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1. INTRODUCTION

The Erdés-Rényi ensemble [20, 21] is a law of a random graph on N vertices, in which each edge is chosen
independently with probability p = p(N). The corresponding adjacency matrix is called the Erdés-Rényi
matrix. Since each row and column has typically p/N nonzero entries, the matrix is sparse as long as
p < 1. We shall refer to pN as the sparseness parameter of the matrix. In the companion paper [11], we
established the local semicircle law for the Erd6s-Rényi matrix for pN > (log N)®, i.e. we showed that,
assuming pN > (log N)®, the eigenvalue density is given by the Wigner semicircle law in any spectral
window containing on average at least (log NV )C, eigenvalues. In this paper, we use this result to prove
both the bulk and edge universalities for the Erd6s-Rényi matrix under the restriction that the sparseness
parameter satisfies

pN > N2/3, (1.1)

More precisely, assuming that p satisfies (1.1), we prove that the eigenvalue spacing of the Erdés-Rényi
graph in the bulk of the spectrum has the same distribution as that of the Gaussian orthogonal ensemble
(GOE). In order to outline the statement of the edge universality for the Erdés-Rényi graph, we observe
that, since the matrix elements of the Erdés-Rényi ensemble are either 0 or 1, they do not satisfy the mean
zero condition which typically appears in the random matrix literature. In particular, the largest eigenvalue
of the Erd6s-Rényi matrix is very large and lies far away from the rest of the spectrum. We normalize the
Erdds-Rényi matrix so that the bulk of its spectrum lies in the interval [—2,2]. By the edge universality of
the Erdos-Rényi ensemble, we therefore mean that its second largest eigenvalue has the same distribution as
the largest eigenvalue of the GOE, which is the well-known Tracy-Widom distribution. We prove the edge
universality under the assumption (1.1).

Neglecting the mean zero condition, the Erdés-Rényi matrix becomes a Wigner random matrix with a
Bernoulli distribution when 0 < p < 1 is a constant independent of N. Thus for p < 1 we can view the
Erdés-Rényi matrix, up to a shift in the expectation of the matrix entries, as a singular Wigner matrix
for which the probability distributions of the matrix elements are highly concentrated at zero. Indeed, the
probability for a single entry to be zero is 1 — p. Alternatively, we can express the singular nature of the
Erd6s-Rényi ensemble by the fact that the k-th moment of a matrix entry is bounded by

N~ (pN)~ (=272 (1.2)

For p <« 1 this decay in k is much slower than in the case of Wigner matrices.

There has been spectacular progress in the understanding of the universality of eigenvalue distributions
for invariant random matrix ensembles [5, 7, 8, 27, 28]. The Wigner and Erdds-Rényi matrices are not
invariant ensembles, however. The moment method [31, 33, 32] is a powerful means for establishing edge
universality. In the context of sparse matrices, it was applied in [32] to prove edge universality for the zero
mean version of the d-regular graph, where the matrix entries take on the values —1 and 1 instead of 0 and 1.
The need for this restriction can be ascribed to the two following facts. First, the moment method is suitable
for treating the largest and smallest eigenvalues. But in the case of the Erdds-Rényi matrix, it is the second
largest eigenvalue, not the largest one, which behaves like the largest eigenvalue of the GOE. Second, the
modification of the moment method to matrices with non-symmetric distributions poses a serious technical
challenge.

A general approach to proving the universality of Wigner matrices was recently developed in the series
of papers [12, 13, 14, 15, 16, 17, 18, 19]. In this paper, we further extend this method to cover sparse
matrices such as the Erdés-Rényi matrix in the range (1.1). Our approach is based on the following three



ingredients. (1) A local semicircle law — a precise estimate of the local eigenvalue density down to energy
scales containing around (log N)¢ eigenvalues. (2) Establishing universality of the eigenvalue distribution of
Gaussian divisible ensembles, via an estimate on the rate of decay to local equilibrium of the Dyson Brownian
motion [9]. (3) A density argument which shows that for any probability distribution of the matrix entries
there exists a Gaussian divisible distribution such that the two associated Wigner ensembles have identical
local eigenvalue statistics down to the scale 1/N. In the case of Wigner matrices, the edge universality can
also be obtained by a modification of (1) and (3) [19]. The class of ensembles to which this method applies
is extremely general. So far it includes all (generalized) Wigner matrices under the sole assumption that
the distributions of the matrix elements have a uniform subexponential decay. In this paper we extend this
method to the Erdés-Rényi matrix, which in fact represents a generalization in two unrelated directions: (a)
the law of the matrix entries is much more singular, and (b) the matrix elements have nonzero mean.

As an application of the local semicircle law for sparse matrices proved in [11], we also prove the bulk
universality for generalized Wigner matrices under the sole assumption that the matrix entries have 4 4 ¢
moments. This relaxes the subexponential decay condition on the tail of the distributions assumed in
[17, 18, 19]. Moreover, we prove the edge universality of Wigner matrices under the assumption that the
matrix entries have 12 + £ moments. These results on Wigner matrices are stated and proved in Section
7 below. We note that in [3] it was proved that the distributions of the largest eigenvalues are Poisson if
the entries have at most 4 — e moments. Numerical results [4] predict that the existence of four moments
corresponds to a sharp transition point, where the transition is from the Poisson process to the determinantal
point process with Airy kernel.

We remark that the bulk universality for Hermitian Wigner matrices was also obtained in [34], partly by
using the result of [22] and the local semicircle law from Step (1). For real symmetric Wigner matrices, the
bulk universality in [34] requires that the first four moments of every matrix element coincide with those of
the standard Gaussian random variable. In particular, this restriction rules out the real Bernoulli Wigner
matrices, which may be regarded as the simplest kind of an Erdds-Rényi matrix (again neglecting additional
difficulties arising from the nonzero mean of the entries).

As a first step in our general strategy to prove universality, we proved, in the companion paper [11],
a local semicircle law stating that the eigenvalue distribution of the Erd6s-Rényi ensemble in any spectral
window which on average contains at least (log N)¢ eigenvalues is given by the Wigner semicircle law. As
a corollary, we proved that the eigenvalue locations are equal to those predicted by the semicircle law, up
to an error of order (pN)~!. The second step of the strategy outlined above for Wigner matrices is to
estimate the local relaxation time of the Dyson Brownian motion [15, 16]. This is achieved by constructing
a pseudo-equilibrium measure and estimating the global relaxation time to this measure. For models with
nonzero mean, such as the Erdés-Rényi matrix, the largest eigenvalue is located very far from its equilibrium
position, and moves rapidly under the Dyson Brownian motion. Hence a uniform approach to equilibrium is
impossible. We overcome this problem by integrating out the largest eigenvalue from the joint probability
distribution of the eigenvalues, and consider the flow of the marginal distribution of the remaining N — 1
eigenvalues. This enables us to establish bulk universality for sparse matrices with nonzero mean under the
restriction (1.1). This approach trivially also applies to Wigner matrices whose entries have nonzero mean.

Since the eigenvalue locations are only established with accuracy (pN)~!, the local relaxation time for
the Dyson Brownian motion with the initial data given by the Erd6s-Rényi ensemble is only shown to be
less than 1/(p?N) > 1/N. For Wigner ensembles, it was proved in [19] that the local relaxation time is
of order 1/N. Moreover, the slow decay of the third moment of the Erdés-Rényi matrix entries, as given
in (1.2), makes the approximation in Step (3) above less effective. These two effects impose the restriction
(1.1) in our proof of bulk universality. At the end of Section 2 we give a more detailed account of how this



restriction arises. The reason for the same restriction’s being needed for the edge universality is different;
see Section 6.3. We note, however, that both the bulk and edge universalities are expected to hold without
this restriction, as long as the graphs are not too sparse in the sense that p/N > log N; for d-regular graphs
this condition is conjectured to be the weaker pN > 1 [30]. A discussion of related problems on d-regular
graphs can be found in [26].

Acknowledgement. We thank P. Sarnak for bringing the problem of universality of sparse matrices to our
attention.

2. DEFINITIONS AND RESULTS

We begin this section by introducing a class of N x N sparse random matrices A = Ay. Here N is a large
parameter. (Throughout the following we shall often refrain from explicitly indicating N-dependence.)

The motivating example is the Erdds-Rényi matriz, or the adjacency matrix of the Erdds-Rényi random
graph. Its entries are independent (up to the constraint that the matrix be symmetric), and equal to 1 with
probability p and 0 with probability 1 — p. For our purposes it is convenient to replace p with the new
parameter ¢ = q(N), defined through p = ¢?/N. Moreover, we rescale the matrix in such a way that its bulk
eigenvalues typically lie in an interval of size of order one.

Thus we are led to the following definition. Let A = (a;;) be the symmetric N x N matrix whose entries
a;; are independent (up to the symmetry constraint a;; = a;;) and each element is distributed according to

2
1 with probability %
0 — ’y{ with probability % 2.1)

. K 2
q |0 with probability 1 — % .

Here v := (1 — ¢*/N )_1/ 2 is a scaling introduced for convenience. The parameter ¢ < N'/2 expresses the
sparseness of the matrix; it may depend on N. Since A typically has ¢° N nonvanishing entries, we find that
if ¢ < N'/2 then the matrix is sparse.

We extract the mean of each matrix entry and write

A = H+nqle)e|,

where the entries of H (given by h;; = a;; — vq/N) have mean zero, and we defined the vector

Here we use the notation |e)(e| to denote the orthogonal projection onto e, i.e. (Je)(e|);; :== N1
One readily finds that the matrix elements of H satisfy the moment bounds
1 1

Eh}; = ¥ E|hy;[" < N (2.3)
where p > 2.

More generally, we consider the following class of random matrices with non-centred entries characterized
by two parameters ¢ and f, which may be N-dependent. The parameter g expresses how singular the
distribution of h;; is; in particular, it expresses the sparseness of A for the special case (2.1). The parameter
f determines the nonzero expectation value of the matrix elements.



DEFINITION 2.1 (H). We consider N x N random matrices H = (h;;) whose entries are real and independent
up to the symmetry constraint h;; = h;;. We assume that the elements of H satisfy the moment conditions

1 ce

Ehi; = 0,  Elhy|* = v Byl < N2 (2.4)
for1<i,5 <N and 2 < p < (log N)'0lslos N “yphere O is a positive constant. Here ¢ = q(N) satisfies
(log N)Ploglog N o < ON1/2 (2.5)
for some positive constant C.
DEFINITION 2.2 (A). Let H satisfy Definition 2.1. Define the matriz A = (a;;) through
A = H+ fle)(e], (2.6)
where f = f(N) is a deterministic number that satisfies
l+e < f < N9, (2.7)

for some constants g > 0 and C.

REMARK 2.3. For definiteness, and bearing the Erdés-Rényi matrix in mind, we restrict ourselves to real
symmetric matrices satisfying Definition 2.2. However, our proof applies equally to complex Hermitian sparse
matrices.

REMARK 2.4. As observed in [11], Remark 2.5, we may take H to be a Wigner matrix whose entries have
subexponential decay E|h;;|P < (Cp)?? N—P/2 by choosing ¢ = N'/?(log N)~5¢loglog N,

We shall use C' and ¢ to denote generic positive constants which may only depend on the constants in
assumptions such as (2.4). Typically, C' denotes a large constant and ¢ a small constant. Note that the
fundamental large parameter of our model is N, and the notations >, <, O(+), o(+) always refer to the limit
N — oo. Here a < b means a = o(b). We write a ~ b for C~1a < b < Ca.

After these preparations, we may now state our results. They concern the distribution of the eigenvalues
of A, which we order in a nondecreasing fashion and denote by p; < -+ < uny. We shall only consider the
distribution of the IV — 1 first eigenvalues pu1, ..., unx—1. The largest eigenvalue py lies far removed from the
others, and its distribution is known to be normal with mean f + f~! and variance N~1/2; see [11], Theorem
6.2, for more details.

First, we establish the bulk universality of eigenvalue correlations. Let p(u1,...,un) be the probability
density® of the ordered eigenvalues p; < --- < py of A. Introduce the marginal density

Py ) = ﬁ Z /dmv P(lo(1)s -+ s Ho(N=1), IN) -

ocESN_1

In other words, pg\zqu) is the symmetrized probability density of the first N — 1 eigenvalues of H. For

n < N — 1 we define the n-point correlation function (marginal) through

PR (s s i) = /d/ml-~-duN71p§§V*”(u1,---,uzvfl)- (2.8)

Similarly, we denote by ngC))E n the n-point correlation function of the symmetrized eigenvalue density of an

N x N GOE matrix.

1Note that we use the density of the law of the eigenvalue density for simplicity of notation, but our results remain valid
when no such density exists.




THEOREM 2.5 (BULK UNIVERSALITY). Suppose that A satisfies Definition 2.2 with ¢ > N® for some ¢
satisfying 0 < ¢ < 1/2, and that f additionally satisfies f < CN'Y/? for some C > 0. Let 8 > 0 and assume
that

1. B

0> 3+ (2.9)

Let E € (—2,2) and take a sequence (by) satisfying NP < by < ||E| — 2|/2 for some e > 0. Letn € N
and O : R™ = R be compactly supported and continuous. Then

E+bn dEl

lim
N —o00 E—bn 2b1\/

/daln-danO(ah...,an)

1 (n) _(n) ( , o ) o, )
X ———— —p F+— _ F+—"_) =0,
gsc(Ew( N’ ~Péor.) Nos(E) Nos(E)

where we abbreviated 1
0sc(E) = o [4— E?], (2.10)

for the density of the semicircle law.

REMARK 2.6. Theorem 2.5 implies bulk universality for sparse matrices provided that 1/3 < ¢ < 1/2. See
the end of this section for an account on the origin of the condition (2.9).

We also prove the universality of the extreme eigenvalues.

THEOREM 2.7 (EDGE UNIVERSALITY). Suppose that A satisfies Definition 2.2 with ¢ > N for some ¢
satisfying 1/3 < ¢ < 1/2. Let V be an N x N GOE matriz whose eigenvalues we denote by Y < --- < AK.
Then there is a § > 0 such that for any s we have

PV (NP = 2) s = N7O)=N"0 < PAN P (uy - 2) <s) < PY(N2P0K —2) <5+ N70) 4N
(2.11)
as well as

PY (N2/3(A1V +2)<s— N*‘;) ~ N7 < PANY3(uy 4+2) <) < PV (N2/3(>\Y +2)<s+ N*‘s) +N7O,
(2.12)

for N > Ny, where Ny is independent of s. Here PV denotes the law of the GOE matriz V, and P4 the law
of the sparse matriz A.

REMARK 2.8. Theorem 6.4 can be easily extended to correlation functions of a finite collection of extreme
eigenvalues.

REMARK 2.9. The GOE distribution function F(s) := limy PY (N?/3(A} — 2) < s) of the largest eigenvalue
of V has been identified by Tracy and Widom [36, 37], and can be computed in terms of Painlevé equations.
A similar result holds for the smallest eigenvalue A} of V.

REMARK 2.10. A result analogous to Theorem 2.7 holds for the extreme eigenvalues of the centred sparse
matrix H; see (6.15) below.

We conclude this section by giving a sketch of the origin of the restriction ¢ > 1/3 in Theorem 2.5. To
simplify the outline of the argument, we set 5 = 0 in Theorem 2.5 and ignore any powers of N¢. The proof
of Theorem 2.5 is based on an analysis of the local relaxation properties of the marginal Dyson Brownian



motion, obtained from the usual Dyson Brownian motion by integrating out the largest eigenvalue pn. As

an input, we need the bound
N—-1

Q =ED |pa—7al> < N7, (2.13)

a=1

where 7, denotes the classical location of the a-th eigenvalue (see (3.15) below). The bound (2.13) was
proved in [11]. In that paper we prove, roughly, that |pe — va| < ¢72 < N72%, from which (2.13) follows.
The precise form is given in (3.16). We then take an arbitrary initial sparse matrix ensemble Ay and evolve
it according to the Dyson Brownian motion up to a time 7 = N~°, for some p > 0. We prove that the local
spectral statistics, in the first N — 1 eigenvalues, of the evolved ensemble A, at time 7 coincide with those
of a GOE matrix V, provided that

QT = QN? < 1. (2.14)

The precise statement is given in (4.9). This gives us the condition
1—4¢6+p<0. (2.15)

Next, we compare the local spectral statistics of a given Erd6s-Rényi matrix A with those of the time-evolved
ensemble A, by constructing an appropriate initial Ag, chosen so that the first four moments of A and A
are close. More precisely, by comparing Green functions, we prove that the local spectral statistics of A and
A, coincide if the first three moments of the entries of A and A, coincide and their fourth moments differ
by at most N =279 for some § > 0. (See Proposition 5.2.) Given A we find, by explicit construction, a sparse
matrix Ag such that the first three moments of the entries of A, are equal to those of A, and their fourth
moments differ by at most N =127 = N=172¢=¢: gee (5.6). Thus the local spectral statistics of A and A,
coincide provided that

1-2¢—p<0. (2.16)

From the two conditions (2.15) and (2.16) we find that the local spectral statistics of A and V' coincide
provided that ¢ > 1/3.

3. THE STRONG LOCAL SEMICIRCLE LAW AND EIGENVALUE LOCATIONS

In this preliminary section we collect the main notations and tools from the companion paper [11] that we
shall need for the proofs. Throughout this paper we shall make use of the parameter

£ = &y = bloglog N, (3.1)

which will keep track of powers of log N and probabilities of high-probability events. Note that in [11], £
was a free parameter. In this paper we choose the special form (3.1) for simplicity.
We introduce the spectral parameter
z = E+in

where £ € R and n > 0. Let ¥ > 3 be a fixed but arbitrary constant and define the domain

Dy = {2€C:|E|< X, (logN)"N~' <n<3}, (3.2)



with a parameter L = L(N) that always satisfies
L > 8. (3.3)

For Im z > 0 we define the Stieltjes transform of the local semicircle law

Mse(2) = /Rgsc(x)dac, (3.4)

r—z

where the density o5, was defined in (2.10). The Stieltjes transform ms.(z) = mg. may also be characterized

as the unique solution of

1
set——— =0 3.5
Mse + (3-5)

satisfying Im mg.(2z) > 0 for Imz > 0. This implies that

—z+Vz22 -4

Mmse(2) = 5

(3.6)

where the square root is chosen so that mg.(z) ~ —271 as z — co. We define the resolvent of A through
Gz) = (A—2)"",
as well as the Stieltjes transform of the empirical eigenvalue density
m(z) = 1 TrG(z).
N
For = € R we define the distance k, to the spectral edge through
Ko = ||z —2|. (3.7)

At this point we warn the reader that we depart from our conventions in [11]. In that paper, the quantities
G(z) and m(z) defined above in terms of A bore a tilde to distinguish them from the same quantities defined
in terms of H. In this paper we drop the tilde, as we shall not need resolvents defined in terms of H.

We shall frequently have to deal with events of very high probability, for which the following definition
is useful. It is characterized by two positive parameters, £ and v, where ¢ is given by (3.1).

DEFINITION 3.1 (HIGH PROBABILITY EVENTS). We say that an N-dependent event Q holds with (&, v)-high
probability if
P(Q°) < e V(o8N (3.8)
for N = Ny(v).
Similarly, for a given event o, we say that Q holds with (£, v)-high probability on Qq if

P(QO mQ(’) < e—l/(logN)5
for N = No(v).

REMARK 3.2. In the following we shall not keep track of the explicit value of v; in fact we allow v to decrease
from one line to another without introducing a new notation. All of our results will hold for v < vy, where
vy depends only on the constants C' in Definition 2.1 and the parameter ¥ in (3.2).



THEOREM 3.3 (LOCAL SEMICIRCLE LAW [11]). Suppose that A satisfies Definition 2.2 with the condition
(2.7) replaced with

0 < f< N, (3.9)
Moreover, assume that

g > (log N)'%, (3.10)

L > 120¢. (3.11)

Then there is a constant v > 0, depending on X and the constants C in (2.4) and (2.5), such that the
following holds.
We have the local semicircle law: the event

o 40¢
) {1t < oo B0 1 L o

holds with (&, v)-high probability. Moreover, we have the following estimate on the individual matriz elements
of G. If instead of (3.9) f satisfies

0 < f < CyNY?, (3.13)
for some constant Cy, then the event
1 Immg.(2) 1
- 5 < 406 = L e T )
QD {1£?§N|G”(2) 5”msc(z)| < (log N) <q + N + NU)} (3.14)
z€Dy,

holds with (&, v)-high probability.

Next, we recall that the N — 1 first eigenvalues of A are close the their classical locations predicted by
the semicircle law. Let ng.(F) := ffoo 0sc(z) dx denote the integrated density of the local semicircle law.
Denote by 7, the classical location of the a-th eigenvalue, defined through

nse(Va) = —  for a=1,...,N. (3.15)
N
The following theorem compares the locations of the eigenvalues pq,...,un—1 to their classical locations
Y15+ YN-1-
THEOREM 3.4 (EIGENVALUE LOCATIONS [11]). Suppose that A satisfies Definition 2.2, and let ¢ be an
exponent satisfying 0 < ¢ < 1/2, and set ¢ = N?®. Then there is a constant v > 0 — depending on ¥ and the
constants C' in (2.4), (2.5), and (2.7) — as well as a constant C' > 0 such that the following holds.
We have with (€, v)-high probability that

N-1
> ftta = Yal? < (log N)CE (N140 4 N#/3-80) (3.16)
a=1

Moreover, for alla=1,...,N — 1 we have with (§,v)-high probability that

It —7al < (log N)E (N‘2/3 (@713 4 1(@ < (log N)PS(1 4 N1739) )| 4 N2/3-405-2/5 N‘2¢) ,
(3.17)

where we abbreviated @ := min{a, N — a}.



REMARK 3.5. Under the assumption ¢ > 1/3 the estimate (3.17) simplifies to
o = Yal < (log N)“¢ (N—2/3a—1/3 + N—2¢) , (3.18)

which holds with (£, v)-high probability.

Finally, we record two basic results from [11] for later reference. From [11], Lemmas 4.4 and 6.1, we get,
with (¢, v)-high probability,

<2+ ch( -2 N—2/3) < 2+ (1 Ncﬁ( -2 N‘2/3>. 1
| nax Ao + (log N)™*(q™" + i max bl + (log N)™ (g™~ + (3.19)

Moreover, from [11], Theorem 6.2, we get, with (£, v)-high probability,

pun = f+ % +o(1). (3.20)

In particular, using (2.7) we get, with (£, v)-high probability,
2+0 < puy < NO, (3.21)

where o > 0 is a constant spectral gap depending only on the constant ¢ from (2.7).

4. LOCAL ERGODICITY OF THE MARGINAL DYSON BROWNIAN MOTION

In Sections 4 and 5 we give the proof of Theorem 2.5. Throughout Sections 4 and 5 it is convenient to
adopt a slightly different notation for the eigenvalues of A. In these two sections we shall consistently use
x1 < -+ < zn to denote the ordered eigenvalues of A, instead of puy < -+- < py used in the rest of this
paper. We abbreviate the collection of eigenvalues by x = (z1,...,2N).

The main tool in the proof of Theorem 2.5 is the marginal Dyson Brownian motion, obtained from the
usual Dyson Brownian motion of the eigenvalues x by integrating out the largest eigenvalue xpy. In this
section we establish the local ergodicity of the marginal Dyson Brownian and derive an upper bound on its
local relaxation time.

Let Ag = (a;j0)i; be a matrix satisfying Definition 2.2 with constants go > N? and fy > 1+ &o. Let
(Bijt)ij be a symmetric matrix of independent Brownian motions, whose off-diagonal entries have variance
t and diagonal entries variance 2¢. Let the matrix A; = (a;j,):; satisfy the stochastic differential equation

dB;; 1
dal—j = ﬁ — gaij dt. (41)

It is easy to check that the distribution of A; is equal to the distribution of
e A+ (1—eHV2V, (4.2)

where V is a GOE matrix independent of Aj.
Let p be a constant satisfying 0 < p < 1 to be chosen later. In the following we shall consider times ¢ in
the interval [tg, 7], where
tg == NP1 T = N"°.

10



One readily checks that, for any fixed p as above, the matrix A; satisfies Definition 2.2, with constants
€
ft:f(l—"_O(N_So))}l_F?Oa C]t’VQO>N¢7

where all estimates are uniform for ¢ € [to,7]. Denoting by xn, the largest eigenvalue of A;, we get in
particular from (3.21) that

p(at € [to, 7]t zns & 2+ 0, NC]) < e vogN)f (4.3)

for some ¢ > 0 and C > 0.

From now on we shall never use the symbols f; and ¢; in their above sense. The only information we
shall need about zy is (4.3). In this section we shall not use any information about ¢, and in Section 5 we
shall only need that ¢; > ¢N? uniformly in t. Throughout this section f; will denote the joint eigenvalue
density evolved under the Dyson Brownian motion. (See Definition 4.1 below.)

Tt is well known that the eigenvalues x; of A; satisfy the stochastic differential equation (Dyson Brownian
motion)

dB; 1 1 1
dx; = . ——z;+ — dt fi i =1,...,N, 4.4
x \/N—i-( i +2Njééizixj> or i (4.4)
where B1,..., By is a family of independent standard Brownian motions.

In order to describe the law of V', we define the equilibrium Hamiltonian

H(x) := ' x 7—210g|1’2 (4.5)

1<j

and denote the associated probability measure by
pM(dx) = p(dx) = %e_NH(X) dx, (4.6)
where Z is a normalization. We shall always consider the restriction of u to the domain
Xy = {xiz <o <an},
i.e. a factor 1(x € X ) is understood in expressions like the right-hand side of (4.6); we shall usually omit

it. The law of the ordered eigenvalues of the GOE matrix V is pu.
Define the Dirichlet form D,, and the associated generator L through

D) = = [ Fepan = 5 (1942 du, (4.7)

where f is a smooth function of compact support on ¥y. One may easily check that
=Ygyt X (gt ay Doy )
i 2N j#i Ti — Xj

and that L is the generator of the Dyson Brownian motion (4.4). More precisely, the law of x; is given by
fr(x) p(dx), where f solves O fr = Lf; and fo(x)p(dx) is the law of xo.
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DEFINITION 4.1. Let f; to denote the solution of Oft = Lf; satisfying fili—o = fo. It is well known that
this solution exists and is unique, and that Xy is invariant under the Dyson Brownian motion, i.e. if fy is
supported in Xy, so is fi for allt > 0. For a precise formulation of these statements and their proofs, see
e.g. Appendices A and B in [16]. In Appendix A, we present a new, simpler and more general, proof.

THEOREM 4.2. Fizn > 1 andlet m = (my,...,my,) € N be an increasing family of indices. Let G : R™ — R
be a continuous function of compact support and set

Gim(x) == G(N(zi — Tiym,), N(Titm, — Tivmy)s-- s N(@igm,_, — Titm,)) -

Let v1,...,yn—1 denote the classical locations of the first N — 1 eigenvalues, as defined in (3.15), and set

N-1
Q = sup Z/(:ci—%)thd,u. (4.8)
telto,7] ;21

Choose an & > 0. Then for any p satisfying 0 < p < 1 there exists a T € [1/2,7] such that, for any

Jc{L,2,...,N—m, — 1}, we have
Nt+p Np
< (Jz\ff,/fj'+ (4.9)

1 1 _
ieJ icJ

for all N > Ny(p). Here p'N=1) is the equilibrium measure of (N — 1) eigenvalues (GOE).

Note that, by definition, the observables G; m, in (4.9) only depend on the eigenvalues z1,...,2n_1.
The rest of this section is devoted to the proof of Theorem 4.2. We begin by introducing a pseudo
equilibrium measure. Abbreviate

R = VTN—<¢ = N r/27¢/2

and define

1 2
Here we set 5 := 24 ¢ for convenience, but one may easily check that the proof remains valid for any larger
choice of . Define the probability measure

w(dx) = P(x) pu(dx) where t(x) := %e_NW(X).

Next, we consider marginal quantities obtained by integrating out the largest eigenvalue xz. To that
end we write

x = (Z,zn), = (x1,...,2N-1)

and denote by @(dz) the marginal measure of w obtained by integrating out zy. By a slight abuse of
notation, we sometimes make use of functions p, w, and @, defined as the densities (with respect to Lebesgue
measure) of their respective measures. Thus,

1 1 e
px) = —e VX (x) = 2 e NHE-NWE) o 5(7) = / w(Z, xy)dzy .
A Z TN_1

12



For any function h(x) we introduce the conditional expectation

wofr,l h(fam )W(f,‘f )dl‘
(h)(Z) = E*[n|T] = J N AT N TN

w(x)

Throughout the following, we write g; := f;/¥. In order to avoid pathological behaviour of the extreme
eigenvalues, we introduce cutoffs. Let o be the spectral gap from (4.3), and choose 61,605,605 € [0, 1] to be
smooth functions that satisfy

0 ifzy <-4
91(:101):{ . 1> 37

1 1fx1 —

1 ifo_1<2—‘r£
Oy(zn_1) = 5
2(en-1) {0 ifoy g >242

0 ifzy <2432
0 = o,
3(1’]\]) { if oy > 2+ 40
Define 0 = 0(x1,xn—_1,2n) = 01(x1) O2(xn—_1) O3(xN). One easily finds that

Vo[
0

2
< Cl(-4< 1y <—3)+01<g <an_1—2< U) +01< Say—2< ) (4.10)

5 5

where the left-hand side is understood to vanish outside the support of 6.
Define the density

1 ~
hy == ?t‘)gt, Zy = /egtdw-

t

If v is a probability measure and ¢ a density such that qv is also a probability measure, we define the
entropy

Su(q) = /qloquv.

The following result is our main tool for controlling the local ergodicity of the marginal Dyson Brownian
motion.

PROPOSITION 4.3. Suppose that

(i) Sulfi) < N, (4.11)

(i1) sup /{1(3:1 <-3)+ 1(a:N_1 >2+ g) + 1<xN <2+ 4;)} frdp < e*”(logl\’)g’ (4.12)
te(to,]

(i%i)  sup  sup (9102)(§)}log<99t>(§)|2 < NO. (4.13)

t€lto, 7] TEXN -1

Then for t € [to, T] we have

0195((h)) < —Da(V/(h)) + Sa((h)) e 18N L CNQR™ + C. (4.14)
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PROOF. First we note that

- /eft dp = 1—0 (e vUoe ) (4.15)
uniformly for ¢ € [tg, 7], by (4.12). Dropping the time index to avoid cluttering the notation, we find
9,5:((h)) = o, / log(0g) d& — 9, log Z = 8t/99 log(fg) dw — (1 +log Z + S5 ((h))) d;log Z .
We find that
1 1/2
7= [ownan =g [vo-vran < (5 [I968 ran) D/
Bounding the Dirichlet form in terms of the entropy (see e.g. [10], Theorem 3.2), we find that
Du(Vfi) < %Sﬂ(fto) < N°, (4.16)
by (4.11). Using (4.10) we therefore find
8,7 < NCeclloaN)* (4.17)
Thus we have
Sz ((h)) < 20, / 69 log(0g) dw + (1 + S5 ((h))) NCe—cloe M) (4.18)
We therefore need to estimate
0, / 69 log(0g) dw — / 6(Lf) log(8g) du + / (69) %? 4. (4.19)
The second term of (4.19) is given by
/8t<99> 4 = /e(Lf) i =
Therefore (4.18) yields
0iSa((h)) < 2 [ B(L)log(6g) dp-+ (1 + Sa((h))NeCE N (4.20)
The first term of (4.20) is given by
- /Vf V (0log(fg)) /V 0f)-V(log(fg)) dpu+ &1 + &2, (4.21)
where we defined
£ = %/ve V(log(0g)) fdu, & = —%/ve -Vf log(0g) dy.

14



Next, we estimate the error terms & and &. Using (4.10) we get

5w« ([ 5105 )

1/2
euaogmg( |v<e ‘(f <ag>d@) < e*”“%N)%e*C“‘“gN”Da( (h)
g

& =

where we used (4.15). Similarly, we find

1/2 9 1/2
& < (/V9|2}10g<99>|2fdu> ( lvfl du) .

Using (4.10), (4.13), and (4.16) we therefore get

0 1/2
82 < NC</ |v | ouog ag | fd,u) < Ncefc(log]\l)é.

Having dealt with the error terms &; and &, we compute the first term on the right-hand side of (4.21),
/V 0f) - V(log(fg)) /V (0g) - Vz(log(fg)) ¢ dp — —/V (log ¥) - Vz(log(0g)) 6grp dpu .
(4.22)

The second term of (4.22) is bounded by

_1 9 2
/|v log |2 fdu+—/|v 9) (0g)dw < ‘1N/R4 (z; — %) f dp + 4 D5 (/(h))

NQ

< g+ nDa(V/B)).

where n > 0.
The first term of (4.22) is equal to

1

-5 (Vz(09)) - Vz(log(fg)) di

A simple calculation shows that
(Vz(09)) = Vaz(0g) — (09Vzlogw) + (0g) (Vzlogw),

so that the first term of (4.22) becomes

/V (0g) - Vz(log(fg)) dw + —/ 0gVzlogw) — (0g) (Vz 1ogw)) - Vz(log(fg)) dw

/ |(09Vzlogw) — (Ag) (Vz logw)‘Q
(0g)

< —4(1 =)Dy (V(h)) + o d.
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Using the Cauchy-Schwarz inequality (ab)? < (a?) (b?) we find that the second term is bounded by
’2

dw

1 ‘(99(V§ logw — (Vzlogw)))
N / (99)

N

1 ~
N /<t9g‘Vglogw — (Vglogw>’2>dw

1 2
= m/|V510gw—<Vglogw>‘ Of du

N-1 2
1 1 1
— E — Of du.
Nn/i=1 (xN—xl- <xN—xi>> fdu
Thus, we have to estimate

1 N—-1 1 2 1 N-1 1 2
£ = Nn/;(m_m) Ofdp, & = M/;<m_x> 6f dp.

Since xy — x; > 0 /5 on the support of 6fu, one easily gets from (3.19) that
C
& < —.
n

In order to estimate &, we write
1 _ fd(EN (xN—xi)wi(xN) -1
TN — T Jdzn wi(zN) ’

wi(zn) == 1(zy 2901\[,1)67%"”?\”7#("””77“2 H (xn —xj).
J#4N

where

We now claim that on the support of 6, in particular for —4 < 21 < zy_1 < 2+ 20/5, we have

Jdan (zn — 2;) wi(zn)
[ dan w;(zy)

uniformly for 7 € Xy _1. Indeed, writing 7y := yn (1 + R~2), we have on the support of 6

WV

CYN , (4.23)

fd])N (l‘N — ?N) wl(xN)
Jdzn wi(zy)

fdﬂl‘N (QTN — J,‘i) wi(.%‘]v)
Jdzn wi(zn)

Moreover, the second term is nonnegative:

/dwzv (zy —n) wi(zn) = —Cn(7) /:O lde <6

> IN/2+

9 ezI%V?(xNiNﬁ) II @~ -2

N- TN AN
= C(@)e mrlon v I Gyo1—2))
J#i,N
o0 N =~ 2
ou [t bor S ] on s
TN—1 k#i,5 j#i,k,N

WV
o
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where Cn(Z) is nonnegative. This proves (4.23). Using (4.23) we get

/ EA ﬁ'

Summarizing, we have proved that

N C
0S5((h)) < —(4— 8y —e M=) Dy (/{R)) + (14 Sp((h)))e<Cor M) 4 nRCi +=
Choosing 1 small enough completes the proof. O
Next, we derive a logarithmic convexity bound for the marginal measure @.
LEMMA 4.4. We have that
B@E) = o NA@
Z
where
~ 1 .
HE) = — > logla; — x| + V(@) (4.24)
i<j<N
and V2V (z) > R72.
PROOF. Write H(Z,zn) = H'(Z) + H'(Z, xn) where
1
HE) = — 7 loglai — x|, H'(@Ean) = —— Z loglzy — @] + Z 232 - n)?

1<j<N z<N

By definition, we have

A

PR 1 _nvyrs X i
5() = =e N (””)/ e NH'@2n) qg .
TN-—-1

The main tool in our proof is the Brascamp-Lieb inequality [6]. In order to apply it, we need to extend the
integration over zy to R and replace the singular logarithm with a C2-function. To that end, we introduce
the approximation parameter 0 > 0 and define, for 7 € Xy _1,

R 1
Vs(Z) := fﬁlog/exp [Z logs(zn — ~ 5w Z ] dzy,
i<N

where we defined

-0 1
logs(x) = 1(x = d)logz + 1L(x < 9) (log6 + :cT - ﬁ(m‘ - 5)2) )

It is easy to check that logs € C?(R), is concave, and satisfies

logx ifx>0

-0 ifz<0.

lim 1 =
lim log, (¢) {
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Thus we find that Vs € C?(Xy_1) and that we have the pointwise convergence, for all 7 € Xy _1,
: N\ P 1 > —NH" (z,zN)
(%1_% Vs(z) = V() = N log/mN1 e dzy,

where V € C?(Xy_1) satisfies (4.24).
Next, we claim that if ¢ = p(x,y) satisfies V2¢(z,y) > K then 9 (z), defined by

o @) . /ewa«y) dy |

satisfies V2¢)(z) > K. In order to prove the claim, we use subscripts to denote partial derivatives and recall
the Brascamp-Lieb inequality for log-concave functions (Equation 4.7 in [6])

S (Pae = Payyy ya) €% dy

T >
¥ [e*dy
Then the claim follows from
Yoo Pay) 1
o i < = - zx — Pz . <) = K.
(Sﬁyz LPyy) K (<,0 PPy Py )

Using this claim, we find that V2Vs(Z) > R=2 for all Z € ¥ _1. In order to prove that V2V (z) > R=2
and hence complete the proof — it suffices to consider directional derivatives and prove the following claim. If
(Cs)s>0 is a family of functions on a neighbourhood U that converges pointwise to a C?-function ¢ as 6 — 0,
and if §(z) > K for all § > 0 and = € U, then ¢"(z) > K for all z € U. Indeed, taking § — 0 in

h
Csla+ ) + Golw — h) — 2s(a) = / (G +O+F@—9)(h—€)de > KN

0
yields (¢(z + h) + ((z — h) — 2¢(z))h~2 > K, from which the claim follows by taking the limit ~ — 0. [

As a first consequence of Lemma 4.4, we derive an estimate on the expectation of observables depending
only on eigenvalue differences.

PROPOSITION 4.5. Let g € L (d®) be probability density. Then for any J C {1,2,...,N —m,, — 1} and any

t > 0 we have
D5 t 2
< C”|(J\/|(j) +C\/Sg(q)efct/R .

1 1
T gz‘,m q dw — / T Qi,m dw
‘/ || 2 ] 2
PROOF. Using Lemma 4.4, the proof of Theorem 4.3 in [16] applies with merely cosmetic changes. O

i€J icJ

Another, standard, consequence of Lemma 4.4 is the logarithmic Sobolev inequality
S2(0) < CR2D5(V). (4.25)

Using (4.25) and Proposition 4.3, we get the following estimate on the Dirichlet form.
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PROPOSITION 4.6. Under the assumptions of Proposition 4.3, there exists a T € [7/2,7] such that
Sz((hz)) < CNR2Q+CR?,  Dg(\/(h:)) < CNR*'Q+C.
PROOF. Combining (4.25) with (4.14) yields
9,55 ((hy)) < —CR253((ht)) + CNQR™* + C, (4.26)
which we integrate from ¢ to ¢ to get
S5((hy)) < e CR (=t g ((h, ) + CNQR™2 + CR2. (4.27)

Moreover, (4.15) yields

Sa(()) < CSallgne)) + " 0BN < €S, (gy,) + o8N

= Csu(fto) *C’/logq/;fto du+e*tl(log]\{)5’

where the second inequality follows from the fact that taking marginals reduces the relative entropy; see the
proof of Lemma 4.7 below for more details. Thus we get

Ss((hs))) < N®+ NR2Q < N¢.
Thus (4.27) yields
Ss((hs)) < NCe CR*(t=t0) L ONR™2Q + CR? (4.28)

for t € [tg, 7]. Integrating (4.14) from 7/2 to 7 therefore gives

E/T Da(v/{he))dt < CNR™Q +C,

T Jr/2
and the claim follows. O
We may finally complete the proof of Theorem 4.2.

PROOF OF THEOREM 4.2. The assumptions of Proposition 4.3 are verified in Subsection 4.1 below. Hence
Propositions 4.5 and 4.6 yield

1 1 Ni+rQ N—26—p
— gz’,mhfdw—/f Qi,mdw’ < CN¢ L O =,
X > ot

Using (4.15) and (4.12) we get

1 1 . [N1teQ N—2¢—p
‘/mZgi,medu—/ngi,mdw’ < ON%y 7 +c\/7. (4.29)
ieJ ieJ
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In order to compare the measures & and N =1, we define the density
1 1, N 9
q(x) = Z/exp{ 1% + Z W(mZ — )" — Z loglzny — x4 ¢,
i<N <N i<N
where Z’ is a normalization chosen so that g dw is a probability measure. It is easy to see that

gdw = dp™ "V ®dg,

N2 N )2 . . . ..
where dg = Ce™ 1N " 2r2 (@~ =) dxy is a Gaussian measure. Similarly to Proposition 4.5, we have

1 1 D, (v/0 —er/R2
’/MZQi,meqdw—/MZgi,mdw‘ < C W—FC\/SW(Qq)e /R

ieJ ieJ

Thus we have to estimate

C C [ Vo
Dy,(v/0q) < N/IVIquI29qdw+N/| 0' qdw
C 1 N2 1 1
< = T2 () & il
< NZ;V/<4%+ A +<xN_xi>2>"qd“+N

< C+NR‘4/Z(xi )2 AN

<N

where the second inequality follows from standard large deviation results for GOE. Since f Doien(®i —

7i)2 dpN =D < ON~1*¢ for arbitrary & is known to hold for GOE (see [19] where this is proved for more
general Wigner matrices), we find

Npt+2e+e’

1 1 N—»
— g47m0qdw—/— gv,mdw‘ <Oy —+Cy ———
’/u@ l 7 2 7] 7]

The cutoff § can be easily removed using the standard properties of du™¥—1. Choosing ¢’ = ¢, replacing ¢
with €/2, and recalling (4.29) completes the proof. O

4.1. Verifying the assumptions of Proposition 4.3. The estimate (4.11) is an immediate consequence of the
following lemma.

LEMMA 4.7. Let the entries of Ag have the distribution (y. Then for any t > 0 we have
Su(fe) < N?(Nma(Go) —log(l—e™)),
where ma((p) is the second moment of (.

PROOF. Recall that the relative entropy is defined, for v < y, as S(v|u) = [log S—Z dv. If v and @ are
marginals of v and p with respect to the same variable, it is easy to check that S(v|i) < S(v|u). Therefore

Sufe) = S(feulp) < S(AV) = N?S(Glga/n) .
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where (; denotes the law of the off-diagonal entries of A;, and g, is a standard Gaussian with variance A
(the diagonal entries are dealt with similarly). Setting v = 1 —e™*, we find from (4.2) that (; has probability
density o, * ga4/n, Where g, is the probability density of (1 — ’y)l/ 2¢o. Therefore Jensen’s inequality yields

S(Ct|92/N) = S(/ dy Qw(y) 927/N(' ) 92/N> < /dy Q'y(y)S(QQ'y/N(' - y)\QQ/N) .

By explicit computation one finds

N
5(927/1\’(' _y)|92/N) = <2y2 —logy+v— 1) )

| —

Therefore

S(Ctlga/n) < Nmga(Co) —logry,
and the claim follows. O
The estimate (4.12) follows from (4.3) and (3.19). It only remains to verify (4.13).
LEMMA 4.8. For any t € [to, 7] we have
~ 12
(6162) (%) [log(0g:) (Z)|” < NC. (4.30)

PROOF. Let ; be the law of an off-diagonal entry a of A; (the diagonal entries are treated similarly). From
(4.2) we find

G = Oy * g2~y/N 5

where v =1 — e, g, is the law of (1 — 7)1/240, and g, is a standard Gaussian with variance . Using da
to denote Lebesgue measure, we find by explicit calculation that

_NC_NCg2 dCt NC_N,2
€ “ < R < € E 9
da

which gives

(e} C 2 d C
e~ NO-N%a® Gt < N7,
de'y/N

Therefore, the density Fi(A) of the law of A with respect to the GOE measure satisfies
o~ NO=NTr A2 < F(A) < N9
Parametrizing A = A(x,v) using the eigenvalues x and eigenvectors v, the GOE measure can be written in

the factorized form p(dx)P(dv), where p is defined in (4.6) and P is a probability measure. Thus we get
that the density

filx) = /Ft(x,v) P(dv)
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satisfies
e NINEet ¢ f(x) < N (4.31)
Next, it is easy to see that
e NINE et p(x) < VO (4.32)
Using (4.32) we may now derive an upper bound on (f39:):

Jday (@ an)u(@, ox)
< eNC+NC Sien i fde IU’(?\?:EN) .
[dan e NN u(Z, 2 )

Since

P

_nC.,.2 _N
fde e’ch?Vu(f, TN) f;;_l dzye N *N Hi<N(xN —x)e” 1? _NC_N°Y._ . a?
d P~ = %) N2 > e <N i (433)
[day p(Z, zN) sz*l dey [[en(on —2i)e” 578

by a straightforward calculation, we get
(039)(F) < NN, i
We now derive a lower bound on (f3¢;). Using (4.32) and (4.31) we find

. _ne J dan O3(an) fi(@ an)u(Z, 2N)
(O39:)(T) > e T daw u(@ on)

) C, 2 ~
deye™N v u(z, 2 N)
C C p
> e VN Zz‘<N$ff2+U/2 ’

Jon_, don p(Z,2N)

> e*Nc*Nc >ien @
by a calculation similar to (4.33). The claim follows from

(6,65)(3) log (69:) (B> < 2(6162)()]log 0162 + 2(0162) (B)log bagy) (B)* < 2+ NC. 0

5. BULK UNIVERSALITY: PROOF OF THEOREM 2.5

Similarly to (2.8), we define pg’]}[v_l)(xl, ...,xn—1) as the probability density obtained by symmetrizing (in
the variables x1,...,zn_1) the function [dzx fi(x)p(x), and set, forn < N —1

PE%(Ila--wIn) = /dl’n-&-l"'dmN—lpS}I\r_l)(l'lv-~-,$N—1)-

We begin with a universality result for sparse matrices with a small Gaussian convolution.
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THEOREM 5.1. Let E € [-2 + k,2 — k] for some k > 0 and let b = by satisfy |b| < /2. Picke, >0, and
set T := N=22H8 where

a = alg) = min{2¢;,4¢§}. (5.1)

Letn € N and O : R™ — R be compactly supported and continuous. Then there is a T € [17/2, 7] such that

Exb qpr 1 o o
— [ day -+ -da, O(ag, ..., ap ) _ p) <E’—|—1,...,E'+n)
L—b 2b / ! ( ! ) Qsc(E)n (pT’N pGOE’N) NQsc(E) NQSC(E)

< C,N°® [b*lN*% + b*l/QN*B/ﬂ . (52)

PRrOOF. The claim follows from Theorem 4.2 and Theorem 3.4, similarly to the proof of Theorem 2.1 in [16].
We use that Q@ < (log N)9¢N~22 as follows from (3.16); the contribution of the low probability complement
event to (3.16) may be easily estimated using Cauchy-Schwarz and the estimate >, E* 1=FE'Tr A* < NC,
uniformly for ¢ > 0. The assumption IV of [16] is a straightforward consequence of the local semicircle law,
Theorem 3.3. O

PROPOSITION 5.2. Let A1) = (agjl.)) and A®?) = (ag)) be sparse random matrices, both satisfying Definition
2.2 with

¢~ @ > N

)

(in self-explanatory notation). Suppose that, for each i,j, the first three moments of a%-) and ag are the
same, and that the fourth moments satisfy
[B(a)* ~E(@)"] < N7, (5.3)

for some § > 0.
Let n € N and let F € C°(C"). We assume that, for any multi-index o € N™ with 1 < || <5 and any
sufficiently small ¢’ > 0, we have

max{|8o‘F(:c1,...,xn)’ Z|‘T1| gNE’} < NG| max{’aaF(xl,...,an :Z;mgN?} < N9,

where Cy is a constant.

Let k > 0 be arbitrary. Choose a sequence of positive integers ki, ..., k, and real parameters ET € 2+
K,2—k], wherem =1,....nand j =1,... k. Lete > 0 be arbitrary and choose n with N~17¢ <np < N1,
Set 2" := E7" +in with an arbitrary choice of the & signs.

Then, abbreviating G (z) := (AD — 2)~1, we have

1 kl 1 kn
1,1 1)/ n 1 2
EF N Tr HG()(zj) e W Tr HG()(ZJ) fEF(G()%G( ))
j=1 j=1
< CN173¢+CE _|_C¢N75+CE .
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PROOF. The proof of Theorem 2.3 in [17] may be reproduced almost verbatim; the rest term in the Green
function expansion is estimated by an L®-L! bound using E|a§§-)|5 < CON-1739, O

As in [17] (Theorem 6.4), Proposition 5.2 readily implies the following correlation function comparison
theorem.

THEOREM 5.3. Suppose the assumptions of Proposition 5.2 hold. Let pg%) N and pg)) N be n-point correlation

functions of the eigenvalues of AV and A®) respectively. Then for any |E| < 2, anyn > 1 and any compactly
supported test function O : R™ — R we have

; (n) (n) a1 _
]\}gnoo dal~-~dan0(a1,...,an)(p(;b))Np(g)ﬁN)(E+N,...,E+> = 0.

We may now complete the proof of Theorem 2.5.

PrOOF OF THEOREM 2.5. In order to invoke Theorems 5.1 and 5.3, we construct a sparse matrix Ay,
satisfying Definition 2.2, such that its time evolution A is close to A in the sense of the assumptions of
Proposition 5.2. For definiteness, we concentrate on off-diagonal elements (the diagonal elements are dealt
with similarly).

For the following we fix 7 < j; all constants in the following are uniform in 7,5, and N. Let &, &', &y be
random variables equal in distribution to a;j, (a):j, (ao):; respectively. For any random variable X we use
the notation X := X — EX. Abbreviating v := 1 — e~7, we have

¢ = Vi-~v&+Vg,

where g is a centred Gaussian with variance 1/N, independent of £;. We shall construct a random variable
&o, supported on at most three points, such that Ag satisfies Definition 2.2 and the first four moments of
& are sufficiently close to those of £&. For k = 1,2,... we denote by my(X) the k-th moment of a random
variable X. We set

€o + &, (5.4)

_ f

~ JI—9N

where m; (&) = 0 and @g(a)) = N1 Tt is easy to see that my (&) = my (&) for k= 1,2.
We take the law of &y to be of the form

Pda +qd—p + (1 —p—q)do

where a, b, p, ¢ > 0 are parameters satisfying p+ ¢ < 1. The conditions ml(go) =0 and mgq (50) = N~! imply

1 1
b= aN(a+b)’ = bN(a+0b)’
Thus, we parametrize & using a and b; the condition p + ¢ < 1 reads ab > N~'. Our aim is to determine a
and b so that &y satisfies (2.4), and so that the third and fourth moments of £’ and £ are close. By explicit
computation we find
~ a—2b ~ ab

ms (&) = N ma(€o) = Nms(&)? + i

(5.5)
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Now we require that a and b be chosen so that ab > N —1 and

m3(&) = (1—7)732ms(€), my(€o) = Nmy(&)? +ma(€) — Nms(€)?.

Using (5.5), it is easy to see that such a pair (a, b) exists provided that m4(¢) — Nm3(£)? > N—2. This latter
estimate is generally valid for any random variable with m; = 0; it follows from the elementary inequality
myamo — m% > m‘;’ valid whenever m; = 0.

Next, using (5.5) and the estimates ms(€) = O(N~17%), my(€) = O(N~1729), we find

a—b=ON"%, ab = ON"?),

which implies a,b = O(N~?). We have hence proved that A, satisfies Definition 2.2.
One readily finds that m3(§') = m3(€). Moreover, using

ma(€o) —ma(€) = Nma()?[(1—~)"2—1] = O(N"172%y),

we find
P s 2 z 6y 3’72 ps —1-2¢
ma(§') —ma(§) = (1-7) m4(§0)+ﬁ—ﬁ—m4(§) = OV 7).
Summarizing, we have proved
m(€) = mp(€) (k=1,2,3),  |ma(&) —ma(§)] < CNT7%7. (5.6)

The claim follows now by setting 6 = 2a(¢) +2¢ —1— 5 in (5.3), and invoking Theorems 5.1 and 5.3. O

6. EDGE UNIVERSALITY: PROOF OF THEOREM 2.7

6.1. Rank-one perturbations of the GOE. We begin by deriving a simple, entirely deterministic, result on
the eigenvalues of rank-one perturbations of matrices. We choose the perturbation to be proportional to
le)(e|, but all results of this subsection hold trivially if e is replaced with an arbitrary £2-normalized vector.

LEMMA 6.1 (MONOTONICITY AND INTERLACING). Let H be a symmetric N x N matriz. For f > 0 we set
A(f) = H+ fle)(e].

Denote by A1 < --- < Ay the eigenvalues of H, and by p1(f) < -+ < un(f) the eigenvalues of A(f). Then
foralla=1,...,N —1 and f > 0 the function u.(f) is nondecreasing, satisfies 11o,(0) = Ao, and has the
interlacing property

PRrROOF. From [11], Equation (6.3), we find that y is an eigenvalue of H + fle)(e| if and only if

U, e)|?
Z |<M_)\i| _ l (62)

a I
where u,, is the eigenvector of H associated with the eigenvalue \,. The right-hand side of (6.2) has N
singularities at A1,..., Ay, away from which it is decreasing. All claims now follow easily. O
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Next, we establish the following “eigenvalue sticking” property for GOE. Let « label an eigenvalue close
to the right (say) spectral edge. Roughly we prove that, in the case where H = V is a GOE matrix and
f > 1, the eigenvalue p, of V + fle)(e| “sticks” to An41 with a precision (log N)“¢ N~!. This behaviour
can be interpreted as a form of long-distance level repulsion, in which the eigenvalues pg, 8 < «, repel the
eigenvalue 1, and push it close to its maximum possible value, Ay 41.

LEMMA 6.2 (EIGENVALUE STICKING). Let V be an N x N GOE matriz. Suppose moreover that & satisfies
(3.10) and that f satisfies f > 14 e9. Then there is a 6 = 0(g9) > 0 such that for all « satisfying
N(1-9) < a< N —1 we have with (£, v)-high probability

log N)¢%
Mot — o] < LB (63
Similarly, if « instead satisfies o« < N we have with (€, v)-high probability
log N)¢¢
o~ 2ol < 1B (6.4

For the proof of Lemma 6.2 we shall need the following result about Wigner matrices, proved in [19].

LEMMA 6.3. Let H be a Wigner matriz with eigenvalues \y < --- < Ay and associated eigenvectors
uy,...,uy. Assume that £ is given by (3.1). Then the following two statements hold with (§,v)-high
probability:

log N)©¢
m3X||ua||oo < (g\/ﬁ)7 (6.5)
and 13
Ao = Yal < (logN)?*N=23(min{a, N +1—a})” a8 (6.6)

Moreover, let L satisfy (3.11) and write Gg(z) = [(H — z)*l]ij, Then we have, with (&, v)-high probability,

1<i,5<N N N
z€Dy, SIS N n

N { max_|GH (2) — 6;mae(2)] < (1ogN)cs< Immye(z) = 1 )} (6.7)
where Dy, was defined in (3.2)

PROOF OF LEMMA 6.2. We only prove (6.3); the proof of (6.4) is analogous. By orthogonal invariance of
V, we may replace e with the vector (1,0,...,0). Let us abbreviate (5 := |ug(1)|?>. Note that (6.5) implies

mgxgﬂ < (log N)9SN—! (6.8)

with (£, v)-high probability. Now from we (6.2) we get

Ca (s 1

S —F -
H(x_/\a+1 ﬂ;;i—l ,Ua_>\ﬂ f

which yields
—1

|)‘a+1 _Ha| = Ca

BT,
2 7

gt T Ha
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We estimate from below, introducing an arbitrary n > 0,

_Z%:Z%Aﬁ_z%

B#a+1 A’B ~ Ha B<a+1 Ha B>a+1 /\ﬁ ~ Ha
(s (Ha — Ap) s
> _pAPa P __ >k
ety

B<a+1 B>a+1 Aﬁ = Ha

, Cs(As — pa) G
= “ReGli(pa+in)+ D 55— Y
pra s~ pa)® 0% 0 As = fla

. o’
> Re@(ua tin)— Y T (6.10)
BSatl ()‘5 - Moc)

where in the third step we used that Aoa+1 = pa by (6.1).
We now choose n = (log N)¢1legloe N N =1 For () large enough, we get from (6.7) that GV, (uq +in) =
Mse(fba +17) + 0(1). Therefore (3.6) yields

—ReGY (ta +in) = 1= 2v/]2 = pa| +0(1). (6.11)
From (6.6) and (6.1) we get that |ps — Vo] < (log N)CEN~2/3 with (€, v)-high probability. Moreover, the
definition (3.15) and a > N(1 — §) imply |y, — 2| < C8?/3. Thus we get, with (£, v)-high probability, that
12 — pia| = o(1) + C3%/3. Therefore (6.11) yields, with (&, )-high probability,
—ReGY, (e +1in) = 1+0(1) — C5/3.

Recalling (6.8), we therefore get from (6.10), with (£, v)-high probability,

Z s

prar1 N8 T Ha

log N)¢¢ (log N)©¢ 1
> 1 1)— '3 — m( — P SEE— 6.12
+o(1) N3 Aat1 — Hal? N3 B;_m A — ptal? 7 ( )

for any m € N.
Next, from (6.6) we find that, provided C, is large enough, m = (log N)“2¢, and 8 > «a + m, then we
have with (£, v)-high probability

(log N)“* S
N2/3(N+1 _6)1/3 = C"Yﬁ _7a+1|'

A = Aax1l = |78 — Yar1| —

Then for Cy large enough we have, with (£, v)-high probability,

1 1 CN3
g 8¢ < .
ﬁ;-m ‘)\B o MO‘|3 5>§;_m (’yﬁ - '7044»1)3 (log N)?’C25

Thus we get from (6.12), with (&, v)-high probability,

Z s

prag1 NP T Ha

(log N)“¢

> 1+40(1)—CoY3 - ———2="1
( ) N3|>\a+1_,ua|3
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Plugging this into (6.9) and recalling that f > 1+ ¢ > 1 yields, with (£, v)-high probability,

-1
(log N)©¢ 1/3 (log N)©¢

Mot — fra] < VB0 08 (1) - 8T )

| +1 T M | N €0 O( ) N3|Aa+1 _,uoc|2

from which the claim follows. O

6.2. Proof of Theorem 2.7. In this section we prove Theorem 2.7 by establishing the following comparison
result for sparse matrices. Throughout the following we shall abbreviate the lower bound in (2.7) by

fo = 1+¢g. (6.13)

PROPOSITION 6.4. Let PV and PV be laws on the symmetric N x N random matrices H, each satisfying
Definition 2.1 with ¢ > N?¢ for some ¢ satisfying 1/3 < ¢ < 1/2. In particular, we have the moment

matching condition

1
]Evhij _ Ewhij -0, Evhfj — Ewh?j — N (6.14)

Set f := f, in Definition 2.2: A= A(f.) = (ai;) := H+ fi|e)(e|. As usual, we denote the ordered eigenvalues
of H by \y < --- < Ay and the ordered eigenvalues of A by p1 < -+ < un-
Then there is a 6 > 0 such that for any s € R we have

PY (N2/3()\N —2)<s— N“S) ~ N7
< PU(V0w —2) <s) < PN —2) S5+ N )+ N7 (6.15)
as well as
PY (N2/3(NN_1 —9)<s— N*5) N7
< PY(N¥3(uy_1 —2) <s) < PY (N2/3(MN,1 —9)< s+ N—é) + N7 (6.16)

for N > Ny sufficiently large, where Ny is independent of s.
Assuming Proposition 6.4 is proved, we may easily complete the proof of Theorem 2.7 using the results
of Section 6.1.

PROOF OF THEOREM 2.7. Choose PV to be the law of GOE (see Remark 2.4), and choose P¥ to be the law
of a sparse matrix satisfying Definition 2.1 with ¢ > N®. We prove (2.11); the proof of (2.12) is similar.

For the following we write pi4(f) = po to emphasize the f-dependence of the eigenvalues of A(f). Using
first (6.1) and then (6.15) we get

P""(NQ/?’(MN_l(f) 2 < s) > ]P’“’(NQ/3(/\N —9)< s) > PV<N2/3(AN )< s— N*J) NS,

for some ¢ > 0. Next, using first the monotonicity of p.(f) from Lemma 6.1, then (6.16), and finally (6.3),
we get

pv (Nz/?’(uN_l( H-2)< s) <P (N2/3(uN ] s)
< PV <N2/3(uN (f)—2)<s+N- ) FNTS P (N2/3()\N —2) < s+ 2N*5) FON,
for some ¢ > 0. This concludes the proof of (2.11), after a renaming of J. O
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The rest of this section is devoted to the proof of Proposition 6.4. We shall only prove (6.16). The proof
of (6.15) is similar (in fact easier), and relies on the local semicircle law, Theorem 3.3, with f = 0; if f =0
some of the following analysis simplifies (e.g. the proof of Lemma 6.8 below may be completed without the
estimate from Lemma 6.9.)

From now on we always assume the setup of Proposition 6.4. In particular, f will always be equal to f,.

We begin by outlining the proof of Proposition 6.4. The basic strategy is similar to the one used for
Wigner matrices in [19] and [25]. For any F; < F», let

N(E1, Es) = ‘{OéiEléﬂaéEzH

denote the number of eigenvalues of A in the interval [Ey, Fs]. In the first step, we express the distribution
function in terms of Green functions according to

B,
P*(un-1 > E) = E"K(N(E,0) —2) ~ E"K(N(E,E,) —1) ~ E"K </ dy N Imm(y +in) — 1)
E
(6.17)
Here u stands for either v or w, 1 := N~2/37¢ for some £ > 0 small enough, K : R — R is a smooth cutoff
function satisfying

K(x)=1 if |z|<1/9 and K(x)=0 if |z|>2/9, (6.18)

and
E, = 24 2(log N)“¢N—2/3 (6.19)

for some Cj large enough. The first approximate identity in (6.17) follows from Theorem 3.4 which guarantees
that py—1 < F. with (¢, v)-high probability, and from (3.21) which guarantees that uy > 2+ o with (&, v)-
high probability. The second approximate identity in (6.17) follows from the approximation

Eo
/ dy N Imm(y + in) Z/

Ey

(y — u) +n? ~ N(EL B

which is valid for E; and E5 near the spectral edge, where the typical eigenvalue separation is N ~2/3 > 7.
The second step of our proof is to compare expressions such as the right-hand side of (6.17) for u = v and
u = w. This is done using a Lindeberg replacement strategy and a resolvent expansion of the argument of
K. This step is implemented in Section 6.3, to which we also refer for a heuristic discussion of the argument.
Now we give the rigorous proof of the steps outlined in (6.17). We first collect the tools we shall need.
From (3.18) and (3.21) we get that there is a constant Cy > 0 such that, under both PV and PV, we have
with (£, v)-high probability

IN*2(uy_1 —2)] < (logN)?¢,  uy > 2+0, (6.20)
" (log M) 3flog N)Os¢
2(log N)*° 2(log N)*° 2Co¢
N (2 - =N 24 N2/ ) < (log N)=~°s . (6.21)

Therefore in (6.16) we can assume that s satisfies

—(log N)“°¢ < s < (log N)©o8, (6.22)
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Recall the definition (6.19) of E, and and introduce, for any E < FE., the characteristic function on the
interval [E, E,],
Xe = lEgE]-
For any n > 0 we define
n 1 1

to be an approximate delta function on scale 7.
The following result allows us to replace the sharp counting function N (E, E,) = Trxg(H) with its
approximation smoothed on scale 7.

LEMMA 6.5. Suppose that E satisfies
|E —2|N?/3 < (log N)©0¢, (6.24)

Let 0 := %N_2/3_5 and 1 := N=2/37% and recall the definition of the function K from (6.18). Then the
following statements hold for both ensembles PV and PY. For some € > 0 small enough the inequalities

Tr(Xpe*0y)(H) —N° < N(E,00) =1 < Tr(xp—¢*0,)(H)+N"° (6.25)
hold with (&, v)-high probability. Furthermore, we have
EK(Tr(xp-e +0)(H)) < PV(E,00) =1) < EK(Tr(xmpe = 0) (H)) + o105 0° (6.26)

for sufficiently large N independent of E, as long as (6.24) holds.

PRrROOF. The proof of Corollary 6.2 in [19] can be reproduced almost verbatim. In the estimate (6.17) of
[19], we need the bound, with (£, v)-high probability,

(log N)“¢

|m(E +if) — mgo(E + )| < N

for N=1+¢ < ¢ < N=2/3. This is an easy consequence of the local semicircle law (3.12) and the assumption
q 2 NI/S.

Note that, when compared to Corollary 6.2 in [19], the quantity N (E, c0) has been incremented by one;
the culprit is the single eigenvalue uy > 2+ 0. O

Recalling that 6,(H) = 1ImG(in), Lemma 6.5 bounds the probability of N(E,c0) = 1 in terms of
expectations of functionals of Green functions. We now show that the difference between the expectations of
these functionals, with respect to the two probability distributions PV and P%, is negligible assuming their
associated second moments of h;; coincide. The precise statement is the following Green function comparison
theorem at the edge. All statements are formulated for the upper spectral edge 2, but with the same proof
they hold for the lower spectral edge —2 as well.

For the following it is convenient to introduce the shorthand

I, = {x:|z—2| < N2/3+) (6.27)

where € > 0.
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PROPOSITION 6.6 (GREEN FUNCTION COMPARISON THEOREM ON THE EDGE). Suppose that the assumptions
of Proposition 6.4 hold. Let F': R — R be a function whose derivatives satisfy

sup |[F™ (2)|(1 + [z])~% < ¢y for n = 1,234, (6.28)

with some constant C1 > 0. Then there exists a constant € > 0, depending only on Ci, such that for any
€ < € and for any real numbers E, E1, Ey € I, and setting n :== N~2/37¢ we have

EVF (NpImm(z)) — EYF (NnImm(z))| < CNY3*¥Cq=t  for 2 = E+in, (6.29)

and

E>
< N1/3+qu—1 (630)

E>
EVF (N dy Imm(y—l—in)) —EYF (N/ dy Imm(y—i—in))

Ey

Ey
for some constant C and large enough N.

We postpone the proof of Proposition 6.6 to the next section. Assuming it proved, we now have all the
ingredients needed to complete the proof of Proposition 6.4.

PROOF OF PROPOSITION 6.4. As observed after (6.20) and (6.21), we may assume that (6.22) holds. We

define E := 2 + sN~2/3 that satisfies (6.24). We define E, as in (6.19) with the Cy such that (6.20) and
(6.21) hold. From (6.26) we get, for any sufficiently small € > 0,

EWK(TY(XE,Z*H,,)(H)) < PY(N(E,00) = 1) (6.31)

where we set

(= 1N72/37€ n = N72/3795.
9 )

Now (6.30) applied to the case By = E — £ and E; = E, shows that there exists a ¢ > 0 such that for
sufficiently small € > 0 we have

EVK(Tr(XE,Z *97,)(1{)) < ]E“’K(Tr(XE,g * an)(H)) F N (6.32)
(note that here 9 plays the role of ¢ in the Proposition 6.6). Next, the second bound of (6.26) yields
PY(N(E — 2,00) = 1) < EY K(Tr(XE_g x 9n)(H)) e vllog NS (6.33)
Combining these inequalities, we have
PY(N(E —20,00) =1) < PY(N(E,00) =1)+2N"° (6.34)

for sufficiently small € > 0 and sufficiently large N. Setting E = 2 + sN—2/3 proves the first inequality of
(6.16). Switching the roles of v and w in (6.34) yields the second inequality of (6.16). O
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6.3. Proof of Proposition 6.6. All that remains is the proof of Proposition 6.6, to which this section is
devoted. Throughout this section we suppose that the assumptions of Proposition 6.4 hold, and in particular
that f =1 —+ €0-

We now set up notations to replace the matrix elements one by one. This step is identical for the proof
of both (6.29) and (6.30); we use the notations of the case (6.29), for which they are less involved.

For the following it is convenient to slightly modify our notation. We take two copies of our probability
space, one of which carries the law PV and the other the law P%. We work on the product space and write
HY for the copy carrying the law PV and HY for the copy carrying the law P%¥. The matrices AY and AW are
defined in the obvious way, and we use the notations AY = (v;;) and AY = (w;;) for their entries. Similarly,
we denote by GV (z) and G%¥(z) the Green functions of the matrices AY and AW.

Fix a bijective ordering map on the index set of the independent matrix elements,

¢:{(,j):1<i<j< N} — {O,...,’ymax} where  Vpax = wfl,
and denote by A, the generalized Wigner matrix whose matrix elements a;; follow the v-distribution if
@(i,7) < v and they follow the w-distribution otherwise; in particular Ag = AV and A = AV,
Next, set 1 := N~2/3=¢_ We use the identity

Imm..(E+in) < ]E—-2[+n < CN~1/3+/2 (6.35)
Therefore Theorem 2.9 of [11] yields, with (£, v)-high probability,

Ymax

1 1
— in) < = .
0<7 St 1SKASN BET: <A7 -E— in> ¥ Orimmsc(E + 177)‘ S op (6.36)
where we defined ) )
-~ := N° <q—1 + ) < N71/3+2e 6.37
’ Nn (6.37)
We set 2 = E + in where E € I. and n = N~2/37¢, Using (6.36), (6.37), and the identity
1 i —_
Imm = NIIHTI‘G = NZG”G”’
ij
we find, as in (6.36) of [19], that in order to prove (6.29) it is enough to prove
EF (7°) GY,GY, | —EF(GY — G%)| < CN'/3+0¢! (6.38)

i#]

at z = E + in. We write the quantity in the absolute value on the left-hand side of (6.38) as a telescopic
sum,

EF|n’) (A"l— z)

i#j

—Zz

)

1
—EF(AY —» A%
(Av )ji (47 )
’Ymax

= =Y (EF(AY > A) ~EF(A¥ - 4,1)) . (6:39)
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Let E(Y) denote the matrix whose matrix elements are zero everywhere except at the (i,7) position,
where it is 1, i.e. E,(:lj) = 6;105. Fix v > 1 and let (b,d) be determined by ¢(b,d) = . For definiteness,
we assume the off-diagonal case b # d; the case b = d can be treated similarly. Note that the number of
diagonal terms is N and the number of off-diagonal terms is O(N?). We shall compare A,_; with A, for
each v and then sum up the differences in (6.39).

Note that these two matrices differ only in the entries (b, d) and (b, d), and they can be written as

A’Y*I = Q + \%4 where V := (Ubd — ]E’Ubd)E(bd) + ('Udb — E’Udb)E(db) s (640)

and
A, = Q+W where W := (wpg — Ewpg) EC? + (wap — Ewgy) B

where the matrix @ satisfies
Qva = Qi = f/N = Evpg = Evgy = Ewpg = Ewgp ,
where, we recall f =1+ ¢g. It is easy to see that

max [vj| + max w;;| < (log N)“*¢ ™ (6.41)
1,7 2,7

with (£, v)-high probability, and that
E’Uij = Ewij = O, E(Uij)Q = IE(wij)Q < C/N, E‘Uij‘k —|—E|wij|k < CN_1q2_k (642)
for k =2,3,4,5,6.
We define the Green functions
1 1 1

= = —— T = . 4
r Q—=z’ S Ay -2’ A, -z (6:43)

We now claim that the estimate (6.36) holds for the Green function R as well, i.e.

J(E +in) — Smse(E +in)| < p~* A4
(2205, 0 [ R (B -+ m) = dmic(B +in)] < p 040

holds with (&, v)-high probability. To see this, we use the resolvent expansion
R = S+SVS+(SV)2S+...+(SV)’S + (SV)'°R. (6.45)

Since V' has only at most two nonzero elements, when computing the entry (k,) of this matrix identity,
each term is a sum of finitely many terms (i.e. the number of summands is independent of N) that involve
matrix elements of S or R and v;j, e.g. of the form (SV'S)y; = Sg;vi;S;1 + Skjv;iSiu. Using the bound (6.36)
for the S matrix elements, the bound (6.41) for v;; and the trivial bound |R;;| < ™' < N, we get (6.44).
Having introduced these notations, we may now give an outline of the proof of Proposition 6.6. We have
to estimate each summand of the telescopic sum (6.39) with b # d (the generic case) by o(N~2); in the
non-generic case b = d, a bound of size o(N~1!) suffices. For simplicity, assume that we are in the generic
case b # d and that F has only one argument. Fix z = E + i, where F € I. (see (6.27)) and n := N~2/37¢,

Define
i
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the random variable y® is defined similarly. We shall show that
EF(y°) = B+EF(y") + O(N~Y/3+Cep=ig=l), (6.47)

for some deterministic B which depends only on the law of ) and the first two moments of vpy. From (6.47)
we immediately conclude that (6.29) holds. In order to prove (6.47), we expand

F®) = F™) = PO - + 5P 66—y + P QW -, (6.49)

where ¢ lies between 3 and y%. Next, we apply the resolvent expansion
S = R+RVR+ (RV)?R+ ...+ (RV)"R+ (RV)™*'S (6.49)

to each factor S in (6.48) for some m > 2. Here we only concentrate on the linear term in (6.48). The second
term is dealt with similarly. (The rest term in (6.48) requires a different treatment because F"/({) is not
independent of vpq. It may however by estimated cheaply using a naive power counting.) By definition, @ is
independent of vyq, and hence F’(y®) and R are independent of hyy. Therefore the expectations of the first
and second order terms (in the variable vyq) in EF’(y™)(y® — y™) are put into B. The third order terms in
EF’(y®)(y® — y®) are bounded, using a naive power counting, by

PN Elopg)® < N™Y3N2p3N~1g7L, (6.50)

Here we used that, thanks to the assumption ¢ # j, in the generic terms {3, j} N {b,d} = 0 there are at least
three off-diagonal matrix elements R in the resolvent expansion of (6.46). Indeed, since b,d ¢ {i,j}, the
terms of order greater than one in (6.49) have at least two off-diagonal resolvents matrix elements, and other
factor in (6.46) has at least one off-diagonal resolvent matrix element since i # j. Thus we get a factor p—2
by (6.36) (the non-generic terms are suppressed by a factor N=1). Note that the bound (6.50) is still too
large compared to N2, since p > N~/3. The key observation to solve this problem is that the expectation
of the leading term is much smaller than its typical size; this allows us to gain an additional factor p~1. A
similar observation was used in [19], but in the present case this estimate (performed in Lemma 6.8 below) is
substantially complicated by the non-vanishing expectation of the entries of A. Much of the heavy notation
in the following argument arises from the need to keep track of the non-generic terms, which have fewer
off-diagonal elements than the generic terms, but have a smaller entropy factor. The improved bound on
the difference EF’ (y®)(y® — y%) is

N74/3N2p74N71q71 _ N71/3p74q71
which is much smaller than N =2 provided that ¢ > N? for ¢ > 1/3 and ¢ is small enough.
The key step to the proof of Proposition 6.6 is the following lemma.

LEMMA 6.7. Fiz an index v = ¢(b,d) and recall the definitions of Q, R and S from (6.43). For any small
enough € > 0 and under the assumptions in Proposition 6.6, there exists a constant C' depending on F (but
independent of ) and constants By and Dy, depending on the law law(Q) of the Green function Q and on
the second moments ma(veq) of Vba, such that, for large enough N (independent of v) we have

Es o Es o
EF 77/ dy Y~ S Siily +in) | —EF (77/ dy Y RijRji(y + iﬁ)) — By (m2(vpa), law(Q))
2 i#j B i#j

g Nl(b:d)75/3+06q71 ; (651)
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where, we recall, n = N~2/37¢ as well as

EF 7]2 Z Sijgji(z) —EF 7)2 Z Rijﬁji (Z) - DN (m2 (Ubd)a law(Q)) < Nl(b:d)75/3+qu71 5
i i
(6.52)
where z = E+in. The constants By and Dy may also depend on F', but they depend on the centered random
variable vyg only through its second moments.

Assuming Lemma 6.7, we now complete the proof of Proposition 6.6.

PROOF OF PROPOSITION 6.6. Clearly, Lemma 6.7 also holds if S is replaced by T'. Since @ is independent
of vpg and wyg, and ma(veq) = ma(weq) = 1/N, we have Dy (ma(vpa),law(Q)) = Dy (ma(wsq),law(Q)).
Thus we get from Lemma 6.7 that

EF 772 Z S’ijgji(z) —EF ’172 Z TijTji(Z) < CNl(b:d)_5/3+CEq_1. (653)
i#] i#]

Recalling the definitions of S and T from (6.43), the bound (6.53) compares the expectation of a function
of the resolvent of A, and that of A,_;. The telescopic summation in (6.39) then implies (6.38), since the
number of summands with b # d is of order N? but the number of summands with b = d is only N. Similarly,
(6.51) implies (6.30). This completes the proof. O

PRrROOF OF LEMMA 6.7. Throughout the proof we abbreviate A,_1 = A = (a;;) where a;; = h;; + f/N. We
shall only prove the more complicated case (6.51); the proof of (6.52) is similar. In fact, we shall prove the
bound

E> Es
EF 17/ dy > SiyS;i(y+in) | —EF <n/ dyZRuRﬁ(erin)) — By (ma(hpa), law(Q))

Ev iz Bro iz
g CNl(b:d)71/3+C6p74q71 ; (654)

from which (6.51) follows by (6.37).
From (6.36) we get

. . -1
| hax max |Ski(E +in) — Sumse(E +in)| < p (6.55)
with (€, v)-high probability. Define 2 as the event on which (6.55), (6.44), and (6.41) hold. We have proved
that Q holds with (£,v)-high probability. Since the arguments of F in (6.54) are bounded by CN?*2¢ and
F(z) increases at most polynomially, it is easy to see that the contribution of the event Q€ to the expectations
in (6.54) is negligible.
Define z° and z by

Es . Es _
25 = 77/ dyZSiiji(y+in), B = n/ dyZRinﬂ(y+i7l)’ (6.56)
2 i#j = i#]
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and decompose z° into three parts

E2 o
¥ = x5 + 27 +af  where 2y = n/ dy > 1({i.j} N {b.d}| = k) Si;Ssi(y +in);  (6.57)
E, .
i#]

z is defined similarly. Here k = |{i,5} N {b,d}| is the number of times the indices b and d appear among

the summation indices i, j. Clearly kK = 0, 1 or 2. The number of the terms in the sum of the definition of
xy is O(N?7%). A resolvent expansion yields

S = R—RVR+ (RV)’?R— (RV)*R+ (RV)*R — (RV)’R+ (RV)5S. (6.58)

In the following formulas we shall, as usual, omit the spectral parameter from the notation of the resolvents.
The spectral parameter is always y + in with y € [Ey, Es]; in particular, y € I..
If [{i,7} N {b,d}| = k, recalling that i # j we find that there are at least 2 — k off-diagonal resolvent
elements in [(RV)™R| 17 5O that (6.36) yields in Q
‘ [(RV)"LR} ij| < Ch (Neq_l)mp_@_k) where meNy, m<6, k=0,1,2. (6.59)
Similarly, we have in
‘ [(RV)™S] ij’ < Ch (qu_l)mp_@_k) where meNy, m<6, k=0,1,2. (6.60)
Therefore we have in €2 that
lop —af| < CN?3~kp=G=RINeg=t  for k=0,1,2, (6.61)

where the factor N2/37% comes from 3, 2j»nand [dE. Inserting these bounds into the Taylor expansion
of F', using
q 2 Nc/) 2 N1/3+CE 2 P 2 N1/3—26 (662)

-1/3+Ce,—4 ,—1

and keeping only the terms larger than O(N p~*q¢™1), we obtain

B(F() - F@™) B (F@(af - of) + 57" — af + Fa)af - af) )

< CN—1/3+CEp—4q—1 , (6.63)

where we used the remark after (6.55) to treat the contribution on the event €. Since there is no x5 appearing
in (6.63), we can focus on the cases k =0 and k = 1.
To streamline the notation, we introduce

RV = (=)™[(RV)"R],, . (6.64)
Then using (6.59) and the estimate max;z; |R;;| < p~' we get
RGPV < O (Wog )" pr Rt (6.65)
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Now we decompose the sum xf — ka according to the number of matrix elements hyqy and hgy. To that

end, for k € {0,1} and s,t € {0,1,2,3,4} and s+ ¢ > 1, we define

E2 e
(= n/ dy Y 1(1{i,j} n {b,d}| = k) RYRY (6.66)
Bro i
and set
0= X e @61
s+t=¢

Using (6.65) we get the estimates, valid on €2,

’Ql(cs,t)‘ < Cst (qu—l)Sth N2/3—kp—(4—2k)+50550k+50150k ; ‘ng)’ < CZ (Né‘q—l)g N2/3—kp—(3—k) ,
(6.68)
where ¢ > 1. Using (6.62), (6.59), and (6.60), we find the decomposition
o —af = > QU+ O(NTEC ) (6.69)
1<s+t<4a

where s and t are non-negative. By (6.68) and (6.44) we have for s +¢ > 1
‘]Ebd Q5€87t)’ < Cstq2fsftN71/37kp7(472k)+5os5ok+50t60k , (670)
where Epg denotes partial expectation with respect to the variable hyy. Here we used that only terms with

at least two elements hpg or hgp survive. Recalling (6.42), we find that taking the partial expectation Epq
improves the bound (6.68) by a factor ¢?/N. Thus we also have

‘Ebd Q;(f)‘ < O N3k p=(3=R) (6.71)

Similarly, for s+ ¢ > 1 and u + v > 1 we have

s,t u,v 2—s—t—u— 1/3—2k, —(8—4k)+30s6 80t 6 80u00k+00v 00k
EbdQ](g )Ql(c ) s u—v pr1/ P ( )+60sd0k+J0t S0k +I0udok+J0 ok (6.72)

S q

which implies

‘]Ebd Q}(fl)Q](fz) < @it N(1/3-2k)+Ce ) —6+2k (6.73)
Inserting (6.71) and (6.73) into the second term of the left-hand side of (6.63), and using the assumption F

as well as (6.62), we find

B ()~ af) 4 Fa)(of — of) + P () - af)?)

B+EF’($R)Q(()3) L0 (N*1/3+C5p*4q*1>

= B+EF (@) (@ + Q") + 0 (N71/24Cep1g71) (6.74)
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where we defined

B=E[ Y Fa®( S)+Q§€2>)+%F”(ﬂ)( gl>)2

k=0,1

E( Y Fa®E, (<”+Q )+%F”( )]Ebd< “”) . (6.75)

k=0,1

Note that B depends on hyg only through its expectation (which is zero) and on its second moment. Thus,
B will be By (ma(vpa),law(Q)) from (6.51).

In order to estimate (6.74), it only remains to estimate EF’(xR)QE)O’?’) and EF’(:ER)QE)?”O). Using (6.70),
(6.63), (6.74), and (6.71), we have

’E(F(xs) — F(z) - B’ < N7V3HCe=3—1 (6.76)

which implies (6.54) in the case b = d.

Let us therefore from now on assume b # d. Since we estimate Q(3 0 and Qéo’?’), this implies that 4, j,b, d
are all distinct. In order to enforce this condition in sums, it is convenient to introduce the indicator function

X = X(iajv b, d) = 1(|{i7ja b7d}| = 4)'
Recalling (6.64), we introduce the notation Rgn’s) to denote the sum of the terms in the definition (6.64)

of Rgn) in which the number of the off-diagonal elements of R is s. For example,

RE? 0 = RZ(-?’I) =0, RS)’Q) = RiphpaRaahayRevhvaRaj + Riahay RovhvaRadhay Ry; - (6.77)
Then in the case x = 1 we have
4
(3) _ (3,5)
W -3 675
s=2
Now from the definition (6.66) we get
4
PV =37 where QY =y / dyz X RO R (6.79)
= E;
and
4
$O =378 where QP = / dyz xR RD. (6.80)
— B

As above, it is easy to see that for s > 3 we have

EF (z7)Q%*) < N-1/3+Cep=dg1, (6.81)
which implies, using (6.74),
[E(F(z%) - F(2®)) - B| < EF'(z®)QY*? + EF (2™)QF"? + N~5/3+Ceq~1 (6.82)
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By symmetry, it only remains to prove that
EF’(:UR)Q(()?’ ,0,2) < N™ 1/3+Csp q -1 (6.83)

Using the definition (6.79) and the estimate (6.44) to replace some diagonal resolvent matrix elements with
Mg, we find

Es
2 < [ aEren Sy

E,

RivhyaRaahas RophoaRaj Rji + (b < d)]

E> -
- 77/E dy EF'( Zx RivRajRji (Evalhoa|*hua) (b < d)}
1
+O(N 1/3+Cap74q71) , (6.84)

where we used the estimate ’Ebd|hbd|2hbd| < 1\% to control the errors for the replacement. Combining (6.84)
with (6.74) and (6.63), we therefore obtain

|E[F(ajs) _F(.I‘R)] —B| < CN~ 1/3+C€ 74 -1 +Cq71N 1/3+Ce
X max max Y [’EF’ )Rijm| + |EF/(xR)RidejR7ji‘ + (b d)], (6.85)

yel. i,J
where we used the trivial bounds on F’ and |ms.|, and that every estimate is uniform in y.
In order to complete the proof of Lemma 6.7, we need to estimate the expectations in (6.85) by a better
bound than the naive high-probability bound on the argument of E. This is accomplished in Lemma 6.8
below. From Lemma 6.8 and (6.85) we get in the case b # d that

[E[F(z%) = F(«™)] = B| < N7V3*p=ig7t, (6.86)
where B was defined in (6.75). This completes the proof of Lemma 6.7. O

LEMMA 6.8. Under the assumptions of Lemma 6.7, in particular fizing f = f., and assuming that a,b,i,j
are all distinct, we have L
maxyEF’ MR R Rji(y +in)| < Cp~*. (6.87)

yel.
The same estimate holds for the other three terms on the right-hand side of (6.85).

In order to prove Lemma 6.8, we shall need the following result, which is crucial when estimating terms
arising from the nonvanishing expectation of Ea;; = fN~!. Before stating it, we introduce some notation.

Recall that we set A = A,_1 = (ai;), where the matrix entries are given by a;; = h;; + f/N and
Eh;; = 0. We denote by A®) the matrix obtained from A by setting all entries with index b to zero, i.e.
(A®); == 1(i # b)1(j # bai;. If Z = Z(A) is a function of A, we define Z(®) := Z(A®)). See also
Definitions 5.2 and 3.3 in [11]. We also use the notation E; to denote partial expectation with respect to all
variables (a1p, . ..,ans) in the b-th column of A.

LEMMA 6.9. For any fized i we have, with (£, v)-high probability,

‘ZZSZI h| < p2.

ki 1£k

39



PROOF. The claim is an immediate consequence of Proposition 7.11 in [11] and the observation that, for
Eecl.,n=N"23"¢ and ¢ > N? we have

1 I sc 1 _
<logN)C<q+ = e 4 ><p1

Nn Ny
for large enough N. O

Another ingredient necessary for the proof of Lemma 6.8 is the following resolvent identity.

LEMMA 6.10. Let A = (a;;) be a square matriz and set S = (S;;) = (A —z)~t. Then for i # j we have

Sij = —S”Zaiks,(c?, Sij = —SijSg,z)akj. (688)
k#i k#j

PROOF. We prove the first identity in (6.88); the second one is proved analogously. We use the resolvent
identity

SikeSk; .
Sy = SW 4 2RI v i £k (6.89)
’ Sk
from [11], (3.8). Without loss of generality we assume that z = 0. Then (6.89) and the identity AS = 1
yield

i SkiSij Sij Sij
Zaikséj) = > anSk — Y _ ai ITS’ L= —a;iSij — Sii(l — ;i S;) = S,J, : O
ki ki k#i v v w

Armed with Lemmas 6.9 and 6.10, we may now prove Lemma 6.8.
PROOF OF LEMMA 6.8. With the relation between R and S in (6.45) and (6.59), we find that (6.87) is

implied by o
|EF’(25)SiS4 S| < Cp *NC, (6.90)

under the assumption that b, d, i, j are all distinct. This replacement is only a technical convenience when
we apply a large deviation estimate below.
Recalling the definition of  after (6.55), we get using (6.89)
1S;5 — S| =

j

si,,sbj(sbb)*] <Cp?  mQ. (6.91)
This yields

|25 — ()P < p7IN®® Q. (6.92)
Similarly, we have

SiSa S =SSPV SVl < cpt Q. (6.93)

Hence by assumption on F' we have

|EF (%) 8,545 < ‘]E(F’((xs)(b))) 54S05®

+0 (p7'N). (6.94)

Since (%)® and SE{?)@ are independent of the b-th row of A, we find from (6.94) that (6.90), and hence
(6.87), is proved if we can show that
EvSp = O(p~?) (6.95)
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for any fixed 7 and b.
What remains therefore is to prove (6.95). Using (6.55) and (6.91) we find in  that

Spp = mee+0(p~Y),  SY =o0@p). (6.96)
Using agxp = hip + f/N we write
Sy = —mv.ZS»(b) hkb—Fi —(Sbb—m,.)ZSgb) hkb—‘ri . (6.97)
% sc — ik N sc = ik N

By (6.96) and the large deviation estimate (3.15) in [11], the second sum in (6.97) is bounded by O(p~1)
with (£, v)-high probability. Therefore, using (6.96) and Eyhy, = 0, we get

E,S; = mscf Zsb) +O —2) _ _mNscf ZSik+O(p_2)7 (6.98)
kb ki

where in the second step we used (6.89).
In order to estimate the right-hand side of (6.98), we introduce the quantity

X = %ZE,CSHC .

ki

Note that X depends on the index 4, which is omitted from the notation as it is fixed. Using (6.88), (6.96),
and (6.89) as above, we find with (£, v)-high probability

X = =N N ESY (hlk+ f) +0(p™?)

ki 1£k

_ mscf Zzs(k)

ki 12k
= _W;\;Cf Y Sa+0(p?)
I

= —msf X + O(i] Z(Sil - ]ElSil)> +0(p7?).

1#£i

Now recall that the spectral parameter z = E + in satisfies E € I. (see (6.27)) and n = N~2/37¢. Therefore
(3.6) implies that mg.(z) = —1+0(1). Recalling that f = 14¢q, we therefore get, with (£, v)-high probability,

X = O(;, Z(Sil - Elsil)) +0(p?). (6.99)

1+
We now return to (6.98), and estimate, with (£, v)-high probability

—Msc — 1 —
EpSip = Tf D S +0(g7?) = —mefX + O(N > (Sin — Eksik)) +0(p™?).
k#i k#i
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Together with (6.99) this yields, with (&, v)-high probability,

EySyy = O(if > (S — EkSik)> +0(p7?). (6.100)

ki

In order to estimate the quantity in parentheses, we abbreviate IExZ := Z — E;Z for any random variable
Z and write, using (6.88),

% Z(Sik —EixSir) = _Wl Z Z TE Skksi(zk)alk

k1 ki Ik
—Msc 1
- S S () = 5 kS = ) S (e )
ki l£k Py =

Using the large deviation estimate (3.15) in [11], (6.96), and the bound |hy| < p~! which holds with (£, v)-
high probability (see Lemma 3.7 in [11]), we find that the second term is bounded by O(p~2) with (£, v)-high
probability. Thus we get

(S~ EiSa) = eSS 50 + 0

ki ki Ik
with (&, v)-high probability. Therefore (6.100) and Lemma 6.9 imply (6.95), and the proof is complete. [

7. UNIVERSALITY OF GENERALIZED WIGNER MATRICES WITH FINITE MOMENTS

This section is an application of our results to the problem of universality of generalized Wigner matrices (see
Definition 7.1 below) whose entries have heavy tails. We prove the bulk universality of generalized Wigner
matrices under the assumption that the matrix entries have a finite m-th moment for some m > 4. We also
prove the edge universality of Wigner matrices under the assumption that m > 12. (This lower bound can
in fact be improved to m > 7; see Remark 7.5 below.) The Tracy-Widom law for the largest eigenvalue
of Wigner matrices was first proved in [33] under a Gaussian decay assumption, and was proved later in
[29, 35, 19, 24] under various weaker restrictions on the distributions of the matrix elements. In particular,
in [24] the Tracy-Widom law was proved for entries with symmetric distribution and m > 12. In [23]
similar results were derived for complex Hermitian Gaussian divisible matrices, where the GUE component
is of order one. For this case it is proved in [23] that bulk universality holds provided the entries of the
Wigner component have finite second moments, and edge universality holds provided they have finite fourth
moments.

DEFINITION 7.1. We call a Hermitian or real symmetric random matrizc H = (h;;) a generalized Wigner
matrix if the two following conditions hold. First, the family of upper-triangluar entries (hy; : i < j) is
independent. Second, we have
Ehij = 0, E'hi]‘|2 = U?j,
where the variances a . satisfy
Zgizj = 13 C- g lnf(NU?]) g Sup(NO'z?j) g O+7
- 4,J

2,9
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and 0 < C_ < C4 < oo are constants independent of N.

THEOREM 7.2 (BULK UNIVERSALITY). Suppose that H = (h;;) satisfies Definition 7.1. Let m > 4 and

assume that for all i and j we have

for some constant C,,, independent of i, j, and N.
Letn € N and O : R™ — R be compactly supported and continuous. Let E satisfy —2 < E < 2 and let
e > 0. Then for any sequence by satisfying N~17¢ < by < ||E| — 2|/2 we have

E+bn dE'
lim

/da1~-~dan0(a1,...,an)

1 ) (n) < / o ) o, )
x ——— (W —p F4+— _  F+—"_) =0.
Qsc(E)"( N~ rew) Nos(E) Nos(E)

Here g5 was defined in (2.10), pg\?) is the n-point marginal of the eigenvalue distribution of H, and ng)N

the n-point marginal of an N x N GUE/GOEFE matriz.

THEOREM 7.3 (EDGE UNIVERSALITY). Suppose that HY = (hY;) and HY = (h}}) both satisfy Definition
7.1. Assume that the entries of HY and HY all satisfy (7.1) for some m > 12, and that the two first two
moments of the entries of hy; and h}j match:

V(v pviu w(Tw\l (1 wW\u
E (hij) (R = E (hij) (R3) for 0<i+u<2.
Then there is a § > 0 such that for any s € R we have

PY (N2/3(>\N ~2)<s— N*‘S) ~NT < PY(NB(Ay —2) <s) < PV (N2/3(AN —2) < s+ N’5> +N9,

(7.2)
Here PV and PV denote the laws of the ensembles HY and HY respectively, and Ay denotes the largest
eigenvalue of HY or HY.

REMARK 7.4. A similar result holds for the smallest eigenvalue A\;. Moreover, a result analogous to (7.2)
holds for the n-point joint distribution functions of the extreme eigenvalues. (See [19], Equation (2.40)).

REMARK 7.5. With some additional effort, one may in fact improve the condition m > 12 in Theorem 7.3
to m > 7. The basic idea is to match seven instead of four moments in Lemma 7.7, and to use the resolvent
expansion method from Section 6.3. We omit further details.

The rest of this section is devoted to the proof of Theorems 7.2 and 7.3.

7.1. Truncation. For definiteness, we focus on real symmetric matrices, but the following truncation argu-
ment applies trivially to complex Hermitian matrices by truncating the real and imaginary parts separately.
To simplify the presentation, we consider Wigner matrices for which o;; = NV —1/2 The proof for the more
general matrices from Definition 7.1 is the same; see also Remark 2.4 in [11].

We begin by noting that, without loss of generality, we may assume that the distributions of the entries
of H are absolutely continuous. Otherwise consider the matrix H + eV, where V is a GUE/GOE matrix
independent of H, and (ey) is a positive sequence that tends to zero arbitrarily fast. (Note that the following
argument is insensitive to the size of ey.)
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Let H = H* = (h};) be a Wigner matrix whose entries are of the form h}; = N~=1/2z,; for some z;;. We
assume that the family (x;; : ¢ < j) is independent, and that each z;; satisfies

El‘ij = 0, E|£Cij‘2 =1.
Moreover, we assume that there is an m > 4 and a constant C,, > 1, independent of ¢, j, and N, such that
Ell‘ij|m < Cm N

In a first step we construct a truncated Wigner matrix HY from H*. This truncation is performed in the
following lemma.

LEMMA 7.6. Fiz m > 2 and let X be a real random variable, with absolutely continuous law, satisfying
EX = 0, EX? = 1, EIX|™ < Cp,.
Let A\ > 0. Then there exists a real random variable Y that satisfies
EY = 0, EY? = 1, Y] < A, P(X #Y) < 2C, A7 ™.
PRroOF. We introduce the abbreviations
P = P(|X| >\, E = E(X1(|X]|>)), Vo= IE(X21(|X|>)\)).
Using the assumption on X, Markov’s inequality, and Holder’s inequality, we find
P < CpA™, |E] < Cpuamtt, V < CpA ™2, (7.3)

The idea behind the construction of Y is to cut out the tail | X| > A, to add appropriate Dirac weights
at £\, and to adjust the total probability by cutting out the values X € [—a, a], where a is an appropriately
chosen small nonnegative number. For any ¢ satisfying 0 < ¢ < 1/2, we choose a nonnegative number a; such
that P(X € [—ay, ai]) = t. Note that since X is absolutely continuous such a number a; exists and the map
t — a; is continuous. Moreover, using EX? = 1 and Markov’s inequality we find that a;, < 2 for t < 1 /2.
We define the quantities

e = E(X1(~a; < X <ay)), v = E(X?1(~a; < X <ap)),

which satisfy the trivial bounds
|€t| § 2t, (0 § 4t . (74)

We shall remove the values (—oo, —\) U [—at, a;] U (A, 00) from the range of X, and replace them with
Dirac weights at A and —\ with respective probabilities p and ¢q. Thus we are led to the system
ptq=P+t, p-qg=AN"E+e), ptqg=A(V+uw). (7.5)

In order to solve (7.5), we abbreviate the right-hand sides of the equations in (7.5) by «(t), 5(t), and ~(t)
respectively.

In a first step, we solve ¢ from the equation a(t) = v(t). To that end, we observe that a(0) < ~(0), as
follows from the trivial inequality V' > A\2P. Moreover, a(1/2) > ~(1/2), by (7.3) and (7.4). Since a(t)
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and «(t) are continuous, the equation a(t) = 7(t) has a solution ¢y. Moreover, (7.3) and (7.4) imply that
to < CopA™™ + 412ty from which we get that tq < 2C,,A~™. For the following we fix t := t,.
In a second step, we solve the equations p + ¢ = «a(t) and p — ¢ = S(t) to get

SRR URS.0)

We now claim that |5(¢)] < a(t). Indeed, a simple application of Cauchy-Schwarz yields |5(t)| < (af(t) +
v(t))/2 = a(t). Hence p and ¢ are nonnegative. Moreover, the bounds (7.3) and (7.4) yield

ptq < 20,27
Thus we have proved that (7.5) has a solution (p, ¢, t) satisfying
0 < pgt < 20,27,

Next, let I := (—o00, —A) U [—a¢, a] U (A, 00). Thus, P(X € I) = p + ¢q. Partition I = I U I3 such that
P(X € I;) =p and P(X € I5) = ¢q. Then we define

Y = X1(X ¢ D)+ AUX € I;) — A\L(X € I5).
Recalling (7.5), we find that Y satisfies EY = 0 and EY? = 1. Moreover,
PX#Y) =P(Xel) =p+qg < 20,27 ™.
This concludes the proof. O

Note that the variable Y constructed in Lemma 7.6 satisfies E|Y|™ < 3C,,. Let p be some exponent
satisfying 0 < p < 1/2 and assume that m > 4. Using Lemma 7.6 with X := N”, we construct, for each z;;,
a random variable y;; such that the family (y;; : ¢ < j) is independent and

Byi; =0, Ry, =1, lyij| < N7, Pz #yiz) < 20, N7, Elyi|™ < 3Cn, . (7.6)
We define the new matrix HY = (hfj) through hlyj = N_l/Qyij. In particular, we have

1

1
y __ Y2 _ Y |p
Ehij = O7 ]E|hij| = N E‘hij| < N 2

where we set
q = NY?*r, (7.8)

Thus, HY satisfies Definition 2.1.

7.2. Moment matching. Next, we construct a third Wigner matrix, H* = (hf;), whose entries are of the
form h7; = N -1/ zzij. We require that z;; have uniformly subexponential decay, i.e.

Ez; = 0, Eley2 =1,  P(zy =€) < 07, (7.9)

for some 6 > 0 independent of 7, j, and N. We choose z;; so as to match the first four moments of y;;.
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LEMMA 7.7. Let y;; satisfy (7.6) with some m > 4. Then there exists a z;; satisfying (7.9) such that
Ezllv]v :Eyij forl=1,...,4.
PRroor. In fact, using an explicit construction similar to the one used in the proof of Theorem 2.5, z;; can

be chosen to be supported at only three points. We omit further details. O

It was proved in [19], Section 2.1, that the statement of Theorem 7.2 holds if the entries of H satisfy the
subexponential decay condition (7.9). Theorem 7.2 will therefore follow if we can prove that, for by and O
as in Theorem 7.2, we have

E+bNdE/
li day - --day, Oay, . .., an
1 (n) _ (n) </ oy , an )
) ———— (N = plV (B + =2 B+ —2m ) =0, (7.10
o (B PN~ Pay) Now(B) Now(E) (7.10)

where pfcn])\, and pinj)\, are the n-point marginals of the eigenvalue distributions of H* and H?, respectively.

Similarly, it was proved in [19], Section 2.2, that the statement of Theorem 7.3 holds if the entries of
HY and HY both satisfy the subexponential decay condition (7.9). Thus, Theorem 7.3 will follow if we can
prove that

Px (N2/3()\N —2) < s— N“S) ~ N7 < PE(NBy —2) < s) < PX(N2/3()\N 9 < s+ N“5> + NS,
(7.11)
for some & > 0. Here we use P* and P? to denote the laws of ensembles H* and H?* respectively.
We shall prove both (7.10) and (7.11) by first comparing H* to HY and then comparing HY to H?. The
first step is easy: from (7.6) we get

P(H* # HY) < 2C,,N*~°™. (7.12)
Thus, (7.10) and (7.11) hold with z replaced by y provided that
pm > 2. (7.13)

7.3. Comparison of HY and HZ in the bulk. In this section we prove that (7.10) holds with x replaced by
y, and hence complete the proof of Theorem 7.3.

We compare the local spectral statistics of HY and H? using the Green function comparison method
from [17], Section 8. The key additional input is the local semicircle theorem for sparse matrices, Theorem
3.3. We merely sketch the differences to [17]. As explained in [17], the n-point correlation functions pg\?) can
be expressed (up to an error N~¢) in terms of expectations of observables F', whose arguments are products
of expressions of the form m/(z; + in) where n := N~17¢. We assume that the first five derivatives of F' are
polynomially bounded, uniformly in N. Using the local semicircle law for sparse matrices, Theorem 3.3, we
may control the Green function matrix elements down to scales N~'~¢ uniformly in E. (Note that in [17],
the spectral edge had to be excluded since the bounds derived there were unstable near the edge, unlike our
bound (3.14).) This allows us to compare the local eigenvalue statistics of the matrix ensembles at scales
N~1=¢ which is sufficiently accurate for both Theorems 7.2 and 7.3.

We use the telescopic summation and the Lindeberg replacement argument from [17], Chapter 8, whose
notations we take over without further comment; see also Section 6.3. A resolvent expansion yields

S = R—N"Y2RVR+N"YRV)?2R— N32(RV)*R+ N"2(RV)'R — N~*%(RV)°S .
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Next, note that, by (7.7) and (7.9), both ensembles HY and H? satisfy Definition 2.1 with ¢ defined in
(7.8). Hence we may invoke Theorem 3.3 with f = 0, and in particular (3.14), for the matrices HY and HZ.
Choosing n = N~1~¢ for some ¢ > 0, we therefore get

with (¢, v)-high probability.

Consider now the difference EY —E? applied to some fixed observable F' depending on traces (normalized
by N—1) of resolvents and whose derivatives have at most polynomial growth. Since the first four moments
of the entries of HY and H?” coincide by Lemma 7.7, the error in one step of the telescopic summation is
bounded by the expectation of the rest term in the resolvent expansion, i.e.

NC€N75/2E(RV)SS < N75/2+Ce malJ)XE|Vab‘5 < N75/2+CECmNp ,

where in the last step we used (7.6). The first factor N°¢ comes from the polynomially bounded derivatives
of F. Summing up all O(N?) terms of the telescopic sum, we find that the difference EY — E# applied to F
is bounded by

N2+ Cetp, (7.14)

Combining (7.14) and (7.12), we find that both (7.10) follows provided that

1
—§+Cs+p<0, pm > 2. (7.15)

Since m > 4 is fixed, choosing first 1/2 — p small enough and then ¢ small enough yields (7.15). This
completes the proof of Theorem 7.2.

7.4. Comparison of HY and H? at the edge. In order to prove (7.2) under the assumption m > 12, we may
invoke Proposition 6.4, which implies that (7.11) holds with x replaced by y, provided that ¢ = 1/2—p > 1/3,
i.e. p < 1/6. Together with the condition (7.13), this implies that (7.2) holds if m > 12.

A. REGULARIZATION OF THE DYSON BROWNIAN MOTION

In this appendix we sketch a simple regularization argument needed to prove two results concerning the
Dyson Brownian motion (DBM). This argument can be used as a substitute for earlier, more involved,
proofs given in Appendices A and B of [16] on the existence of the dynamics restricted to the subdomain
v ={x:x1 <22 < -+ < zn}, and on the applicability of the Bakry-Emery method. The argument
presented in this section is also more probabilistic in nature than the earlier proofs of [16].

For applications in Section 4 of this paper, some minor adjustments to the argument below are needed to
incorporate the separate treatment of the largest eigenvalue. These modifications are straightforward, and
we shall only sketch the argument for the standard DBM.

THEOREM A.l. Fizn > 1 and letm = (myq,...,my) € N® be an increasing family of indices. Let G : R™ — R
be a continuous function of compact support and set

gi,m(x) = G(N(xi = Zitmy )y NV (Titmy — Titma)s oo N (Titma_y — JUi+mn)) .
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Let v1,...,vn denote the classical locations of the eigenvalues and set

N

Q = sup Z/(wi—%)zftdu (A1)

t€lto,7] 51

Choose an & > 0. Then for any p satisfying 0 < p < 1, and setting 7 = N~°, there exists a T € [7/2,7] such
that, for any J C {1,2,...,N —m,, — 1}, we have

1 1 NQ+1

ieJ i€J

for all N > Ny(p). Here = u™) is the equilibrium measure of the N eigenvalues of the GOE.

Define pg(x) = Ce N as in (4.6) and (4.5), but introducing a parameter 3 so that g is the
equilibrium measure of the usual S-ensemble which is invariant under the (8-dependent) DBM. We remark
that Theorem A.1 holds for all § > 1 with an identical proof. The following lemma holds more generally for
8 >0.

Let w:= C’uge—N > U.f(f’?.i), where Uj is a C?-function satisfying

mjin Ui (z) > 7 (A.3)

for some 7 < 1. For the following lemma we recall the definition (4.7) of the Dirichlet form.

LEMMA A.2. Let 3> 0 and g € H*(dw) be a probability density with respect to w. Then for any 8 > 0 and
any J C {1,2,...,N —m, — 1} and any t > 0 we have

! 1 Dy,(\/9)t B
'/ﬂzgi,quw—/ngi7mdw‘ < C |(J\/®+C\/T(Q)e % (A.4)
i€J ieJ

Recall that the DBM is defined via the stochastic differential equation

dB; 1 1 1 .
dl’i = \/N+6<_4x7’+2]\f§1‘l—xj>dt fOI‘ ZZI,...,N, (A5)
where By, ..., By is a family of independent standard Brownian motions. It was proved in [1], Lemma 4.3.3,

that there is a unique strong solution to (A.5) for all § > 1.
For any § > 0 define the extension M% of the measure g from Y to RY by replacing the singular

logarithm with a C2-function. To that end, we introduce the approximation parameter 6 > 0 and define, as
in Section 4, for x € RV,

1 1
Hs(x) == ) 13712 N > logs(z; — )

i<j

where we set

logs(z) = 1(x = d)logz + 1L(x < §) (log(5 + xT_(S - %(w - 5)2) .
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It is easy to check that logs € C?(R), is concave, and satisfies

logz ifx>0
lim 1 =
530 0g;(7) {—oo ifz<0.

Furthermore, we have the lower bound

L ifr>é
821 > =
; logs(x) {—512 ifx<J.

Similarly, we can extend the measure w to RY by setting w’ = Ce VX Uj(mj)u%.
LEMMA A.3. Let ¢ € L*®(dw®) be a C? probability density. Then for 6 < 1/N, 8 > 0 and any J C
{1,2,...,N —m,, — 1} and any t > 0 we have

1 1
‘/UZgi,quw‘s—/UZgi,mdw‘s
i€d it

PROOF. The proof of Theorem 4.3 in [16] applies with merely cosmetic changes; now however the dynamics
is defined on RY instead of ¥y, so that complications arising from the boundary are absent. The condition
§ < 1/N is needed since we use the singularity of 92 logz to generate a factor 1/N? in the regime z < C/N
in the proof. O

<C D“ﬁ'f]‘l@t +C\/S,5(q) e . (A.6)

PROOF OF LEMMA A.2. Suppose that g is a probability density in X with respect to w. We extend ¢ to
be zero outside ¥ and let ¢. € C? be any regularization of ¢ on RY that converges to ¢ in H'(w). Then
there is a constant C. s such that Q= - 5 g is a probability density with respect to ws. Thus (A.6) holds
with ¢ replaced by qg . Taking the limit 6 — 0 and then ¢ — 0, we have

1 1
‘/ﬂzgi,quw/ngi,mdw
i€d ied

L. D,s(\/q%)t . _
< w € 5 Ct/T. .
SOmmy T T PO Ve @eT AT

Notice that ws — 1(Xn)w weakly as ¢ — 0. Thus

. . [ s\ _ 1: o
;E}%;%Dw‘s( qe) - Eh_];%Dw(\/qiE) - Dw(\/a)

provided that ¢ € H!(w). This proves Lemma A.2. Notice that the proof did not use the existence of DBM;
instead, it used the existence of the regularized DBM. O

PrROOF OF THEOREM A.1. Write

1 1
/ G 3 Gom fid = BRSO S G (x(1).

eJ i€J
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Here EX0 denotes expectation with respect to the law of the DBM (x(t)); starting from x, and Ef# denotes
expectation of xy with respect to the measure fou. Let Es denote expectation with respect to the regularized
DBM. Then we have

1 1
EX— > Gim(x(t)) = ImEF— » G;m(x(t)),
P B 77 2
where we have used the existence of a strong solution to the DBM (see [1], Lemma 4.3.3) and that the
dynamics remains in Xy almost surely. Hence

1 L 1 5,0
/U;gz,mftdu - m/miezjgz,mft an’,

where f? is the solution to the regularized DBM at the time ¢ with initial data fou/u’. Using that (A.2)
holds for the regularized dynamics, and taking the limit 6 — 0, we complete the proof. O
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