains terms arising from non-homogeneous boundary
conditions. For the differential equation (1.3) we use the compact notation

(in the case of Dirichlet boundary condi-

U=F(tU). (1.4)

Since the differentiation matrices contain divisions by the small quantities
Az; = x41 — x; and Ay; = y;41 — Yy, the differential equation (1.4) is stiff
and suitable time integrators (implicit or linearly implicit) are recommended.

For the study of convergence of the MOL approach, connecting the errors
of the space discretization with those of the time integrator, we refer to the
standard literature on the numerical treatment of partial differential equations,
e.g., the monograph by Hundsdorfer & Verwer [10].

1.2 W-methods

In principle, all time integrators for stiff differential equations are suitable for
the numerical solution of (1.4). We focus our interest to W-methods, because
they do not require the solution of nonlinear systems, and they permit the use
of non-exact approximations for the Jacobian of the vector field. Augment-
ing (1.4) with { = 1 we get formally the autonomous differential equation

=1 0= (piy) oou=(f) )

For its numerical integration we consider s-stage W-methods (originally pro-
posed in [17], see also [6, Section IV.7]). Denoting by 7 the time step size, and
by Yn, Ynt1 the numerical approximations to y(¢) at t, and t,11 = t, + 7, it
is defined by

1—1 1—1
(I — 97'/“7”)]61 = Tf(yn + Zaijk]’) + Zfijkj, 1=1,2,...,s,
j=1

Jj=1

. (1.6)
Yni1 = Yn + Y biki.

i=1

The coefficients of the method are collected in A = (a;;)<i, L = (£i5)<; and
b= (b;)i, so that the W-method is characterized by (A, L, b, ).
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The matrix Wn is arbitrary, in principle, but it is expected to be a rough
approximation to f’(y,). The construction of methods of order 3 and higher
simplifies considerably under the assumption

(f/(yn)wn - /an/(yn)) y(tn) = O(T)v (17)

which is satisfied if W, = f'(yn) + O(7).
In view of an application to discretized parabolic differential equations,
W-methods of order 3 and higher have been constructed in [5,16,13,15].

1.3 Splitting of the Jacobian

To get reasonably high accuracy, fine grids have to be considered, so that
the dimension of the semi-discretized differential equation (1.3) is very high.
Therefore, the solution of the linear system with matrix I — 07'/V[7n is often the
most costly part in the implementation of method (1.6).

We consider the situation, where a splitting of the vector field and of its
Jacobian exists,

d d
fw=>_FfW), Fw=> W), (1.8)

Jj=0 Jj=0

such that the solution of the linear systems with matrices I — 607 f}(yn) can be
done much more efficiently than with the matrix I —607f’(y,,). In this situation
it is advantageous to approximate!

I—07f (yn) %ﬁ([ orf! yn)> (1.9)

This is the essence of the alternating-direction-implicit (ADI) approach [14,
2], where cach f;(y) contains the terms in (1.3) that correspond to partial
derivatives with respect to only one space variable. The splitting could also be
into a stiff and a non-stiff part. In this situation the Jacobian of the non-stiff
part is often replaced by the zero matrix.

In the context of W-methods this approach is studied in [18] (see also [10,
Section IV.5]). The resulting methods are called AMF-W-methods (approx-
imate matrix factorization W-methods). Such an AMF-W-method is called
exact [15], if the matrix I — 67W,, is equal to the right-hand side of (1.9). This
implies that W, — f’ (yn) = O(7). It is called inexact, if one of the factors in
(1.9) is replaced by the identity matrix, so that W, — f'(yn) = O(7) is no
longer fulfilled.

1 The notation H}l:o Aj; is understood to be a multiplication from right to left, i.e.,
4o Aj=Aq... A1 A.
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1.4 Outline of the rest of the paper

Section 2 explains how the presence of mixed derivatives in the elliptic operator
can be efficiently combined with the ADI approach for W-methods. The main
idea is presented for the autonomous differential equation (1.5). Mixed deriva-
tives are included in an explicit manner combined with a suitable damping.
An algorithmic description is given for the general non-autonomous problem
(1.4). The resulting W-methods are called PDE-W-methods.

Stability of these schemes is studied in Section 3. We introduce a new scalar
test equation, which takes into account the presence of mixed derivatives in
the differential equation.

Numerical experiments are presented in Section 4. We observe the numeri-
cally achieved stiff order, and we propose a transformation of non-homogeneous
Dirichlet boundary conditions to homogeneous ones. This considerably im-
proves the accuracy of the results. We also compare our implementation of
W-methods with the classical methods MCS (modified Craig-Sneyd) and HV
(Hundsdorfer—Verwer), see [11].

In a final section we show how our techniques can be applied to 3D (or
higher dimensional) problems. Numerical experiments give the same good be-
haviour as for 2D problems.

2 PDE-W-methods

PDE-W-methods are W-methods, where the arising linear system is solved in a
way that is adapted to the treatment of parabolic partial differential equations.
We start by explaining the ideas for the autonomous equation (1.5), and then
we present the algorithmic form for (1.4).

2.1 Solving the linear system by splitting

Motivated by the alternating-direction-implicit approach (ADI) of [14,2] and
by the AMF (approximate matrix factorization) implementation of W-methods
(see [15]), we assume that the Jacobian f’(y,) can be split as

fl(yn) = f(l)(yn) + f{(yn) + fé(yn) (2.1)

Here, f{(yn) and f4(y,) correspond to the discretization of the partial deriva-
tives with respect to the first and second space variables, whereas f{(y,) cor-
responds to those of the mixed derivative (and further terms that may arise).
The idea of the AMF approach is to approximate the inverse of the left-hand
matrix in (1.6) by

(I ot f! yn) ﬁ([ 07 f; yn)) . (2.2)

Jj=0
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Since the discretization of the partial derivatives in fi(y,) and fi(y,) are
banded matrices (tridiagonal for the standard second order discretization),
the solution of linear systems of the form

(I=07fj(yn))k=v,  j=1,2

can be done very efficiently. This is less evident for j = 0 since the discretiza-
tion of the mixed derivatives in f{(y,) is not a banded matrix (with small
band-width). Moreover, fi(y») has large positive and negative eigenvalues, so
that an application of (I —0r f(')(yn))_1 would imply a step size restriction as
for explicit time integrators. This is what we want to avoid. The idea is to
approximate

2
(1=6rfitwm)) =~ I+07f3(vn H (I-0rfi(wa)) " (23)

This means that we use (I — 607 f}(yn)) Tt 07 f{(yn), but before applying
the operator f{(y,) we damp the large eigenvalues by applying successively
(I- Orf{(yn))_l and (I — GTfé(yn))_l. Such a procedure is only justified in
the situation, where the eigenvalues of fl(y,) are related to those of fi(yn)
and f3(yn).

2.2 W-methods for non-autonomous differential equations

Splitting the vector y,, into (t,, U, ), the vector k; into (M;, K;), and denoting
the non-zero parts of W,, by w,, and W,,, the ith stage of the W-method (1.6)
becomes

(7)o (o)) (52) -

1
" el( ).
( (t"+23 1 aigM Un"'zj 1 ai K ) Z ’ j

where w,, and W,, are arbitrary, but ideally they should be approximations to
Ot F (tn, U,) and Oy F(t,,, Uy,), respectively. The upper equation of this relation

gives M; = p;7, where p; is defined recursively by p; = 1 + Z] 1%ijpj. The

first argument of F' thus becomes t, + ¢;7 with ¢; = 23211 ai;pj-

With the splitting
F(tvU):FO(taU)+F1(t7U)+F2(t7U)7 (25)

induced by (2.1), we let a, ; =~ 0,F;(t,,Uy) and A, ; = OuFj(tn,Uy). The
matrix to the left of (2.4) is then deﬁned via the approach of Section 2.1 by

(G- () = TG ) - o))
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where wy, j = an ; and W,, ; = A, ; for j =1,2, and

LOY , (0 0\
0 1) """ \wno Wao
2 -1
10 0 0 10 0 0
= Or) el ) 6 7))

Jj=1

An algorithmic presentation of the resulting method is given in the following
subsection.

2.3 Implementation of PDE-W-methods

We consider the differential equation (1.4) together with the splitting (2.1).
With a,, ; = 0:F}(tn,Uyn) and A, ; = Ou Fj;(tn, U,), for j =0,1,2 (or approxi-
mations if the derivatives are not available analytically), the algorithm for the
computation of the internal stages (2.4) of the W-method becomes

KT = 1F(ty + 6, Un + X0 i KG) + X020 G K
(I-0rA, K2 = K59 1 0pm%a,,
(I - QTAn’Q)K,L-(il) = Ki(d) +0piT?an 2
K? =K 1 0r4, 0K + 0pit?an (2.6)
(I - 074, )K" = K9 + 0pir2a,,
(I—0r4,)K® = K" 4 0p;7%a,
K;=K®?

for i = 1,...,s. The numerical solution after one step is then given by
S
i=1

Note that the above algorithm requires only the numerical solution of linear
systems with banded (typically tridiagonal) matrices. Since this implementa-
tion is adjusted for the solution of evolution equations with dominant elliptic
operator, we call the algorithm PDE-W-method.

2.4 Order

For a differential equation (1.5) the W-method becomes a Rosenbrock method
if W, = f'(yn). Conditions on the coefficients 6,a;;,¢;;,b; that guarantee
classical order p are well understood. If W,, is not close to f’(y,) for 7 — 0,
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then many more order conditions have to be satisfied (see for example [6,
Section IV.7]). An intermediate situation is obtained under the assumption

Wo—f'(yn) =0(r), 1—0. (2.7)

Theorem 2.1 If the relation (2.1) is satisfied up to an error of size O(7), then
the PDE-W-method is equivalent to a W-method (1.6) satisfying the relation

(2.7).

Proof The product of the factorization (2.2) can be considered as exact for
a modified vector wy, and a modified matrix W,, which are O(7) close to the
original ones. a

This result implies that every W-method, which has order p under the
assumption (2.7), yields a PDE-W-method of the same order.

3 Stability

For W-methods the study of stability is a nontrivial task. The difficulty is
mainly due to the lack of commutativity of the matrices W,, and f’(y, ). Here,
we propose a scalar test equation that is relevant for a large class of partial
differential equations for which the dominant part is an elliptic operator with
constant coefficients.

3.1 Motivation of a test equation

On a rectangular 2-dimensional domain let us consider the PDE
Ou= A0 u+ B 8§yu +2C 8iyu (3.1)

with homogeneous Dirichlet boundary conditions. We assume that the coeffi-
cients A, B,C are constant and satisfy (1.2), so that the differential operator
on the right-hand side is elliptic. A standard second order space discretization
of (3.1) yields the ordinary differential equation

U = A(I ® Dyp)U + B(D,, @ U +2C(D, ® D,)U, (3.2)

where D, and D,, are tridiagonal Toeplitz matrices (with possibly different
dimension) having entries (1,—2,1)/Az? and (1,-2,1)/Ay?, and D,, D, are
tridiagonal Toeplitz matrices with entries (—1,0,1)/(2Az) and (—1,0,1)/(24y),
respectively. Unfortunately, the matrices D,, and D, do not commute?, so
that they cannot be diagonalized simultaneously, however the full Jacobian
matrix of the linear system (3.2) is a symmetric matrix. Moreover, the stabil-
ity of the system (3.2) is guaranteed by the following result.

2 For the case of periodic boundary conditions these matrices commute and a von Neu-
mann stability analysis is possible; see [11].
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Theorem 3.1 Under the assumption (1.2), the system (3.2) is asymptotically
stable.

Proof The idea is to approximate the matrices D,, and D,, by the squares
D? and Dz, and to study the defect. A direct computation yields the relation
Az? 1

D,,=D?>-—=—"D2 —
vE T 4 T QA2

Diag (1,0,...,0,1),

which implies that the logarithmic norm of the defect D,, — D? is negative.

For the study of asymptotic stability of (3.2) we can therefore replace D,
and D,, by D? and D;7 respectively. All matrices of the resulting system
can be diagonalized simultaneously. Let v be an eigenvector of D, for the
eigenvalue i\, and w an eigenvector of D, for the eigenvalue ifi, then v ® w is
an eigenvector of the matrices D2 ® I, I ® Dz and D, ® D,. Written in the
basis of eigenvectors, which is orthonormal, the system (3.2) is decoupled into
scalar equations of the form

v = —ANv — Bji*v — 2C \aw.

Assumption (1.2) guarantees the asymptotic stability of this scalar differential
equation which, in turn, implies asymptotic stability of (3.2). O

Motivated by the proof of the previous theorem, we consider the scalar test
equation
v =—Nv— v —2chuv. (3.3)

where we put A = \WA, pw= VB and ¢ = C/\/E Here, A € R, y € R, and
le| <1 by assumption (1.2).

3.2 PDE-stability

Applying a PDE-W-method (1.6) with step size 7 to the test equation (3.3) and
considering in (2.6) the natural splitting for the Jacobian corresponding to the
mixed derivative, and to the derivatives with respect to x and y, respectively,

An70 = 726A,u, An,l = 7/\2, Amg = 7#2, (34)

we get the recursion U, +1 = R(20, 21, 22)U,, where R(zp, 21, 22) is a rational
function of the real variables,

2= =T,z = —Tp?, 29 = —2TCAu. (3.5)
It is given by

R(z0,21,22) = 1—|—sz(HIS —L—zA)_ll, (3.6)
where z = zg + 21 + 22 and

I = (1= 02) (1= 020) 7 (14 0201 = 022) (1= 020) 1), (37)



10 S. Gonzélez-Pinto et al.

and it is called the stability function of the method.
It should be noticed that the exact solution of the test equation (3.3) is
stable for all A € R and p € R, provided that |¢| < 1, because

z=20+21+2 <0, 2 <0, 2<0. (38)
This motivates the following definition.

Definition 3.1 A numerical time integrator which, when applied to the test
equation (3.3), yields the recursion U,1 = R(z0, 21, 22)U, with zg, 21, 22
given by (3.5), is called PDE-stable if

|R(z0,21,22)] <1 forall AeR, peR, | <1.

Numerical experiments with various W-methods confirm that PDE-stable
methods yield stable numerical solutions also for the system (3.2). It is, of
course, an interesting question to study whether PDE-stability implies stability
for the system (3.2) in any dimension.

3.3 PDE-stability of 1-stage PDE-W-methods

The most simple W-method is given by, (see e.g. [10, p. 398])

(I = 07W,) (Wns1 — Yn) = 7 (Yn)- (3.9)

It is of classical order 1, and for § = 1/2 it is of order 2 if (2.7) is satisfied.
The stability function is

R(z0,21,2) =1+ 1T '2 (3.10)

with 2 = 29 + 21 + 22 and IT ! from (3.7).

The stability function (3.10) is identical to that of the modified Craig—
Sneyd scheme for the special case p = 0, 0 = 0 of the 3-parameter family of
methods in [11, Formula (1.11)]. For the important case §# = 1/2, unconditional
stability of (3.10) is shown in the article [11]. The following theorem proves
unconditional stability for all 8 > 1/2. The proof is based on the inequality
(3.11) which will be an essential ingredient for the stability investigation of
W-methods with more than one stage.

Theorem 3.2 Assume that zg, 21,22 are given by (3.5). Then, the stability
function R(zo, z1,22) of (3.10) satisfies

|R(z0,21,22)| <1 forall NeR, peR, |¢]<1, 7>0,

if and only if 0 > 1/2.
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Proof Tt follows from |c| < 1 and (3.5) that
20| < 27[A|lul < T(A? + p?) = |z21] + |22,
so that zg > 21 + 29 and z = 25 + 21 + 29 < 0. We thus have

0z 9(21 + 2’2) 1+ 922’122
TS0 05 = T A0 (1= 07) (1= 021 —bm) ~

so that IT > 0. Together with an application of Lemma 3.1 below (by putting
a; := —0z;,1=0,1,2 and observing 14+ ag+a; +as = 1 —0z > 1) this implies

0< L < !
I~ 1-0z

(3.11)

Consequently, from (3.8) we have that R(zg, 21,22) =14 z/II <1 and also

1+(1-6)z z
-1<——= — < .
- 1-06z 1+1792_R(Z0721’Z2)
The inequality to the left follows from 6 > 1/2. O

Lemma 3.1 Assume that ag € R, a1 > 0, as > 0 satisfy 1 +ag+ a1 +as > 0.
Then we have
1 an 1
(1 - ) < :
(1—|—a1)(1—|—a2) (1-’-@1)(1-’-&2) 1+a0+a1+a2

Proof A straight-forward computation gives

1 Qo 1
(1+a1)(1—|—a2) (1—|—a1)2(1—|—a2)2 14+ag+ar+as

B (ap — %)2 +ajas + alas + aja3 + %a%a% <0
B (14 a1)?(1 4+ a2)?(1 + ag + a1 + az) -

which proves the statement of the lemma. a

3.4 PDE-stability of 2-stage PDE-W-methods

There is a two-parameter family of 2-stage W-methods of order > 2, see [10,
p.400]. It is straightforward to check that the stability function only depends
on the stability parameter 6 and that it is given by

2z z2(z—2
R(zp,21,22) =1+ S7 7(2]]2 ) (3.12)

with z and II as in Section 3.2.
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Theorem 3.3 Assume that zg, 21,22 are given by (3.5). Then, the stability
function R(zo, 21, 22) of (3.12) satisfies

|R(z0,21,22)| <1 forall NeR, peR, |¢]<1, 7>0,
if and only if 0 > 1/4.

Proof By putting 4 = 0 and considering the limit |A\| — oo, we find that
6 > 1/4 is a necessary condition for stability.
It follows from z = zg + 21 + 22 < 0 (see the proof of Theorem 3.2) that

2z z2(z—2) z2\2 z
y <1y 1=2 = s = 2(1 7) —— >0,
R(z0,21,22) + t ot 5 tog 72 >0
so that R(zp, 21, 22) > —1. From the inequalities (3.11) we get

z z—2 z z—2
R(z0,21,29) = 1 7(2 7)<1 7(2 7)<1,
(20,21,22) =14 (24 57 ) S 1+ 5 +2(1_92) <

because the expression in the bracket is positive for z < 0 and 6 > 1/4. This
proves the statement of the theorem. O

3.5 PDE-stability of 3-stage PDE-W-methods

The family of 3-stage W-methods of order > 3, under the special assump-
tion (1.7), were studied in [15, Theorem 1]. All these methods have the same
stability function (depending only on 6), which is given by

3z 32(2—2)  2(22—62+6)
R(ZOazlsz)zl—’_ﬁ—’_ DYIE 6173

(3.13)

with z and II as in Section 3.2. We also recall that there do not exist 3-stage
W-methods that are of order 3 without any restriction on W [17].

Theorem 3.4 Assume that zg,z1, 22 are given by (3.5). Then, the stability
function R(zo, 21, 22) of (3.13) satisfies

|R(z0,21,22)| <1 forall NeR, peR, || <1, 7>0,
if and only if 6 > 1/3.

Proof a) Assume first that || — oo. In this case z — —oo, but z/IT converges
to a limit which we denote by —a. We have

3 1 1
lim R =1-3a+-a* - _a? =
Iullinoo (20, 21, 22) o+ 5% ~ G e 00 7009)

The value o* = 3 is maximal such that the modulus of this limit is bounded
by 1 for all « € [0, a*]. This proves the necessity of § > 1/3.
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b) By abuse of notation we write R(z, IT) = R(zo, 21, 22), and we let
R(z,IT)—1= 6—;3]"(2,17), Fz, IT) = 18112 + 911 (2 — 2) + 6 — 62 + 22,

so that also

2
F(z11) = 18(17 + i(z - 2)) + é(u — 122 zQ).
From (3.11) we have that [T+1(z—2) > (1-0z)+5(2—2) = $(2+(1-46)z) > 0
forall z < 0and 6 > % Since f(z,1—02) is a monotonically increasing function
of 6 > 1/3 we have f(z,II) > f(z,1+ z/3) for all z < 0. It can be checked
that the polynomial f(z,1 + z/3) is non-negative for z < 0. Consequently, we
have f(z,II) > 0 and therefore also R(z,1T) — 1 < 0.
For the proof of R(zg, 21,22) > —1 we write

R(z,II)+ 1= (z,II)

61139

with
g(z,IT) = 1211 + 182117 + I1(92% — 18z2) + 2(6 — 62 + 22)

3
- 12(H+ %z) - 182H+z<6 — 62— 322)

For z < 0 this function is monotonically increasing with I7. From (3.11) and
6 > 1/3 we have IT > 1 —0z > 1 — z/3, so that g(z,IT) > g(z,1 —2/3). A
straight-forward computation shows that the polynomial g(z,1 — z/3) is non-
negative. This completes the proof of the theorem. O

4 Numerical experiments

We consider advection-diffusion-reaction partial differential equations, where
mixed derivatives of the solution are present. Our aim is to demonstrate nu-
merically that a stiff order larger than 2 can be achieved by the proposed time
integrator.

4.1 Advection-diffusion equation with constant coefficients

We first consider a linear advection-diffusion equation with constant coeffi-
cients,

Owu=Ad>u+B ajyu +2C 8§yu + DOyu+ Edyu+ g(t,z,y) (4.1)

on the square (x,y) € [0,1] x [0,1], where g(¢,z,y) is selected in such a way
that

u(t,z,y) = ue(t, z,y) = 2(1 — x)y(1 — y)et + Ii((.iﬂ + %)2 + (y+ %)2) et
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is the exact solution of (4.1). We impose the initial condition u(0,z,y) =
ue(0,z,y) and Dirichlet boundary conditions. If Kk = 0 we have homoge-
neous boundary conditions, but when k£ = 1 we get non-homogeneous time-
dependent Dirichlet conditions. To obtain an elliptic operator we always as-
sume (1.2).

We apply the MOL approach, where D, Dy, Dys, Dy, are the differenti-
ation matrices corresponding to the first and second order central differences
in each spatial direction (as in Section 3.1). The resulting semi-discretized
system is

U= A(I ® Dyp)U + B(Dy, ® U +2C(D, @ D,)U

+D(I @ D)U + E(Dy @ DU + (g(t, 2i,y;))10 1 + blt)

(4.2)

where b(t) stores the terms due to non-homogeneous boundary conditions. As
in (1.4) we write this differential equation as U = F(t,U), and we consider
the splitting

F(t,U)=Fy(t,U) + Fi(t,U) + F5(t,U),

where Fy(t,U) and Fy(t,U) correspond to the terms originating from dis-
cretizations with respect to z and y, respectively, and Fy(t,U) collects the
rest including mixed derivatives.

We have deliberately chosen a problem, where the exact solution is a poly-
nomial of degree 2 in x and also in y. In this situation the space discretization is
without error, and it is easier to study the error due to the time discretization.

4.2 Time integrators

There exist time integrators (e.g., MCS and HV below) of orders up to 2 that
allow for a treatment of mixed derivatives in the elliptic operator. In addition
to them we consider two PDE-W-methods.

MCS is a modification of the Craig—Sneyd [1] scheme that is considered in
[11, Formula (1.3)]. Parameters are 0 =0 = 1/3 and p=1/2 — 6.
Yo =Un +7F(t,,Up)
Y; =Y o1 4 07(Fj(tns1,Y;) — Fj(tn, Uy)), j=1,2
Yo = Yo + 07 (Fo(tny1, Ya) — Foltn, Up))
Yo = Yo + pr(F(tnt1, Yo) — F(tn, Uy))
Y = Y1 + 07 (Fj(tns1, Y;) — Fij(tn, Uy)), j=1,2
Uni1 = Ya.
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HYV is an extension of the Douglas scheme [2] and termed Hundsdorfer—
Verwer scheme in [11, Formula (1.4)]. Parameters are y = 1/2 and § = 1/3.

Yy = U, + 7F(t,,U,)
Y =Y+ 07 (Fj(tas1,Y)) — Fj(ta, Un)), j=1,2

}70 = YO + /LT(F(tn_t,_l, }/2) - F(tvu Un)) (44)
)N/J' :}N/j—1+aT(Fj(tn+1a1~/j)_Fj(tn+1vy2))’ J=12
Un-‘,—l = }A}Q

WPDE2 is the 2-stage PDE-W-method of Section 2.3 with coefficients taken
from the book by Hundsdorfer & Verwer [10, p. 155]

/(00 /0 0 _ (5/4
A= (2/3 0)’ L= (—4/3 0>, b= <3/4>'
The stability parameter is # = (3 +1/3)/6. This method has only 2 stages,

but it is of order 3 if (2.7) is fulfilled.

WPDES3 is the 3-stage PDE-W-method with coefficients of the W3a method [15].
The coefficients of A = (a;5), L = (¢;;), and b = (b;) are given by

0 00 0 0 0 10-v/3

A= 1 00|, L=(-3+v3 0 0 b= | 4+v38
4*\/510 _3 73+\/§0 g
4 4 2 4 3

and the stability parameter is chosen as 8 = 0.435866. ... The method is
of classical order 3 under the assumption (1.7).

4.3 Homogeneous Dirichlet boundary conditions

We apply the four time integrators of Section 4.2 to the space-discretized
differential equation (4.2). We fix the coefficients as A= B =1,C =0.5,D =
0.8, E = —0.7, and we assume homogeneous Dirichlet boundary conditions
(k = 0). The integration interval is 0 < ¢ < 1.

For our first numerical experiment we put Az; = 1/(n, + 1) and Ay; =
1/(ny+1) with n, = n, = 64, so that the dimension of the ordinary differential
equation is nzn, = 4096. We apply the four time integrators with constant
time step 7 = 27", for r = 2,3,...,16 with the methods MCS and HV, and
for r =2,3,...,14 with the two W-methods. In Figure 4.1 we plot the ¢s-error
for all methods. The left picture shows the error as a function of the cpu-time,
and the right picture as a function of the number of calls to a subroutine that
solves a tridiagonal linear system. It is equal to four times the number of time
steps for the methods MCS and HV, eight times the number of time steps for
the 2-stage method WPDE2, and twelve times the number of time steps for
the 3-stage method WPDE3. Both pictures are qualitatively identical, which
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1073 1073
10°¢ 10°¢
107 10~°
lin-syst
10712 10712 N
102 107! 10° 10! 102 103 10* 10°

Fig. 4.1 Comparison of four time-integrators applied to the equation (4.2) with parameters
A=B=1,C=05,D=08, E=—-0.7, and Kk = 0.

1073 1073
107° 107°
107° 107°
lin-syst lin-syst
1 0—1 2 N\ 1 0—1 2 N\
10? 10° 104 10° 10? 10° 104 10°

Fig. 4.2 Comparison of four time-integrators with data as in Figure 4.1, but for finer space
discretizations, ny = ny = 128 (left) and ny = ny = 256 (right).

shows that the number of calls to the linear system solver is a reliable measure
for the work.

In the figures we have included thin broken lines of slopes 2 (upper) and 3
(lower). They permit us to guess the numerical convergence order. One sees
that the methods MCS and HV show a stiff convergence order that is close
to 2. The PDE-W-methods, WPDE2 and WPDE3, show a nearly identical
{y-error. Their convergence order is close to 3.

In our second experiment we study the performance of the methods for
finer space discretizations. We repeat the previous experiment, but we choose
ng = ny = 128 and also n, = n, = 256. The result is shown in Figure 4.2. This
time we plot the ¢s-errors only as a function of the number of calls to a linear
system solver. The pictures for all different choices of the spatial discretization
parameter are nearly identical. The only difference is in the cpu-time. Since
the cpu-time is dominated by the time for solving the arising linear systems,
and these systems are all tridiagonal, the cpu-time depends linearly on the
dimension of the ordinary differential equation.
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1073 1073

10°° 10°°

107 107

cpu-time

10—12
102 107! 10° 10! 10? 103 104 10°

Fig. 4.3 Comparison of time-integrators applied to the equation (4.2) with parameters as
in Figure 4.1, but with time-dependent non-homogeneous boundary conditions (xk = 1).

1012

4.4 Non-homogeneous Dirichlet boundary conditions

It turns out that the PDE-W-methods lose accuracy when they are applied
to problems with time-dependent, non-homogeneous Dirichlet boundary con-
ditions (see the method WPDE3 in Figure 4.3). To avoid this drawback, we
apply the usual trick and transform the problem to an equivalent one having
homogeneous Dirichlet boundary conditions.

WPDE3H is identical to WPDE3, but applied to an equivalent problem
with homogeneous Dirichlet boundary conditions.

Let us explain the transformation to homogeneous boundary conditions. We
use the four cardinal directions to denote the boundary functions: we denote
by ug(t,x) and un(t,x) (south and nord) the functions on the bottom and
upper sides of the square, and by uw (¢,y) and ug(t,y) (west and east) those
on the left and right sides. The expressions on the four corners are denoted by
ugsw (t), use(t), une(t), and uyw(t). We let

u(t,z,y) = zyunet)+z(1—y)uset)+ (1 —z)yunw () + (1 —2) (1 —y)usw (t)
be the bilinear interpolation at the four corners, and we define

The change of variables w(t, z,y) = u(t, z,y) — u(t, z,y) then transforms the
equation (4.1) into a similar one, where only the function g(t, z,y) is changed.
To perform this transformation we assume that the first and second derivatives
of the boundary functions are analytically available. Discretizing the resulting
PDE as above, we get an ordinary differential equation, similar to (4.2), for
the transformed variables W;;(t) = U;;(t) — u(t, z;,y,). Applying a PDE-W-
method to this differential equation yields approximations to W;;(¢,), which
in turn gives the desired approximations to U;;(t,).

Figure 4.3 shows the numerical results for the problem of Section 4.1 with
parameter k = 1. We compare the PDE-W-method with the methods MCS
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Fig. 4.4 Error at the endpoint of integration of the methods WPDE3 (solid lines) and
WPDE2 (broken lines). The thin broken line indicates a slope 2.

and HV, which do not require the transformation to homogeneous boundary
conditions. The pictures as a function of the cpu-time (left) and as a function
of the required calls to a linear system solver (right) show that the overhead for
the above transformation is nearly negligible. Evidently, the good behaviour
of Section 4.3 is recovered with the implementation of WPDE3H.

4.5 Diffusion with nonlinear reaction

We consider a diffusion-reaction equation on the square (z,y) € [0, 1] x [0,1],
Oru= A% u+ Bagyu +2C(x,y) 6§yu +u?(1 —u) + €, (4.5)

where A = B =1, and C(z,y) = 0.5(1+(2—0.5)(y—0.5)) is a space-dependent
diffusion coefficient. The reaction term is the same as in the experiment of [9],
and the term e’ is included to avoid the stationary solution v = 0. We assume
homogeneous Dirichlet boundary conditions and the initial function ug(x,y) =
4x(1 — x)y(1 —y) for t = 0, which is consistent with the boundary conditions.

We consider the space discretization as in Section 4.3 with n, = n, = n,
and we apply the methods WPDE2 and WPDE3 of Section 4.2 with the split-
ting as in Section 4.1, where the reaction term is included in Fy(t,U).3 Fig-
ure 4.4 shows the lo-error (i.e., the difference between the numerical solution
and the exact solution of the space-discretized ordinary differential equation)
as a function of n? times the number of calls to the linear systems solver (which
is approximately proportional to the cpu-time of the integration). The refer-
ence solution of the ordinary differential equation is obtained numerically by
an integration with very small time steps. Both integrators are applied with
constant time steps 7 = 27", r = 2,...,11. We observe from Figure 4.4 that
the convergence order is uniform from very large to very small time step sizes,

3 For a stiff reaction it is recommended to use an additional term in the splitting.
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and it is slightly larger than 2. This convergence order is specific for the ex-
ample (an order close to 3 has been observed in the previous experiments for
a linear problem). A study of the convergence order is an interesting question,
but it goes beyond the scope of the present article.

5 Extension to higher dimensions
PDE-W-methods, as introduced in Section 2, can be extended with some care

to any number m of spatial variables to cope with the time integration of
parabolic problems

m
Opu = Z Qj aiﬂju +g(t, 21, T, U, Op Uy .., Op U, (5.1)

i,j=1
where A = (;;);"—; is symmetric positive definite, so that the second order
differential operator on the right-hand side is elliptic. In the present work we

restrict our considerations to a rectangular domain [0,1] x ... x [0,1] and to
Dirichlet boundary conditions.

5.1 Space discretization

Standard central second order discretization for the first and second order
partial derivatives leads to the ODE system

U=MU+G(t,U)+ bt). (5.2)

Here, U(t) € R "em = M is a symmetric matrix given by

M=) ail®...0 Dy, ®...01)
. (5.3)
+ 2 Z aj(I®...0D;; ®...0 Dy, ®...®1),
1<i<j<m

where D,.,, and D,, are in the (m — i + 1)th position of the tensor product,
and D, is in the (m — j + 1)th position. The function G(t,U) corresponds to
the spatial discretization of g(t,x1, ..., Tm,u, Oz U, ...,04, u), and the vector
b(t) contains the terms arising from Dirichlet boundary conditions. The differ-
entiation matrices Dg,,, and D, are assumed to be tridiagonal with entries
(1,-2,1)/Az? and (—1,0,1)/Axz;, respectively, and Ax; = 1/(n,, + 1).
Neglecting the expression g¢(...) in (5.1) we are concerned with a purely
parabolic differential equation. Assuming homogeneous Dirichlet boundary
conditions its dicretization is
U=MU (5.4)

with M given by (5.3). The stability of (5.4) can be studied as in Theorem 3.1.
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Theorem 5.1 If the coefficient matriz A = (ai;)i%—y in (5.1) is positive
definite, then the system (5.4) is asymptotically stable.

Proof The matrix M can be decomposed as M = Mg + >_:" | M; with

Mi=0;;(I®...Q (Dyo, —D2)®...®1I), i=1,...,m,
My = Zaij(1®...®D%®...®Dmi®...®1).

4,J=1

As in the proof of Theorem 3.1, the logarithmic norm of the defect D, ,, — D32,
is negative for 1 = 1,...,m. If we let v; be an eigenvector of D,, with eigen-
value i)\;, then v,, ® ... ® vy is an eigenvector of Mg corresponding to the
eigenvalue

Z Oéu(—)\z)\_]) = _()‘m, R )‘1)"4<Am7 RN} A1)T <0.
i,7=1

This proves the asymptotic stability of the system (5.4). O

5.2 Numerical algorithm

As in Section 2 we write the differential equation (5.2) as U = F(t,U) with
F(t,U) = MU+ G(t,U) + b(t). We split vector field F(¢t,U) as

Ft,U)=Fy(t,U)+ F1(t,U) +...+ F,(t,U), (5.5)

where F;(t,U) (for j =1,...,m) correspond to the discretization of the partial
derivatives with respect to each space variable, whereas Fy(t,U) corresponds
to what remains including the mixed derivatives. We let a, ; = 0,F}(t,,Uy)
and A, ; = OuFj(tn,U,). The PDE-W-methods of Section (2.3) allow for
a straight-forward extension to the m—dimensional PDE problem (5.1) as
follows:

?

K" = 7P (b + i, Up + S0 a3 KG) + Y0 G K

(I—- HTAnJ)Kf*(WHl) = Kff(mJFQ) +0pit?an,, l=1,...,m,
Ki(O) _ K;(mﬂ) n HTAn,oKi(*l) + 0pi2an 0 (5.6)
(I - GTAn7l)KZ(l) = Ki(l_l) +0pit?an,, l=1,...,m,
K; = K™
forv=1,...,s, and with advancing solution after one step given by

i=1
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5.3 Stability of PDE-W-methods

The stability analysis of Section 5.1 suggests to consider the scalar equation
u = —Er]ﬂ ajiAiAju for the study of the stability of PDE-W-methods.
Substituting /a;; A; — A; this equation becomes

Z)\QI/—Q Z Ci j NNV, (5.7)

1<i<j<m

with Cij = Oéij/, [+ Ol g for 1 S Z,] S m. Note that with ./4 = (O‘ij)?}jzl also
the matrix C = (¢; ;)1"_; is positive definite.
Applying a PDE-W-method to (5.7) with A,,; = =A% fori = 1,...,m, and

Apo= -2 Ziq ¢i jAiA; yields a recursion Uyp4+1 = R(20, 21, - . . , Z2m)Un, where
R(z9,21,-..,%m) is a rational function of the real variables
Z; = 7TA12, 1= 1, e,y Z0 = —27 Z Ci,j)\i)\j- (58)
1<i<j<m

It is given by (3.6), where z = zg + 21 + ... + 2, and

1

ﬁ (1-6z) (1+920H 1-0z)" )_ . (5.9)

Jj=1

According to Definition 3.1 we have PDE-stability if

|R(ZO7217 s 7Zm)| <1
for all \; € R and for all symmetric matrices (c; ;)7 _; (with ¢;; = 1 for all i)
that are positive definite. An essential ingredient of such a stability analysis
is upper and lower bounds for the AMF factor.

Theorem 5.2 Let \; € R and assume that C = (ci7j)§’7j:1 (with ¢;; = 1) is
positive definite. With z; of (5.8) and z = 29+ z1 + ... + 2z, the AMF factor
IT (with 8 > 0) given by (5.9) satisfies

I —1-0z

1 1
< (5.10)

Proof This inequality follows from Lemma 5.1 below by putting a; = —6z; for
0<i<m. O

Lemma 5.1 Assume that ap € R, a; > 0, 1 < i < m (m > 1), satisfy
1+ap+ 2?1:1 a; > 0. Then

1 ag 1
m 1- m S m .
[TZ (14 a:) < Hi1(1+ai)> L+ao+ 52, ai
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Proof Let Py, :=T[";(1+a;) > 1and Sy, :== >~ a; > 0. A direct compu-
tation shows that

I SR N S

Pm Pm 1+a0+Sm

— (a0 + (14 S — P))’ + 21+ S, + P)2 — P2
P7%L(1+a0+sm) ’

To prove the non-positivity of this expression, we notice that

20484 P = P2 = 2 (1450 43P0 ) (14 80— Pa).

The first factor is positive, and the second one is < 0, because
P,=04a1) ...-A+an)=14a1+...+amt+aas+...>214+5,.
This proves the inequality of the lemma. a

The stability analysis of PDE-W-methods (Section 3) also needs the posi-
tivity of IT, which we formulate as an assumption.

Assumption P The matriz C = (c; ;)%= (with ¢;; = 1) satisfies

(L+A3) =) cijAid; >0 forall \; €R. (5.11)
1 i#j

—

J

With the substitution \; — v/#7)\;, this inequality becomes equivalent to
the positivity of the factor IT of (5.9). It would be desirable to have a result
that states the validity of Assumption P for all positive definite matrices C.
This is true in dimension m = 3 (Theorem 5.3), but it is not true in general
for m > 4 (Remark 5.1 below).

Theorem 5.3 Let C = (ciyj)g’_j:l be positive definite, with ¢;; = 1 for all i.
Then, (5.11) holds.

Proof Since |¢; j| < /i ¢j; =1 (1 <4,5 <3), it holds for all A; € R that
3 3
TLo (LA = 3o cighidy = 14300 A7+ 30, 2N — 20 [l

3
> =2+ Zj:l )‘? + Zi<j(|)‘i”)‘j| - 1)2~

Now, consider f(z,y,z) = =2+ (2? +y*+2?) + (zy —1)*+ (2 — 1)+ (yz — 1)?
for x,y,2z > 0. It is not difficult to check that the critical points of f(z,y, 2)
fulfil x = y = z. In fact, the minimum value of f is f(%, %, %) = % > 0.
This completes the proof. a
Remark 5.1 The previous result for dimension m = 3 does not extend to
higher dimension. Here, we state a sufficient condition and a necessary one.
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Sufficient condition. If the matrix C is such that 27 —C is positive semi-definite,
then Assumption P is fulfilled. Expanding the product in (5.11) and ne-
glecting some positive terms shows that Assumption P holds, if

i#]

Because of ¢; ; = 1 this is equivalent to 2 —C > 0.

Necessary condition. Assumption P does not hold for general positive definite
matrices C = (Ci,j)ZLj:h with ¢;; =1 (1 <i < m) whenever m > 4. To see
this, it is enough to take in (5.11) A; = X >0 (1 < j < m) and consider

F)=Q+X)" =KX, K= ay.
i#£]

If L > m, the function f(\) attains its minimum at A\* > 0, where
JC\ 1/(m—1)
Q32z—1+(—) .
m

For this value, one has f(A*) > 0 if and only if

K= Zci’j <m (%)mil.

i#]
This is a necessary condition for Assumption P.

We are now in the position to formulate PDE-stability of W-methods also
in dimension m > 3 under Assumption P.

Theorem 5.4 Consider parabolic problems (5.1) in any number m of spa-
tial dimensions (mized derivatives are allowed), i.e. having a positive definite
matriz A. Under Assumption P, the PDE-W-methods of 1, 2, and 3 stages
with stability functions given by (3.10), (3.12) and (8.13) are PDE-stable for
0>1/2,0>1/4 and 6 > 1/3, respectively.

Proof By taking into account the Assumption P and the bound (5.10), the
proof follows the same steps as the proofs of Theorem 3.2 for s = 1 stage, of
Theorem 3.3 for the case of s = 2 stages and of Theorem 3.4 for s = 3. O

5.4 Numerical experiment

Extending the example of Section 4.1 we consider the partial differential equa-
tion

3 3
atu - Z Qi,j aiixju + Z @ axzu + g(ta x,Y, Z)

i,j=1 i=1
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Fig. 5.1 Comparison of four time-integrators applied to the problem of Section 5.4 with
coefficients of (5.13).

on the cube (z,y,2) € [0,1] x [0,1] x [0,1], where g(¢,x,y, z) is chosen such

that

u(t,,y,2) = 2(1 — 2)y(1 — y)z(1 — 2)e'

is the solution of the differential equation. We arbitrarily fix the coefficients as
Q11 = Q22 = Q33 = 1, aj2 = 0.5, 13 = 0.25, Q23 = —0.5,

(5.13)
o] = 08, Qg — 70.7, Qa3 — 0.6

guaranteeing that the second order operator is elliptic. We assume homoge-
neous Dirichlet boundary conditions.

To this problem we apply PDE-W-methods with the implementation of
Section 5.2. For a comparison with standard methods we also apply the MCS
method (with parameters as in Section 4.2) and the HV method (again with
w=1/2 and 6 = 1/3). We discretize the cube in such a way that we have
in every direction 64 grid points in the interior of [0,1]. Figure 5.1 shows
the lo-error as a function of the cpu-time (left picture) and as a function of
the number of calls to the subroutine that solves a linear tridiagonal system
(right picture), which equals six times the number of steps for the MCS and
HV methods and for each stage of the PDE-W-methods. The results are very
similar to those of Figure 4.1.

6 Conclusions

This article considers parabolic partial differential equations, where mixed
derivatives are present in the elliptic operator of the problem. Dirichlet bound-
ary conditions are considered and the MOL (method of lines) approach is used
for the space discretization. The resulting ordinary differential equation is nu-
merically integrated with methods that allow for an efficient application of the
AMF (approximate matrix factorization) technique to solve the arising linear
systems. An important class of such integrators are W-methods, which are
linearly implicit time integrators that only require an approximation to the
Jacobian of the vector field.



PDE-W-methods for parabolic problems with mixed derivatives 25

In the present work a new treatment of discretized mixed derivatives in
the AMF technique is proposed. These mixed derivatives are treated in an
explicit manner, however, due to the application of suitable damping matrices
time step size restrictions are avoided. For a stability analysis a new scalar
test equation is considered. PDE-stability (i.e., unconditional stability with
respect to the test equation) is studied for s-stage W-methods with s < 3.
Numerical experiments indicate that the proposed test equation is relevant for
the system obtained by the MOL approach.

An interesting question for further research is to study whether PDE-
stability of a PDE-W-method is sufficient for the stability of the method,
when it is applied to the MOL discretization in any dimension.
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