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Background
®0

Parallel vs. Additive Schwarz

(Discretized) Parallel Schwarz Method

o8 0,
k+1 k
Anui = f — Apug (on Q4)
A22Ug+1 =fo — Aoy Uf (on QQ)

> Lions (1988)
» Works on subdomain solutions u¥, u§
» No built-in notion of global solution
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Parallel vs. Additive Schwarz

Additive Schwarz (Dryja & Widlund, 1988)

U = UR+ Y RTATTR(F — AUY)
J

1. Starts with global solution UX and global residual f — AU¥
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Parallel vs. Additive Schwarz

Additive Schwarz (Dryja & Widlund, 1988)

U = U+ Y RIATTR,(f - AUY)
J

1. Starts with global solution UX and global residual f — AU¥
2. Restricts residual to subdomains
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Parallel vs. Additive Schwarz

Additive Schwarz (Dryja & Widlund, 1988)

Ut = UK+ > RIATTR(f — AUY)
J

1. Starts with global solution UX and global residual f — AU¥
2. Restricts residual to subdomains

3. Solves subdomain problems in parallel
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Background
oe

Parallel vs. Additive Schwarz

Additive Schwarz (Dryja & Widlund, 1988)

U = UR+ Y RTATTR(F — AUY)
J

1. Starts with global solution UX and global residual f — AU¥
2. Restricts residual to subdomains

3. Solves subdomain problems in parallel

4. Update U by adding all the subdomain solutions

» Does not converge within the overlap as an iterative
method (Efstathiou & Gander 2003)

» OK as preconditioner when used with Krylov
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Background
[ Jele}

RAS and ASH

Restricted Additive Schwarz (RAS)

k k Ol A— k
Ut = Uf+ ) RTATTR(f — AUY)
j

. I ongy
R = ~
0 on Qj \ Qj

» Cai & Sarkis (1999)
» Removes redundant updates

» Clear interpretation as iteration on subdomains (Gander
2008)
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Background
oeo

RAS and ASH

Additive Schwarz with Harmonic Extension (ASH)

U = UK+ Y T RIATTR(f — AUY)
j

» Cai & Sarkis (1999)

» Removes redundancy on residual rather than on the
update

» “Transpose” of RAS
» Interpretation as iteration on subdomains?
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ooe

RAS and ASH

Previous work

» Convergence of RAS and ASH analyzed for M-matrix case
(Frommer & Szyld 2000)

» Related method RASHO ( = Restricted Additive Schwarz

preconditioner with Harmonic Overlap) analyzed by Cai,
Dryja and Sarkis (2003)
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Equivalence Result

Assumption

» No cross points, i.e., every grid point must belong to at
most two subdomains.

» Algebraically, require
(Ri— R)(AR] — R/ A) =0
(RA-AR)R -R')=0

forall i # j.
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Equivalence Result

Main Theorem

Suppose the domain Q is subdivided so that there are no cross
points. Then the iterates u* of the ASH method is related to the
iterates of v/ of the discretized parallel Schwarz method
v? =0,
A,‘Vi1 = :Ei’,'f,
AvE=Rf—Apvk! fork>2

via the relation

ZRTV = v+ [Z R'R; - l}u"‘1
J
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Equivalence Result
[ Je]

Main Theorem

SORTvE =k SRR - Uk

i j
> uk and v/ is identical outside the overlap

» Fixes the problem of adding too much in additive Schwarz
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Equivalence Result
oe

Main Theorem

» For k > 2,
AvE = Rif — AjpvkT

is the discretized version of the subdomain solve

Lvf =1, xeQ
k k—1
vi=vi ', xelj
» Boundary values well defined since we disallow cross

points
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Equivalence Result
L]

Sketch of Proof

» Assume two subdomains (easy to generalize to multiple
subdomains with no cross points)

» Main obstacle: boundary values “blanked out” by R;

» Key idea: Add back the missing pieces using solution from
the previous iteration umveRse




Equivalence Result
@0000

Sketch of Proof

» For k =1:
Arruy? + Appuy® =fi
Ap1 U + Agouy® + Apgul® —fp inQy
Aso U;’a + Ass U;’a =0
Aoo U;’b + Aoz U;’b =0

1,b 1,b 1,b i
A32U27 + A33U37 + A(34U47 =1 in Qp

Az U;’b + A44U411’b =1
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Equivalence Result
0@000

Sketch of Proof

» Global solution U' defined as
1 1,a 1 1,a, 1,b 1_ ,la,, 1,b 1_ ,1,b
U1:U1 5 U2:U2 +U2 5 U3—U3 +u3 B U4—U4
» Residual R = f — AU" satisfies

1 1,a 1,a 1,b 1,b
R1 :f1—A11U1 —A12(U2 + U, ):—A12U2

since

1 1,
A11U1’a+A12U2 a— fi.
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Equivalence Result
0@000

Sketch of Proof

» Global solution U' defined as

1_ ,,1a 1i_ ,1a, ,1b 1_ ,1a,,1b 1_,,1.b
U =u”, U =uy"+uy”, Us =uy+uy, Up=u,

» Residual R = f — AU satisfies

1 1,a 1,a 1,b 1,b
R1 :f1—A11U1 —A12(U2 + U, ):—A12U2

1 1 1,b 1, 1,b
R; =fo — Aoy U1’a — A22(U2’a + Uy’ )— A23(U3 a4 U, ): 0

since

1,a 1,a 1,a 1,b 1,6
A21U1 +A22U2 +A23U3 = b, A22U2 -i-Ag:gU3 =0
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Equivalence Result
0@000

Sketch of Proof

» Global solution U' defined as

1_ ,,1a 1i_ ,1a, ,1b 1_ ,1a,,1b 1_,,1.b
U =u”, U =uy"+uy”, Us =uy+uy, Up=u,

» Residual R = f — AU satisfies

1 1,a 1,a 1,b 1,b
R1 :f1—A11U1 —A12(U2 + U, ):—A12U2

1 1,a 1,a 1,b 1,a 1
RQ =fo — Aoy u,” — A22(U2 + U, ) - A23(U3 + Uy

1 1,b 1 1,b
R; = f3 — A32(U2’a + u,’ ) — A33(U3’a + U37 ) — A34U4

since

b
) =
1,b

1,a 1,a 1,b 1,b 1,a
A32U2 +A33U3 =0, A32U2 +A33U3 —|—A34U4

0
0
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Equivalence Result
0@000

Sketch of Proof

» Global solution U' defined as
1 1,a 1 1,a 1,b 1 1,a 1,b 1, 1b
U1:U1, U2:U2 +U2, U3:U3 +U3, U4—U4
» Residual R' = f — AU satisfies
1 1,a 1,a 1,b 1,b
R1 =fi— A11U1 - A12(U2 + U, ) = —A12U2
1 1,a 1,a 1,b 1,a 1,by
RQ =fo — Aoy u, —A22(U2 + U, )—A23(U3 + Uy ) =0
1,b 0

1 1,b 1 1,b
R; = f3 — A32(U2’a + u,’ ) — A33(U3’a + U37 ) — A34U4 =

1 1,a 1,b 1,b 1,a
R4 =fy — A43(U3 + Uz ) - A44U4 = —A43U3

since

A43U:13’b + A44U‘1’b =fy.
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Equivalence Result
[e]e] lo]e}

Sketch of Proof

» For k = 2, the global solution is

U? = U' + 6072 + uPP,

where
A115U12’a+A125U§’a = 7A12U;’b (: R?)
A1 5UP2 + AppdUs® + Agdus?® =0(=R))

A32(5U§’a —|—A33(5U§’a =
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Equivalence Result
[e]e] lo]e}

Sketch of Proof

» For k = 2, the global solution is

U? = U' + 6072 + uPP,

where
A115U12’a+A125U§’a = 7A12U;’b (: R?)
A1 5UP2 + AppdUs® + Agdus?® =0(=R))

A32(5U§’a + A33(5U§’a =
» Recall that u'@ satisfies

1,a 1,a

A1 Uyt + Az Uy =fi
1,a 1,a 1,a

Aoy u;” + Ao u,” + Aoz Uy =h

1, 1,a
Azo U2a+A33 Us =0
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Equivalence Result
[e]e] lo]e}

Sketch of Proof

» For k = 2, the global solution is

U? = U' + 61?2 + §UP,

where
Ai1 U12"a + A1z Ug"a =fi — A12U;’b
A1 5UP% + AppdUs® + Aggdus?® =0 (= R))

A32(5U§’a + A33(5U§’a =
» Recall that u'@ satisfies

1,a 1,a
Atq Uyt + Az Uy =fi
1,a 1,a 1,a
Aoy uy + Ao U, + Aoz Us =h
1 1,
Azo U2’a+A33 U3a =0
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Equivalence Result
[e]e] lo]e}

Sketch of Proof

» For k = 2, the global solution is

U? = U' + 6072 + uPP,

where
2 2 1,b
A U8+ A uy? = f; — Ar2U,
Aoy U12’a + Ao Us'a + Aoz Ug'a =h

A32(5U§’a + A33(5U§’a =0
» Recall that u'@ satisfies

1,a 1,a _
Atq uy + Ao u, =fi
1,a 1,a 1,a
Aoy U+ Az Uy" + Ao U =h

1, 1,a
Asx Uy® + Ass Uy =0
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Equivalence Result
[e]e] lo]e}

Sketch of Proof

» For k = 2, the global solution is

U? = U' + 6072 + uPP,

where
1
A1 U12’a + Ai2 u§’a =f - A12U2’b
Aoy U12’a + Ao Us’a + Aoz Ug’a =h

Az U5® + Agg Ug'a =0
» Recall that u'@ satisfies

1,a 1,a

A1 Uyt + Az Uy =fi
1,a 1,a 1,a

Aoy u;” + Ao u,” + Aoz Us =fh

1, 1,a
Azo U2'a + As3 ug’ =0
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Equivalence Result
[e]e]e] lo}

Sketch of Proof

2,a 2,a
A11U1’ + A uy’

2 2 2.a
Aoy u, a4 Ao Uz’a + Aoz Us =0

2,a 2,a
A32 U, —|—A33 Ug =

— 17b
=f — A2,

» Recall that u'-? satisfies

A22U;’b + A23U;13’b =0

1 1, 1,b
A32U2’b + A33U3 b + A34U4 =f3
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Equivalence Result
[e]e]e] lo}

Sketch of Proof

2.a 2.a 1,b
A11U1 + A2 u, =f —A12U2
2.a 2.a 2,a _
Axguy” + A Uy + A3 U =f
2.a 2,a _
A32 U, —|—A33 Ug =

» Recall that u'-? satisfies

1,b 1.b
Aozl + Aoz’ =0

1 1, 1,b
A32U2’b + A33U3 b + A34U4 =f3

» Add the two sets of equations!
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Equivalence Result
[e]e]e] lo}

Sketch of Proof

2.a 2.a 1,b
A11U1 + Aqo u, =fi —A12U2
2,a 2,a 1,b 2,a 1,by
Aot Up" + Ao (U™ + Uy™") + Ag(U3 + U3 ) = o
2 2,
Az U2’a + As3 Uy a =0

» Recall that u'-? satisfies

1,b 1,b
AUy + A3l =0

1 1, 1,b
A32U2’b + A33U3 b + A34U4 =f3

» Add the two sets of equations!
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Equivalence Result
[e]e]e] lo}

Sketch of Proof

2.a 2.a 1,b
A11U1’ + Aqo uy =fi —A12U2

1
Ao U12’a + Agg(Ug’a + U;’b) + A23(U§’a + U3’b) =0

2 , 2, , 1,b
Agp(U5® + Uy ®) + Aga(U5? + 1y ) = f3 — Agau,

» Recall that u'-? satisfies

A22U;’b + A23U;13’b =0

1,b 1,b 1,b
A32U2’ +A33U3 JrA34U4' =13

» Add the two sets of equations!
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Equivalence Result
[e]e]e] lo}

Sketch of Proof

A1UP2 + Apa(U5? + ul?) — f,
2 2 1 2 1,b
Aot U5 ? + Ao (U5® + Uy®) + Apa (U5 2 + U3 ®) = 1

2 1 2 1 1,b
A32(U27a + U27b) + A33(U3’a + Ua’b) =f3— A34U4

» Recall that u'-? satisfies

A22U;’b + A23U;13’b =0

1 1, 1,
A32U2’b + A33U3 b + A34U4 b— f3

» Add the two sets of equations!
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Equivalence Result
[e]e]e] lo}

Sketch of Proof

Aqq U12’a + A12(U§’a + U;’b) =f
2 2 1 2 1,b
A21 u, ’a+A22(U2’a+ Uz’b) +A23(U3’a+ Us ) = f2

2 1 2 1 1,b
A32(U27a + U27b) + A33(U3’a + Ua’b) = f3 — A34U4

» Recall that u'-? satisfies

A22U;’b + A23U;13’b =0

1 1, 1,
A32U2’b + A33U3 b + A34U4 b_ f3

» Add the two sets of equations!

» Define
k,a k,a k,a k,a k—1,b k,a k,a k—1.b
vyt =ut, Vo =Uy Uy y Vg = U + Ug UNIVERSITE

DE GENEVE




Equivalence Result
[e]e]e] lo}

Sketch of Proof

2.a 2.a
A11V1’ + A1z vy = f
2 a 2.a
Aot V22 4 Ao V5 + Azs V3 =f
2.a , 1,b
Azp Vy + Agz v5° = f3 — Azl

» Recall that u'-? satisfies

AspU® + Apgul® =0
1
A32U2’ + A33U3’ + A34U4’b =13

» Add the two sets of equations!
» Define

k,a k,a k,a k—1,b K, a__ k—1.b
vt =u, Vs + u, ) V3 + Ug UNIVERSITE
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Equivalence Result

[e]e]e]e] ]

Sketch of Proof

» For k =

A11V1

A21 V1

2:
+ A2V, = f
"y A22 4+ Ags U =f
]
AgoVve? 4 Agavi? = f — Agauy®
A22V2 + AozV. =fh— A12U11’a
Aso V2 —|— Ass V3 —|— Azy V4 =f

A43V3’ +A44V4’ =1

in Q4

in Qp
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Equivalence Result

[e]e]e]e] ]

Sketch of Proof

» For k =

A11V1

A21 V1

2:

+ Aoy
4+ A22

A32 V27 + A33 V3

A22 V2

A32 V2

+A2 U =0
=f3— A34V‘1‘_’b
°+ Agv, =f — Apvy?

—|— A33V3 + A34V4 =1f

A43V3’ +A44V4’ =1

Y

in Q4

in Qp
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Equivalence Result
[e]e]e]e] ]

Sketch of Proof

» Fork =2:
A11 V1 + A1 = f1
Ap V22 A22 4+ Ags U =f
Aso V27 + As3 V37 =f3— A Vl’b
A22V2 + Aoz V. =f— A12V1’a

A32V2 + Ass V3 —|—A34V4 =f
A43V3’ +A44V4’ =0

» Parallel Schwarz!
» Use induction to prove result for all k

Y

in Q4

in Qb
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Equivalence Result
(]

Consequence

» As an iterative method, ASH and Parallel Schwarz
converge at the same rate.

UNIVERSITE
DE GENEVE




Example

Example

OOOOOOOO@:@ XXXXXXXX

OOOOOOOO®i® xxxxxxxx

OOOOOOOO®i® xxxxxxxx

OO 000000 ®® x x x x x x x x

000000008'® x x x x x x x x

000000008 x x x x x x x x

» Solve —Au=fon[-1,1] x [-1,1] [cocccoooee -
T OOOOOOOO@!@ xxxxxxxx

» Homogeneous Dirichlet B.C. 660006000 x x x x x x x x
OOOOOOOO@!@ xxxxxxxx

> 20 x 20 grid 50000000 610~ ~nnrrrr
OOOOOOOO@i@ xxxxxxxx

» €24 and Q has a two-row overlap 000000008 « * xxxxx -
OOOOOOOO®I® xxxxxxxx

OOOOOOOO@iG) xxxxxxxx

OOOOOOOO®i® xxxxxxxx

o Ql Qz
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Example

Example

Its. Parallel Schwarz ASH
Error(2y) Ratio | Error(Q2;) Ratio Error Ratio

1 60.4103 61.2159 69.0920

2 35.5724 0.5888 | 35.0937 0.5733 | 40.1592 0.5812
3 20.4046 0.5736 | 20.6840 0.5894 | 23.3519 0.5815
4 12.0281 0.5895 | 11.8656 0.5737 | 13.5796 0.5815
5 6.9001 0.5737 6.9947 0.5895 | 7.8969 0.5815
6 4.0676 0.5895 4.0126 0.5737 | 4.5923 0.5815
7 2.3335 0.5737 2.3654 0.5895 | 2.6706 0.5815
8 1.3756 0.5895 1.3570 0.5737 1.5530 0.5815
9 0.7891 0.5737 0.7999 0.5895 | 0.9031 0.5815
10 0.4652 0.5895 0.4589 0.5737 | 0.5252 0.5815

» 1/0.5895 - 0.5737 = 0.5815 (!)
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Conclusion

Conclusion

» As iterative methods, Parallel Schwarz and ASH are
closely related and have the same convergence rate.

» Proof is algebraic and does not depend on features of the
PDE or boundary conditions.

» Argument can be extended to treat optimized transmission
conditions.

» Interpretation for decompositions with cross points?
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