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1. INTRODUCTION

Random matrices were introduced by Wigner [35] in the 1950s to model the excitation spectra of large atomic
nuclei, and have since been the subject of intense mathematical investigation. In this paper we study Wigner
matrices — random matrices whose entries are independent up to symmetry constraints — that have been
deformed by a finite-rank perturbation. By Weyl’s eigenvalue interlacing inequalities, such a deformation does
not influence the global statistics of the eigenvalues. Thus, the empirical eigenvalue densities of deformed
and undeformed Wigner matrices have the same large-scale asymptotics, and are governed by Wigner’s
famous semicircle law. However, the behaviour of individual eigenvalues may change dramatically under a
deformation. In particular, deformed Wigner matrices may exhibit outliers, eigenvalues located away from
the bulk spectrum. Such models were first investigated by Fiiredi and Komlés [29]. Subsequently, much
progress [5-7,11-13,28,32] has been made in the analysis of the spectrum of such deformed matrix models.
See e.g. [32] for a review of recent developments. Analogous deformations of covariance matrices, so-called
spiked population models, as well as generalizations thereof, were studied in [1,2,4].

In a seminal work [3], Baik, Ben Arous, and Péché investigated the spectrum of deformed (spiked)
complex Gaussian sample covariance matrices. They established a phase transition, sometimes referred to
as the BBP transition, in the distribution of the extremal eigenvalues. In [31], Péché proved a similar result
for additive deformations of GUE (the Gaussian Unitary Ensemble). Subsequently, the results of [3] and [31]
were extended to the other Gaussian ensembles; such as GOE (the Gaussian Orthogonal Ensemble), by
Bloemendal and Virdg [9,10]. We sketch the results of [3,9,10,31] in the case of additive deformations of
GUE. For simplicity, we consider rank-one deformations, although the results of [3,9,10,31] cover arbitrary
rank-k deformations. Thus, let H be an N x N GUE matrix, normalized so that its entries have variance
N~1. Let H(d) := H + dvv*, where v is a normalized vector and d is independent of N. If d > 1 then the
spectrum of H (d) consists of a bulk spectrum asymptotically contained in [—2, 2], and an outlier, located at
d+ d~' and having a normal law with variance of order N=*. If d < 1 then there is no such outlier, and
the statistics of the extremal eigenvalues of H(d) coincide with those of H. Thus, as d increases from 1 — ¢
to 1 + ¢ for some small € > 0, the largest eigenvalue of H (d) detaches itself from the bulk spectrum and
becomes an outlier.

The phase transition takes place on the scale d = 1 + wN~"/° where w is of order one. This may be
heuristically understood as follows. The largest eigenvalues of H are known to fluctuate on the scale N—2/3
around 2. The critical scale for d, i.e. the scale on which the outlier is separated from 2 by a gap of order
N—2/3_is therefore d = 1+wN~1/3 (since in that case d+d~' = 2+ w?N~2/3 4+ O(w*N~1)). In [3,9,10,31],
the authors established the weak convergence as N — oo

1/3

N2 (A (H(1+wN"1 ) = 2) = A,

where Ay (A) denotes the largest eigenvalue of A. Moreover, the asymptotics in w of the law A, was analysed
in [3,8-10,31]: as w — 400, the law A,, converges to a Gaussian; as w — —oo, the law A,, converges to the
Tracy-Widom-$ distribution (where § = 1 for GOE and g = 2 for GUE). As mentioned above, the results
of [3,9,10,31] also apply to rank-k deformations, where the picture is similar; each eigenvalue d; € [—1,1]¢
gives rise to an outlier located around d; + di_l7 while eigenvalues d; € (—1,1) do not change the statistics
of the extremal eigenvalues of H.

The proofs of [3,31] use an asymptotic analysis of Fredholm determinants, while those of [9,10] use an
explicit tridiagonal representation of H; both of these approaches rely heavily on the Gaussian nature of
H. In order to study the phase transition for non-Gaussian matrix ensembles, and in particular address the



question of spectral universality, a different approach is needed. Interestingly, it was observed in [11-13] that
the distribution of the outliers is not universal, and may depend on the geometry of the eigenvectors of A.
The non-universality of the outliers was further investigated in [32].

In the present paper we take H to be a real symmetric or complex Hermitian Wigner matrix, and A to
be a rank-k deterministic matrix whose symmetry class (real symmetric or complex Hermitian) coincides
with that of H. We make the following assumptions on the perturbation A.

(A1) The cigenvalues di, . .., dj of A may depend on N; they satisfy ||d;| — 1| > (log N)“°# log NN =1/3 je.,
on the scale of the phase transition, the eigenvalues of A are separated from the transition points by
at least a logarithmic factor.

(A2) The eigenvectors of A are arbitrary orthonormal vectors.
Our main results on the spectrum of H + A may be informally summarized as follows.

(R1) The non-outliers “stick” to eigenvalues of the undeformed matrix H (Theorem 2.7). In particular, the
extremal bulk eigenvalues of H + A are universal.

(R2) We identify the distribution of the outliers of H + A (Theorem 2.14).

A key ingredient in our proof is a generalization of the local semicircle law. The study of the local
semicircle law was initiated in [21,22]; it provides a key step towards establishing universality for Wigner
matrices [17,23,26,27,33,34]. The strongest versions of the local semicircle law, proved in [15, 16, 26], give
precise estimates on the local eigenvalue density, down to scales containing N¢ eigenvalues. In fact, as
formulated in [26], the local semicircle law gives optimal high-probability estimates on the quantity

GZ](Z) - 5”’/’)1(,2) 5 (11)

where m(z) denotes the Stieltjes transform of Wigner’s semicircle law and G(z) = (H — z)~! is the resolvent
of H. Starting from such estimates on (1.1), the two following facts are established in [26].

(i) The eigenvalue density is governed by Wigner’s semicircle law down to scales containing N¢ eigenvalues.
(ii) Eigenvalue rigidity: optimal high-probability bounds on the eigenvalue locations.

Another key ingredient in the proof of universality of random matrices is the Green function comparison
method introduced in [27]. It uses a Lindeberg replacement strategy, which previously appeared in the context
of random matrix theory in [14,33,34]. A fundamental input in the Green function comparison method is a
precise control on the matrix entries of G, which is provided by the local semicircle law. The Green function
comparison method has subsequently been applied to proving the spectral universality of adjacency matrices
of random graphs [15,16] as well as the universality of eigenvectors of Wigner matrices [30].

In this paper, we extend the local semicircle law to the isotropic local semicircle law, which gives optimal
high-probability estimates on the quantity

(v,(G(z) —m(2)1)w), (1.2)

where v and w are arbitrary deterministic vectors. Note that (1.1) is a special case obtained from (1.2) by
setting v = e; and w = e;, where e; denotes i-th standard basis vector of CN.



1.1. Outline and sketch of proofs. In Section 2, we introduce basic definitions and state our results. In a
first part, we state the isotropic semicircle law (Theorem 2.2) and some important corollaries, such as the
isotropic delocalization estimate (Theorem 2.5). The second part of Section 2 is devoted to the spectra of
deformed Wigner matrices. Our main results are deviation estimates on the eigenvalue locations (Theorem
2.7) and the distribution of the outliers (Theorem 2.14). In subsequent remarks we discuss some special
cases of interest, in particular making the link to the previous results of [11-13,32].

The remainder of this paper is devoted to proofs. As it turns out, the proof of the isotropic local semicircle
law is considerably simpler if the third moments of the matrix entries of H vanish. This case is dealt with in
Section 3. The proof is based on the Green function comparison method and the local semicircle law of [26].
In Section 4, we give the additional arguments needed to extend the isotropic local semicircle law to arbitrary
matrix entries. We remark that the Green function comparison method has been traditionally [16,27,30]
used to obtain limiting distributions of smooth, bounded, observables that depend on the resolvent G. In
this paper we use it in a novel setting: to obtain high-probability bounds on a fluctuating error.

In Section 5 we use the isotropic semicircle law to obtain an improved estimate outside of the classical
spectrum [—2, 2], and prove the isotropic delocalization result which yields optimal high-probability bounds
on projections of the eigenvectors of H onto arbitrary deterministic vectors.

Section 6 is devoted to the proof of deviation estimates for the eigenvalues of H + A. Our starting
point for locating the eigenvalues is a simple identity from linear algebra (Lemma 6.1) already used in the
works [5-7,32]. Similar identities were also used in [1,2,4] for deformed covariance matrices. Using such
identities, the study of the eigenvalue distribution of the deformed ensemble can be reduced to the study of
the resolvent. In our case, this study of the resolvent is considerably more involved because we allow very
general perturbations and also identify the distribution of non-outliers. In order to illustrate our method, we
first consider the rank-one case in Theorem 6.3. The general rank-k case is based on a bootstrap argument —
in which the eigenvalues d = (dy,...,dy) of A are varied — which may be summarized in the following three
steps.

(i) For arbitrary d, we establish a “permissible region” I'(d) C R whose complement cannot contain
eigenvalues of H + A. The region I'(d) consists essentially of small neighbourhoods of the extremal
eigenvalues of H as well as of small neighbourhoods of the classical outlier locations d; + d; ! for i
satisfying |d;| > 1.

(ii) We fix d to be independent of N. In this simple case, we prove that each permissible neighbourhood
of a classical outlier location d; + d; ! contains exactly one eigenvalue of H + A. Moreover, we prove
that the non-outliers of H + A stick to eigenvalues of H.

(iii) In order to allow arbitrary N-dependent d’s, we construct a continuous path (d(t)):co,1 that takes an
N-independent initial configuration d(0) to the desired N-dependent configuration d = d(1). Using (i),
(ii), and the continuity of the eigenvalues of H + A(t) as functions of ¢, we infer that the conclusions
of (ii) remain valid for all d(¢) where ¢t € [0,1], and in particular for d(1). (Here A(t) denotes the
perturbation with eigenvalues d(t).)

Finally, Section 7 contains the proof of Theorem 2.14, the distribution of the outliers. The proof consists
of four main steps.

(i) We reduce the problem of identifying the distribution of an outlier to that of analysing the distribution
of random variables of the form (v,G(0)v), where 6 := d + d~! and d is an eigenvalue of A with
associated eigenvector v. The argument is based on a precise control of the derivative of G(z) and
second-order perturbation theory.



(ii) We consider the case where H is Gaussian. Using the unitary invariance of the law of H, we prove
that (v, G(0)v), when appropriately rescaled, converges to a normal random variable.

The remainder of the proof consists in analysing the difference between the general Wigner case and the
Gaussian case. Ultimately, we shall apply the Green function comparison method to expressions of the form
(v,G(0)v) (Step (iv) below). However, this method is only applicable if ||v|| is sufficiently small (in fact,
our result shows that the Green function comparison method must fail if ||v|| is not small). We therefore
have to perform a two-step comparison.

(iii) Let H be the Wigner matrix we are interested in. We introduce a cutoff ey (equal to ¢~ in the
notation of Section 7.3). We define H as the Wigner matrix obtained from H by replacing the (4, j)-th
entry of H with a Gaussian whenever |v;| < ey and |v;| < en. We choose e large enough that most

entries of H are Gaussian. We shall compare H with a Gaussian matrix V' via the intermediate matrix
H. In this step, (iii), we compare H with V.

Our proof relies on a block expansion of H , which expresses the distribution of the difference
(v, (f[ —0)7'v)y = (v, (V-0)""v)

in terms of a sum of independent random variables (I'y,...,I's in the notation of Section 7.3) whose
laws may be explicitly computed.

(iv) In the final step, we use the Green function comparison method to analyse the difference
(v,(H - 9)*1v> — (v, (ﬁ' — 0)*1v> .

By definition of H, whenever the entry (i,7) of H differs from that of H, we have |v;] < ey and
lv;| <en. As a consequence, as it turns out, the Green function comparison method is applicable. Of
special note in this comparison argument is a shift in the mean of the outlier (arising from the second
term on the right-hand side of (7.50)), depending on the third moments of the entries of H.

Acknowledgements. We are grateful to Alex Bloemendal, Paul Bourgade, Ldszlé Erdds, and Horng-Tzer
Yau for helpful comments.

2. RESsuULTS

2.1. The setup. Let H¥ = H = (h;;) be an N x N matrix; here w denotes the running element in probability
space, which we shall almost always drop from the notation. We assume that the upper-triangular entries
(hij : i < j) are independent complex-valued random variables. The remaining entries of H are given by
imposing H = H*. Here H* denotes the Hermitian conjugate of H. We assume that all entries are centred,
Eh;; = 0. In addition, we assume that one of the two following conditions holds.

(1) Real symmetric Wigner matriz: h;; € R for all 4, j and

2 1
2 =2 2 = = j £
Ehii - N’ ]Ehzj N (27&])



(ii) Complex Hermitian Wigner matriz:

1 1 . .
Eh} = N Elhi;|* = N Eh?j =0 (i#7).

We use the abbreviation GOE/GUE to mean GOE if H is a real symmetric Wigner matrix with Gaussian
entries and GUE if H is a complex Hermitian Wigner matrix with Gaussian entries. We assume that the
entries of H have uniformly subexponential decay, i.e. that there exists a constant ¥ > 0 such that

P(VN|hy| > 2) < 97 exp(—a?) (2.1)

for all 7, j. Note that we do not assume the entries of H to be identically distributed.
The following quantities will appear throughout this paper. We choose a fixed but arbitrary constant
3 > 3. We define the logarithmic control parameter

on = ¢ = (log N)lelosN (2.2)

The parameter ¢ will play the role of a fixed positive constant, which simultaneously dictates the power of
@ in large deviations estimates and characterizes the decay of probability of exceptional events, according to
the following definition.

DEFINITION 2.1 (HIGH PROBABILITY EVENTS). Let ¢ > 0. We say that an N-dependent event Z holds with
¢-high probability if there is some constant C' such that

P(=) < NCexp(—) (2.3)
for large enough N.

Introduce the spectral parameter
z = E+in,

which will be used as the argument of Stieltjes transforms and resolvents. In the following we shall often use
the notation £ = Re z and n = Im z without further comment. Let

1

o) = o VE- &L (€eR)

denote the density of the local semicircle law, and

m(z) = /g’(_g)z & (¢ [-22) (2.4)

its Stieltjes transform. To avoid confusion, we remark that the Stieltjes transform m was denoted by mg,
in the papers [15-27], in which m had a different meaning from (2.4). It is well known that the Stieltjes
transform m satisfies the identity
1
— = 0. 2.5
m(e) + s 2 (25)

For n > 0 we define the resolvent of H through



We use the notation v = (v;)Y, € CV for the components of a vector. We introduce the standard

scalar product (v,w) := >, T;w;, which induces the Euclidean norm ||v|| := y/(v,v). By definition, v is
normalized if ||v] = 1.

We denote by C' a generic positive large constant, whose value may change from one expression to the
next. If this constant depends on some parameters «, we indicate this by writing C. Finally, for two
positive quantities Ay and By we use the notation Ay =< By to mean C~'Ay < By < CAy for some
positive constant C.

2.2. The isotropic local semicircle law. For ¢ > 0 let
S() == {2€C:|E|[<T, "N '<n< ). (2.6)

For z € S(¢) define the control parameter

Our first main result is on the convergence of G(z) to m(z)1.

THEOREM 2.2 (ISOTROPIC LOCAL SEMICIRCLE LAW). Fiz { > 0. Then there exists a constant C; such that
[(v.G(z)w) —m(2)(v,w)| < ¢“U(2)|v]]||w]| (2.7)

holds with C-high probability for all deterministic v,w € CN under either of the two following conditions.

A. The spectral parameter z € S(C¢) is arbitrary, and the third moments of the entries of H vanish in the
sense that 7
Ehj; = Ehhyy = 0 (i,j=1,...,N). (2.8)

B. The spectral parameter z € S(C¢) satisfies
U(z)? < g @NTI2 (2.9)
for some large enough constant Cy depending on (.

Away from the asymptotic spectrum [—2,2], Theorem 2.2 can be strengthened as follows.

THEOREM 2.3 (ISOTROPIC LOCAL SEMICIRCLE LAW OUTSIDE OF THE SPECTRUM). Fiz ¢ > 0 and ¥ > 3.
Then there exist constants C and C¢ such that for any

E € [-3,-2-¢Y' N3y 24 ¢ N3 5],

any n € (0,%)], and any deterministic v,w € CV we have
[(v.G(z)w) —m(2) (v, w)| < ¢ [—— v ][|wl]. (2.10)

with (-high probability.



REMARK 2.4. Using a simple lattice argument combined with the Lipschitz continuity of z — G(z), one can
easily strengthen the statement (2.7) of Theorem 2.2 to a simultaneous high probability statement for all z,
as in (3.16) below. For more details, see e.g. Corollary 3.19 in [15].

Similarly, mimicking the proof of Lemma 7.2 below, we find

sup{|8z<v,G(z)w>| 24 OIN"2B L |B|< S, 0< |n| < z:} <N (2.11)

with ¢-high probability, from which we infer that the statement (2.10) of Theorem 2.3 holds with ¢-high
probability simultaneously for all z = F + in satisfying the conditions in (2.11).

For an N x N matrix A we denote by A\ (A) < A2(A) < -+ < An(A) the nondecreasing sequence of
eigenvalues of A. Moreover, we denote by o(A) the spectrum of A. It is convenient to abbreviate the
(random) eigenvalues of H by

Aa = A(H).
Denote by u™, u® ... u®™) e CV the normalized eigenvectors of H associated with the eigenvalues \; <
Ao < -+ < Ay. Our next result provides a bound on (u(o‘) ,v) for arbitrary deterministic v.

THEOREM 2.5 (ISOTROPIC DELOCALIZATION). F'iz ¢ > 0. Then there is a constant C; such that the following
holds for any deterministic and normalized v € CV.

(i) For any integers a and b satisfying 1 < a < b < N/2 and

b—a > 2% (BANTVO 4 (ab) /AN (2.12)
we have ,
1 N _
3 @ )P < gON (213)

with (-high probability. Here Cy is the constant from Theorem 2.2. By symmetry, a similar result holds
for the eigenvectors o = N/2.

(ii) If the third moments of the entries of H wvanish in the sense of (2.8), then we have the stronger
statement
sup|(ul®  v)[? < pCeN? (2.14)

«

with C-high probability.

REMARK 2.6. Theorem 2.5 implies that the coefficients of the eigenvectors of H are strongly oscillating.
In order to see this, let a = 1,..., N. If the third moments of the entries of H do not vanish, we require
that o ¢ [p*CoN'Y/2 N — =4CoN1/2]. Then choosing v = N"/2(1,...,1) and v =e; fori = 1,..., N in

Theorem 2.5 yields
N

>l

i=1

< CC (O‘) < C( 71/2 )
S, max fu] < TN (2.15)

with (-high probability. The second inequality implies

N N
Do 2 N Y = N
=1 i=1



with ¢-high probability. Compare this with the first inequality of (2.15).
This behaviour is not surprising. In the GOE/GUE case, it is well known that each eigenvector u(® is
uniformly distributed on the unit sphere, so that its entries asymptotically behave like i.i.d. Gaussians.

2.3. Finite-rank deformation of Wigner matrices. Let k € N be fixed, V' be a deterministic N x k matrix
satisfying V*V = 1, and di,...,d; € R\ {0} be deterministic. We allow d; = di(N),...,d, = di(N) to
depend on N. We also use the notation V = [v(l), e 7v(k)]7 where v(D ... v(*¥) € CV are orthonormal.
Define the rank-k perturbation

k
VDV* = Z div(i)(v(i))* , D = diag(dy,...,dg).
i=1

We shall study the spectrum of the deformed matrix

H = H4+VDV™*.
We abbreviate the eigenvalues of H by

Mo = )\a(H)
In order to state our results, we order the eigenvalues of D, i.e. we assume that dy < ... < di. Define
the numbers
kE o= #{i:+d; > 1}.
As we shall see, k= is the number of outliers to the left of the bulk and kT the number of outliers to the
right of the bulk. We shall always assume that £~ and kT are independent of N.

Let
O :={ief{l,...;k}:|d| >1} = {1,..., k", k—kT+1,...,k} (2.16)
denote the k™~ + k™ indices associated with the outliers. For i € O abbreviate the associated eigenvalue index
by
N—-k+i ifizk—kt+1
a(i) = 1. M (2.17)
i ifi<k™.
Finally, for d € R\ (—1,1) we define
1
0(d) == d+ 7 (2.18)

THEOREM 2.7 (LOCATIONS OF THE DEFORMED EIGENVALUES). Fiz ( >0, K >0,k €N, and 0 < b < 1/3.
Then there exist positive constants Co and C3 such that the following holds.
Choose a sequence 1 = 1y satisfying 1 <1 < N®. Suppose that

dil < S—=1,  |ldi|=1] > PpN~1/? (2.19)
foralli=1,...,k. Then for i € O we have
|ty = 0(d)] < @ NT2(ds| = 1)'/? (2.20)
with (-high probability. Moreover,
ltta — Aa—i—| < 7 INT2/3 for Em+1 < a < of, (2.21a)
o = Aagit] < WTINTZ2 for  N—-of <a < N—kF, (2.21b)

with (-high probability.



REMARK 2.8. In [12], Capitaine, Donati-Martin, and Féral proved that jio;y — 0(d;) almost surely for all
i € O, under the assumptions that (i) D does not depend on N and (ii) the law of the entries of H is symmetric
and satisfies a Poincaré inequality. Subsequently, the assumption (ii) was relaxed by Pizzo, Renfrew, and
Soshnikov [32]. In fact, in [32] the authors proved, assuming (i), that the sequence VN (puq () — 0(d;)) is
bounded in probability for all ¢ € O.

In [5,6], Benaych-Georges, Guionnet, and Maida considered deformations of Wigner matrices by finite-
rank random matrices whose eigenvalues are independent of N and whose eigenvectors are either independent
copies of a random vector with i.i.d. centred components satisfying a log-Sobolev inequality or are obtained
by Gram-Schmidt orthonormalization of such independent copies. For these random perturbation models,
they established eigenvalue sticking estimates similar to (2.21).

REMARK 2.9. Provided one is only interested in the locations of the outliers, i.e. (2.20), one can set 1) = 1
in Theorem 2.7.

We shall refer to the eigenvalues in (2.20), i.e. p1,... g, IN—g+41,---, N, as the outliers, and to the
eigenvalues in (2.21), i.e. fig— 41, fpK , UN— K-+ -, JiN—)+ , S the extremal bulk eigenvalues.
REMARK 2.10. The phase transition associated with d; happens on the scale d; = 1 + a; N~1/3 where a; is
of order one. The condition (2.19) is optimal (up to powers of ¢) in the sense that the power of N in (2.19)
cannot be reduced. Indeed, in [3,9,10,31] it is established that, for rank-one® deformations of GOE/GUE
with d =1+ aN~'/3 and a of order one, uy fluctuates on the scale N~=2/3 and its distribution differs from
that of Ay. Hence in that case (2.21) cannot hold for ¢ > 1. See also Remark 2.13 below for a more detailed
discussion of the qualitative behaviour of eigenvalues of H as d; crosses a transition point.

Note that the location (d;) of the outlier associated with d; = 14a; N ~1/3 satisfies 0(d;) = 24+N~2/3a? +
O(a?N~1). In comparison, the largest eigenvalue of H fluctuates on a scale N~2/3 around 2.

REMARK 2.11. An immediate corollary of Theorem 2.7 is the universality of the extremal bulk eigenvalues
of H. Tn other words, under the assumption ||d;| — 1| > @2+t  N=1/3 for all i, the statistics of the extremal
bulk eigenvalues of H coincide with those of GOE/GUE.

Indeed, choosing ¥ = ¢ in Theorem 6.3 and invoking the edge universality for the Wigner matrix H
proved in Theorem 1.1 of [30] (for similar results, see also [16,26]), we find for all £ € N and all bounded and
continuous f that

Jim {Ef(zv”?’(uk+1+2)7...,N2/3(uk+f+2)) —ECF(NP(M+2),..., NP\ +2)| =0,

where E¢ denotes expectation with respect to the N x N GOE/GUE matrices. A similar result holds at the
other end of the spectrum.

REMARK 2.12. Theorem 2.7 was formulated for deterministic perturbations. However, it extends trivially
to the case where V is random, independent of H, with arbitrary law satisfying V*V = 1.

REMARK 2.13. The parameter ¢ describes how strongly the extremal bulk eigenvalues of H stick to extremal
eigenvalues of H. If d; is within distance CN —1/3 of a transition point £1, one does not expect the eigenvalues
of H to stick to the eigenvalues of H. For very weak sticking on the scale N=2/3¢x~1, corresponding to 1) = ¢,

IFor simplicity of presentation, we consider rank-one deformations, although the results of [3,9, 10, 31] hold for rank-k
deformations.

10



the eigenvalues d; have to satisfy Hdl| — 1’ > @2+t N—1/3 In particular, we may allow outliers at a distance
@222 N=2/3 from the spectral edge.

On the other hand, in order to obtain strong sticking on the scale N~ corresponding to ¢ = N/3-¢,
the eigenvalues d; have to satisfy “d | — 1‘ > ¢“2N~¢. Now the outliers have to lie at a distance of at least
N?2C272¢ from the spectral edge.

Thus, Theorem 2.7 gives a clear picture of what happens to the extremal bulk eigenvalues as d; passes a
transition point +1. For definiteness, consider the case where d; is varied from 1 — ¢ to 1+ ¢ for some small
¢ > 0, and all other eigenvalues of D are kept constant. Consider an extremal bulk eigenvalue near +2, say
fio- By Theorem 2.7, for d; < 1 — pC2FIN=1/3 1 sticks to A\g where 8 := a + k™. As d; approaches 1, the
eigenvalue pi, progressively detaches itself from Ag. Theorem 2.7 allows one to follow this behaviour down
to |d; — 1] = @C2t1IN=1/3 Below this scale, as d; passes 1, the eigenvalue ji, “jumps” from from the vicinity
of \g to the vicinity of A\g; 1. This jump happens in the range d; € [1 — @2t IN=/3 1 4 pC2HI N—1/3],
After the jump, i.e. for d; > 1+ @“2TIN=1/3 the eigenvalue p, sticks to Ap+1 instead of Ag, provided that
B < N. If 3 = N, then p, escapes from the bulk spectrum and becomes an outlier. This jump happens
simultaneously for all extremal bulk eigenvalues near +2, and is accompanied by the creation of an outlier.
This may be expressed as (k°, k*) — (k° — 1,k* 4+ 1). Meanwhile, the extremal bulk eigenvalues on the
other side of the spectrum, i.e. near —2, remain unaffected by the transition, and continue sticking to the
same eigenvalues of H they stuck to before the transition.

Next, we identify the distribution of the outliers. We introduce the customary symmetry index 3, by
definition equal to 1 if H is real symmetric and 2 if H is complex Hermitian. In order to state our result,
we define the moment matrices M®) = (Mi(j’)) and M® = (Mi(;l)) of H through

MP = N3PE(|hylPhy), MY = N2E|hylt.

By definition of H, the matrices M) and M® are Hermitian. Moreover, by (2.1) they have uniformly
bounded entries. For v = (v;) € CV define

Qv) = 2vaM<3 (I =+ o5 )
R(v) := Z M(4 —4+ﬁ)\vj|4,

S(v) = NZmMi(f)vj. (2.22)

The functions @, R, and S are bounded on the unit ball in CV, uniformly in N.

THEOREM 2.14 (DISTRIBUTION OF THE OUTLIERS). There is a constant Co such that the following holds.
Suppose that

ld] < ©—1, |di| —1] > ¢2N~1/3 (2.23)
foralli=1,... k. Suppose moreover that for all i € O we have
minlds —d;| > N7 (di] —1)7H2 (2.24)
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For i € O define the random variable

= (1 - 1) 2<N1/2<v(i)7HV(“> S<v<i>)>

&2 T

and Y;, a random variable independent of I1; with law

d 2(|]di| +1) 2 4Q(v?) | R(v1¥)
T, = —_— |+ 1 | —1 .
Then we have, for all i € O and all bounded and continuous f,
Jim_ {Ef(NW(di = 1) (ptagy — 0(di)) ) — EF(I; + m} - 0. (2.25)

Note that, by a standard approximation argument, (2.25) also holds for f(z) = 1(z < a) where a € R;
hence the convergence (2.25) may also be stated in terms of distribution functions.

REMARK 2.15. In [11], Capitaine, Donati-Martin, and Féral identified the law of the outliers of deformed
Wigner matrices subject to the following conditions: (i) D is independent of N but may have degenerate
eigenvalues; (ii) the law of the matrix entries of H is symmetric and satisfies a Poincaré inequality; (iii)
the eigenvectors of the deformation belong to one of two classes, corresponding roughly to either partially
delocalized eigenvectors or strongly localized eigenvectors. Subsequently, the assumption (ii) was relaxed by
Pizzo, Renfrew, and Soshnikov in [32]. (But assumption (iii) imposes that S(v(?) = Q(v(?) = 0 still holds
for the results of [32].)

REMARK 2.16. The condition (2.24) has the following interpretation. Let ¢ € O and assume for definiteness
that d; > 1. If j is not associated with an outlier on the right-hand side of the bulk, i.e. if d; < 1, then d; —d;
is bounded from below by the right-hand side of (2.24), as follows from (2.23). Hence the condition (2.24) is
only needed to ensure that the outliers are not to close too each other; in fact, this condition is optimal (up
to the factor ¢“2) in guaranteeing that the distributions of the outliers have essentially no overlap. Indeed,
by Theorem 2.7 we know that fi,;) lies with ¢-high probability in an interval of length 2% N ~1/2(d; —1)1/2
centred around 6(d;). Moreover, differentiating (2.18) yields

0(d;) — 0(d;) =< (di —1)(d; —d;).

Imposing the condition |6(d;) — 0(d;)| = ¢ N~/2(d; — 1)1/2 leads to (2.24) (with Cs increased if necessary
so that Cy > C5). In fact, in [3,31,32] it was proved (for D independent of N) that the distribution associated
with degenerate outliers is not Gaussian.

The following remarks discuss some special cases of interest. In order to simplify notations, we set k = 1
and write d=d;, v=v®), I =1, and T = T;.
REMARK 2.17. In the GOE/GUE case, we have M(® = 0 and M’ = (4 — §) + ;;(17 — 88). Thus we get
that Q(v) = S(v) = 0 and R(v) = O(N~1'). Since N'/2(v, Hv) is a centred Gaussian with variance 2371,
we therefore find that IT + Y has asymptotically? the distribution of a centred Gaussian with variance
2(d + D*(ld = 1) | 2(dl+1) _ 2(d +1)
pd* pd* Bd?

2See Section 7.2 for precise definitions and more details.
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REMARK 2.18. If p©2N—1/3 < ‘|d| - 1’ = o(1) then IT + T converges weakly to a centred Gaussian with
variance 46 1. As an outlier approaches the bulk spectrum, the dependence of its distribution on the details
of H and v is washed out. Therefore, unlike outliers located at a distance of order one from the bulk

spectrum, outliers close to +2 exhibit universality. Moreover, as an outlier approaches the bulk, its variance
shrinks from N=' (for d —1 =< 1) to N=%/3 (for d — 1 < N~1/3).

REMARK 2.19. If max;|v;| = 0 as N — oo, we find that Q(v) — 0 and R(v) — 0 as N — co. Moreover, the
Central Limit Theorem implies in this case that N'/2(v, Hv) converges in distribution to a centred Gaussian
with variance 237!, Therefore IT + YT has asymptotically the distribution of

(I + 1)(d| = 1)'2S(v) 2(|d| +1)
N( d! LB )

Thus, the only difference to the GOE/GUE case is a shift caused by the nonvanishing third moments
of H. For example, if Mi(j’) = m® € R is independent of i and j, and v = N~Y2(1,...,1), we find
S(v) =m® + O(N1).

REMARK 2.20. Typically, R(v) is nonzero if v has entries which do not converge to zero. An example for
which Q(v) is nonzero is Mi(;’) = m®) € Rindependent of N and v = (2-1/2 (2N —2)~1/2 ... (2N —2)~1/2),
in which case we have Q(v) = 273/2m®) + O(N~1/2),

REMARK 2.21. Consider now the case where max;|v;| does not tend to zero as N — oo. For definiteness,
let v .= (u,w), where the dimension of u is constant and max;|w;| — 0 as N — oo. By the Central
Limit Theorem and a short variance calculation, N/ 2(v, Hv) has asymptotically the same distribution as
NY2(u, Hu) +26~1(1 — ||[u?)(1 + 2||u||?)Z, where Z is a standard normal random variable independent of
H.

Let us take for example v = (1,0,...,0). Then IT4+ T has asymptotically the same distribution as II'4+Y’,
where

I = (|d| +1)(|d] — 1)Y2d"2NY2hy,

and Y’ is a centred Gaussian, independent of II', with variance

2(1d| + 1) (4l +1)(ld] ~ 1)

B Ndb > (NZElhyl" =4+ 8).

3. PROOF OF THEOREM 2.2, CASE A

In this section we prove Theorem 2.2 in the case A, i.e. where the first three moments of the entries of H
coincide with those of GOE/GUE.

We start by introducing the following notations we shall use throughout the rest of the paper. For an
N x N matrix A and v,w € CY we abbreviate

Avw = (v, Aw).

We also write
Avei = Avia Ae»v = Aiva Ae,;ej = Aija

13



where e; € CV denotes the i-th standard basis vector.

For definiteness, we consider the case where H is a complex Hermitian Wigner matrix; the proof for real
symmetric Wigner matrices is the same. By Markov’s inequality, in order to prove Theorem 2.2 it suffices
to prove the following result.

PROPOSITION 3.1. Assume (2.8) and let { > 0 be fized. Then there exists a constant C¢ such that, for all
n < ¢S, all deterministic v,w € CN, and all z € S(C¢),

E|Gyw(z) = (v,w)m(2)[" < (¢“¥(@)|vIlIwl])" (3.1)
The rest of this section is devoted to the proof of Proposition 3.1.
3.1. Preliminaries. We start with a few basic tools. For E € R define
kp = ||E 2|, (3:2)
the distance from E to the spectral edges £+2. In the following we use the notations
z = E+in, K = KEg

without further comment. The following lemma collects some useful properties of m, the Stieltjes transform
of the semicircle law.

LEMMA 3.2. For |z| < 2% we have

Im(z)] < 1, 1 —m(2)? = VE+7. (3.3)

Moreover,
VE+n if|El <2
Imm(z) < ; ;
e |E| > 2.
(Here the implicit constants depend on X.)
PROOF. The proof is an elementary calculation; see Lemma 4.2 in [27]. O

In addition to ¥, we shall make use of a larger control parameter ®, defined as

Imm(z) 1 D(2)
d =1 — v = | ——+—— < . 3.4
() = )+ 5o ) 2 g = B (3.4
From Lemma 3.2 we find, for any z satisfying |z| < 2%,
—-1/2 Im m(z)
N R < ) < ). (35)

where Ay < By means Ay < CBy for some constant C.
We shall often need to consider minors of H, which are the content of the following definition.
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DEFINITION 3.3 (MINORS). For T C {1,..., N} we define H™ by
(HD)yj = 1(i ¢ TIL( & Thi; -
Moreover, we define the resolvent of H™ through

GP(z) == 1(i¢T)1(j ¢ T)(HD — 2 -

ij
We also set
Yy
% ©:1¢T
When T = {a}, we abbreviate ({a}) by (a) in the above definitions; similarly, we write (ab) instead of ({a,b}).
We shall also need the following resolvent identities, proved in Lemma 4.2 of [25] and Lemma 6.10 of [16].

LEMMA 3.4 (RESOLVENT IDENTITIES). For any i,j,k we have

GirGri
Gy = G+ ZEH 3.6
J 1] + Gkk ( )
Moreover, for i # j we have
(@) . (4) )
Gij = —Gii »_ hixGy) = =G> Gillhyj. (3.7)
k k
These identities also hold for minors H(™
It is an immediate consequence of (3.6) that
GviGrw
Gyw = GU) 4 ZVETE (3.8)
Gk
Moreover, we introduce the notations
(O (@) 4
Gui = =Y GUlhwi, G = =Y haGio (3.9)
k k
so that
Gvi = Gii (Ui + Gvi) Giv = Gii(vi + Giv) (3.10)
by (3.7).
Next, we record some basic large deviations estimates.
LEMMA 3.5 (LARGE DEVIATIONS ESTIMATES). Let ay,...,an,b1,...,by be independent random variables
with zero mean and unit variance. Assume that there is a constant ¥ > 0 such that
Pai > 2) < 9 exp(—a?) (i=1,...,N),
P(jb;| > z) < 9 lexp(—2?) (i=1,...,M). (3.11)
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Then there exists a constant p = p(9) > 1 such that, for any ¢ > 0 and any deterministic complex numbers
A; and B;j, we have with (-high probability

(3.12)

N
ASY
R
=
B
T
~
=
(V]

=1 s

Z:AilaiF—Z:Ai < sO"C<Z|A¢2> , (3.13)
(
(

IN
AS)
>

1/2
ZdiB,-jaj Z|Bij|2) 5 (314)

i

(3.15)

Z aiBijbj
4,7

PROOF. The estimates (3.12) — (3.14) we proved in Appendix B of [25]. The estimate (3.15) follows easily
from (3.12) in two steps. Defining A, = ¥, Byyby, (3.12) yields |4;] < ¢¢(32,|By[?)""* with ¢-high
probability. Since the families {4;} and {a;} are independent, (3.15) follows by using (3.12) again. O

N
AS)

R
=
=

~_
)

Finally, we quote the following results which are proved in Theorems 2.1 and 2.2 of [26]. (Recall that we
use the notation m for the quantity denoted by ms. in [26].)

THEOREM 3.6 (LOCAL SEMICIRCLE LAW). Fiz ¢ > 0. Then there ezists a constant C; such that the event

1<i,j<N
z€S(Ce) ~ T

m { max ’Gij(z) - (5ijm(z)‘ < wcc‘y(z)} (3.16)
)
holds with (-high probability.

Denote by 71 < 72 < -+ < vy the classical locations of the eigenvalues of H, defined through
Ve
N/ o(z)dz = « (I<a<N). (3.17)

THEOREM 3.7 (RIGIDITY OF EIGENVALUES). Fiz ( > 0. Then there exists a constant C¢ such that
Ao = Yol < ¢%(min{e, N +1— Oé})_l/SN’QB

forall oo =1,..., N with (-high probability.

3.2. Estimate of Gy;. After these preparations, we may prove the key tool behind the proof of Proposition
3.1. Tt will be used as input in the Green function comparison method, throughout Sections 3.3, 3.4, and 4.
Let us sketch its importance in the Green function comparison method. Anticipating the notation from the
proof of Lemma 3.9, we shall have to estimate quantities of the form
(S—R)w = (-N"Y2RVR+N"'RVRVR+--)

vv’
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where the right-hand side is a resolvent expansion of the left-hand side. The first matrix product on the

right-hand side may be written as

(RVR)VV = RvaVabva + va%aRav

(again anticipating the notation from the proof of Lemma 3.9). Lemma 3.8 will be used to estimate the
resolvent entries of the form R, in such error estimates. These resolvent entries arise whenever the Green

function comparison method is applied to the component (-)y of a resolvent.
LEMMA 3.8. For any ¢ > 0 there exists a constant C¢ such that

Im Gyy (2)

1Gvi(2)| 4 |Giv (2)| + |Gri(2)| 4 |Giv (2)] < ¢ N

+ Clv;]

holds with ¢-high probability for all z € S(C¢).

PROOF. Since the families (hx;)r and (G%)k are independent, (3.9), (3.12), and (2.1) yield

Guil < ¢ <NZ|G )1/2

with ¢-high probability for some constant C¢. By spectral decomposition one easily finds that

(3)
Z —Im G(’) .

& Nn

From (3.3) and (3.16) we find that
|G| < C

with ¢-high probability provided that n > ¢“¢ for some large enough C¢. Setting
X = |gvi‘ + |giv|7

we therefore conclude, using first (3.8) and then (3.10), that

Nn

1/2
X<¢C<<ImGW+|Gn|Gw-/Gn-|yGw/Gii|> < o0 MG oo X o il

with ¢-high probability. Thus we find for n > @*¢cN~!

X < g%

Ny TR T YW

(3.18)

(3.19)

with (-high probability, and the claim for |Gy;| + |Giv| follows. The claim for |Gy;| + |Giv| follows using

(3.10) and (3.19).
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3.3. Estimate of Im Gy+. The first step in the proof of Proposition 3.1 is the following estimate of Im Gy .
Note that Im G+ is a nonnegative quantity, as may be easily seen by spectral decomposition of G.

LEMMA 3.9. Let ¢ > 0 be fired. Then there exists a constant C¢ such that, for all n < ¢°, all deterministic
and normalized v € CN, and all z € S(C¢), we have

E(ImGyv(2))" < ((pCC‘I)(z))n. (3.20)

PROOF. We shall prove (3.20) using Green function comparison to GOE/GUE. First we claim that (3.20)
holds if H is a GOE/GUE matrix. Indeed, in that case, using unitary invariance, (3.5), and (3.16), we find
for z € S(C¢) that

E(ImGW(z))n = E(ImGll(z))n < (L,DCQI)(Z))nJrN”NCexp(fgazc)7

where in the last inequality we used the rough bound |G11(z)| < 7! < N. Thus (3.20) for GOE/GUE
follows from (3.5) and the estimate

n

N exp(—¢™) < C,

valid for n < <pC.

From now on we work on the product space generated by the Wigner matrix H = (N -1/ QWij)i)j and
the GOE/GUE matrix (N_l/QVij)iJ. We fix a bijective ordering map on the index set of the independent
matrix elements,

N(N +1
¢:{(0,5):1<i<j<N} > {1,...,%“} where  Ymax ‘= % (3.21)
and denote by H, = (hzj), v =0,...,Ymax, the Wigner matrix whose upper-triangular entries are defined

by
~ N=YV2Wy; if (i, §) < v
hij = —~1/2 .
I N~Y2V,;  otherwise.

In particular, Hy is a GOE/GUE matrix and H. =H.

Let E(7) denote the matrix whose matrix elements are given by E,(jlj ) = 8ir0j1. Fix v > 1 and let (a,b)
be determined by ¢(a,b) = . We shall compare H,_; with H,, for each v and then sum up the differences.
Note that the matrices H,_; and H, differ only in the entries (a,b) and (b, a), and they can be written as

H, 1 = Q+ N2V where V := V@B +1(a # b))V BCY (3.22)
and
H, = Q+N7Y2W  where W = W4E +1(a # b)Wy, OV ;
here the matrix @ satisfies Qup = Qpe = 0.
Next, we introduce the Green functions
1 1 1

R = S = — T = 3.23
Q—Z’ H»yfl—Z, H,Y_Z, ( )

which are well-defined for n > 0 since @ and H., are self-adjoint. Using the notation G7 := (H., — 2)™!, we

have the telescopic sum

Ymax
E(ImGy~)" —E(mGY,)" = Y (E(Im G1,)" — E(Im ngl)") . (3.24)

y=1
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For any K € N we have the resolvent expansions

K—-1 K-1
= Y N *2(-RV)*R+ N K?(-RV)XS = Y N*2R(-VR)" + N"K2S(-VR)*  (3.25)

k=0 k=0
and
K—-1 K-1
R =Y NMXSV)ES+ NTKR2(SV)KR = Y NF2S(VS)k + N-K2R(VS)K. (3.26)
k=0 k=0

Now we choose K = 10 in (3.26). Applying Theorem 3.6 to the Wigner matrix S, using the rough bound
|IR|| < n~! < N to estimate the rest term in (3.26), and recalling (2.1), we find

|Rij — 6iym| < |Sij — dyym| + 9PN~V < %0 (3.27)

with 2¢-high probability. Here we also used (3.5). Throughout the proof we shall tacitly make use of the
bound |R;;| < C with 2¢-high probability, as follows from (3.27).
Next, setting K =1 in (3.25), recalling (2.1), and using Lemma 3.8, we find

II va
|Sva - Rva| g N71/2¢CC <|SvaRba| + |vaRaa|) < N71/2¢C< ( Hjlvin + |’Ua‘ + |vb|> (328)

with 2¢-high probability. Now (3.28), (3.5), and Lemma 3.8 yield

Im S,y _ Im S,y
[Bual < @0\ [S0 2+ Clul + @PNT12 < 05 [ 080 4 600+ O] (3.29)

with 2¢-high probability. The same bound holds for R,y. Similarly, choosing K = 1 in (3.25) yields, using
(3.29), that

Im S,y
[Svv = Ruv| < N7V205(|Sva Ry +|SubRav]) < N‘l/%Q( mNU +va|2+|vb|2> (3.30)

with 2¢-high probability.
After these preparations, we may start to estimate

(Im va) (Im va Z Am Im va )

where we defined

A, = <n>(ImvaImva)m
m

We choose K = 4 in (3.25) and introduce the notation S — R = Zi:l Y}, whereby Y}, has k factors V. We

write

4m 4 m
n
= kg Ak where A, = <m> E 1(k:1 +-+ k= k) [[llm(Yki)W . (3.31)

ki, km=1
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Thus we have
n am
E(ImSyy)" —E(ImRyy)" = A+ > > Edpi(ImRy)"™, (3.32)
m=1 k=max{4,m}

where A depends on the randomness only through @ and the first three moments of V.
We shall prove that

n 4m
n— ga M n
S Y EAal(mRy)"" < = ’J’V(E(Imsw)w(@cc@) ) (3.33)
m=1k=4 g
where we defined )
Eap = Y N2 [yy|7. (3.34)
o,7=0

For future use, we note that the proof of (3.33) does not require the vanishing of the third moments of H
as in (2.8). Before proving (3.33), we show how it implies (3.20). Let us abbreviate X, := E(ImGYJ,)" and
&y = (log N)"'€4-1(,). Note that, since Im G, > 0, we have X, > 0 for all . Repeating the derivation
of (3.32) for T instead of S, using that the first three moments of V,;, and W, are the same, and using the
estimate (3.33) and its analogue with S replaced by T', we find

Xy = Xo1 < & (X + Xyoa + (9%@)").
Abbreviating 7, := (1 — &,)7 (1 + &,) > 1 we therefore find
Xy < ry Xy +71y 8y (SDQ (I))n :

Since (3.20) holds for GOE/GUE, we have the initial estimate Xy < (p“<®)". Iteration therefore yields

v v
X, < (H m) (1 + ng> (Cd)" .
j=1 j=1
Next, we observe that > &, < 1. Since 0 < &, < 1/2, we find J[, r, < C. This implies

E(ImGyw)" = Xy < (9960)",

Ymax

which is (3.20).

What remains is to prove (3.33). Recall that in (3.31), (Yi)yw = N~*/2[(=RV)*R]__ if k < 4 and
(Ya)vw = N2[(=RV)*S] . For each Y, in (3.31), we write out the matrix multiplication in terms of
matrix elements of S, R, and V. Then we multiply everything out. We classify the resulting terms using
two additional parameters s,t > 0. Here s is the total number of matrix elements Ryq, Rov, Sva, and Sgv;
t is defined similarly with a replaced by b. If a = b, we use the symmetric convention s = t.

We have the conditions

s+t = 2m, k > max{s,t}. (3.35)

The first one is immediate. The second one is clearly true if a = b. In order to prove it in the case a # b,
assume for definiteness that s > ¢. Then each factor Rya, Rav, Sva, and Sgy is associated with a unique
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factor Vi, or Vi, (the one standing next to it in the matrix product); this proves the second condition of
(3.35). Thus we have the decomposition

k
A = Y Us+t=2m)Am ks (3.36)

s,t=0

in self-explanatory notation.
Using Lemma 3.8 and (3.29), we get the bound

s t
(1wl + 1Ravl + 1Sval + 18av] ) (1Ruol + [Bon] + Suol + Stn])

s t
ImSVV Imva
< (sﬂ\/ Ny T CI%I) (@C‘\/ Ny T va|>

Im 5 " Im el
< (saCCHJI\mWﬂoC“PQ) +<soc<njlvnw+soc“lfz> (Clual)®

m—t/2
Im Syv s
+ <<pC<Nn + soc<‘1’2> (Clvp))" + (Clva])*(Clus))

m
I SVV —
< so‘Dm<wC°”<mNn PN />> (L4 NPJunfs + NPjaglt + N Plunft) (337

with 2¢-high probability, where in the second step we used Lemma 3.10 below and s + ¢ < ¢¢, and in the

m—a,,a

third step the inequality x y* < (z+y)™. Here D > 0 is some constant to be chosen later, and C¢ p
denotes a constant depending on ¢ and D. For the following it will be convenient to abbreviate

Fap(s,t) == 1+NS/4|’UQ|S+Nt/4|’Ub|t+NS/4+t/4|’Ua‘s|'Ub|t.
Using (3.4), (3.5), and Lemma 3.10 below, we find that there is a constant C¢ p such that for z € S(C¢ p)

we have

(1Bval + Rov! + 1val + 1Sov) " (1Retl + Bl + 1] + [Siv])’
(

< @7Dm

~

(Im Syy )™ + (ngCchI))m)]-"ab(s, ) (3.38)

with 2¢-high probability.
Next, we observe that (3.30) and (3.5) imply

ImRyy < (14 ¢% N~ Im S,y + ¢ (3.39)

with 2¢-high probability. Recall that, be definition, A,, s s: contains k factors V, s factors in the set
{Rva, Rav, Sva, Sav}, and t factors in the set {Ryp, Rov, Svp, Sev}. Therefore the definitions (3.31) and
(3.36), as well as the estimates (2.1), (3.38), and (3.39), yield

|Am,k,s,t|(1m va)n—'m
< (4n)m<ka<N_k/2<p_Dm(<Im va)m + (cpCC’D q))m) fab(S, f) ((1 + (,DCCN_I/Q) Im S,y + (qu CI)) e

< SD(C(*D)mek/Q((Im Seu)" + (¢C<,D@)”)fab(s’t) (3.40)
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with 2¢-high probability, where we used that k < 4m, that n < ¢, (") < n™, and Lemma 3.10 below.
Denote by = the event on which the estimate (3. 40) holds; thus, ]P’(”C) < N%exp(—¢?). Using (2.1) and
the deterministic bound ||R|| + [|S]| < N, it is easy to see that on Z¢ we have the rough estimate

1/2
Bl Ay sl (I Buy)" " 1(Z) < N (BlAmpsal?) | PE)Y? < (N0 exp(—cp) < @"N710"
for all n < ¢¢ and N large enough. Therefore choosing D = D, large enough we get from (3.40)
| Ay b |1 Ru)" " <™ (I Su)" o+ (97 @)" ) N2 Fyp (s, 1)

Therefore (3.33) follows using (3.35) if we can prove that

2
meax{4,s,t}/2(1_’_Ns/4|va|s+Nt/4|vb|t_’_Ns/4+t/4|,ua‘s|,ub|t) < C&y = C Z N72+0/2+‘r/2|va|o|vb|‘r.
o, 7=0

(3.41)
for all s,t. We check that all terms on the left-hand side of (3.41) are bounded, for all s,¢ > 0, by the
right-hand side of (3.41). The first term is trivial: N~ ™a{4s}/2 < N=2_ The second term is bounded by

meax{4,s,t}/2Ns/4|va|s < N2 +N72+1/4|va‘ +N72+1|Ua|2.
The third term is bounded similarly. Finally, the last term is bounded by
N_max{4’s7t}/2Ns/4+t/4|’Ua‘s|'l}b|t < E+N_2+1/2‘7)a||’l}b| +N_2+1+1/4(‘7)a|2|1)b| + |'Ua||'Ub‘2) + |Ua|2‘7)b|2,

where E denotes a quantity bounded by the three previous terms. This completes the proof of (3.41), and
hence of (3.33). O

What remains is to prove the following elementary result.
LemMA 3.10. For z,y > 0 and m € N we have
(z+y)™ < Ca™ + (my)™

PROOF. By convexity of the function  — 2™ we have, for any A € (0,1),

m o T y\™" 1 1
(z+y)™ = ((1_)‘)1>\ A) < Wx +)\7m

Choosing A = 1/m yields the claim. O
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3.4. Estimate of G, — m. We now conclude the proof of Proposition 3.1. By polarization and linearity, it
is enough to prove the following result.

LEMMA 3.11. Let ¢ > 0 be fived. Then there exists a constant C¢ such that, for all n < ¢°, all deterministic
and normalized v € CN | and all z € S(C¢), we have

n

E|Gyy(2) —m(2)]" < (p%0(2))". (3.42)

PRrROOF. The proof is very similar to that of Lemma 3.9, whose notation we take over without further
comment. In order to avoid dealing with complex numbers, we estimate the real and imaginary parts of
Gyvv — m separately. We give the argument for the real part; the imaginary part is dealt with in the same
way. Throughout the following n denotes an even number less than €.

For the GOE/GUE matrix Hy we get from Theorem 3.6, as in the proof of Lemma 3.9, that

E(ReGY, —Rem)" < (p“U)". (3.43)
In order to perform the comparison step, we write, similarly to (3.32),

E(ReSyy — Rem)” —E(ReRyy —Rem)" = B+ zn: % EBy.k(Re Ryy — Rem)" ™™,
m=1 k=max{4,m}
where B depends on the randomness only through @ and the first three moments of V;, and
n 4 m
Bk = <m> S (ki Ak =k) il;[lRe(Yki)vv.

ki,..skm=1

Similarly to (3.33), we shall prove that

n  4m n
n—m Eab n c.Im Syy c
E Bm vv T < E vv T < cw)"y .
mE:1 224 (| &||ReR Rem| ) og (Re S Rem)" + <g0 N ) + (o~ W)
(3.44)
Using Lemma 3.9, (3.4), and (3.5) we find that the right-hand side of (3.44) is bounded by
Eab E|(ReSyv — Re m)n + (%) | .
log N

Therefore (3.43) and (3.44) yield (3.42), exactly as in the paragraph following (3.34).
What remains therefore is to prove (3.44). Using (3.37), (3.5), and Lemma 3.10 we get, for arbitrary
D >0,

s t
(IRval + |Rav| + 1Sval + 1Sav]) (1Rvl + [Bonl + [Svsl + Siv])
—Dm CopImSyy \™ C m
< © ) 6D + ((,0 <’D\Ij) -Fab(sat) (345)

Nn
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with 2¢-high probability. Therefore we get, similarly to (3.40),

n—m

| B e,s.t||Re Ryyv — Rem

< W(CC_D)mN_kﬂ((ReSW—Rem) + <@C<‘DmNnW> + (¢%rw) )}"ab(s,t)

with 2¢-high probability, where we used (3.30), N—1/2 L U, and Lemma 3.10. Choosing D > 0 large enough
and recalling (3.41) yields (3.44). (We omit the details of the analysis on the low-probability event, which
are similar to those following (3.40).) This concludes the proof of Lemma 3.11. O

4. PROOF OF THEOREM 2.2, CASE B

In this section we prove Theorem 2.2 in the case B, i.e. we impose no condition on the third moments of the
entries of H, and ¥(z) satisfies (2.9). By Markov’s inequality, it suffices to prove the following result.

ProPOSITION 4.1. Fiz ( > 0. Then there are constants Cy and C¢, both depending on (, such that the
following holds. Assume that z € S(C¢) satisfies (2.9) with constant Cy. Then we have, for all n < ¢° and
all deterministic v,w € CV, that

E[Gyw(2) = (v.w)m(2)]" < (¢ ()vI[Iw])"- (4.1)

The rest of this section is devoted to the proof of Proposition 4.1. We take over the notation of Section
3, which we use throughout this section without further comment.

4.1. Estimate of Im G,. In this section we derive an apriori bound on Im G, by proving the following
result.

LEMMA 4.2. Fiz ¢ > 0. Then there are large enough constants Co and C¢, both depending on ¢, such that
the following holds. Assume that z € S(C¢) satisfies (2.9) with constant Cy. Then we have, for all n < ¢¢
and all deterministic and normalized v € CV, that

E(ImGyv(2))" < (990(2))". (4.2)
The following (trivial) observation will be needed in the next section: The constant Cj may be increased

at will without changing C, in (4.2).
The main technical estimate behind the proof of Lemma 4.2 is the following lemma. Recall the setup

(3.21) of the Green function comparison, and in particular the definitions (3.23).

LEMMA 4.3. Fiz ¢ > 0. Then there are constants Cy and Cy, both depending on (, such that if (2.9) holds
with constant Cy then we have the following. For any a,b we have

n 4m C ~ lel}
S Y EAua(mBy)" | < (E+ NTIPE (E(Imsvv)n—i—((pCl(I))"), (4.3)
’ log N Nn
m=1 k=max{3,m}
where
B 2
Eap = Eap+ 0ap(val® + N73/2) = Y N72FO2H2 170y |7 + Gap (|va|* + N73/2) .
o,7=0
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Moreover, if

C1
[val + [vs| < N*l/‘*,/‘fv—n (4.4)

then we have the stronger bound

n 4m
n—m C o n Ccy n
T;k_mg{:Bm}EAm,k(Imva) < fog i o0 (E(Imsw) + (% ®) ) (4.5)

Before proving Lemma 4.3, we use it to complete the proof of Lemma 4.2.

PROOF OF LEMMA 4.2. Let B C {1,..., N}? denote the subset

Ch
B := {(a,b) : va] + |vp] >N1/4U§777}.

Since ||v|| = 1, the number of indices a such that |v,| > ¢ is bounded by £~2. Therefore

C1 -1
Bl < N32(2—) .
Nn

Therefore we have

C (= o€t C =~ C
— N73/2F &, < .
> log N (5“1’ * Nn ) 2 log N Ea log N
(a,b)eB (a,b)eBe

Now (4.2) follows from (4.3) and (4.5), by repeating the argument after (3.34). O
Before proving Lemma 4.3, we record the following lower bound on 7.

LEMMA 4.4. Let Cy > 0. If (2.9) holds then
n > @G/BNT/6, (4.6)
PROOF. The claim follows immediately from (Nr])_1 <UL gp_CO/3N_1/6. O

PROOF OF LEMMA 4.3. Note that the proof of (3.33) did not use the assumption (2.8). In particular, all
statements in the proof of Lemma 3.9 after (3.35) remain true in the case B. By (3.33), it is enough to prove

n—m ol 73/2@04 n C n
\EAm,g(ImRW) ‘ < Eu b NP (E(ImSW) + (o c@)) (4.7)

log N
for m =1,2,3 as well as, assuming (4.4),

1

EA,, s(Im R "—m‘ < —
‘ ,3(m vv) log N

En (]E(Im Swe)" + (<pC<<I>)") (4.8)

for m = 1,2,3. In order to prove (4.7) and (4.8), we distinguish four cases depending on m and whether
a =b. Recall from (3.35) that
s+t = 2m, s < 3, t < 3. (4.9)
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Case (i): a = b and m < 3. Similarly to (3.37), we find
(1Rval + |Rav|)2m < P (I Sy + 0 0 ®) " (14 N2 Pm)
with 2¢-high probability, for any constant D > 0 and z € S(C¢,p). Therefore (3.39) yields
| A a|(Im Ryy )™ < CePmN=3/2 (Im Sev + <pc<>D<I>)n(1 + N™/2 |y, |?™)
(10500 58 O )
with 2¢-high probability, where we used that 1 < m < 3. Therefore Lemma 3.10 yields
E|Ap 3/ (Im Ryy )" ™™ < Cop™! (]E(Im Suv)" + (@Cccb)") (N732 4 va?) (4.10)

which is (4.8). In particular, we have also proved (4.7). Here we omit the details of the estimate on the
event of low probability, which are analogous to those following (3.40).
Case (ii): a # b and m = 3. By (4.9), we have s =t = 3. From (3.37) we get

m m—s/2
(1Bval + 1Basl) (1Bl 4 [Binl) < (002 g pleq2) g (05w ey "ty
va av vb bv S T — D — a
Nn Nn

m—t/2
Im Syv R
" (ﬁ“?w - wC<@2> (Clul)* + (Cloal)*(Clunl)* - (411)

with 2¢-high probability. Together with (3.4) and (3.39), this yields
s t
(1Rval + 1Bav) (IRvsl + [Bov]) (10 Buy)™™™ < (Im Sy + S0 @)"
Ce\™ Ce\ 5/ Ce\ /2
p-e p-e Da\—t/2 |t pe Da\—5/2( s Da\—5/2—t/2, s it
— — o — d a ® o 4.12
(%) + (%) @P0 P+ (52) P8 ul + (0P0) " Pullul | (w12)

with 2¢-high probability and for any D > 0. Choosing D and Cj in (2.9) large enough, we get from (2.1),
(4.6), Lemma 3.10, and N~/2 < ® that

X

|A3,3|(Imva)"73 < gailN*S/Z((Imva)" + (¢C<q))n> (N71/2 +N1/2|’U},‘2 +N1/2‘Ua|2 +N3/2|’0a|2|1}b|2)

with 2¢-high probability. Now (4.8), and hence also (4.7), follows easily (we omit the details of the analysis
on the low-probability event).

Case (iii): ¢ # b and m = 2. Consider first the case s =t = 2. Then Az 322 (see (3.36) and (3.31)) is a
finite sum of O(1) terms of the form

X1 = Rvahabva RvahabRbahabva . (413)

(The other terms can be obtained from (4.13) by permutation of indices and complex conjugation of factors.)
We shall estimate the contribution of X7; the other terms are dealt with in exactly the same way. Note
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the presence of an off-diagonal resolvent matrix element Rj,, as required by the condition s =t = 2. From
(3.27) and (4.12) we get, with m = s =t = 2, that

|X1| (Im va)’ﬂ—2 < QOCC v N_3/2 (Im va + QOCC’Dq))n

C 2 C C
pte a -1 P -1 -2
" l(zvn) + 8y (P70) Tl T (7 2) T ual? + (o7 8) el

with 2(-high probability. Note the factor ¥ arising from the estimate of Rp,. Choosing D and Cj large
enough, and recalling (2.9), we find using Lemma 3.10 that

X0 (Im Ruw)" 2 < ! ((ImS)™ + (97 @)" ) €y

with 2¢-high probability. This yields (4.8) and hence also (4.7).
Let us therefore consider the case s = 3 and t = 1. (The case s =1 and t = 3 is estimated in the same
way.) Using the bounds ® > (Nn)~! and ® > N~'/2 we find

|A23.3,1] (Im Ryy )"~ (4.14)
< P N2 (Im Syy + P @)"

Ce\ 2 Ce\ 3/2 CeN 1/2
e pe Day—1/2 pre Day—3/2| 2 Dav=2 1o
0] P b o P “
XKN??) +(Nn) (¢72) Ub|+<Nn> ($7@) " val® + (07 @) Jval*fus]

Ce¢
N*W% + N2 o] + N7 o |* + Nl/leﬂlvbI] (4.15)

< o7 (@mSe)" + (¢%0)")

with 2¢-high probability, for D and Cj large enough. This yields (4.7) in the case s =3 and t = 1.
In order to prove the stronger bound (4.8) in the case s = 3 and ¢ = 1, we note that (3.29), (3.4), (3.5),

and the assumption (4.4) yield
ImSyy + @
Rya| < % —2¥ T~ 4.16
[Rva| < ¢7¢4/ N (4.16)

The same bound holds for R,y, Ry, and Rpy. Now As 331 is a finite sum of O(1) terms of the form
X2 = Rvahabva RvahabRbbhbaRav

(Again, the other terms can be obtained from X, by permutation of indices and complex conjugation of
factors.) We shall show that

IEX,(Im Ryy)" 2| < Cop™'Eq (E(Im Sov)™ + (QDCC(I))”) . (4.17)
We split Ry, = (Rpp —m) + m in the definition of X5. The first resulting term is estimated, using (3.27), by
¢“ U N2 Ry Ry RyaRav|(Im Ryy)" 2.

The estimate of |X1|(Im Syy)" "2 above may now be applied verbatim. What remains is the second term
resulting from the above splitting of X5. Since |m| < C and hyy, is independent of R, we therefore have to
show that

CN=32|ERya Ryw RyaRav (Imva)"_2‘ < <p_15ab<E(ImSW)" + (ng“I))"). (4.18)
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Using (3.7), we expand
Ryy = mRpy + R;)V , (4.19)

where we defined (see also (3.9))

= thkakv, Ry = vpRup + (Rpp — m)Ripy - (4.20)

Now we observe that, using the bound (3.27), we may repeat the proof of Lemma 3.8 to the letter to find
that its statement holds with (G, G) replaced with (R, R). Thus we find

Im RW ImS,, +@ o1 _ ImS,, + @
¢ /4 172« C¢ [T2Hvwv T 7
Rov| < \/ + Clup| < —Ng + @Y N~V4(Nnp) < @ N (4.21)

with 2¢-high probability, where in the second step we used (3.39) and (4.4), and in the last step (3.5). Using
(3.27), (4.4), and ® > (Nn)~!, we therefore find

v
R < (@CC\/N—U + w‘DN‘”“) (Im Syy + @0 3)1/2 (4.22)
with 2¢-high probability, for any D > 0. Therefore (3.39) and (4.16) yield

CN 732 |ERy, R}y, RyqRay (Im RW)”*Q’ < N73/2p% + N1/4> (Im Syy + ¢“<@)"

o

with 2¢-high probability. Using (2.9), (4.6), and Lemma 3.10, we find that the right-hand side is bounded
by

e N ((Im S)" + (9 @)" )

with 2(-high probability. Combined with the usual estimate on the complementary low-probability event,
this concludes the estimate of the R} -term. What remains is to prove that

CN732ERyqRiy RyaRay (Im RW)"”’ < o (E(Im Suv)"™ + w@)”) : (4.23)

The key observation behind the estimate of (4.23) is that EyRpy = 0, where Ey, denotes partial expectation
with respect to the b-th column of @. Thus we have

ERyaRiy RyaRay (Im Ryy)" 2 = E {RWRVGRLW (Im Ryy)""2 — RO RO RY) (1m R(jg)n—ﬂ Riw -

In order to compare the quantities in the brackets, we use (3.6), (3.27), and (4.16) to get

Ry Ry,
Ry = RY) + =2 = R{) + O(¢“URy), (4.24)
bb
vava Im va + @
Ryy = R®) = RO 4 Of pCc =¥y T 7 4.25

28



with 2¢-high probability. In particular, we get from (3.39) and (4.16) that

Im S,y + &
mRE < (1+¢ ) ImSyy + %<&,  |RY)| < % % (4.26)

with 2¢-high probability, for z € S(C}) with some large enough C/. A telescopic estimate of the form
k k k
I_Ixz-i-yZ Hm, = Z(H@)%(H x1+yi)>
i=1 i=j+1
therefore gives
ON-3/2 ‘RVQRWRW (Im Ryy)" 2 — RYR® R®) (Im Ry~ 2\ Ry |

Im Syy + @
Nn

ImSyy + @
Nn

2

3/2
< @C<N3/2va|< > N} (Im Sov + SOC( q))n,

5/2
SN R ) (m s+ o0)

_ ImS,, + @ \\ 1 n—1/2
< CCN 3/2 vv i I va CC(I)
? N \ @ T e | (S 2T)

with 2¢-high probability, where in the last step we used (4.21) and n < ¢¢. Now (4.23) follows easily for
large enough Cj in (2.9), using (2.9) and (4.6). This concludes the proof of (4.18) and hence of (4.17).

Case (iv): a # b and m = 1. Similarly to (4.15), one easily finds the weak bound (4.7). Let us therefore
assume (4.4) and prove (4.8). It suffices to prove that

N732|E Xy (Im Ryy)" Y| < @’1N’2<E(Im Se)" + (<pc<<1>)”) , (4.27)
where X3 stands for any of the following expressions:

RvaRbaRbava ) RvaRbbRabRav ) RvaRbbRaava .

Here we used that hg, and hp, are independent of R. (Up to an immaterial renaming of indices and
complex conjugation, all terms in A; 3 are covered by one of these three cases.) Applying the splittings
Roo =m+ (Raq —m) and Ry, = m + (R, —m), we find that it suffices to prove (4.27) for X3 being any of

RvaRbaRbava ) Rva (Rbb - m)RabRav ) Rva(Rbb - m) (Raa - m)va )
RvaRabRav ) Rva(Rbb - m)va ) Rva(Raa - m)va )
Rvava .
Next, applying the splitting (4.19) to the last line, we find that it suffices to prove (4.27) for X3 being any of

RvaRbaRbava ) Rva (Rbb - m)RabRav ) Rva(Rbb - m) (Raa - m)va ’ R/ Rév ) (4283')
RvaRabRav ) Rva(Rbb - m)va ) Rva (Raa - m)va ) R;ava ) Rvava ’ (428b)
RuaRov - (4.28¢)
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For X3 in (4.28a), we find from (3.27), (4.16), and (4.22) that

\112
| X3 < %% <N77 + @DN1/2> (Im Sy + %<7 @)

with 2¢-high probability, from which (4.27) easily follows using (2.9), (4.6), (3.39), and Lemma 3.10, having
chosen D and Cy in (2.9) large enough.
Let us now consider X3 = RyqRapRav. Using (3.7), we split, similarly to (4.19),

(b)
Rapy = mRay + (Ropy — m)Rap Rap == — Z Rff;@)hkb-
k

Using (3.12), (3.4), (3.6), and (3.27), we find
(b) 1/2 1/2 1/2
1 b 1 Imm+ ¥
Ra < CC — R( ) 2 — CC - I R(b) < CC s g CC \Ij 4.29
Rl w(NEklakl o\ vy o Pl @ Nu ¢ (4.29)

with 2¢-high probability. For the second part of X3 resulting from the splitting of R, we therefore get the
estimate

|Rva(Roy — m)RapRav| < ¢© ]\IV’ (Im Syv + ¢9®) < ¢ 'N7V2(Im Syy + < @)

2
c =
n
with 2(-high probability. For the first part, we use E;R4p to write
ERvaRapRay (0 Ryv)" ™" = E[Ryq Ry (Im Ry )"~ = RERE (I RE)" | Ry
This may be estimated using a telescopic sum, exactly as (4.8); we omit the details. This completes the

proof of (4.27) in the case X3 = RyoRapRav. The second and third terms of (4.28b) are estimated similarly.
For the choice X3 = RvaRgv, we use E, Ry, = 0 to write

ERvaR,, (Im Ryy)" ! = E [Rgv(Im Ryy)" ! = (Rp,)'™ (Im Rf,‘i,))"‘l} Rva, (4.30)

where we defined

(ab)
(Ri)® s= o) + (R =R R = =3 R
k

We find

(ab)
> k(R — B
k

1/2
[Im Syy + @ 1 v
< pCeNTL2 %+¢C<|R£@I<NZIR;?|2> <¢C<W(Im5‘,v+@)1/2 (4.31)
n
k

30

IR — Riw| < |hoal | RY)| +




with 2¢-high probability, where we used (4.26), (2.1), (3.12), (3.6), and (4.24). Together with (3.6), (3.27),
(4.16), and (4.4), we therefore find

a v
[(RE)™ = Rin| < (ol + [Ri DR ~ Rl + 1R = mle® e (1m S+ @)

2 1/2
c
< () ¢ Nn(lmsvv‘i‘(b)

with 2¢-high probability. Recalling (4.21), (4.25), Lemma 3.10, and the usual rough estimate on the com-
plementary low-probability event, a telescopic estimate in (4.30) therefore gives

(4.32)

2 v
/ n-1 ~ ,C¢ n Ced\™
ERvaRyy (Im Ryy) < @ (NU + (NW)Q) (]E(Im Sev)™ + (%< @) ) .

Now (4.27) follows.
Now we prove (4.27) for X3 as in (4.28¢). We begin with a graded expansion of Ry. Using (3.8) we find

R(G)R(U«) RvaRav
vb *'b + .

v

Ry R

R.. — Rl fvaltav _ pab)

vV vV Raa vv R(@) Raa
bb

We deal with the last term by applying (3.6) twice, followed by
1 1 Rop Rpa

Raa - R((ll:l) - RaaRbbRt(ll;) ’

itself an immediate consequence of (3.6). This gives the graded expansion

Ryy = R 4+ Rl 4+ RU 4 RU

where
(a) p(a) () p(b)
RlY = GV gl %, Rl = Lﬁw
RbZ R(l(l
70 o BotRuaRey RU\Ra Ry RVIRY Rav Ry
vv RaaRbb RaaRbb RaaRbbR((j;)

Note that RET] is independent of the columns of H indexed by T. Moreover, by (3.27), Lemma 3.2, (3.6),
(4.16), and (4.26), we have

Im Syyv + @ ImSyy + @
[a] | ¢ pCc—2vv T = 0 « SClep—Zvv T = 4.
|va|+|va| ~ 50 N?’] ) |va{ ~ 90 ]\],'7 ( 33)
with 2¢-high probability. Thus we write
n—1
ERyvaRiv(Im Ryy)" ™" = > ERyaRyy [ [ Im R (4.34)
A i=1
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where A = (Ai);zll and A; € {0,a,b,ab} for i = 1,...,n — 1. In order to keep track of the terms in the
summation over A, we introduce the counting functions

n—1 n—1
ri(A) = Y (HAi=a)+1(A=b),  r(A) = Y 1(4=10).
i=1 i=1
We partition the sum in (4.34) as
> = 1(r2(A) =0)1(ri(A) = 0) + > _1(ra(A) = 0)1(r1(A) =1) + Y _1(ra(A) > 1 orri(A) >2).
A A A A
(4.35)
Let us concentrate on the first summand; its condition is equivalent to A; = ab for all 4. Using E,Rv, = 0
and E, (va - Rl():l,)) =0 we get
ERyaRpv(Im R = E (Ryq — RY) (Ryy — RYY) (Im R

From (4.31), (4.33), (3.39), and Lemma 3.10 we therefore get
\112
|E RyaRoy(Im R < @CCN—U(]E(Im Suv)™ + (9% ®)") < ¢ INTY2(E(Im Sy )" + (9 ®)™)

for large enough Cj.
The second summand of (4.35) consists of n terms of the form

ERyaRow (Im REL) (Im R = ERya(Ryy — Ryy)) (Im REY) (Tm RU)" 2.
Recalling (4.33), we estimate this as above by

1
Ce¢
¥
(Nn)?

(E(Im Syv)™ + (¢9¢@)") < o 'N7V2(E(Im Syy)" + (7€ @)")

for large enough Cj.
What remains is to estimate the third summand in (4.35). From (4.33) and (4.31) we get

n—1
Z 1(r2(A) =1 or r1(A) > 2)|RyvaRev| H |ImR£f3,i]

A i=1
< SDC< 1 _ 4 v _ (Im va + QOC(CD)n < @71N71/2((Im va)n + (LPC}(p)n)
(Nn)* — (Nn)
with 2¢-high probability. This completes the proof of (4.27) for X3 = RyeRpv- O
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4.2. Estimate of G, — m. We now conclude the proof of Proposition 4.1. By polarization and linearity, it
is enough to prove the following result.

LEMMA 4.5. Fiz ( > 0. Then there are constants Cy and C¢, both depending on (, such that the following
holds. Assume that z € S(C¢) satisfies (2.9) with constant Cy. Then we have, for all n < ¢ and all
deterministic and normalized v € CV, that

E|Gyy(2) —m(2)|" < (p%0(2))". (4.36)

PROOF. As in the proof of Lemma 3.11, we focus on Re Gy — Rem. Assume without loss of generality that
n is even. We shall prove that

n—m 1 =5 n
’E(Bmg (Re Ryy — Rem) ) < oW (&w + N—3/2<p01\1/) E(Re Syy — Rem)” + (¢%0)" | (4.37)
for m =1, 2,3 as well as, assuming
|va] + |up| < N~V 2/ (4.38)
that
n—m 1 = n
‘E(Bm,3(Re Ryy — Rem) )‘ < o [E(ReSev —Rem)" 4 (Cew)n (4.39)

for m =1,2,3. Here C] is a large enough constant depending on (.
Assuming that (4.37) and (4.39) have been proved, we get the claim (4.36) from (3.44) and Lemma 4.3
applied to S; the detains are identical to those of the proof of Lemma 4.2 and the argument following (3.34).
The proof of (4.37) and (4.39) is similar to the proof of (4.7) and (4.8). The key input is the apriori
bound

Im Sy, < p%d (4.40)

with 2¢-high probability, which follows from (4.2) and Markov’s inequality. Throughout the proof, we shall
consistently (and without further mention) make use of the inequality

U Re Ryy — Rem|" ™" < 7P (|Re Suy = Rem|" + (¢7Pw)"),
which follows from the elementary inequality z™y"~" < " +y" for x,y > 0, Lemma 3.10, and the estimate
|Rvyv — Syv| < ‘PCC\I'
with 2¢-high probability (as follows from (3.30)). Moreover, as in (4.16), we find that (4.38) implies
|Rya| < ¢%<0. (4.41)

The same bound holds for R,v, Rvp, and Rpy.
As in the proof of Lemma 4.3, we consider four cases.
Case (i): a = b and m < 3. This is easily dealt with using (3.45); we omit further details.
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Case (ii): a # b and m = 3. Recall that in this case we have t = s = 3. From (4.11) we get

(IRval + [Ravl) (1B +1Bin])

3/2 3/2
o, [ Im Sy 9 Im Syv 2 2 2 —31 120, (2
e Lo M S g2 )y ol 4 ol 4 P

Nn Nn
with 2¢-high probability. Therefore using (4.40), (3.4), and ¥ > ¢cN~1/2 we get
| By s||Re Ryy — Rem|" ™ < G N=3/208 {\113 + el + o2 + N3/2|va|2|vb\2} IRe Ryy — Rem|"™
< pfe P ((Re Ryv — Re m)n + (<p3D\I/)”)§ab

with 2¢-high probability, where in the last step we used (2.9). Choosing D large enough yields (4.39), and
hence also (4.37).

Case (iii): a # b and m = 2. In the case s = t = 2, the estimate is similar to the estimate of X; in (4.13).
Using (4.40), (3.4), and ¥ > ¢N~Y/2 we get

X1| < @O (U2 + Juaf* + vy + Nlval*[vs|?)

with 2¢-high probability, from which (4.39), and hence also (4.37), easily follows.
Next, consider the case s = 3 and ¢ = 1. In order to prove (4.37), we estimate using (4.40) and (3.29),
similarly to (4.15),

|B2,33.1| < <,0C‘N73/2(\I/+ I’UQDS(\I/Jr up|)

(0]
< QUW NI £ N ]+ N el o N o]

with 2¢-high probability from which (4.37) follows. Let us therefore prove (4.39), assuming (4.38). Using
(4.41) and (4.40), we find

|Ryal + [Rav| + [Rub| + |Row| < %W (4.42)
with 2¢-high probability. We need to prove that
N*3/2’ERvaRbbRavRavav (Re Ryy — Re m)"”‘ < 9 2w |E(Re Syy — Rem)"™ + (9C<0)™ | . (4.43)
As for (4.18), by splitting Ry, = (Rpp — m) + m and using (3.27), we find that it is enough to prove
N"2|ERya Ry Rov Row (Re oy — Rem)" ™| < 7180 [E(Re Sy — Rem)” + (cpCC\I/)"] L (a44)
As for (4.18), we use the splitting (4.19). Using (3.27), (4.40), and (4.6), we find that the bounds
c c 1/6 o (N4 2 c 1/3
Rov| < %0 < p“<N™/°, Ri.| < ¢ T°) < p¥N~ 4.45
Rinl < 50 < Rl < (om0 <o (1.45)
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hold with 2¢-high probability. Thus we get (4.44) with Ry, replaced with Rj,. The remaining term with
Ry is estimated exactly as (4.23); we omit the details.
Case (iv): a # b and m = 1. In order to prove (4.37), we use (4.40) to get

1Bral < %0 (W foal + o] + 0 oallon] + 0 o2 + 9o ?)

with 2¢-high probability, from which (4.37) easily follows using ¥ > N—1/2,
As for (4.27), in order to prove (4.37) and (4.39) it suffices to prove the following claim. For X3 being
any expression in (4.28a) — (4.28c), we have

N732|E X3(Re Ryy — Rem)" ™| < ¢! (Eab + N—3/2¢C<x11> (E(Re Syy —Rem)" + (¢C<\p)”) . (4.46)
as well as, assuming (4.38),
N73/2[E X3(Re Ryy — Rem)" | < ¢ '€ (E(Re Sev — Rem)" + (¢C<m)n) . (4.47)
Note that from (4.20) and (4.40) we get that
Riy| < Clop| + %02, (4.48)
If X3 is any expression in (4.28a), we get from Lemma 3.8, (3.27), (4.40), and (4.48) that

1 X3 < W2 (U + Jua|) (W + Jup]) + 09 (B2 + [vg]) (U2 + |vg])

with 2¢-high probability. Now (4.47), and in particular (4.46), follows easily (note that we did not assume
(4.38)).
Next, let X3 be an expression in (4.28b). From Lemma 3.8, (3.27), (4.40), and (4.48) we get

X3l < W (Y A+ [val) (¥ + [val + [v6]) + 07 (P + [va]) (¥ + [05]) + ¢ (¥ + [va]) (92 + [vs])
with 2¢-high probability. Now (4.46) follows easily. Moreover, (4.47) under the assumption (4.38) follows
exactly like in paragraphs of (4.29) and (4.30), using the bound |(Rgv)(a) - R}y | < 99U with 2¢-high
probability, as follows from (4.32) and (4.40).

Finally, we consider the case (4.28¢c), i.e. X3 = RyoRpv. Under the assumption (4.38), we find from
(4.40), (4.33), and (4.31),

IR —Ryw| < %02, |RE|+|RY| < %02, |RU| < pw

with 2¢-high probability. Then the argument from the proof of Lemma 4.2 can be applied almost unchanged,
and we get (4.47) assuming (4.38). O

5. PROOF OF THEOREMS 2.3 AND 2.5

By Lemma 3.2, if < k and |E| > 2 then the control parameter on the right-hand side of (2.10) can also be
expressed as

Imm(z) 19 _
" < N2/ 1
- WA, (51)

where k = kg was defined in (3.2).
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PrROOF OF THEOREM 2.3. By polarization and linearity, it is enough to prove that

Imm(z)

Nn (5.2)

|GVV(Z) —m(z)| < g%

with (-high probability, for all normalized v. Moreover, by symmetry it suffices to consider the case 2 +
@CTN=2/3 < E < . In particular, & > ¢“'N~2/3, Using Lemma 3.2 we find that Theorem 2.2 implies
(5.2) if n = ng, where we defined

N = N-1/2,.1/4

Note that 1y < k.
It remains therefore to establish (5.2) when 0 < 7 < 79. Define

z = E+in, zo = E+ing.

By (5.1) and (5.2) at zp, it is enough to prove that

|m(z) — m(z0)| < CN™V2g~1/4 (5.3)
and
|Gv(2) = Guv(20)| < @“eNTV271/4 (5.4)
with (-high probability.
Differentiating (2.5), we find
! m2
m o= T (5.5)

which, by Lemma 3.2, implies that m’ < (k +n)~'/2 = O(k~/2). Therefore we get
|m(z) —m(z0)| < Cr~Y2py = CN~YV271/4
which is (5.3).

Next, by Theorem 3.7 we have E > Ay + mo with (-high probability provided C; is large enough.
Therefore, since n <y < EF — Ay < E — A\, with (-high probability for all & < N, we get

|(v u(a)>|277 (v u(a)>|2770 Cenr—1/2,.—1
ImGyy(2) = — L2 2 = 2Im Gyv(20) < CNTL2m1/4 5.6
(2) ;(Ean)Hn? %:(Ean)Hng (0) <o (5:6)

with ¢-high probability, by (5.2) at zy and the estimate Imm(z) < CN~1/25~1/4, Finally, we estimate the
real part from

(E = Xa)(m3 — )| (u'®),v)|?
(B =2a)?+0?) (B = Xa)? +m3)

7o nol(u®), v)
<
E—-)y Z (B —Xa)? + 18

[Re G (2) = ReGuv(20)| =

«

| 2

< TmGuy(z) (5.7)

with (-high probability, where in the last step we used that 7y < E — Ay. Combining (5.6) and (5.7)
completes the proof of (5.4). O
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PROOF OF THEOREM 2.5. We begin with (2.14), whose proof is immediate. Using Theorem 2.2 with Con-
dition A and Remark 2.4, we find

(8) 2
C > ImGyy(a + i) 277|11)\—V>| > @, vY|?
- 3
B

with ¢-high probability, where we used Theorem 3.7 to ensure that A\, € [—X, 3] with ¢-high probability.
Choosing 7 = @S N1 yields (2.14).
In order to prove (2.13), we set
ni=%=Y, E =1,

where 7, is the classical location of the a-th eigenvalue defined in (3.17). Then we get

) P < oo N PO W2 o .
Z|<u V)| <@<Zm < ¢ nIm Gy (E +1in), (5.8)

a=a

where in the first step we used Theorem 3.7 to conclude that (A, — E)? < ¢p%n? for a < o < b. In order
to invoke Theorem 2.2 with Condition B, we have to satisfy (2.9). Recalling Lemma 3.2, we find that (2.9)
holds provided that

n > pCoN5/6 K < @ 2002 N3 (5.9)

where we abbreviated kK = k. From (3.17) we get
Yo +2 =< o?BPNTY3 (5.10)
for a < N/2, from which we deduce, recalling E = ~,,
Kk = a?/3N"2/3 n = (b3 — a23)N"2/3

Hence (5.9) is satisfies provided that
B3 _ 213 > O N6 | Cogl/3N—1/3,
Since b*/3 — a?/% > b=1/3(b — a)/2, we find that (5.9), and hence (2.9), holds under the condition (2.12).
Therefore we may apply Theorem 2.2 to the right-hand side of (5.8) to get

b
1 ] . ) )
ZKU(Q) V2 < <'OCC77<N77 + Imm(E + in)) < QCeN—1 <(b2/s _ az/s)a/z 4 a1/5(b2/3 _ az/s))

with (-high probability, where we used Lemma 3.2. The claim now follows from the elementary inequalities
b2/3 _ a2/3 < (b— a)2/37 b2/3 _ a2/3 < a—1/3(b_ CL) . ]

For future use, we record the following consequence of Theorem 2.5 which is useful in combination with
dyadic decompositions. For any integer K < N/4 we have

2K
D [l V)P < KN (5.11)

a=K

with (-high probability.
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6. EIGENVALUE LOCATIONS: PROOF OF THEOREM 2.7

6.1. Basic facts from linear algebra. We begin by collecting a few well-known tools from linear algebra, on
which our analysis of the deformed spectrum relies. _

We use the following representation of the eigenvalues of H, which was already used in several papers on
finite-rank deformations of random matrices [5-7,32].

LEMMA 6.1. If p € R\ o(H) and det(D) # 0 then p € o(H) if and only if
det(V*G(u)V +D7') = 0.
PROOF. For the convenience of the reader, we give the simple proof. The claim follows from the computation
det(H — p) = det(H — p)det(1 + (H — p)"'VDV*)
= det(H — p)det(1 + V*(H — p)~ 'V D)
= det(H — p)det(D)det(D™" + V*(H — p)~'V),

where in the second step we used the identity det(1 + AB) = det(1 + BA) which is valid for any n x m
matrix A and m x n matrix B. O

We shall also make use of the well-known Weyl!’s interlacing property, summarized in the following lemma.

LEMMA 6.2. If A is an N x N Hermitian matriz and B = A+ dvv* with some d > 0 and v € CV, then the
eigenvalues of A and B are interlaced:

M(A) < M(B) € A(A4) < --- < Avo1(B) € Anv(4) < An(B).

We shall occasionally need the eigenvalues of H to be distinct. To that end, we assume without loss of
generality that the law of H is absolutely continuous; otherwise consider the matrix H + e~V where V is
a GOE/GUE matrix independent of H. It is immediate that this perturbation does not change any of H’s
spectral statistics. Moreover, any Hermitian matrix with an absolutely continuous law has almost surely
distinct eigenvalues.

6.2. Warmup: the rank-one case. In order to illustrate our method, we first present a much simplified proof
which deals with the case k = 1. Let v € CV be normalized and deterministic, and d € R be deterministic
(and possibly N-dependent). Define the deformed matrix

H = H+dvv".
For the following we note the elementary estimate
6(d) —2 =< (d—1)2, (6.1)
as follows from (2.18).
THEOREM 6.3. Fiz ( > 0. Then there is a constant C¢ such that the following holds. For 0 < d < 1 we have

d
NI—-d+N-173)

0 < punv —An < %
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with (-high probability. For 1 < d <X — 1 we have

ce d—1+4+N-1/3

— <
luny —0(d)] < ¢ I

with -high probability.
By symmetry, an analogous result holds for d < 0.

PROOF. First we note that it is enough to consider d € R \ [1 —@PN-V3 14 <pDN_1/3} for some arbitrary
but fixed D > 0. This follows from |Ay — 2| < ¢ N~2/3 with (-high probability (see Theorem 3.7), the
monotonicity of the map d — Ay(H + dvv*) (see Lemma 6.2), and the observation that (1 + ¢) =
14+e2+0(e®) as € — 0 (which implies that |0(d) —2| < p*PHIN"2/3 ford € [1 — pPN~V3,1+ P N-1/3)).
The key identity® for the proof is
1

GVV(MN) = _Ea
as follows from Lemma 6.1. Let us begin with the case d > 1+¢P N~1/3. Since m : R\ (-2,2) — [-1,1]\ {0}
is bijective, we find from (2.5) that 6(d) is uniquely characterized by

m(o(d) = - (6.2)

1
vk
We therefore have to solve the equation m(6(d)) = Gyv(z) for z € 2+ N=2/3, 00), where C; the constant
from Theorem 2.3. By Theorem 2.3, we have

Guv() = m(z) +O(p“ N2k 1Y) (6.3)
with ¢-high probability.
Next, define the interval
Iy = [p_(d),zy(d)],  zx(d) = 0(d) £ " N2(d— 1)
We claim that
Ke < (d—1)%, m'(z) < (d—1)"1 (x € ly) (6.4)

The first relation of (6.4) follows from
|z — 0(d)] < ePN~2(d—1)"/? and 0(d)—2 > c(d—1)> > ¢p*P2N"V2(d—1)Y/2,

where in the last step we used d > 1+¢P N=1/3. In order to prove the second relation of (6.4), we differentiate
(5.5) and use Lemma 3.2 to get

m'(z) = kY2, m'(z) = k732, (6.5)
Therefore we get from (6.5) and the mean value theorem applied to m’ that

/(@) = m'(0(d)] < CpPN~V2(d -1V d~1)7° < CpPPd-1)7".

3Here we ignore the possibility that uy € o(H). Since the law of H is absolutely continuous, it is easy to check that the
interlacing inequalities in Lemma 6.2 are strict with probability one; see e.g. the proof of Lemma 6.7.
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Therefore (6.4) follows from m/(0(d)) < (d — 1)~
Now choose D large enough that 2_(d) > 2+ 1 N=2/3 for d > pP N=2/3. Thus (6.3) and (6.4) yield

Gyv(z—(d)) < m(0(d)) < Gyv(z4(d)) (6.6)

with ¢-high probability, provided D is chosen larger than the constant C; in (6.3). Finally we observe
that, by Theorem 3.7, with (-high probability the function = — Gy (z) is continuous and increasing on
[24 @1 N=2/3 00). Tt follows that with (-high probability the equation Gy (z) = m(6(d)) has precisely one
solution, = py, in [2+ QC1IN—2/3, 00). Moreover, this solution lies in I, which implies that it satisfies the
claim of Theorem 6.3 for d > 1.

What remains is the case d < 1 — P N~1/3, Choose z := 2 + 0“1 N~2/3 where C} is a large constant to
be chosen later. For large enough C; we find from Theorem 2.3

Gyv(z) = m(x) + O(N_l/?’go_cl/4) (6.7)
with ¢-high probability. From (3.3) we find
14+ m(z) = N~Y3,0/2 (6.8)

which yields
1+va(m) 2 0 2 1-

SR

with (-high probability. Choosing C; large enough, we find as above that y — Gy (y) is with ¢-high
probability increasing and continuous for y > z, from which we deduce that

Av € puny < 7

with ¢-high probability. (The first inequality follows from Lemma 6.2.)
Next, abbreviate g := ¢©? for some large constant Cs to be chosen later. Using Theorem 3.7 we estimate,
for Ay < uny < x and large enough Cs,

3 [(u,v)]* 3 [ V)] _ PONS Y [{u®), v)[”

— _ _ 2
asN—q Ao = 1N a<N—q Aa = a<N—q ()\a MN)
2k'N—1
Ce nr—2/3 Ce nr—2/3
S ¢EN Z (22+/3 N —2/3)2 TN
k>1
< SDCCN_l/S

with ¢-high probability. In the second inequality we estimated the contribution of the eigenvalues o > N/2
using the dyadic decomposition

Up == {a €[N/2, N —q]: N -2F"! <a < N - 2F}
combined with Theorem 3.7, the estimate

2—7, = (N—a)?3N723  (a>N/2),
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and the delocalization estimate (5.11). A similar (in fact easier) dyadic decomposition works for the remaining
eigenvalues o < N/2 and yields the last term of the second line. Moreover, we have

Z [(ul®) v)? < GOctCa N =1/3

<
a>N—q |)\a h I|

with ¢-high probability, by Theorems 3.7 and 2.5. Recalling (6.7) and (6.8), we have therefore proved that

1 (@) v) 2 CerCrtOn e (@) V)2
—— = va = n- 7 - —-14+40 ¢+ 1+02N 1/3 + -, vy
7= Gwliun) = ST (v R
with (-high probability. Therefore
() 2
_ Z |<u(0‘),v>|2 > Z u - 1_1+O(¢CC+01+CQN—1/3)
UN — AN aSNq Nl Ao d

with (-high probability. Theorem 2.5 implies |(u(®),v)|? < ¢“cN~!, and the claim follows. This concludes
the proof of Theorem 6.3. O
6.3. The permissible region. The rest of this section is devoted to the proof of Theorem 2.7.

DEFINITION 6.4. We choose an event, denoted by =, of (-high probability on which the following statements
hold.

(i) The eigenvalues of H are distinct.
(i) Foralli=1,...,k and a = 1,..., N we have (v) ul®) £0.
(iii) All statements of Theorems 2.2, 2.8, 2.5, and 3.7 hold.

We note that such a = exists. As explained in Section 6.1, we assume without loss of generality that the
law of H is absolutely continuous. Then conditions (i) and (ii) hold almost surely; we omit the standard
proof. That condition (iii) holds with ¢-high probability is a consequence of Theorems 2.2, 2.3, 2.5, and 3.7
(see also Remark 2.4).

For the whole remainder of the proof of Theorem 2.7, we choose and fix an arbitrary realization H = H¥
with w € E. Thus, the randomness of H only comes into play in ensuring that = is of (-high probability.
The rest of the argument is entirely deterministic.

Fix k=, kT € N and define £k := k — k™ — k= = #{i : |d;| < 1}. Write

d = (dy,...,dy) = (d”,d° d") d’ = (d9,...,d%,) (0 = —,0,4).
We adopt the convention that
di < - <d. < -1 <d) < <do <1<df < < dfy. (6.9)

Abbreviate
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For 52 > 0 define the sets

D (Co) = {d—:szgd;<717¢52$N*1/3,1:1,...,1(},
DH(Cy) = {d+:1+¢521ZN*1/3gdj<2—1,i:1,...,k+},
DO(Cy) = {d" P14+ O NS < 0 <1 — pCepNTY3 = 1,...,k0},

the set of allowed d’s,
D(C,) = {(d7,d°,d"):d” € D7(Co), 0 = —,0,+},

and the subset B _
D*(Cy) = {deD(Co):d; #0fori=1,...,k}.

Let K > 0 denote a constant to be chosen later, and define

S(K) = <foo, 72+<pf(N72/3) U (Qfgpf{N*Q/?’, oo).

We shall only consider eigenvalues of Hin S (IN{ ) for some large but fixed K.
Let ('35 > 0 denote some large constant to be chosen later. Define the intervals

i
—
o
~—
|

[%i) — ONTR2(—dr = )Y 0(d7) + O N TR (—dy — 1) ] (i=1,....k"),
[H@) = [Ba) = NS - )2 0 + N )] = k),
0= {x e R : dist(z, 0 (H)) < N—2/3{p“—1} NS(K).
For d € D(Cy) define
k™ kT
r ) := 1I°v (U Ii(d)> U (U Ij(d)) .
=1 i=1

The following proposition states that I'(d) is the “permissible region” for the eigenvalues of H. Roughly,
the allowed region consists of a small neighbourhood of each 6(d;) for i € O, as well as of small neighbourhoods
of the eigenvalues of H. The latter regions house the sticking eigenvalues. Proposition (6.5) only establishes
where the eigenvalues are allowed to lie; it gives no other information on their locations (such as the number
of eigenvalues in each interval). Note that, by definition of S(K), the set I'(d) only keeps track of eigenvalues
outside of the interval [-2 + K N—2/3 2 — @KN_2/3]. This will eventually suffice for the statement (2.21)
thanks to the eigenvalue rigidity estimate for H, Theorem 3.7, combined with eigenvalue interlacing; see
(6.34) below.

PROPOSITION 6.5. For Cs and 52(5’3) large enough (depending on ¢, f(, and the constant Cy from Theorem
2.8) the following holds. For any d € D(C3) and H = H* with w € Z we have

IFANI® =0 foral i =1,... k% (6.11)

as well as
c(H)NS(K) c T(d). (6.12)
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ProoF. Clearly, it is enough to prove the claim for d € D*(ég). We shall choose the constants 53((, Cy)
and Cs(¢, K, Cq, C3) to be large enough during the proof. (Here C} is the constant from Theorem 2.3.)
First we prove (6.11). By definition of E (see Theorem 3.7), we find that (6.11) holds if

24 90262]\7—2/3 . 9053+52/2N_2/3 S 24 2¢C<N—2/3 > Ay + N_2/3{/;_1 7
which is satisfied provided that B o
205 > C3+Cy/24C: . (6.13)
In order to prove (6.12), we define, for each z € C\ o(H), the k x k matrix M(z) through

M; (Z) = Gy)y) (Z) + 5ijd;1 . (6.14)

From Lemma 6.1 we find that « € o(H) \ o(H) if and only if M (z) is singular. The proof therefore consists
in locating © € R\ o(H) for which M (z) is singular.
First we consider the case z > 2 4+ ¢“2N~2/3, On = we have

Av < 24927 INT3 and A > —2— pCeTINT2 (6.15)

provided C, is large enough (see Theorem 3.7). In particular, by (6.15) and the definition of Z, we have
x ¢ o(H). By increasing Cy if necessary we may assume that Cy > Cq, where Cy is the constant from
Theorem 2.3. Therefore we get from Theorem 2.3 and Lemma 3.2 that

M(z +iy) = m(z +iy) + D71+ O(pFN~V25 1) (6.16)

for all y € [-3,%]. (We include an imaginary part y # 0 for later applications of (6.16); for the purposes of
this proof we set y = 0.)

Let i € {1,...,k*}. Then we may repeat to the letter the argument in the proof of Theorem 6.3 leading
to (6.4). Provided that Cs > Ce¢ + 2, where C¢ is the constant in (6.16), we therefore get that

> et N—1/2,-1/4 if x¢ I (d).

This takes care of the components d¥ in D!, In order to deal with the remaining components, d° and d~,
we observe that
m(z) € [-1,—(]

for some ¢ > 0 depending on X. It is now easy to put all the estimates associated with i = 1,..., k together.
Recalling (6.16) and choosing Cs large enough yields, for C denoting the constant from (6.16),

1
’m(x) 4 di 2 ¢C<+1N71/2K/;1/4
forall i =1,...,k provided that
z € 24N B\ (L (d). (6.17)
i=1
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We conclude® from (6.16) that M (z) is regular if (6.17) holds.
An almost identical argument applied to d™ yields that M (z) is regular if

k= E*
€ [-X,-2-pN"B] U 24 2 N73 5] \ (U I7(@ul Ij(d)) . (6.18)
i=1 i=1
Next, we focus on the case
v € {2 _oRN23 9 @521\7*2/3} . dist(z,0(H)) > N~2/3571, (6.19)

Our aim is to prove that M (z) is regular for any x satisfying (6.19). Once this is done, the regularity of
M (z) for x satisfying (6.18) or (6.19) will imply (6.12). Choose 7 := N~2/3¢)~! and estimate

: (@ vO) 2+ [(ul) vO) 2|1 1
Gyl — Gyl < - :
IGyirvi () — Gyarye ( +1n) Ea 5 da—7T Da—z—11
< (@) y()y2 (@) G2y "1
< (I VO ) VO P)

[0}

= ImG,mvo (@ +1in) + Im GG o) (x + i),

where in the second step we used (6.19). Therefore, by definition of = (See also Theorem 2.2) and Lemma
3.2, we get (recall that ¢ > 1)

Gyorv () = 5ijm(x+in)+0(¢c< Imm(x +in) + S;VC;) = =0 +O<¢C<N_1/3 (1;-}- OK/2 4 w52/2)> .
This implies, for any z satisfying (6.19), that
M(z) = -1+ D' + O(¢C<N‘1/3 (1}+ oK/2 4 @52/2)) . (6.20)
Since ) Lo
’—1 + @ 2 3 PO YN

for all 4, we find that M(x) is regular provided C, is chosen large enough that
Co—12> Ce+K/2+Cy)/2.
This completes the analysis of the case (6.19). The case
v e [-2- N3 9y @KN*Q”’} , dist(z,o(H)) > N-2/391

is handled similarly. This completes the proof. O

4Here we use the well-known fact that if A € o(A + B) then dist(\,0(A)) < || B].

44



6.4. The initial configuration. In this section we fix a configuration d(0) = d that is independent of N, and
satisfies kY = 0 as well as

—Y+1<d] < - <d. < -1, 1<df <--<df, <E-1. (6.21)
Note that d € D*(Cs) for large enough N.
First we deal with the outliers.

PROPOSITION 6.6. For N large enough, each interval I7(d), ¢ = 1,...,k™, and I;r(d), i=1,...,k",
contains precisely one eigenvalue of H.

PRrROOF. Leti € {1,...,k"} and pick a small N-independent positively oriented closed contour C C C\[-2, 2]
that encloses 0(d;") but no other point of the set | J,_ Ule{Q(df)} By Proposition 6.5, it suffices to show

that the interior of C contains precisely one eigenvalue of H. Define
fn(z) == det(M(2)+ D7), g(z) = det(m(z) + D).

The functions g and fy are holomorphic on and inside C (for large enough N). Moreover, by construction
of C, the function g has precisely one zero inside C, namely at z = 0(d;"). Next, we have

minjg(z)] > ¢ >0, |g(z) = fn(2)] < CNTI2,

where the second inequality follows from (6.16). The claim now follows from Rouché’s theorem. The
eigenvalues near 0(d; ), i =1,...,k~, are handled similarly. O

Before moving on, we record the following result on rank-one deformations.

LEMMA 6.7. Let v € C* be nonzero. Then for alli = 1,...,k —1 and all Hermitian k x k matrices A we
have
lim A\;(A+dvv*) = . lim A1 (A+dvv®).
——00

d—oo

PROOF. By Lemma 6.1, we find that « ¢ o(A) is an eigenvalue of A 4 dvv* if and only if

Let
E = {A : the eigenvalues of A are distinct , (v, u?(A4)) # 0 for all z} )

where u(”(A) denotes the eigenvector of A associated with the eigenvalue \;(A4). (Note that u(®(A) is
well-defined in F, since the eigenvalues are distinct.) It is not hard to see that E° is dense in the space of
Hermitian matrices.

We write the condition (v, (A —z)7lv) = —d~! as

R CITIC
D Dy v Erar

Let A € E. Then f has k singularities at the eigenvalues of H, away from which we have f’ > 0. Moreover,
f(x) 1 0as a1 oo, and f(z) | 0 as ¢ | —oo. Thus, for any d € R\ {0}, the equation f(z) = —d!
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has exactly k solutions in R \ o(A4). Since A 4+ dvv* has at most k distinct eigenvalues, this proves that
o(A+ dvv*) No(A) = 0 for all d € R. Moreover, the equation f(x) = 0 has exactly k — 1 solutions,
Z1y...,Tp—1. Since f'(x;) > 0 for each i = 1,...,k — 1, it is easy to see that x; = limg_ oo N\;(A + dvv*) =
limg 0o Ait1(A + dvv™).

Now the claim follows by approximating an arbitrary matrix A by matrices in E, and by using the
Lipschitz continuity of the map A — \;(A). O

We now deal with the extremal bulk eigenvalues.

PROPOSITION 6.8. Fiz 0 < d < 1/3 and K > 0. Let d be N-independent and satisfy (6.21). Then for large
enough N (depending on § and K ) we have for all a satisfying Ao > 2 — @ N=2/3 that

|)\o¢ - ﬂa7k+| < N71+6 .
Similarly, we have for all o satisfying Ao, < —2 + @I?N_Q/?’ that
Aa = Hatr-| < N

PrOOF. We only prove the first statement; the proof of the second one is almost identical. Abbreviate
& =4/2.

Before embarking on the full proof, we first give a sketch of its main idea, under some simplifying
assumptions. Let A € N be some fixed constant, and assume that, for each @ > N — A, the neighbours of
Ao are further than N =19 away from A,. (This assumption in fact holds with probability 1 — o(1), a fact
we shall neither use nor prove.) We claim that there is at least one eigenvalue of H in the interval [z%, 29]
surrounding A\, where

T8 = A £ N7 /3,

Before sketching the proof of the above claim, we show how to use it to conclude the argument. By
Proposition 6.6, there are at least kT eigenvalues in (xf, o). Recall that by assumption k° = 0, i.e. |d;| > 1
for all 4. Therefore using interlacing, i.e. a repeated application of Lemma 6.2, we conclude that there are
exactly kT eigenvalues in (zf ,00). From the above claim we find that there is at least one eigenvalue in
[N, 2], Using interlacing we find that there are at most k™ + 1 eigenvalues in [z, 0c). We conclude that
there is exactly one eigenvalue in [z2, xf ]. We may move on to the (N — 1)-th eigenvalue: we have proved

that there are (i) at least k™ -+ 1 eigenvalues in [V, c0) (from the previous step), (ii) at least one eigenvalue

in [zV 1 :z:f_l] (from the claim), and (iii) at most kt + 2 eigenvalues in [z !, 00) (from interlacing); we
conclude that there is exactly one eigenvalue in [;vf -1 xf 71]. Continuing in this fashion concludes the proof.

Let us now complete the sketch of the proof of the above claim. Assume for simplicity that H and H
have no common eigenvalues. From Lemma 6.1 we find that z is an eigenvalue of H if and only if the matrix
M (x), defined in (6.14), is singular. Thus, we have to prove that there is an x € [z, 2] such that M (x) is
singular. The idea of the argument is to do a spectral decomposition of G, and resum all terms not associated
with A\, to get something close to Rem(z) &~ —1. More precisely, we write

<V(i) ; u(a)><u(a) ) v(j)> <V(i) , u(ﬁ)><u(ﬁ) , V(i)) .
M;;(z) = + Z + 6;5d;
Ao — et Ag—
@) w@y(ule v
< & ,u)\ ><_u$ o +Rem(z)di; + d;d;
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where the sum over § was replaced with Rem(z)d;; (up to negligible error terms). This approximation
will be justified using Theorems 2.2 and 2.5; it uses that x € [z%,2¢] and consequently all eigenvalues
A\g, B # a, are separated from z by at least N~1%9/3. Introducing the vector y = (y;) € C*, defined by
yi == (v() ul®) we therefore get

yy
Ao — T

M(zx) ~ —-1+D71 (6.22)
where we used that Rem(z) ~ —1. By assumption, |d;| > 1 for all i; therefore the matrix —1 + D! is
strictly negative. Also, Theorem 2.5 implies that |y;| < @ N~=%2. Thus it is easy to conclude that all
eigenvalues of M (z®) are negative. The first term on the right-hand side of (6.22) is a rank-one matrix. As
x approaches A, from the left, its nonzero eigenvalue tends to +o0o. By continuity, there must therefore exist
an x € [z%,A,) such that M (x) is singular. This concludes the sketch of the proof of the claim.

Now we turn towards the detailed proof in the general case. Since eigenvalues of H may be separated by
less than N =149 we begin by clumping together eigenvalues of H which are separated by less than N —1+d",
More precisely, we construct a partition A = (A4,)q of {1,..., N}, defined as the finest partition in which «
and (3 belong to the same block if Ay —Ag| < N —1+6" Thus, each block consists of a sequence of consecutive
integers. We order the blocks of A in a “decreasing” fashion, in such a way that if ¢ < r then A, > Ag for
all « € Ay and B € A,.

We now derive a bound on the size of the blocks near the edge. Roughly, we shall show that if A € A4,
and A > 2 — goCN’z/?’ then |Aq| < goc'. Let C4 be a large constant to be chosen later. Now choose o and 3
satisfying 0 < o < B < 9% such that N — a and N — j belong to the same block. Then by definition of =
and A we have

c[(B/NY — (a/N)P] = O N2 < Ay o= Ao < (B— )N,
where we used the statement of Theorem 3.7 and the definition (3.17). Thus we get the condition
N—2/3 [05—1/3@ —a)— %] < N—1+6’(ﬁ —a).

We conclude that if o and 3 satisfy 0 < a < 8 < ¢4 and N — o and N — 3 belong to the same block, then

B—a < pCctCa/3+1, (6.23)

Let o, denote the largest integer such that Ay_a. > 2 — X N=2/3. In particular, by definition of = (see
Theorem 3.7) we have

a, < P3E/2HCe (6.24)

Now we choose Cy = Cy(¢, K ) large enough that
Cy > max(:af(/z +Cc, Ce+Ca/3+ 1) +2.

Next, define ) through N — o, € Ag. Therefore we get from (6.23) and (6.24) that any o < ¢ such that

N — a € Ag satisfies
a g Oé* + §0C<+C4/3+1 g s004—1 .
Since blocks are contiguous, we conclude that

|Aql < %7, (6.25)
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for each ¢ = 1,...,Q. Moreover, by definition of = (see Theorem 3.7), we find
|)\N7a _ 2| < @204/3+C<N_2/3 )

forall g=1,...,Q and all o such that N —a € A,.

Now we are ready for the main argument. Pick ¢ € {1,...,Q} and abbreviate
9:= min A b = Aa -
a’ = min Aa, 1max Aa

We introduce the path
al = a — N34 (b9 —a? 42N 3) e (te0,1]),

which will serve to count eigenvalues. (Note that ¢ = a9 — N~1%% /3 and 29 = b9+ N~'+%"/3.) The interval
[28, 2!] contains precisely those eigenvalues of H that are in A,, and its endpoints z¢ and z{ are at a distance
greater than N —1+é’ /3 from any eigenvalue of H. Thus, [z, }] is the correct generalization of the interval
[z, 2] from the sketch given at the beginning of this proof.

In order to avoid problems with exceptional events, we add some randomness to D. Recall that D satisfies
(6.21). Let A be a k x k Hermitian random matrix whose upper triangular entries are independent and have

an absolutely continuous law supported in the unit disk. For € > 0 define
H® == H+ V(D' +eA)~ V™.

From now on we use “almost surely” to mean almost surely with respect to the randomness of A. Our main
goal is to prove that for each e > 0, almost surely, there are at least |A,| eigenvalues of H in [zd, 2{]\ o(H).

(Having done this, we shall deduce, by taking ¢ — 0, that H has at least |A,| eigenvalues in [z{, 9].)
For = ¢ o(H) define

Mg(x) = Gyoryo (@) +6id;  +ely;  (Lj=1,....k).

Then (assuming z ¢ o(H)) we know that = € o(H) if and only if M¢(z) is singular. Split

v (@) (@) () v (@) (@) )
Gynn(@) = 3 ( ) ), > ( ( )

)
a€A, Ao =@ agAg Ao =

Let « € [z, 29). Similarly to the proof of (6.20), we choose 7 := N~ and estimate

Z <v(i),u(a)><u(a)7v(j)> B Z <V(i),u(a)><u(a)7v(j)>

Ao — Ao —x —in
agAq agAq

< 2(Im Gy (@ +1n) + Im Gyo)von ( + 177)) )
where we used that |z — Ao| = 2N~149'/3 for o ¢ Ay. Moreover,

C<+C4 N—(S/
b

S

Z (v u@) @ ()

Ao —x —in

a€A,

48



where we used (6.23) and the definition of = (see Theorem 2.5). Estimating G, )¢ (z + in) — m(z + in)
therefore yields, similarly to (6.20),

<v(i)7u(a)><u(a) , vy B o
ij(x) = Z )\a — - (Sij + 6i.jdi ! + EAij + O<¢CC+C4N J /2) .

acA,

Introducing the vector
y@ = @ w = (v ),

we get

(Ot) (@ ,
v —1+D ' +eA+R(), R(z) = O(p%tCaN=0/2) (6.26)

Zy

a€Ay

where R(x) is continuous in 2 and independent of A. Compare this to (6.22) in the sketch given at the
beginning of the proof. By Theorem 2.5, for o € A; we have

i = O( N (6:27)

We may now start the counting of the eigenvalues of H in [d,2{]. We have to prove that there are
at least L := |Ay| distinct points z in [zd,z{] at which M¢(x) has a zero eigenvalue. As in the simple
continuity argument given in the sketch at the beginning of this proof, we shall make use of continuity.
However, having to find L such values z instead of just one is a significant complication®. Before coming
to the full counting argument, we give a sketch of its main idea. See Figure 6.1 for a graphical depiction
of this sketch. We extend the real line R, on which the eigenvalues of M¢(z) reside, to the real projective
line R = RU {oo} = S'. One can think of R as a ring with two distinguished points, 0 at the bottom
and oo at the top. Thanks to Lemma 6.7, it is possible to label the k eigenvalues of M¢(z]) so that they
are continuous R-valued functions (denoted by &5(t),..., &5 () below) on [0,1]. Thus, we get a family of k
beads moving continuously counterclockwise on a ring. At t = 0, the eigenvalues are all strictly negative
(and finite), i.e. all beads lie in the left half of the ring. As t is continuously increased from 0 to 1, the
beads move counterclockwise around the ring. Our goal is to count the number of times 0 is hit by a bead.
Thanks to the explicit form of the first term on the right-hand side of (6.26), we know that the point co is
hit exactly L times as t ranges from 0 to 1. Since at time ¢t = 0 all beads were in the left half of the ring,
and since the beads move continuously counterclockwise, we conclude by continuity that 0 is hit at least L
times as t ranges from 0 to 1. Below, we denote the times at which oo is hit by s1,..., sy, and the times at
which 0 is hit by ¢1,...,¢;. One nuisance we have to deal with in the proof is the possibility of several beads
crossing one of the two points 0 or co simultaneously. Such events are not admissible for our counting. For
instance, if at time ¢ a bead is at 0 while another is at oo, we cannot conclude that z{ is an eigenvalue of H;
indeed, because there is a bead at oo, we know that x} is an eigenvalue of H, and hence Lemma 6.1 is not
applicable. However, such pathological events almost surely do not occur. Avoiding them was the reason
for introducing A. Note that the final result of the counting argument — the number of eigenvalues of H® in
[zd, 29] — is stable under the limit € — 0. This will allow us to conclude the proof.

5This complication is also visible in the joint arrangement of the eigenvalues of H and H. If all eigenvalues of H are well-
separated (by at least N’1+5,) then, as outlined in the sketch at the beginning of the proof, each eigenvalue Ao of H has an
associated eigenvalue of H, which lies in the interval [Aq — N_H"SI/B7 Aa). In fact, this eigenvalue typically lies at a distance
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Figure 6.1: A graphical representation of the movement of the eigenvalues (or “beads”) é5(t), €5(¢) of M¢(z})
as t ranges from 0 to 1. In this example we have L =3, k =2, and 0 < t; <13 < s1 < 592 < 3 < s3 < 1.

Now we give the full proof. Recall that |d;| > 1 is independent of N for all 5. Thus we get from (6.26)

and (6.27) that, for large enough N and small enough ¢, all eigenvalues of M¢(z{) are negative. (Here we

used that [Ay — 28| > N~ /3 for a € A,.) We shall vary ¢ continuously from 0 to 1 and count the number
of eigenvalues crossing the origin. Let L := |A4,| and denote by

0 < 851 < 89 < -+ < s <1

the values of ¢t at which zf € o(H). (Recall that the eigenvalues of H are distinct.) It is also convenient to
write so =0 and sp+1 = 1. For t € [0,1] \ {s1,...s.}, let

ei(t) < es(t) < -0 < eg(t)
denote the ordered eigenvalues of M¢(xf). We record the following fundamental properties of €5 (t), ..., e ().
(i) For all i = 1,...,k, we have e$(0) < 0 for N large enough and e small enough (depending on N).
(ii) For every £ =0,...,L and i = 1,...,k, the function €5 is continuous on (sg, S¢4+1)-
(iii) At each singular point sg, £ =1,..., L, we have

ei(sy) = efi(s))  (i=1,...k—1).

N~ to the left of Ay, as follows from (6.22) and the fact that the typical size of y is N~—1/2_ However, if two eigenvalues of
H are closer than N~1, this simple ordering breaks down. In general, therefore, all we can say about the eigenvalues of H

associated with the eigenvalues of H in Aq is that they are close to the group {Aa}aeAq- Since the diameter of this group is
small (see (6.28) below), this will be enough.

50



(In particular, both one-sided limits exist.)

Property (i) was proved after (6.27). Property (ii) follows from (6.26). Property (iii) follows from Lemma
6.7, using (6.26) and the fact that R(x) is continuous.
Moreover, the two following claims are true almost surely.

(a) For each £ = 1,...,L and ¢ = 1,...,k — 1 we have e§(s, ) # 0. (The remaining index % satisfies
er(sy) = +00.)

(b) If €5 (t) = 0 for some ¢t € [0,1] \ {s1,..., sz} then e5(t) # 0 for all j # .

In terms of beads &5 (t),...,é5(t) € R (see below), the properties (a) and (b) can be informally summarized
as: (a) if a bead is at oo then there is no bead at 0, (b) at most one bead is at 0. We omit the standard®
proofs of (a) and (b), which rely on the fact that the law of A is absolutely continuous.

In order to conclude our main argument, it is convenient to regard the eigenvalues ej(t),...,e5(t) as
elements of R = RU {oco} 2 S, the real projective line. From properties (ii) - (iii), it is apparent that we
may rearrange the eigenvalues of M€ (x}) as & (t),...,¢é5(t) € R and extend them to functions (“beads”) on
whole interval [0, 1] in such a way that, almost surely, each & is a continuous R-valued function on [0, 1].

We now claim the following.

(*) Almost surely, there are L distinct times ¢1 < to < --- < ty € [0,1]\ {s1,..., s} such that for each
¢=1,...,Lthereisan i =1,...,k with é(¢,) = 0.

Let us prove (*). Let n; € N denote the number of times that €5 hits oo as ¢ ranges from 0 to 1. From (6.26)
we find that Ele n; = L (recall that the eigenvalues of H are distinct). Moreover, again from (6.26), we
find that each such passage of co by &5 always takes place in the same direction, namely from the positive
reals to the negative reals with ¢ increasing. More precisely, if €5(¢t.) = oo then there is a neighbourhood
I > t, such that for all ¢t € I we have

é(t) € Ry for t<t, and e(t) € R for t>t,.

K2 K3

Since at time zero we have €5(0) € R_ (see Property (i) above) we conclude that é has at least n; distinct
zeros. (Recall that n; was defined as the number of times €5 hits co.) Moreover, by Property (a), the zeros
€5 are almost surely in [0,1]\ {s1,...,s5}. By Property (b), the zeros of e, . .., e}, are almost surely disjoint.
Since Zle n; = L, the claim (x) follows.

From (*) we conclude that, almost surely, M¢(z) is singular in at least L points in the set [zd, 2{]\ o(H).
Therefore H® has almost surely at least L eigenvalues in [z, 2{]. Taking ¢ — 0, we find that H has at least
L = |A,| eigenvalues in [z, 21].

What remains is to prove that H has at most |A,| eigenvalues in [z, z{]. We prove this using interlacing,
similarly to the corresponding argument given in the sketch at the beginning of the proof. Together with
Proposition 6.6, we have proved that there are at least |A;| + k™ eigenvalues of H in [z}, 00). By interlacing
(i.e. a repeated application of Lemma 6.2), we find that there are at most [A1| 4+ kT eigenvalues of H in
[z}, 00). We deduce, again using Proposition 6.6, that there are exactly |A;| eigenvalues of H in [z}, z1].

6The “standard” arguments rely on the fact that the set of singular Hermitian matrices is an algebraic variety of codimension
one. In addition, the proof of (a) requires the following fact. Let P be a rank-one orthogonal projector on C* and A a Hermitian
k x k matrix; then, as * — +o0o, exactly k — 1 eigenvalues of the matrix A + P converge, and their limits coincide with the
eigenvalues of A restricted to a map from ker P to ker P. The proof of (b) uses that the set of Hermitian matrices with multiple
eigenvalues at zero is an algebraic variety of codimension two.
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We have proved that there are at least |A1| + |Ag| + kT eigenvalues of H in [22,00). Using eigenvalue
interlacing, we find that there are at most |A;| + |Az| + kT eigenvalues of H in [23,00). We conclude that
there are exactly |Az| eigenvalues of H in [z, 23]

We may now repeat this argument for ¢ = 3,4,...,Q, to get that H has exactly |A,| eigenvalues in
[2d, 2], for ¢ = 1,2,...,Q. Moreover, by (6.25), we find for any a € A, that

sup {|x —Xo| i€ Ay, xe [xg@‘l]]} < QOINTIH < NI (6.28)

Therefore the proof is complete. O

6.5. Bootstrapping and conclusion of the proof of Theorem 2.7. We may now complete the proof of Theorem
2.7. In order to extend the statements of Propositions 6.6 and 6.8 to arbitrary N-dependent configurations
d € D(Cy), we continuously deform an N-independent d, for which Propositions 6.6 and 6.8 hold, to the
desired N-dependent d. The statements of Propositions 6.6 and 6.8 remain valid for all intermediate d’s;
this will follow from the continuity of the eigenvalues of H as a function of d and from Proposition 6.5.
Roughly, Proposition 6.5 establishes a forbidden region, for arbitrary d, which the eigenvalues of H cannot
cross since they are deformed continuously.

Let d(1) = dn (1) € D*(C2) be given (and possibly N-dependent), with associated N-independent indices
k™, k9 k*. Choose an N-independent d(0) € D(Cy) with the same indices k~, k%, k*, such that d°(0) = 0
and (d~(0),d™(0)) satisfies (6.21). We shall use a bootstrap argument by choosing a continuous (possibly
N-dependent) path (d(¢) : 0 < ¢t < 1) that connects d(0) and d(1). We require the path d(t) to have the
following properties.

(i) For all t € [0,1] the point d(t) satisfies (6.9) and d(t) € D(Cs).

(i) If 1;7(d(1)) N I (d(1)) = 0 for a pair 1 <4 < j < kT then L7 (d(t)) N I;7(d(t)) = 0 for all t € [0,1].
The same restriction is imposed for + replaced with —.

It is easy to see that such a path exists. Informally, condition (ii) states that if the allowed regions for the
outliers ¢ and j do not over lap at time ¢ = 1 (i.e. the outliers can be distinguished), then they may not
overlap at any earlier time. B B

We continue to work at fixed IV and with a fixed realization H = H* with w € E. Let C3 and C3 be the
constants from Proposition 6.5, and choose § > 0 such that ¢» < N'/3-9. Define

H(t) := H+ Vdiag(di(t),...,du(t))V*

and abbreviate i (t) = Ao (H(t)). By Propositions 6.6 and 6.8, we have that

pn—_p+4i(0) € LF(d(0))  (i=1,...,k"), (6.29a)
pi(0) € I7(d(0)  (i=1,....k7), (6.29D)
as well as
Mo = 2-EN"23 = Ay — e (0)] < N7351 (6.30a)
Mo € 2+ 0KN"23 = A4 — pas-(0)] < N72/3g71, (6.30b)
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In order to invoke a continuity argument, we note that Proposition 6.5 yields
o(H(t))NS(K) c D(d(t)) (6.31)

for all t € [0,1]. Moreover, since ¢ — H(t) is continuous, we find that i, (t) is continuous in ¢ € [0, 1] for all
a.

Let us first analyse the outliers. We focus on the positive outliers associated with d™; the negative ones
are dealt with in the same way. Assume first that the kT intervals 11 (d(t)),..., I, (d(t)) are disjoint for
t = 1. Then, from Property (ii) above, we know that they are disjoint for all ¢ € [0,1]. Thus we find, from
(6.29), (6.31), and the continuity of ¢ — p,(¢) that

pn—pri(t) € LH((t)  (i=1,...,k") (6.32)

for all ¢t € [0,1], and in particular for ¢t = 1.

If I; (d(1)), ..., ;" (d(1)) are not disjoint, the situation is only slightly more complicated. Let B denote
the finest partition of {1,...,k"} such that i and j belong to the same block of B if I;* (d(1)) ﬁIj‘(d(l)) # 0.
Note that the blocks of B are sequences of consecutive integers. Denote by B; the block of B that contains
i. Then (6.29) and (6.31) yield, instead of (6.32), that

pn-weri®) € | LFd®)  (i=1,...,k") (6.33)
JEB;

for all ¢ € [0,1]. At ¢ =1, the right-hand side of (6.33) is an interval that contains 6(d;) for all j € B;. In
order to estimate its size, we pick a j € B; that is not the largest element of B;. To streamline notation,
abb;eviate d:= d;(l) and d’ := d;LH(l). Our first task is to estimate d’' —d. Since I;r(d(l)) ﬂ]ﬁ_l(d(l)) # 0,
we have

(1 - (dl>2> (@ = d) < 6(d) ~6(d) < 25N 1)
where the second inequality follows from the definition of I;"(-). This yields

d—d < C’(p53N—1/2(d’ _ 1)—1/2 < C’g053N_1/2(d _ 1)—1/2 ,
where the constant C depends only on ¥. Thus we get

’ ~
(@ -1V < (d- 1)1/2<1 + H) < (@=1)"2 (14 Cp@NT2@ = 1)) < (d= 1)+ o(1)),

where the last inequality follows from (6.13). Repeating this estimate of H(djtq(l)) - 9(d;r(1)) for the
remaining j € B;, we find

diam (Lg If(d(l))) < (1B +2) ¢ N7 min(af (1) = )21+ o(1)

This immediately yields

N (1) = (@) < @@FINTV2(@ (1) - )Y (=1, k),
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and the claim follows.

What remains is the analysis of the extremal bulk eigenvalues. Once again, we make use of a continuity
argument. As before, we only consider positive eigenvalues, Ao > 2 — X N=2/3 for some K to be chosen
below. Note that by interlacing, Lemma 6.2, we have

)\afkr < Mo < )\oHrk (634)

(using the convention that A, = +oo for & > N). Recall the role of K from the assumptions of Theorem
2.7. Therefore using the definition of = (see Theorem 3.7), we find that there is a K = K (K) such that if
a> N — o then

Aak = 2—<pKN_2/3 and fo = 2—g0KN_2/3.

Let now « satisfy N — % < a < N —k*. Using (6.30), (6.31), and Proposition 6.5, we find
Masir = pa(0)] < N72371 and  dist(pa(t),0(H)) < N-2/3)! (6.35)
for all ¢ € [0,1]. In addition, we know the two following facts about pq(t), for all ¢ € [0, 1].

(i) pa(t) is in the same connected component of 19 C R as 11,(0) (by continuity of i (t) and Proposition
6.

).
(i) wa(t) satisfies the interlacing bound (6.34) for all ¢ € [0, 1].

Let B, be the set of 3 =1,..., N such that A\g and )\, are in the same connected component of I°. Thus
we conclude from (i) and (ii) that

pa(t) € |J  Pe— N N+ NG
ﬁGBa+k+Z
la+kt—B|<k

Thus we get _
Mot — Ha(t)] < 2kN"2/3971 (6.36)

for all t € [0,1]. Choosing
CQ = Cz+1, Cg = 03+1

completes the proof of Theorem 2.7 (recall the definition (6.10)).

7. DISTRIBUTION OF THE OUTLIERS: PROOF OF THEOREM 2.14

7.1. Reduction to the law of G ), (0(d;)). The following proposition reduces the problem to analysing a
single explicit random variable.

PROPOSITION 7.1. There is a constant Cs, depending on (, such that the following holds. Suppose that

dil < 2—-1,  |ldi|—1] > N7
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for all i = 1,...,k. Suppose moreover that for all i € O (2.24) holds. Recall the definitions (2.16) and
(2.17). Then we have for all i € O

N 1) gy~ ) = ~(1+ 0 NN (|12 Gy (B + 3 ) +O(™)
with (-high probability.
Before proving Proposition 7.1, we record the following auxiliary result.
LEMMA 7.2. Let C7 denote the constant from Theorem 2.3. For any
€ [-%,-2- N3]y 24 o1 N~3 %)
and any normalized v € C we have
|0:Gyv () — Oem(z)| < @O N3 L (7.1)

with -high probability. More generally, we have, for any normalized v,w € C¥V,

|02 Gyw (@) — Dom(z) (v, w)| < @ N3kt (7.2)
with -high probability.

PROOF. By symmetry, we may assume that > 0. Moreover, (7.2) follows from (7.1) and polarization.
We therefore prove (7.1) for z > 0. We have

[{ul®), v)[?
%Ceele) = 2 =
Choose z > 2 + N~2/3,%1 and abbreviate k = k,. Thus we get, for n > @ N~

3 [(ul®),v)[? -y [(ul®), v)|?
A P Y LR ¢y e
c
S @)
2
277—21
K= M

0, Gl (z) — %Im Gov(z + m)‘ _

1
p Im Gy (z +1in)

N

Im Gy (z + in)

with (-high probability, where in the last step we used Theorem 3.7. (In the proof of Theorem 2.3, the
constant C7 was chosen large enough for this application of Theorem 3.7; see (5.6).) A similar calculation
using the definition (2.4) yields

1 21
Orm(x) — nImm(Js—l—in)‘ < %5Imm(x +in) .

Therefore we get, using Theorem 2.3 and Lemma 3.2,

2n . . 1 o [Imm(x+in)
_ < 2 2,0 A T )
‘(%va(x) azm(:c)| < 5 (Im Gyv(z +1in) + Imm(x + 177)) + 7790 N

< 0772!%_5/2 +<pc< (77“_2 +n_1)N_1/2n_1/4

with ¢-high probability. Choosing 1 := N~1/6x3/% yields the claim. O
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PROOF OF PROPOSITION 7.1. We only prove the claim for the case d; > 1; the case d; < —1 is handled
similarly.

For 2 + apclN_%?’ <z < X, where (] is the constant from Theorem 2.3, we define the k x k Hermitian
matrices A(z) and A(x) through

Aij(x) = Gyuyo (@) —m(x)d; +d;i 05, Aij(x) = & (vavm (z) —m(z)+ di_1> :

(Here we subtract m(z)1 so as to ensure that 9, A(x) is well-behaved; see below.) We denote the ordered
eigenvalues of A(z) and A(z) by a1(z) < -+ < ap(z) and @1 (x) < --- < @y (z) respectively.

For the rest of the proof we fix i € O satisfying d; > 1. We abbreviate ; := 6(d;). We begin by comparing
the eigenvalues of 2(92) and D~!. Define the eigenvalue index r = r(i) = 1,...,k through

- 1
ar(z) = 7 + Gyivw () —m(x). (7.3)
7
In particular,

- 2
ar(ei) = Gyivi (91) + 7

Theorem 2.3 implies that

‘Gv(mv(j)(ai) —m(0;)| < S N"YV2(d; —1)7Y2, (7.4)

with (-high probability for j = 1,..., k. In particular,

ar(ei) - l

T g QUCCN_l/?(di_l)_l/2

with ¢-high probability. Moreover, (7.4) and the condition (2.24) yield, for j # 1,

‘Gvuw(ﬂ (0;) —m(0;)

< |d; — dj| (7.5)
with (-high probability, provided C5 is chosen large enough. We therefore conclude that

r;in|aj(ei) —a.(0;)] = ¢ INTVE(d; —1)7Y2 (7.6)
JFT

with ¢(-high probability, provided C; is large enough.
Next, we compare the eigenvalues of A(f;) and A(6;) using second-order perturbation theory (the first-
order correction vanishes by definition of A and A). Theorem 2.3 yields

1A(6:) = A@)ll < 9 e NTVE(dy - 1)712

with ¢-high probability. Therefore (7.6) and nondegenerate second-order perturbation theory yield, for large
enough Cs,

QOCCN_l(di _ 1)—1
min;[a;(6;) — ar(6;)]

a,(6;) = a;(eiwo( ) - ZL’T(G,»)—FO(@Q‘C?N_l/Q(di— 1)—1/2) (7.7)
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with ¢-high probability.
Next, we analyse A(z) and make the link to fi4(;). From Lemma 7.2 we find

H&CA(JJ)H < QN3
with (-high probability. In particular, we have for all j = 1,..., k that
|aj(@) = a;(y)] < DN 4w, —yl (7.8)
with ¢-high probability, provided that 2 + ¢CTN=2/3 < 2,y < .
Recall the definition (2.17) of a(7). From Lemma 6.1 and Theorem 3.7, we know that 1, is characterized

by the property that there is a ¢ = ¢(i) € {1,...,k} such that

ag(fa(i)) = —m(Ha(s)) -

By Theorem 2.7 we have
o) — 0i] < @O N~YV2(d; — 1)1/? (7.9)

with ¢-high probability. Provided Cs is large enough (depending on C3), it is easy to see from (7.9) that
Loy —2 =< 0; —2 =< (d; —1)° (7.10)

with ¢-high probability. Thus we find, using (7.8), (7.9), and (7.10), that for large enough Cy we have
Mtagiy) = —ag(8) + O (% N>/0(d; — 1)7/2) (7.11)

with ¢-high probability. (Here we absorbed the constant Cs into C¢.)
We now prove that ¢ = r with (-high probability provided C5 is large enough. Assume by contradiction
that ¢ # r. Then we get, using Theorem 2.3 and the condition (2.24), that

ag(0:) = —| > ¢@TINT2(di - 1)712 (7.12)

i

with ¢-high probability. Moreover, (7.8), (7.9), and (7.10) yield

aq(0;) = ag(pa@)) + O<¢C‘N75/6(di - 1)73/2)

= —m(pa(i)) + O(WCCN_s/ﬁ(di - 1)_3/2)
_ dl T O(@CCN_1/2(dZ- —1)7Y2 4 yCeNT5/6 (g, — 1)—3/2)

with ¢-high probability, where in the last step we used (6.5). Together with (7.12), this yields the desired
contradiction provided Cj is large enough. Hence g = r.
Putting (7.3), (7.11), and (7.7) together, we get

2 5 _ _ _ _
m{jta)) = =Gyt (6:) = T + O (% N7/0(d; = 1)79/2 4 OB N=12(d; - 1)71?)
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with ¢-high probability. Thus we find that, for all x between 0; and ji4(;), we have
m'(x) = m'(6:;) + O(p“ N~V2(d; = 1)7°%) = m'(6:)(1+ O(¢™1))
with ¢-high probability, where we used (6.5) and (7.9). Using (6.2), (7.10), and (6.5), we conclude that

Gv(z‘)v(i) (92) + d;l
m’(0;)

oy~ 0 = ~(1+0(™)) + OO N5/5(d; = 1)7V/2 4 O CaN U2 (g — 1)11?)

with ¢-high probability. The claim now follows for large enough Cs, using the identity (6.2). O

7.2. The GOE/GUE case. By Proposition 7.1, it is enough to analyse the random variable

1
X = NY2(ld) + 1)(|d] - 1)/2 (vaw) ¥ d) , (7.13)
where v € CV is normalized, d satisfies
1+0%N"Y3 < d < ©-1, (7.14)

and we abbreviated § = 6(d). For definiteness, we choose d > 1 in the following.
The following notion of convergence of random variables is convenient for our needs.

DEFINITION 7.3. Two sequences of random variables, {An} and {Bn}, are asymptotically equal in distri-
bution, denoted AN 4 By, if they are tight and satisfy

lim (Ef(Ax) —Ef(Bn)) = 0 (7.15)
N—o0
for all bounded and continuous f.

REMARK 7.4. Definition 7.3 extends the notion of convergence in distribution, in the sense that Ef(Ax)
need not have a limit as N — oo.

REMARK 7.5. In order to show that Ay < By, it suffices to establish the tightness of either {An} or {Bn}
and to verify (7.15) for all f € C°(R). Indeed, if {Ax} is tight then so is {Bx}, by (7.15). By tightness of
Ap and By, we may replace in (7.15) the bounded and continuous f with a compactly supported continuous
function g. Next, we can approximate ¢g uniformly with C2°-functions.

REMARK 7.6. Clearly, Ay < By if Ay < By for all N.

LEMMA 7.7. Let An 4 By and Ry satisfy limy P(|Ry| < en) = 1, where {en} is a positive null sequence.
Then Ay fC\ZJ By + Ry

PROOF. By Remark 7.5, it suffices to prove (7.15) for f € C1(R) such that f and f’ are bounded. Then
Ef(An) —Ef(By + Ry) = (Ef(Ay) —Ef(By)) + (Ef(Bx) — Ef(By + Ry))
= o(1) + E[1(1Rn| < en)(f(Bw) — f(Bx + Rx))]
= o(1)

where in the last step we used the boundedness of f’. O
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LEMMA 7.8. Let {An}, {ANv}, {Bn}, and {Bly} be sequences of random variables. Suppose that Ay 2 Ay,

By 4 Bly, Ay and By are independent, and Ay and B}y are independent. Then
Anx + By £ Ay + By .

PrOOF. Without loss of generality, we may assume that Ay, By, A’y, By are independent (after replacing
A’y and B}y with new random variables without changing their laws.) Then for any A € R we have

E M An+BN) _ EeiA(A}\,+B§\,) _ E[ei)\AN<ei>\BN _ eiAB§V> + (ei)\AN _ eiAA;\,)eiAB}V

. . : / : H ’ 3 4
— EGMAN ]E(GMBN _ e1>\BN) —l—]E(elAAN _ e1>\AN)Ee1>\BN
— 0

as N — oo.

Next, we observe that Ay + By and A\, + By are tight. Therefore, recalling Remark 7.5, we find that

it suffices to prove
Ef(Ay +Bn) —Ef(Ay +By) — 0

f € C°. Denoting by f the Fourier transform of f, we find
Bf(Ax +By) - Ef(A + By) = [ dAfOn) [BeXAr 8 g ts] — o

by dominated convergence. O

PROPOSITION 7.9. Let H be a GOE/GUE matriz. Assume that d satisfies (7.14). Then for large enough

Cy we have
d 2(d+1)
X N(O, rE ) )

PROOF. By unitary invariance, we have Gy 4 G11, where 2 denotes equality in distribution. In or-
der to handle the exceptional low-probability events, we add a small imaginary part to the spectral pa-
rameter z := 0 + iN~%. Throughout the following we abbreviate G = G(z) and m = m(z). Writing
a* := (hi2,h13, ..., hin), we get from Schur’s formula and (2.5) that

o 1 B 1
U h, 2z —arGWa —m —z+hi — (a*GMa —m)

= m — m2h11 + m2 (a*G(l)a — m) + O(|h11‘2) + O(

a*GWa — m|2) (7.16)

with ¢-high probability. Again by unitary invariance, we have a*G(Ma 4 HaHQGéé). Moreover, both sides
are independent of hqy, so that

—m?hy1 +m?(a*GMa—m) L _mPhyy + m2(||a||2G512) —m) . (7.17)
In order to estimate the error term in (7.16), we write
lalPGLy —m = (llal* = 1) G5 + (G5 —m). (7.18)
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Using (3.6) to estimate Gg? — G2, as well as Theorem 2.3, Lemma 3.5, and Lemma 3.2, we therefore find
that
lal?GS) —m| < %N (d—1)71/2 (7.19)

with ¢-high probability. Moreover, we have the trivial bound E|||a]|2GSy —m|" < (kN)C* for k € N.
From (7.16), (7.17), (7.18), and (7.19), we conclude that there exist random variables Ry and Ry satisfying

[Ra| +|Rel < oCN"Hd - 1) (7.20)

with (-high probability, the rough bound

E(|Ra| + |Ra])* < (BN)7¥, (7.21)
and
(ngl) - m) + §1 = —m2hy; +m? (a*G(l)a — m)
L _m2hyy +m?(|[al?GSy — m)
= —m?hyy +m3(|a)®> = 1) + m>(GS)) —m) + R
Defining
Y, o= NY2d41)(d-1)Y2Re(GY —m), Yy = NY2(d+1)(d—1)"/?Re(GS) —m),
W o= N2 Re(—m2h11 +m?(|a))? - 1)) . R == NY2(d+1)(d—1)/?ReR; (i=1,2),
we therefore get
Vi+ Ry L (d+1)(d—1)"2W +m?Ys + Rs. (7.22)

In order to infer the distribution of Y7 from (7.22), we observe that the random variables Yo and W are
independent. Also, Y7 L Y5. Recalling Theorem 2.3 and (3.6), we find the bounds

Vil < 9%, R < UNTVEd-1)TV2 (i=1,2) (7.23)
with (-high probability, and the rough bounds
il < N*,  ERJF < (kN)T"  (i=12). (7.24)

Moreover, by the Central Limit Theorem

2 -1
(2%;1)) w L N(0,1), (7.25)

where we used (6.2).
Next, let B and Z5 be independent random variables whose laws are given by

2(d* +1)

4
b & (o2

), Zy L N(0.6),
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where we introduced

R dt—1 BdS Bd2
Defining
Zy = (d+1)(d-1)Y?>B+d 22, (7.26)

we find that Z; 4 Z5. Moreover, a standard moment calculation and the definition of W yield

lim (EW* —EB*) = 0; (7.27)

N—o0

as usual, only the pairings in the moment expansion of EW* survive the limit N — oco. (See also (7.25),
which however cannot be used to deduce (7.27) directly.)

We now compare the distributions of Y; and Z; by computing moments. Note that the family {EZF} yen
is bounded for each k£ € N. We claim that

li F-EZf) = .
Ngnoo(EYl EZY) =0 (7.28)

for all £ € N. (This will imply that Y; ~ Z1.) We shall prove (7.28) by induction on k. Taking the
expectation of (7.22) yields

EY, = m?EY; + o(<pC<N—1/2(d _ 1)—1/2)
where we used (7.23), (7.24), and EW = O(N~1/2). Therefore
EY; < CeYN~V2(d—1)"%2 = o(1)
provided Cj in (7.14) is large enough. Here we used that
m(z) = d' +O(N7?), (7.29)

as follows from the definition of z = § +iN~%, (5.5), Lemma 3.2, and (6.2). Therefore (7.28) for k = 1
follows using EZ; = 0.
For the induction step, we assume that (7.28) holds for all ¥ < k — 1. From (7.22) we find

k
k -
B+ 3 (e
=1

= E((d+1)(d-1)°W+m’Y) + Y (?)]E(Rll ((d+1)(d—1)/2W + m%)’“‘l) . (7.30)
=1

We estimate the summands on the left-hand side by
1
[E(RLYF )| < NCexp(—¢%) + (9% N12(d = 1)71/2) Ejyy !

1
< C((pCCN—l/Q(d_ 1)—1/2> oCc

< @C<N71/2(d o 1)71/2 ,
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where in the first step we used (7.23) and (7.24), in the second step the estimate E|Y;[*~! < % as follows
from the induction assumption (7.28) applied to even moments (recall that Y7 is real) as well as (7.23) and
(7.24), and in the third step the fact that [ > 1. Note that the constant C; is independent of k. A similar
estimate applies to the summands on the right-hand side of (7.30). Thus (7.30) yields

EYF = E((d+ 1)(d—1)"°W +m?Y2)* + 0(p% N~12(d — 1)"1/?)
k
= m*EYF + (?)E((d +1)(d - 1)V2W) E(m?Ys) T + 0(p% N2 (d - 1)71/?)
=2

where in the second step we used the induction assumption and the estimate EW = O(N~'/2). Therefore
we get

EY} = m% Z( ) ((d+1)(d—1)2W) BE(m?Y2)" ™ + 0(p%N"12(d—1)"32),  (7.31)

where we used (7.29).
In order to conclude the proof of (7.28), we deduce from (7.26) that

EZ = d 1—d-2k Z ( > (d+1)(d—1)"/*B) E(d22,)"". (7.32)

Using the induction assumption (7.28) for k' = k — I, (7.29), and the condition ! > 2, we get from (7.31),
(7.32), and (7.27) that

lim (EYy —EZf) = 0

N—o0

for large enough Cy. This concludes the proof of (7.28).

Next, by definition we have £717; LN (0,1). Moreover, we have that £ € [¢,C] for some positive
constants ¢ and C' depending only on X.. Together with (7.28) for k = 2, we infer that the families {£71Y] } ven
and {€717;} yen are tight. Therefore we get from (7.28) that

Jim (Ef(g*lyl)—Ef(gflzl)) =0 (7.33)
for any continuous bounded function f. Next, we estimate
Gu(0) -G (2)| < |Gu(o) -G Gii(z) - G
|G11(6) (2)] < [Gu( 1(2)| +|Gu(2) = Gi7 (2)]
g N_4N2+()DCCN_1(d— 1)—1 < (IOCCN_l(d_ 1)—1

with ¢-high probability, where in the second step we used Lemma 7.2, (5.5), and Lemma 3.2 to estimate the
first term, and Theorem 2.3 and (6.1) to estimate the second term. Therefore

X L NV2d4+1)(d— 1)V (Gn0) +d7") = Vi +0(e%N"V2(d—1)""2) = Y +0(1)

with ¢-high probability, where in the second step we used (7.29). Therefore (7.33), the fact that Z 2 AR
and dominated convergence yield

lim (Ef(¢'X)—Ef(£'2)) = 0. (7.34)
N—oo
The claim now follows from Lemma 7.10 below. O
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LEMMA 7.10. Let {{n} be a bounded deterministic sequence. Let Ao, A1, Aa, ... be random variables such
that An converges weakly to As,. Then we have for any bounded continuous function f

Ef(EnAN) —Ef(EnAs) — O
as N — oo.

ProoF. By Skorokhod’s representation theorem, there exist new random variables ﬁoo, Zl, Zg, ... such that
Ao 4 /NLX,, Apn 4 ZN for all N € N, and /NlN — goo almost surely. Let w be such that EN(w) — goo(w).

By assumption on £y, we find that there exists a C' = C(w) such that EnAn (w) € [-C,C] and EnAs (w) €
[-C,C] for all N € N. Since f is uniformly continuous on [—C, C], we find that

lim (f(énAn(@)) = flEnAn())) = 0.

N—o00

The claim now follows by dominated convergence. O

7.3. The almost-GOE/GUE case. As it turns out, replacing the matrix element h;; with a Gaussian in
the Green function comparison step below (Section 7.4) is only possible if |v;| < ™ and |v;| < ¢~ P, for
some large enough constant D > 0. If this assumption is not satisfied, we first have to replace h;; with a
Gaussian using a different method, which effectively keeps track of the fluctuations of Gy resulting from
large components of v. Thus we shall proceed in two steps:

(i) We compare the original Wigner matrix H with H , a Wigner matrix obtained from H by replacing
the (i, j)-th entry of H with a Gaussian whenever |v;| < = and |v;| < ¢ P.

(ii) We compare the matrix H to a Gaussian matrix.

The step (ii) is performed in this section. To simplify notation, we write H instead of H throughout this
section. The step (i) is performed using Green function comparison in Section 7.4 below.
The following shorthand will prove useful.

DEFINITION 7.11. Let {on} be a bounded positive sequence. If Ay and By are independent random variables
with By rc\lz/\/((),a?v), and if Sn 4 AN + By, then we write
SN & An +N(0,U]2v) .
For the following we write

1
X = vN'/? (Gw(e) + d) . v=wy = (d+1)(d-1)Y2.
PROPOSITION 7.12. Fiz D > 0. Let v € CN be normalized and H be a Wigner matriz such that if |v;| < ¢~
and |vi| < =P then hyj is Gaussian. Then we have

2 2

Bd* dd ds

where Q(v) and R(v) were defined in (2.22).
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PROOF. As before, we consistently drop the spectral parameter z = 6 from our notation.

Let M € N denote the number of entries of v satisfying |v;| > ¢~P. Since v is normalized, we have
M < p?P. To simplify notation, we assume (after a suitable permutation of the rows and columns of H)
that the entries of v satisfy |v;| > ¢~ for i < M and |v;| < ¢~ for i > M. Split v = (3), where u e CM
and w € CNV~M_ (Throughout the following we assume that w # 0; the case w = 0 may be easily handled
by approximation with nonzero w.) We also split

A B*
=5 m):
where A is an M x M matrix and Hy an (N — M) x (N — M) matrix with Gaussian entries. Choose a
deterministic orthogonal /unitary (N — M) x (N — M) matrix S such that Sw = (]|w|[,0,...,0)*. Thus we

get
(1 0ON/1 0\[/A—z B> \'/1 0\/1 0
V'lo s)\o s B Hy—z o s)\o s)V
u (A—z B*S*)l u

= IIV(;III SB Hy— -

GVV

s

where we used that SHyS™* 4 Hy and the fact that A, B, and Hy are independent.

Next, we split
_ (W wl _ (9 &
S = < § ) HO - a H1 )

where a € CN~M~1 i5 a vector of i.i.d. Gaussians. Note that S* is an isometry, i.e. SS5* = 1. Thus we may
write

u\' [/ A-z B'w/|w| BS\ [ u
Gw = [lwll] | w*B/lw]  g-—= a* [[wl
0 SB a H1 —Zz 0

G (F ™) ()
r, (7.35)

where the second equality defines the right-hand side using self-explanatory notation. Note that, by defini-
tion, [|x|| = [[v] = 1.
Next, we claim that
(F*F)” = 6ij + O(QDCCN_l/Q) (736)

with ¢-high probability. In order to prove (7.36), write

R o BS~SB B*S*a .
a*SB a*a
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We consider four cases. First, if 1 < ¢ # j < M we find using (3.15) that

(F*F)ij| = > Bj(S*S)By

k,l

(Des |) e (35) " < e
< — (8*S) i = —(Tr(S*9) < P UCNT
N i N

with ¢-high probability. Second, if 1 < i < M we find using (3.13) and (3.14) that

|(F*F)i — 1] =

> B (S*S)uBy — 1
k,l

1 Ce 1/2
~ o )
‘ k,l
with ¢-high probability. Third, for ¢ = M 4 1 we have by (3.13)
(FF)i—1] = [a'a—1] < gCN—1/2

with ¢-high probability. Finally, for 1 <i < j = M + 1 we have by (3.15)

% (Z S 12 v s ( s ~)1/2 c 1/2
< 2 (S5 = P (r55) T < N
N 7 N

with ¢-high probability. This completes the proof of (7.36).
Next, abbreviate G (z) := (H; —2)~'. Since NY/2(N — M —1)"Y2H; isan (N =M —1) x (N — M —1)
GOE/GUE matrix, we find from (7.36), Theorem 2.3, and Lemma 3.2 that

](F*F)”] = ZB%E:N!

k,l

‘(F*GlF)ij - 5ijm’ < QCNTV2(d — 1)"1/2 (7.37)
with (-high probability. Therefore Schur’s formula yields

I = X*(—z—m— (—E—!—F*GlF—m))ilx

mlx||? — m2(x, Bx) + m? (<Fx, G Fx) — meHQ) + O(@CCN_l(d . 1)—1) . (7.38)

with ¢-high probability, where in the second step we expanded using (2.5), and estimated the error term
using (7.37) as well as the bounds M < ¢ and |E;;| < ¢“< N~Y/2. Recalling that ||x| = 1, we find

Fom = (nvlin)* (werpt 7720 (o) + e (gt 6o —m)
+mP (| Fx]2 —1) + 0(¢C<N*1(d - 1)*1) (7.39)

with ¢-high probability.
Next, from Fx = SBu+ ||wl|ja we find

|Fx|* = (Bu,S*SBu) + 2||w||Re( Bu, §*a) + ||w|?||a/|?
— (Bu, Bu) — |(w, Bu)|” + 2||w| Re(Bu, $*a) + |w]?|a]?.
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Applying (3.12) to (w, Bu) = >, ;w;u;B;; (with N in (3.12) replaced by M(N — M)), we find
|<W,Bu>|2 < %N,
Similarly, using (3.13) and (3.14) we find that
1Bl = [[ul* +O(¢“N"2),  |ISBul* = |u]’+O(x%N""?)
with ¢-high probability, using (3.15) that
’<Bu,§*a>| < pCeNT1/2
with ¢-high probability, and using (3.13) that
lal* = 14+0(p%N2)

with (-high probability. Using |[u|| = ¢ =P (by definition of u), we therefore conclude that
|Fx|?> = ||Bul|* +2Re 17<§Bu,a> +[[wl?[lal? + O(e“N') = 1+ 0(p“N~Y2)  (7.40)

with (-high probability. Using Theorem 2.3 applied to G; (recall that F' and H; are independent), we
therefore get from (7.39) that

1
I'-m = —m? ((u,Au) + |w||?g + 2Re<w,Bu>) +m? <”FX||2<FX,G1FX> - m>

uj|l||w ~ — —
+m3<||Bu||2 — [l +2Re”§|B”u|IHaH<SBu,a> + lwl*(lall® - 1)) +O(¢N"Ma=1)") (7.41)

with (-high probability. We write this as
T—m = I‘1+~-~+F6+O<@C<N*1(d71)’1) (7.42)

with (-high probability, where

1
Fl = —m2<u,Au>, FQ = —7’7‘[‘2”‘)‘/”297 Fg = m2<W<FX,G1FX>_m> y
Iy := —2m?Re(w,Bu) + m?(|Bul|® — ||lu?), T := 2m®Re w<§Bu,a>,
[|SBull||a
Lo := m®||lw|*([la]® - 1).
We now claim that I'y, ..., ' are independent. In order to prove this, let fi,..., fg be indicator functions

of Borel sets in R. Write a = aw in polar coordinates, where a > 0 and w € S¥~M~2_ Since a is Gaussian,
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a and w are independent. Denote by p1, ..., pg the laws of A, B, g, a,w, Hy respectively. Then we get

6

6
E]] fi(r:) = /dpl(A)dP2(B)dﬂs(d)dﬂ4(a)dp5(w)dPG(Hl) [1#@)
i=1

i=1

(]Efl(rl))(Ef2(r2))(]Ef6(F6))/dPQ(B)dPS(w) dpe(H1) f3(I's) fa(T's) f5(I's)
= (]Efl(rl))(EfQ(F2))(]Ef6(F6))(EfS(FB))(]EfS(F5))/dPZ(B)f4(F4)

6
= [[EAT,
=1

where the second equality follows by definition of the I'’s, and the third from the invariance of the law
of w under rotations (applied to I's) and from the invariance of the law of H; under orthogonal/unitary
conjugations (applied to I's). This proves the independence of T'y, ..., Tg.

Next, we identify the asymptotic laws of I'y, ..., 's. There is nothing to be done with I';. By definition,

yNY2Ty £ N(0,20287 'm?|w[*) . (7.43)

Since Fx is independent of H; and M < ¢*P, we get from Proposition 7.9 that

yNY2r, & N(o,m‘*z(‘é;l)). (7.44)

In order to analyse I'y, we define b; := (Bu); for i =1,..., N — M. Then {b;}; are independent and satisfy

1 4—-p5 1 4
Bbi =0,  Ebf =l Ebl* = o lhalt+ 55 DO (M — 4+ )l
J

N

Thus we find
r, = Z(fzmQ Rew;b; +m®(|b;]* — ]E\W)) +O(M/N).
The variance of the term in parentheses is
2
]E(—2m2 Re@;b; +m>(|b;|? — E|bi|2))

— 4Am*E(Rew;b;)? — 4m°E Re((wb;)|b:|?) + mCE(|b;|* — E[b;|?)

= 4m* BTN |u|Pwf* — 4mP N7/ Re(wiZMﬁ’)uw]—F)
J

+m6N—2<<3 =Bl + S (M 4+ﬂ)|w4) -
J

Since |w;| < ¢~ P, we get from the Central Limit Theorem and Lemma 7.10 that

4 4
vNV2T, 4 N(o, VQ%HuHQHWHQ — M Q(w, u) + v2m® (w*l [ufl* + R(u))) , (7.45)
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where we abbreviated
_ _ 1
Q(w,u) == N 1/2 ReZwiMi(j’)uﬂqu , R(u) := N Z(Mi(;l) — 4+ ﬁ)|uj|4 ,
2 ,J
and used that 3 — 8 = 287! for B = 1,2. Since |Jul| < 1 and ||w| < 1, we find that Q(w,u) < C and
R(u) < C for some positive constant C. Next, using I's = 2m?||w|| Re(SBu,a) + O(¢“< N~1) with ¢-high
probability and

~ 4
E(2Re(SBu,a))” = eV =M - 1)lulf?,
we find from the Central Limit Theorem and Lemma 7.10 that
vN'Y2Ty & N(0,40267 mS|u?|w]?) . (7.46)

Finally, we have ||a||?> — 1 = ||a]|> — E||a]|> + O(M/N) and
E(la;|? — Ela;|?)? = 287N 2.
Thus we conclude from the Central Limit Theorem and Lemma 7.10 that
yNY2Tg & N (0,208 mS||w[*) . (7.47)

Next, (7.43) — (7.47) imply that vN/2Ty, ..., uNY/?T are tight (as N-dependent random variables).
Moreover, an easy variance calculation shows that ¥N'/2T'; is also tight. Therefore we get from (7.35),
(7.42), (7.43) — (7.47), Lemma 7.7, and Lemma 7.8 that (recall the notation from Definition 7.11)

X & —uNY2m2(u, Au) + N(0,V7),

where

412

2(d+1) 202
Cpds &

Vi= Bd6 +W(|

wl* -+ 2[[ul*w]*) + (w,u)

2R + 22 (2l 2wl + [w] )
—_— —_— W W .
PG Bd°

Here we used (6.2).
Next, from
(v,Hv) = (u,Au) +2Re(w, Bu) + (w, Hyw) ,
the Central Limit Theorem, Lemma 7.10, and Lemma 7.8 we find
2 2
yNY2(v Hv) & uNY2(u, Au) +N<O, %(1 - u||4)> . (7.48)

Moreover, using that the dimension M of u satisfies M < ©?P and the fact that max;|w;| < ¢~ 7, we find

Q(w,u) = Q(v)+0(¢™"),  R(uw) = R(v)+0(¢?).

Therefore we get, using Lemma 7.8 and recalling that 1 = ||v|* = |[u]|® + ||w]||?,
d 1/2 -2 2(d+1) 42 v? 202
X ~ 7VN/d <V,HV>+N(O,Bd6+d5 (V)+$R(V)+W .
This concludes the proof. O
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7.4. Conclusion of the proof of Theorem 2.14. In this section we compute the distribution of Gy (6) — m(6)
for a general Wigner matrix H, and hence complete the proof of Theorem 2.14. We use the Green function
comparison method from the proof of Lemma 3.9.
Let H = (h;;) = (N~Y2W;;) be an arbitrary real symmetric / Hermitian Wigner matrix, V = (N~1/2V;;)
a GOE/GUE matrix independent of H, and v € CV be normalized. For D > 0 define the subset
Ip = {z’zl,...,N: |vs <<p_D}.

~

Define a new Wigner matrix H = (ﬁij) = (N_l/QﬁV\ij) through

— Vii ifiel djel
Wij ::{ I 7 p and ) D

W,: otherwise.

Thus, H satisfies the assumptions of Proposition 7.12. Let
Jp = {1<Z<j<NZ€ID andeID}

be the set of matrix indices to be replaced. Similarly to (3.21), we choose a bijective map ¢ : Jp —
{1, Ymax(D)} and denote by H, = (h};) the matrix defined by

o NTVEWG e ) <
t N’1/2Wij otherwise .

In particular, Hy = H and H, . (py=H. Let now (a,b) € Jp satisfy ¢(a,b) = ~. Similarly to (3.22), we
write

H, 1 = Q+N7Y2V  where V = V4B +1(a # b))V ECY

and
H, =Q+ N2y where W := WabE(ab) +1(a # b)WbaE(ba) .

In order to avoid singular behaviour on exceptional low-probability events, we add a small imaginary
part to the spectral parameter 6, and set z := 6 +iN~*. Abbreviate

z = UNY2Re(Gyy(2) —m(2)). (7.49)

Thus we have the rough bound |z| < N* which we shall tacitly use in the following. We use the notation
(3.23), which gives rise to the quantities xg,xgs,xr defined through (7.49) with G replaced by R,S,T
respectively. We may now state the main comparison estimate.

LEMMA 7.13. Provided D is a large enough constant, the following holds. Let f € C3(R) be bounded with
bounded derivatives and q = qn be an arbitrary deterministic real sequence. Then

Ef(zr+q) = Ef(zr+q) + YuEf (g +q) + Aoy + O(sflgab) , (7.50)
Ef(zs +q) = Ef(zr+q) + Aw + O0(p7 W), (7.51)

where Ay satisfies |Aqy| < @71,

Yoy = —VN—lRe(m‘*Mﬁi)mvb+m4Ml§§)ﬁbva)7
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and

2 2
Eav = Y NT2FOPH 200 |7 4 60y Y N7 2|7
o,7=0 o=0

Before proving Lemma 7.13, we show how it implies Theorem 2.14.

PrOOF OF THEOREM 2.14. Fix D > 0 large enough that the conclusion of Lemma 7.13 holds. By Remark
7.5, we may assume that f € C°(R). Let v = ¢(a,b). Since |v,| < ¢~ and |vy| < ¢~ P, we find

Vi < o . (7.52)
Applying (7.50) and (7.51) with f replaced by f’ yields
YaEf (27 +0) = YoBf (x5 + ) + Yardas + O(p ™ Ew) -
Subtracting this from (7.50) and using |A,| < ¢! yields
Ef(zr +q) = Ef(zr +q) + YaEf (zr +q) + Aap + O(0 Eap + ¢~ |Yas]) -
Subtracting (7.51) yields
Ef (v, +q) = Ef(zy-1+ ) + YaBf (24 + @) + O(0 " Eap + 7 [Var]) ,

where we introduced the notation x, := vNY/2Re((H, — 2)5¢ — m(z)). Using (7.52) we therefore get

Ef(zy +q—Yu) = Ef(zy—1+q) +O0(¢ & + ¢ Yur|) . (7.53)

We now iterate (7.53), starting at v = 1 and ¢ = 0. Using that 3_,, Ew < C and YanlYas| < C, we find
after ymayx iterations of (7.53)

Ymax (D)

Ef( Lo (D) Z Y, 1(7)> = Ef(z0) +O(p™ ).

Moreover, using |v,| < ¢~ and |vy| < ¢, we find that

'Ymvc(D
Z Yo1(9) = —vN ™' Re Z l(a<b)m(z)4<M(§i)ﬁavb+M52)5bva)
a,belp
N
= N Re Y m(2)'MPv.0 + O(p72P).
a,b=1
Using Lemma 7.8 we find
1/2 N1 d 127 _ N—1 _ . 1 (3)
vN ((H 2)yv m(z)) ~ vN ((H 2) o —m(z )) vN™" Re Z 2) M vy -

a,b=1
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Using Lemma 7.2, it is now easy to remove the imaginary part N~ of z to get

vS(v) '

yNV2((H =)t +d71) & oNV2((H - o)t +at) - 2

Since H satisfies the assumptions of Proposition 7.12, we find

yNY2((H = 0)5d +d )

d2 T Bd? d5 ds

4 _VN1/2<V,HV> vS(v) —|—N<O 2(d+1) n 412Q(v) . V2R(V)>

using the notation of Definition 7.11. Now Theorem 2.14 follows from Proposition 7.1 and Lemma 7.7. O

PROOF OF LEMMA 7.13. As before, we consistently drop the spectral parameter z = 6 +iN~* from G and
m. We focus on (7.50). From Theorem 2.3, (3.29), and (3.28) (with S replaced by T'), we find

Tva| < @CNY2(d—=1)"Y24+Clvg], |Ryal < @9N7Y2(d—1)"Y2 4 Cluog| + ¢ N7V2|vy| (7.54)

with (-high probability, and similar results hold for Ty, Tvs, Tpv, Rav, Rvy, and Ry,. Similarly, from the
first inequality of (3.30) (with S replaced by T'), we get

[Tov = Ruy| < @%NT12 (N*l(d — D)7+ N2 = 1) (joal + [ow]) + [vallvs| + N7V (Jval* + |’Ub|2))
with (-high probability. This yields

o —zg| < 9 [N‘l(d — )72 4 N2 (Joa| + [vs]) + (d = 1) [wa|[vs] + N2 (d = 1)2(Jva]” + \vblﬂ
(7.55)

with ¢-high probability for some constant 54. Now choose D > CN'C + 1. By definition of Jp, we have that
|va| < ¢~ P and |vy| < ¢~ P. Therefore

lzp —2r> < ¢ &

with (-high probability. This yields
1 ~
Ef(xT + q) = Ef(l']:g + (]) + E(fl(l'R + q) (ZET — (ER)) + 5E(f”($3 + q)(xT — (ER)2) + O(go_lé'ab) . (7.56)

In order to analyse zp — zp = vN/2 Re(Tyv — Ryv), we write

T — TR = Y1+ Y2+ Y3 +ya,

where
_ JuN'Y2E2Re((~RW)*R)  ifk=1,2,3
YT\ UN Y2 Re((— RW)AT) it k=4,

vv

Using (7.54), it is easy to check that y; is bounded by the right-hand side of (7.55), and that

el < NV (NTH A= )T (= )V () (R=2,3,4)  (7.57)
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with ¢-high probability. In particular,
T — TR = Y1+ Y2 +ys+ O((pflgab)

with ¢-high probability. Moreover, using, |v,| < ¢~ P, |vs| < =P, (7.57) for k = 2, and the fact that y; is
bounded by the right-hand side of (7.55), we find that

lillyz] < ¢ '€

with ¢-high probability, provided D is chosen large enough. Similarly, using (7.57) we find that |yx||lyr | <
@ Y&y for k, k' = 2 for large enough D. Thus we conclude from (7.56) that

Ef(zr+4q) = Ef(zr+q) +E(f (zr + @)y3) + Aap + O(@_lgab) ;
where

A = E(f ) +92) + 32 @n + 0?)

depends on the randomness only through R and the first two moments of W,;,. Moreover, from (7.57) and
the fact that y; is bounded by the right-hand side of (7.55), we conclude that |Aq| < ¢~ 1.
What remains is the analysis of the term E(f’(mR + q)y3). We shall prove that

[E(f'(@n + )us) = Y Ef (zr +0)| < Co™'Eu. (7.58)
If a = b, it is easy to see from (7.57) and the definition of Yy, that
lys| + [Yas| < 0" Eap
from which (7.58) follows.
Let us therefore assume that a # b. We multiply out the matrix product in ((—RI/V)?’R)vv and regroup
the resulting eight terms according to the number, r, of off-diagonal matrix elements (Rqp or Rp,) of R.

(By convention, the endpoint matrix elements R,. and R., are not counted as off-diagonal.) This gives, in
self-explanatory notation, y3 = Zi:o Y3, Using Theorem 2.3 and (7.54), we find

sl + sl < @O NT2(NTV2d = )72 o + ) < o
with ¢-high probability . Therefore it suffices to prove that
[B(7'(2r +a)ys) = Y Bf (e +a)| < Co'Ew (7.59)
for a # b. By definition,
vso = VN~ Re(RvaWar RoWoa RaaWat Row + RusWoa RaaWar RosWoa Ry )
Using (7.54) and Theorem 2.3 we find

~

Y3,0 + VN_l Re (m2|Wab|2(RvaWabva + vaWbaRav)> ‘ < Sp_lgab
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with ¢-high probability. We only deal with the first term of y3 ; the second one is dealt with analogously.
Recalling the definition of Y, we conclude that, in order to establish (7.59), it suffices to prove

‘IE (f’(xR +q)vN~"'Re (mQMS)RvaRbV — m4M£)vavb)> ’ < C’go_lgab (7.60)

with (-high probability; here we used that R is independent of W.
Setting u = (u;) with u; := 1(¢ ¢ {a,b})v; and recalling (3.9) and (3.10), we get

Ryy = VoRaa + U Rpq + Bua = Vam + Ea(]%aa - m) + UpRpa + MRua + (Raa - m)Rua y (761)

where we defined
(a) (b)

Rua = = Z R,(_lai)hia 3 Rbu = - Z hbzRﬁ? ;
see (4.20). The second and third terms are estimated using (7.54) and Theorem 2.3:
|Raa — m| + |Rpa| < @S N7V2(d—1)"1/2 (7.62)

with ¢-high probability. Moreover, since R(* = T(®) we find from Lemma (3.12), Theorem 2.3, and (3.8)
that

1 (a) 1/2
Rua] < (sz? )

1/2
1
< 9% (NZ<|uz-|2+N1(d—1)l>> < @OUNTd -T2 (7.63)

3

with ¢-high probability. A similar estimate holds for Rpy. Using (7.61), (7.62), (7.63), and (7.54) we get
vN~! ‘E<f/(x1? + Q) (Rvava - mgﬁavb)) ‘
< N~ ‘IE [ fl(zr+q) (m%bRua 2T R + mQRuaRbu)] ’ Y Cp &y (7.64)

with (-high probability.
What remains is to estimate the right-hand side of (7.64). Defining

xgg) = vNY2Re(R{¥) —m),
we find from (3.8) and (7.54) that
|96R _ xgg)‘ < pC <N_1/2(d— 1)~Y2 1 NY2(d — 1)V2|p, |2 + N~V2(d — 1>1/2|Ub|2)

with ¢-high probability. Using (7.63) and using that the derivative of f is bounded, we may estimate the
first term of (7.64) as

VN_l‘]E{f’(xR—Fq)vaua} + 09 = Cp e

< VN_l‘E{f’(xg) + q)vaua}
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with ¢-high probability. In the second step we used that xg;?) is independent of the the a-th column of @

and that E, Ry = 0. The second term of (7.64) is similar. In order to estimate the third, we have to make
Rpu independent of the a-th column of Q. (See the definition (3.22).) We estimate, using (3.8), R®®) = T(®),
(3.12), and (7.54)

(ab)

(ab) b)
R + Z hui Ry

Z . T(b)Téu
bi ™y

< e | + 70

1/2
< goCC(N‘l(d 1" 1/2 4 N- 1/2|v |)+SDC<N UQ(Z‘T b)T(b /T b)‘ )

< @O (NHd— 1)~ + N7V2(d — 1)72|u,])
with ¢-high probability. Thus we may estimate the third term of (7.64) by

(ad)

VN—l‘]E[f’(xRJrq)RuaRbu} < vNUE|f/(2\ + ¢ RuaZhblR(Zb) +Cp 18y = Cp &,

where in the second step we again used that E,Ry, = 0. This concludes the proof of (7.60), and hence of
(7.50).

The proof of (7.51) is almost identical to the proof of (7.50), except that E|Vy|?Va, = 0, so that the
left-hand side of the analogue of (7.60) vanishes. Note that, by definition, A, depends only on R and on
the first two moments of W;, which coincide with those of V. Hence A,y is the same in (7.50) and (7.51).
This concludes the proof. O
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