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Long-term analysis of the Stormer—Verlet method for
Hamiltonian systems with a solution-dependent high
frequency

Ernst Hairer - Christian Lubich

Abstract The long-time behaviour of the Stormer—Verlet-leapfrog method is
studied when this method is applied to highly oscillatory Hamiltonian systems
with a slowly varying, solution-dependent high frequency. Using the technique
of modulated Fourier expansions with state-dependent frequencies, which is
newly developed here, the following results are proved: The considered Hamil-
tonian systems have the action as an adiabatic invariant over long times that
cover arbitrary negative powers of the small parameter. The Stérmer—Verlet
method approximately conserves a modified action and a modified total en-
ergy over a long time interval that covers a negative integer power of the small
parameter. This power depends on the size of the product of the stepsize with
the high frequency.
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Stormer-Verlet scheme - Leapfrog integrator - Long-time energy conservation -
Adiabatic invariant
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1 Introduction

In the last decade much insight into the properties of numerical integrators for
highly oscillatory Hamiltonian systems has been gained, starting by thoroughly
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studying the numerical methods on a nonlinear model problem with a single
constant high frequency; see [14, Chap. XIII] and the original papers [10,9].
As an important tool, the technique of modulated Fourier expansions was
first developed in this single-frequency context and later extended to several
and infinitely many frequencies, which made it possible to explain remarkable
analytical and numerical long-time properties in multi-frequency Hamiltonian
systems [3,4] and classes of Hamiltonian partial differential equations; see,
e.g., [5,7,8] for long-time analyses of numerical methods for such equations.
We further refer to the review articles [11,12] and numerous references therein.

A key aspect for the numerical integration of oscillatory problems is that
the product of the stepsize with the highest frequency in the system (the
CFL number in the case of partial differential equations) is not required to be
exceedingly small. Numerical long-time results for oscillatory problems under
realistic stepsize conditions can be proved with modulated Fourier expansions,
but are not accessible by standard backward error analysis; cf. [14, Chapters
IX and XIII].

In this paper we consider a model problem with a single solution-dependent
high frequency that was first studied analytically by Rubin & Ungar [19].
It describes motion under a strong constraining force and is given by the
Hamiltonian

W((Io)2
2¢e2

with a small parameter 0 < ¢ < 1. The variables ¢ = (qo, ¢1) € R% x R% and
p = (po,p1) € R% x R% represent the positions and momenta, respectively,
and |-| denotes the Euclidean norm. The frequency function w and the potential
U may depend on ¢, but are assumed to be smooth in the sense that all their
derivatives are bounded independently of e. We assume that w(go) has a fixed
positive lower bound independently of qq, say w(go) > 1.

The rescaled variant H = 3 (pd + p?) + jw(eqo)?q} is a standard exam-
ple in the theory of adiabatic invariants as described in [1, Chap.5.4]. The
fundamental role of such an Hamiltonian for magnetic traps and mirrors is
discussed there and in [2, Chap.IIL.1]. In [6] the Hamiltonian (1.1) was con-
sidered as a model problem for adiabatic invariance in molecular dynamics
and numerical weather prediction. For the constant-frequency case w(gp) = 1
the Hamiltonian (1.1) reduces to that of the model problem of [10] and [14,
Chap. XIIT].

The equations of motion are given by pg = ¢o, p1 = ¢1 and the system of
second-order differential equations

1
H@mthmpﬂ::§<md2+HhP>+ g1 + U(go, q1) (1.1)

2
. w
Go = —7((]0)2'(]1' Vow(q0) — Vg U(q0,q1)
£
()’ 2
Gr=— @1 — VqUlq,q1)-

2
€
Initial values are assumed such that

71(0) = O(g), qo(0) = O(1), po(0) =0O(1), p1(0) =0O(1). (1.3)
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This implies that the total energy is bounded by a constant independent of ¢.
In this system, the components ¢ (t) oscillate fast with small amplitude O(e)
and with the slowly changing frequency w(qo(t))/e.

We consider the action (oscillatory energy divided by the frequency, rescaled
with the factor e~1)

1 p?  wlgo
I(q0,q1,p0,p1) = 2w(q|o) 2(52)

@, (1.4)

which is O(1) at the initial values. The action is nearly conserved, up to
deviations of size O(e), over very long times; in the case of a single fast degree
of freedom (dy = 1) see [18] for the Hamiltonian (1.1) and [1, Chap. 5.4] for the
(rescaled) Hamiltonian without the potential U; for general dy > 1 we refer
to Theorem 3.2 below. The action I is therefore called an adiabatic invariant;
see also [15] for this notion.

In Section 2 we show that the exact solution admits an asymptotic expan-
sion into products of slowly varying functions with integral powers of e/®()/¢
for a suitable smooth phase function ¢(t), whose time derivative is close to
w(qo(t)). This expansion is called a varying-frequency modulated Fourier ex-
pansion, a notion that extends the constant-frequency modulated Fourier ex-
pansion of [14, Chap. XIII]. Even if the truncated expansion is a valid solution
approximation only over short time ¢ = O(1), it is the key tool to proving the
near-conservation of the action along the solution over long times t = O(~%)
for arbitrary integer N, which is done in Section 3. This long-time adiabatic
invariance result for (1.1) has previously been proved in the case of a single
fast degree of freedom (d; = 1). For this case it was obtained using canon-
ical coordinate transformations of Hamiltonian perturbation theory; see [18]
and compare also [1, Chap. 5.4] for a closely related class of Hamiltonians. The
proof via modulated Fourier expansions, which allows for arbitrarily many fast
degrees of freedom without further ado (but still for a single high frequency),
does not use any such nonlinear coordinate transforms. Not least because of
this property, this proof can be extended to numerical methods, as we will
show in this paper.

In Sections 4 to 6 we study the widely used Stormer—Verlet—leapfrog in-
tegrator applied to (1.2), for stepsizes h = O(e) below the linear stability
threshold. It has been shown in [17] that the adiabatic invariant is nearly pre-
served over long times by the Stormer—Verlet method with very small stepsizes
h = O(e?), using standard backward error analysis. Here we show that both
the adiabatic invariant and the total energy are well preserved over long times
for larger stepsizes h = O(e). We show in Section 4 that the numerical solu-
tion admits a modulated Fourier expansion with a modified phase function.
This is used in Section 5 to show that the method nearly conserves a modified
action over times t = O(¢~V) with a positive integer N that depends on an
upper bound of the product of the stepsize with the frequencies. In Section 6
we show similarly that the method nearly conserves a modified energy over
such long times. The expressions for the modified action and energy are the
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same as in the constant-frequency case, since derivatives of the frequency do
not enter these expressions in leading order.

With the techniques developed and used in this paper, it is also feasible to
extend known long-time results for trigonometric integrators [14, Chap. XIII]
and the implicit-explicit symplectic method considered in [16,22,21,3] from
the case of a constant high frequency to a solution-dependent high frequency.
To present this paper as a concise proof of concept, we do not work out these
interesting extensions here, but limit ourselves to the exemplary case of the
Stormer—Verlet method.

With hindsight, it is remarkable to which extent results and techniques
originally developed for constant-frequency systems generalise to a varying
frequency — pitfalls and new technical difficulties notwithstanding.

2 Modulated Fourier expansion of the exact solution

We show that the solution q(t) = (qo(t),q1(t)) of (1.2) admits a modulated
Fourier expansion

g(t) = Y M (1) e*D/E =% k), (2.1)
kEZ kEZ
where y*(t) = 2¥(t) e**(*)/¢. The modulation functions z*(t) = (2§(¢), 25 (1))
and the phase function ¢(t) are e-dependent functions that are required to be
smooth in the sense that all derivatives are bounded independently of . The
following result extends Theorem XIIL.5.1 of [14] to state-dependent frequen-
cies.

Theorem 2.1 Consider a solution q(t) of (1.2) that satisfies the bounded en-
ergy condition (1.8) and stays in a compact set K for 0 < t < T. Then the
solution admits an expansion

gty =D F@)e*?W/E 4 Ry(t) (2.2)
|KI<N+1

for arbitrary N > 1, where the phase function satisfies

P(t) = /0 w(29(s))ds,  sothat  $(t) = w(2H(t)). (2.3)

The functions z*(t) = (2§(t), 25 (t)) together with their derivatives (up to ar-
bitrary order M) are bounded by

& O(eh) for k even & O(F*2)  for k even
20 = k42 21 = k (24)
O(e**2)  for k odd O for k odd
fork=0,...,N + 1. Moreover, 2% = 2k for all k. The remainder term and

its derivative are bounded by

Rn(t) = O(t%eN) and Ry(t) =O@te™) for 0<t<T. (2.5)
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With this bound, the functions zf are unique up to terms of size O(eN12).
The constants symbolised by the O-notation are independent of € and t with
0 <t <T, but they depend on N, T, the constants in (1.3), on bounds of
derivatives of w(qo) and U(qo,q1) on K, and on the mazimum order M of

considered derivatives of z*(t).

Proof The proof follows closely that of Theorem XIIL.5.1 of [14]. We briefly
sketch the main steps and highlight the main differences to the constant-
frequency case. Inserting the finite sum of (2.2) and

q(t) ~ Z (ék(t) + 2ikzk(t)q5£(:) + 2R (1) (1]@@ 2 ‘75?;)2)) ik (t) /2
|k|<N+1

into the differential equation, expanding the nonlinearities around the non
oscillating part 2°(t), and comparing the coefficients of e**()/¢ yields, for

W(q07q1) = %gizw(QO)2|ql|2 + U(qu 111)7

2R(t) + 2ikz"k(t)@ + 2" (1) <1k@ 2 ¢(t)2)

€ € g2
N+1 1 (2.6)
3 Lewmena
m=1 s(a)=k
where the sum is over multi-indices o = (a1,..., ), 0 < |a;| < N + 1, such

that s(a) = a1 + ...+ @y = k, and 2% = (2°1,...,2%). For k = 0 there is
an additional term —VW (z°) on the right-hand side. The construction will be
such that the bounds (2.4) hold. Therefore we have truncated the Taylor series
expansion after the (N + 1)th term in order to get a defect of size O(eV).

Assuming that the bounds (2.4) hold, the only e~ !-terms in equations (2.6)
appear for |k| = 1, for zi'. They are —27'¢(t)?/e2 on the left-hand side and
—271w(29)?/e? on the right-hand side. Taking these terms equal yields the
relation (2.3). We then get a coupled system of differential equations for 2
and 2! of the form

1
2(2%)1-21
o2

2 = —w(d)

VQUW(Z(())) - VCIOU(ng 0) + O(E)
iﬂ _ V(I(Jw(zg)-r'ég i + O(
- 0 E)a
€ 2w(z)) €
where the O(g)-terms contain higher derivatives that have to be eliminated re-
cursively. The first equation is obtained by equating the non oscillating terms,
and the second equation is obtained by equating the coefficients of elko(t)/e
with |k| = 1 and using the relation (2.3) for substituting ¢(¢) and ¢(t). For all
other coefficient functions zjk we get algebraic relations. Since ¢(0) = 0, initial

values for the differential equations are obtained from

9(0)

€

> O =a0), Y (50 +ik(0)

|k|<N+1 |k|<N+1

)=d0). (@7
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From our assumption (1.3) on the initial values we get zJ(0) = O(1), £0(0) =
O(1), and z'(0) = O(e). This implies the bounds (2.4) for z§ and 2E!.

Compared with the case of a constant high frequency, we now have addi-
tional terms with a factor e =2 appearing on the right-hand side of (2.6). These
terms change the bounds that we get for the functions zf With the arguments
used for the constant frequency case we get z? = O(e?) and 2§ = O(e?), but
for |k| > 2 we only obtain 2*¥ = O(c¥) instead of O(e**+?2). The fact that 22
does not have a better bound than O(g?) is seen from the equation

w(20)? (z1)T 21
400 2 () V() N + O(e).
It remains to explain the improved bounds of (2.4). For 27 we obtain
R P W A L N,

g2 g2

which yields 22 = O(g?). For z3 the right-hand side has two dominant terms
which are products with factors (27, 21, 2%) and (29, 21, 23). They are both of
size O(g%).

The proof of (2.4) now continues by induction on k. For z% the right-hand
side consists of a sum of products with factors (27, 2{?, z5%, ..., 25™) with
m>2and a1 + ...+ a,, = k. If k is odd, then either one among a7 and as
is even or one of the remaining «; is odd. In each case we get the improved
estimate 2§ = O(eF*2).

For zf the right-hand side consists of a sum of products with factors
(274, 20%, ..., 29™) with m > 2 and aq + ... + o, = k. If k is even, then
either oy is even or one of the remaining «a; is odd. In each case we get the
improved estimate zf = O(gk+2).

This construction yields a small defect of size O(e") when the expansion is
inserted into the differential equation (1.2). On a finite time interval 0 < ¢ < T
this implies the stated error bounds (2.5) by the same arguments as in the
constant-frequency case. a

The construction of the previous proof implies that the functions y*(t) =
2R (t) e*¢()/= satisfy the second order differential equation

= =5 V) - V() + O, (28)

where y = (y*)xj<n+1 is the vector of coefficient functions and

N+1
U - UG+ ST Y Uy 20
m=2 s(a)=0
where the sum is over multi-indices o = (a1,..., ), 0 < |a;| < N + 1,

such that s(a) = a3 + ...+ a, =0, and y* = (y**,...,y*™). The notation
V_iU(y) indicates the partial derivative of U(y) with respect to y~*. The
function V(y) is defined like U(y) with U(q) replaced by V(q) = $w(qo)?|q1|*
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3 Adiabatic invariant of the Hamiltonian system

The key to the existence of an adiabatic invariant is an invariance property of
the extended potentials & and V: with S(A)y = (e**¢/*) |5 <n41 we have

USN)y) =U(y) forall XeR.
This implies
d

0=

dA‘Azo“(S(A)y):* Yo k() TVU), (3.1)

[k|[<N+1

and we have the same property for V(y). We multiply (2.8) with —(ik/e)y =¥,
which is O(1) by (2.4), and sum over k. Hence, the expression

Iy.9)= - Y ky M (3:2)
[k|<N+1
satisfies d
S1(y(1),5(1) = ON). (3.3)

We then obtain the following extension of Theorem XIIL.6.2 of [14] to a state-
dependent high frequency.

Theorem 3.1 Under the assumptions of Theorem 2.1,
Z(y(1),¥(t)) = Z(y(0),5(0)) + O(=")
Z(y(t),y(1) = I(a(1),d(1)) + O(e).

The constants symbolised by O are independent of € and t with 0 <t <T, but
depend on N and T.

Proof The first statement follows from (3.3). Differentiating y* = Zheiko/e
with respect to t and using (2.4) yields

. k 0
gk = (z Lite ko k) ikp/e _ 4 w(ZO)ykJr(’)(sk),
€
which inserted into the definition of Z gives
Z k2< | k| +O( )) (Z(])‘ 1‘2_'_0()
[k|<N+1

Inserting the modulated Fourier expansion into I(g,¢) shows that the domi-
nant term is the same as for Z(y,y). O

Patching together many short intervals of length O(1), Theorems 2.1 and
3.1 yield the following long-time result in the same way as in the proof of
Theorem XII1.6.3 of [14].
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Theorem 3.2 If the solution q(t) of (1.2) stays in a compact set for 0 <t <
e~ N, then
I(q(t),4(t)) = 1(4(0),4(0)) + O(e) + O(te™).

The constants symbolised by O are independent of € and t with 0 <t < &=,
but depend on N. |

The long-time adiabatic invariance of the actions (even over times expo-
nentially long in 1/¢) was previously proved by Reich [18] in the case of a
single fast degree of freedom (d; = 1) using results from Hamiltonian pertur-
bation theory. For the case of time-dependent frequencies w(t)/e a proof via
modulated Fourier expansions is given in [20)].

4 Modulated Fourier expansion for the Stormer—Verlet method

The Stormer—Verlet or leapfrog method (see, e.g., [13,14]) for a second-order
differential equation ¢ = f(q), when used with stepsize h, determines position
approximations ¢, & ¢(nh) via the two-step formula

In+1 — 2¢n + qn—1 = hzf(qn)' (4.1)
The velocity (or momentum) approximation p,, & ¢(nh) is obtained from

1

pn:%

(Qn—‘rl - qn—1)~ (4.2)
As is well-known, the method admits a one-step formulation, which makes it a
symplectic method in the Hamiltonian case where f(q) is the negative gradient
of a potential, as in (1.2).

In analogy to the exact solution of (1.2), we consider a modulated Fourier

eTpansion
G 3OO =S, t=h, (43)
kEZ kez

for the numerical solution of the Stormer—Verlet method (4.1). We use the
same symbols z¥(¢) and ¢(t) for the numerical coefficient functions and phase
function, respectively, which now depend on h and n = h/e.

Theorem 4.1 Consider the numerical solution q,, of the Stérmer—Verlet method
applied to (1.2) with initial values satisfying the bounded energy condition
(1.8). Suppose that, for 0 < nh < T, ¢, = (qn,0,Gn,1) Stays in a compact
set K and

h . 0
gw(qmo) < 251n<N n 2) (4.4)

for some odd integer N > 1. Then the numerical solution admits an expansion

qn = Z Zk (t) eik¢(t)/€ + RN (t)’ t= Tlh, (45)
|[k|[<N+1
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where zli(NH)(t) = 0, and the phase function satisfies
. (h . _h 0 _
Sln(2—€¢(t)> = Q—Ew(zo () and #»(0) =0. (4.6)

The functions z*(t) = (2§(t), 25 (t)) together with their derivatives (up to ar-
bitrary order M) are bounded by

w JO(ER) for k even w JO(E"T2)  for k even
zy = o z7 = X (4.7
O(e**2)  for k odd O(e") for k odd
for k =0,...,N + 1. Moreover, z=% = 2k for all k. The remainder term is
bounded by
Rn(t) = O(t%eN)  for 0<t=nh<T. (4.8)

With this bound, the functions zf are unique up to terms of size O(eN12).
The constants symbolised by the O-notation are independent of €, h and t with
0 <t <T, but they depend on N, T, the constants in (1.3), on bounds of
derivatives of w(qo) and U(qo,q1) on K, and on the mazimum order M of
considered derivatives of z*(t).

Proof We aim to approximate

n+1 — 2Qn +qn-1~ Z (yk(t + h) - ka(t) + yk(t — h)),
|k|<N+1

where y*(t) = 2% (t)e**(1)/¢ with smooth functions z*(t) and ¢(t). We expand
y*(t + h) as (using n = h/e)

2

yF(t+h) = (zk(t) +hzF(t)+ %ék(t) +.. .)eik¢<t>/€eik”4’<t) (1 +ik-ngdi(t) +.. ) .

With the notation 67y*(t) = (y*(t + h) — 2y*(t) + y*(t — h))/h*> we have

82y0(t) = 6220(t) = 2°(t) + O(h?) for k = 0. Using the identity e'®+e7'* -2 =
4sin?(x/2) we obtain for k # 0, omitting the argument ¢,

6,%yk' = % (4 sin? (k%qﬁ) k4 2ih sin(kn(ﬁ) 4 iknh cos (kn¢) ¢zk + .. .)eikws.
Similar to our procedure for the exact solution, we insert this expression into
the numerical scheme, we expand the nonlinearities around the non-oscillatory
part 2°(t), and we compare the coefficients of ¢**()/¢. As in the proof of
Theorem 2.1 this yields differential and algebraic relations for the coefficient
functions 2" (t) = (2§(t), 2 (t)) and for ¢(t).

Replacing in the expression for §7y! the factor h=2 by n~2¢72 and then
equating the 72 terms in the part of the Stormer—Verlet scheme corresponding
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to the second equation of (1.2), yields the relation (4.6). For 23 and zi' we
get the coupled system of differential equations

.. 22Tzt
8 = —w() LAY 0(f) — V,,U(:4,0) + ()

N

Bl Vel AT (LD BB o
e 260(28) € 1— wa ZO

which up to the O(e) terms and the factor in big brackets are identical to
those for the exact solution. The initial values for the differential equations
of 2§ and 2! are determined from the condition that the equation (4.5) is
satisfied without remainder term for t = O and t = h.
For k # 0 the coePﬁc1ent of 2§ in 67yk is 4h=2sin(kn¢/2). The coefficient
of 2¥ in 82yF — e 72w (28)%yF equals, using (4.6),
0

4 Sin2<@)_w(2’o)2 _ 4 sin (knd)) ‘i (77;))

h? 2 €2
= i sm((k 1)77g5) sin(L ;_ 1)77@).

h2
2

After the division by 4/h?, the coefficients of z§ (with k # 0) and 2¥ (with
k # £1) are therefore

sin? (gmﬁ) and sin( (k ; D) n(b) sin( (k —2|— D) n(b) , (4.9)

respectively. Since, by (4.4),

sin(gé(t)) = gw(zg(t)) = gw(qmo) +0() < sin(Nj_ 2) +O(e)

for t = nh, we have g(é(t) < 53 + O(e), so that the first factor of (4.9)
is bounded away from 0 for |k| < N + 1, and the second factor is bounded
away from 0 for |k| < N. Since we assumed zi(NH) = 0, this allows us to
construct the functions z* for |[k| < N + 1 in the same way as in the proof of
Theorem 2.1, with the same bounds.

We next consider the defect in (4.1) on inserting the sum of (4.5). Up
to terms of size O(eV*1) the defect consists of smooth functions multiplied
by e*#/¢ with |k| > N + 1. By construction, the coefficient of e*!(N+1¢/
vanishes in the 0-component of the defect. The coefficient of eH(N+1#/e i
the 1-component of the defect consists of a sum of products with factors
(290, 282, 20™) with m > 2 and a1 + ... + @, = £(N + 1), divided by €2
If N is odd (i.e., N +1 even), then either « is even or one of the remaining «;
is odd. In each case we get a O(¢V*1) bound for the coefficient of e* (N +1)¢/

in the 1-component of the defect. The coefficients of b/ with k| > N + 2
are bounded by O(eV).
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We thus obtain a small defect of size O(¢") when the expansion is inserted
into the Stérmer—Verlet scheme (4.1). On a finite time interval 0 < ¢ < T this
implies the stated error bounds (4.8) by the same arguments as in the constant-
frequency case. O

The construction of the previous proof implies that the functions y*(t) =
2R (t) elko(t)/ gatisfy the second order difference equation, with the notation

Sryk(t) = (y*(t + h) — 2% (t) + y*(t — h)) /b2,
Rt ) =~ VeV (y(0) - Vo (y(0) + OEY), (410

where y = (yk)|k|§ N1 18 the vector of coefficient functions and the extended
potentials U(y) and V(y) are the same as in Section 2.

5 Adiabatic invariant of the Stormer—Verlet method

We consider the modulated Fourier expansion on an interval of length O(h),
where we can replace the coefficient functions z*(¢) and the phase function ¢(#)
of (4.6) by Taylor polynomials of degree M > N + 3. Because of h = O(e),
this keeps the defect in (4.10) of size O(e), and the remainder Ry (t) in (4.5)
of size O(t?e"). We will show that the modulated Fourier expansion has two
almost-invariants Zj, [z](t) and Hy,[z](t), where this notation indicates that the
expression depends on 2*(t), 25(t), ..., (z*)M)(t) for |k| < N + 1.
We introduce the modified frequency

wn(qo) = w(go)y/1 — (%gqo))Q

and the corresponding modified action

(5.1)

2
Y4 wpg
Ih(q7p) = | 1| ( O) ‘ |2'

§wh(q0) 252

Theorem 5.1 Under the assumptions of Theorem 4.1, there exists an almost-
invariant Ty [z](t) of the modulated Fourier expansion, such that

T1|2z)(t) = Tn[2)(0) + O(teN)  for 0<t<h
In[z](nh) = In(qn, pn) + O(e) for n=0,1.

The constants symbolised by O are independent of € and h, but depend on N
and M.

In the proof we will use the following auxiliary result.
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Lemma 5.1 Let o(7) be a polynomial in 7 of degree d > 2 with real coeffi-
cients bounded by B, let 0 < e <1 and set

f(r) = elr(m)/e
Let m > 2 be an integer. Then,

1 1 /ip(0)\m™ | T
= rm) o) = — (PN ig0)/e | Tm
m! F0) m! ( € ) ¢ + gm
with 1)/
€ gmie—
m < O m<7 7)a
Irml < Ce m! + (m/d)!

where C' and ¢ depend only on B and d (and are, in particular, independent
of € and m).

Proof We consider the first terms in the Taylor expansion of ¢(7) and write

o(7) = ¢(0) + 7$(0) + T2(7).

With the entire complex function

i (T
g(7) = ei(PO+mo(O)/ © v -1
72 /e

we then have )

F(r) = el(e@+7e(0)/e 4 %Q(T)

and hence

Tm 1 d™ 2

(F9m)

= — — —g(7) ).

em  oml drm o\ e 7

By Cauchy’s estimates, the derivatives of g are bounded, for arbitrary radius
R >0, by

g (0)] _ My(R) . _
S S e with MQ(R)_\T@}E‘Q(T)"

and we note that

O(EeCRd/‘E) for R>1

My(R) =
o(R) {(’)(eCR/E) for R < Const.

We optimise R in dependence of m, which leads us to choose
RY = me if me > 1, and R= me else.
cd cd c
This choice yields the bound
(m) m d \m/d
lg '(O)I < oo ()" 4 geemi(LL)™
m! me me

which together with the Stirling formula for factorials and the Leibniz formula
for the higher derivatives of products of functions yields the stated result. 0O
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Proof (of Theorem 5.1). As explained before, we can assume that the coeffi-
cient functions 2*(¢) and the phase function ¢(t) are polynomials of degree at
most M. Hence, y*(t) = 2#(t)e'*®(") is an entire analytic function of t.

We multiply (4.10) with —iky~* /e, and sum over k. Using the invariance
property (3.1) of U and V, we obtain

Z ky= k()T 6747 (1) = O(N).

|k|<N+1

Since y* is an entire function, it has a convergent Taylor expansion

2h2£ d2€+2

S = = @) ey 5(8).

£>0

With the fourth of the “magic formulas” on p. 508 of [14] we therefore have
(omitting the superscript & on y*)

TN 2h?t T, (2042)
7 50) 3 2 70

2h2t d T
_ Im T2 _ 2T @20 L (O (e+1)
;O 20+2) at @'y vy g7y )

d 2h2t T
= A S g Ty _gTye0 o g Oy
dt £ (20 +2)! @'y yyoot g Ty),

where interchanging the derivative with the infinite sum is justified by the
analyticity of the functions. Each of the products 4= (y=*)T 4= y* can be writ-
ten as a smooth function of z* and its derivatives and of the derivatives of ¢,
which are expressed as functions of zJ and its derivatives by (4.6). Note that
¢(t) does not appear, since it cancels in the products. We then obtain that

there is a smooth function Zp[z](¢) such that

d _ k 2,k N
—Tnlz] —= Z Ey =) 6245 (t) = O(M).
|k|<N

Integrating this equation yields the first statement of the theorem.

For the proof of the second statement we elaborate the dominant term of
Ty [2](t). We fix t and consider y*(t + 7) = 2F(t 4+ 7)ek*(t+7)/e For k # 0,
Lemma 5.1 and the bounds (4.7) give us

1 dam
m! dtm

(0 = 0 (Low) "o ro( e (9" 62

3

where ¢ and the constant symbolised by O are independent of m > 1 and ¢.
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Inserting (5.2) into (—1)" fti ("7 (?: y*, the dominant term is seen to be
the same whenever 7 + s = 2¢ 4 1 and hence, omitting the superscript k in y*,

we obtain

ﬁ (v s 00 50 200+ & RIORTE )

- ﬁ(f +1) (%aﬁ(lt))wﬂlzzk(t)l2 + (’)((é/}v[)! (g)%fz\k\).

This gives us

i i —1)¢ L N20+1
Tnlz)(t) = 2 > (k|zk(t)|22(2(gi)1)l(T¢(t>) o +O(€2|k|))
£>0 :

n
0<|k|<N+1
S (k|zk(t)|2sm(@q's(t))+0(ha2lk\))
eh €
0<|k|<N+1

2 e (b
= 1) sm(EQb(t)) +O(e).
Using (4.6) and the definition of the modified frequency to obtain

sin(g(/.)(t)) = 2sin(%q§(t)) cos(%g{ﬁ(t)) = gwh (20(t)),

this finally becomes

— oy (2 (e 201
Tala)(1) = 2n(28(1) 2 + O(e). (5.3)

To complete the proof of the second statement we also have to elaborate

the dominant term of I;(g,,pn). From Theorem 4.1 we get for the velocity
approximation p,, of (4.2) the modulated Fourier expansion at t = t,,

po=gr 2 (VR =yt —n) + O™,
|k|<N+1

where y*(t) = 2 (t)e*®(1)/2 are the coefficient functions of Theorem 4.1 corre-
sponding to starting approximations ¢,_1 and ¢,. Expanding the expression
into a (convergent) Taylor series around h = 0 and using (5.2), we obtain for
the second component of p,, = (pn,0,Pn,1) that

2h2€+1 d2£+1

1 . N
T et e yE () + O(h
Prt =355 Z Z (20+1)! dt2£+1y1( ) +O(he™)
|[k|<N+1£€>0

_ 1 k() ek (=1)"  (kh \20H
=5 3 (Hoeor s ot (Faw)

k| <N+1 >0
= %(,z%(t)ei"}(t)/E — zfl(t)e_i¢(t)/a) Sin<§¢(t)) + O(e)

= - (OO =27 (e ) wn () + O().

+ O(halkl)>
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This yields

o L1 ewe  —1pma—io®)/e| 002
[P 782’21(15)6 zy (t)e wn(z(t))° + O(e). (5.4)

From Theorem 4.1 we have

. . 2
anal? = |00/ 4 271 (1) 0| 1 O() (55)

Using gn.0 = 29(t) + O(e%) this yields, with yF(t) = 2§ (t)elk*()/e at t = ¢,,,

1 pnal® | wn(gno)

Th(gn,pn) = 2 wn(qn,0) t 2¢2 |Qn71|2
wn (28 ) X o
:%ﬁfnmﬁ“*ﬂfwﬂl+Mﬂﬂ+%1@!)+0@)
wa (26(1))

= 2 2l 4+ 06)

= Tn[2)(t) + O(e),
which completes the proof. O

By patching together many short intervals, in the same way as in [14,
Sect. XIIL.7], we obtain from Theorem 5.1 the following long-time near-conser-
vation result.

Theorem 5.2 Under the conditions of Theorem 4.1,
1n(qn, pn) = In(go;po) + O(e)  for 0 <nh<e N*,
where the constant symbolised by O is independent of n, h, e, but depends on N.

Remark 5.1 The numerical experiments of [3] show that with

Z—j :sin(Nil), i.€., sin(g—f) :sin(Nil)

the error in the adiabatic invariant in the constant-frequency case does not
behave more favourably than O(g) + O(te™), as is illustrated for N = 2,3.
Condition (4.4), which appears in Theorem 4.1, shows that in Theorem 5.2
little is lost in comparison with the constant-frequency case.
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6 Energy conservation of the Stormer—Verlet method

We show that the Stormer—Verlet method nearly conserves a modified energy
over long times. We note that the total energy can be written as

H(q,p) = w(90)1(g,p) + 5|pol* + U(q),
and with another modified frequency

. 2e h
wn(qo0) = o arcsm(2 (qg))

we consider the modified energy

Hy(q,p) = @n(q0)In(q,p) + 3lpol®> + U(q). (6.1)

Theorem 6.1 Under the assumptions of Theorem 4.1, there exists an almost-
invariant Hp[z](t) of the modulated Fourier expansion, such that

Hilz](t) = Hi[2](0) + O(te™) for 0<t<h
Hnlz](nh) = Hp(qn,pn) + O(€) for n=0,1.

The constants symbolised by O are independent of € and h, but depend on N
and M.

Proof The proof proceeds similarly to that of Theorem 5.1. We can again

assume that the coefficient functions z*(t) and the phase function ¢(t) are

polynomials, so that y*(t) = 2¥(t)e*¢(® is an entire analytic function of ¢.
We multiply (4.10) with §~* and sum over k to obtain

SO0 =~ 3 (SV0) HUE)) + OEN).

|k|<N-+1 dt

With the first of the “magic formulas” on p. 508 of [14] we have (omitting the
superscript & on y*)

20
Re (7 62y) = 3~ Re (7'52+2)

|
= 20+2)!
2h*" d il =T —T — T
N TEs (20 +2)! (] y B — Gy 4 gy (O (T2 Ly (1) Ty (D)
€>O
d 22t T
— &ZWR oy —F Ty L@ y(uz)i MG y(”l)),
>0 :

Each of the products %(y‘k)Tf; yk can be written as a smooth function
of z* and its derivatives and of the derivatives of ¢, which are expressed as
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functions of 2§ and its derivatives by (4.6). We then obtain that there is a
smooth function Kp[z](t) such that

%/ch[z] (t) = —% (éV(z) + U(z)) +O@EN).

Integrating this equation yields the first statement of the theorem for

Hpz) = Kilz] + %V(z) +U(z).

Inserting (5.2) into (—1)"~* 51; (y=™)T dts y* for k # 0, the dominant term is
seen to be the same whenever r+s = 242 and hence, omitting the superscript

k in y* and omitting henceforth the argument ¢, we have

2 T — "
(y YO _ TR0 g L) y<e+1>>

20+ 2)!

B 2 ik 519 1 cy 20+1-2|k|

R )(a¢> & +O<(£/M)!<s) )

This gives
2h%¢ ik
— 115012 _ k|2 2|k|—1
Khlz] = 3|27 > (Z(%H) (¢ + )(€¢5) |z| +0(e ))
0<|k|<N+1 " £>0

. k. |2%]2 1)¢ 2041
_ 11;02 k
BRI DI Z(%H( ¢)

0<|kI<N+1
|z |2 2+1 @ 2é+2
Y 2£+2 (g(b) 0f)
0<|k|<N+1 e>0

. 21212 . . /h 2|21
_ 11302 n _
= 31277 + 7 (/)sm(€¢) = 1 cos ) +0(e

) 2 Zl 2 _ Zl
= 10+ 2L B ) () - B w4 09

: . 1
= 31201 + @n(20) Znlz] — 2 V() +0(e),

where in the second line we split (/+ %) = ({+1) — 1, in the last-but-one line
we use the definitions of the modified frequencies wy,, Wy, and (4.6) in

1 fcos(gq.b) = 251n<27h€¢'))2 _ 2(27;;)%)(28)2,

and in the last line we use (5.3) and the definition of V together with the
bounds (4.7), which give

V(z) = w(z)?|z1* + O(e?).
We thus obtain
Hnlz] = @n(20) Znl2] + 51201° + U(°) + O(e),
and with Theorem 5.1 this yields the second statement of the theorem. O
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5 10
06F Hy(gn,pn)
03F
.00p Wt r o
-03E . . . . 1 . . . , I
0 50 100

. ]
0 50 100

Fig. 7.1 Numerical experiment of Section 7. The pictures show the Hamiltonian H, the
action I, as well as the modified Hamiltonian H} and the modified action Ij along the
numerical solution obtained with stepsizes h = ¢ = 0.01 (grey) and h = ¢/2 (black). The
picture in the middle shows the scaled frequency hw(qo)/e as a function of time for both
stepsizes. The horizontal lines indicate positions of numerical resonance.

As before, this leads to a long-time near-conservation result along the lines
of [14, Sect. XIIL.7].
Theorem 6.2 Under the conditions of Theorem 4.1,
Hyy(gn,pn) = Hu(go,p0) +Oe)  for 0<nh <eMH,

where the constant symbolised by O is independent of n, h, e, but depends on N.

7 Numerical experiment

We consider the problem of [14, Section 1.5.1], where we replace the constant
frequency w by w(go)/e = (1 + sin®(go1)) /e (qo1 denotes the first component
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of the vector ¢g). We put € = 0.01 and we apply the Stormer—Verlet method
(4.1) once with stepsize h = ¢, and once with stepsize h = £/2.

The upper two pictures of Figure 7.1 show the deviation of the Hamilto-
nian H and that of the action I along the numerical solution. For the larger
stepsize h = ¢ the result is drawn in grey, whereas that for h = £/2 is in black.
The lower two pictures present the analogous results for the modified Hamil-
tonian Hj, of (6.1) and the modified action Ij, of (5.1). Notice the different
scale on the vertical axes. We see that the modified quantities are much better
conserved than the original ones. For the modified Hamiltonian we see a huge
improvement when passing from the larger to the smaller stepsize. No such im-
provement is observed for the modified action. This indicates that oscillations
of this size are already in the action along the analytical solution.

For completeness, we have drawn in the middle picture of Figure 7.1 the
function hw(qo)/e along the numerical solution (again for both stepsizes). For
the larger stepsize h = ¢ this value is at certain time instances very close
to 2 (for constant frequency the condition hw/e < 2 is necessary for stability).
The horizontal broken lines indicate the positions where hw takes the values
2sin(wr/k) for k = 3,...,7and r = 1,...,(k — 1)/2 (numerical resonance).
The smaller k, the thicker is the dashed line. We see that for the stepsize
h = £/2 the restriction (4.4) is satisfied with N = 5.
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