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§LE = &chrammeﬁwnek evolution

o wau 4o consStruct romndom cwirvel
introoluced bj Ooled Schromm in 1939

while éoolc.'n ]Cor 2N ‘oroof of S,oad-oxw&ar
CFT preolicﬁons ]Co»» 2d lattice mode s at T,

',O. Schramm. Scaling limits of loop-erased random walks and uniform spanning
trees. Israel J. Math., 118, 221-288 (2000), arxiv math/9904022

© Rigo*’ous PFOOV[S OJ’L‘J/Q;«-
otter under stondin
of mohy pmd(c{».'oyf?
@ NQW ‘{IHQOVj ) Ol;ﬂgrg_v\—l:
from CFT and
mtevest: n‘ég I A ‘.—Egeé_f
® MQM:% relieX on
CovEoRMAL IKNVARIANCE
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How to o/escribe Suc[f\ A CUr e

K. Léwner, Untersuchungen Uber schlichte konforme Abbildungen des
Einheitskreises, |. Math. Ann. 89, 103-121 (1923).

Lé'uomer fheotre@ when a '"‘nice" S@f‘f b/

C‘S POK rame{'r[z—ed éj C,OLPO«C;‘['g) -é/.e C,DVI-,L)VMaé
Mo Ge . C\¥lot]—> €, sotisfies

Ze(?) = z-w(f)+3§‘-+_“ at o
Y¢)y — o

dtZ{' (2) = 22‘:['%)" dy w¢)

@ BIJQC—'HOV\ : eyt
{mice it ij e-s{c.onﬁnuous \X/j e e O,

o ODE {or Z((2) nvolves w) only!

o Rondom & ¢ Random w &)

\on
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SC,"W&W‘M‘S OPP"DQC[}_ Assume Hrot

on interface hos o couformally
VaArant Scal.'m l,M|-|-, o(escnbe

ot gg LE with o Fandom w(¥)

Con.(lormod LAVOAY1 ONCe come low

w@ab) L pu@a )€
o(b

& l’\o’O‘S '
‘ the limit
hla

. dj.

Domain Mowlkkov

\j# (p(£2), bla), gb(D))
b @(b)
i dhia)

)
)
Pla)

some low
C_OV\O{[—E(OV\ . / 8 ll' . )
pifd a,b) — pisl a,b) |r:f w2 VY, iy
]

b b

)
& V\OHS on
‘(',l'\e |o+6’«ce
(neavest r\elskboww

‘ ‘ \ /.\“’QV o;(;" i on )
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COn{:Ovma\ IAVaviance + dOM&:m Movikovy :—,)

C,DV\{O V/V\O\, same low
_ Z,' | N |
M@V kO\/ LTy, 0,00 — Zt_l (p(Cy, 0, 00)) P':'E+_~D_~'3‘L.||“r'x
p\ro pQr-lr\a
Cs . Z t Ty . Cy ."l:
Z t+s ' Z-(: T , : ) p
=2, (%) [ /
Z(’ ( S — - -

SKPOMJM\% af 0o v F W)+ \Z,{—.:
= (2-w®+. )o (R-wls)r. )= 2 - (Wt +w(s)) + ...

So W(‘éi-S)"\X/(‘é) ‘Z-(— g W(S)B N \X/({\ —
W(‘t\ %.S. CzOV\’,"cV\MOuS - & B+ -+ OL‘E

: welR, wekR
® =90 Q) S«]Mme,‘l'rj or Swllng !

¢ The principle s very vice | but howd +o app‘y:

Y\QQO\ ‘o eS'\‘Q\)\;g\f\ wn§Orm&\ ‘W\\/qrianca :ﬁd‘l’,
ten evaluate cowme o\:S&rvo\E\g -Fo-}.“/\c\ Y
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Mo\r-l"\nt\o.\e (')r]nc'nple : ,][ some 'M&V+;n3Q,Q !

observable F has a C’OVL‘E)V'M"‘“}/ Covorinnt
[t , then ;rnler-)(&CQ COV\VQVsseS +o SLE (X,:)

=

V\'\o.r-l»‘mﬂale proper+~/ Q‘F E -
F(%, J'\.,C-,o\,@\ = {0 7 F [z)Jf\onf]J xe&)l é)
"Interfoce doeg not digHmﬁu?sk ts past

—\(:VOW\ ‘HNL lbou,molo,rj 0“— -H/LL AOM:"‘ .”

Wos wied 4o estoblich Convergence ‘o S (LE f:)w
PQ&"CO'O\‘(’;OV\ L Smivrnoy 2001
UST 8 LERWX/ | Lowler Schramm Werne\ 2003_‘(
discrete GFE " [ Schramm- Sheffield 2005 2008]
IsivGg & FK IS'M% [ Smirnov 2006 1008 ]

Af{derwards S(E con beused +toderive exponents
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~ unolerstood less well
MASSIVG L/M'T;S cf.[ H2aylkson Drou]qej

[SING MODE( +Hoke +t=+4,+& .

[ mesh § »o, the Comit istrivial

Tolke double bimt §, s 50 jasteadl
PERCOLATION +yice P=ptsE send § £—>o0

Loop ERaser> RW/ MHARMONIC EXPLORER

Stort WIP{L\ &QW O(Y“"j .JC(' vote s
DiscreTe FREE FIELD
reploce oiscrete A ga( A-er1d
@ One moaleé h,(ls Mmj M&SS;VQ Z/‘m,r-fs ;

3-3. Per‘l'ul'g Maane,'é;%o;(n\ov\ ‘FOV /Sliné
@ Mass avises as a roho o% powevs o‘[ § owo| £
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® So -Jfar a” a/?scre%e oASerVableg ove

discrede havmonic or /Lo/omor,ohic Solutiong
O-F Di(/ic,l«./eé' Neumamm or lgiemamm BVP
Tke‘és Impba c,om/ergkv\c_z °v£ '.Mev#nces +o SLEs.

° Corre_spano/)ma S(LE mar%fmeja/es are
easy o c/ass}fg,e.g. Lthe Divichlet BVP
for S E (z¢) g ives M@R)= &32;/{)4- (:-{_) &32{(%)
o Massive limids lead 4o
moSsive hoavmonic AM- m*M =0 and
MmaSSive hoeoamof‘ohfc SM—imﬂ:O observableg

* How to describe the massive [imitg 7
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Rosonic Ofbser vables

Assume "ﬂl—onl in Some
discrete moodle @ the
intevface § satisfies
® Mawrkov ,oro,oer-h/
e P(z ri3l«rlo~fk)€Han
Tl'\eu/\ n the SC_&ZM
Oimit ’P(‘?):‘ri’éogz
and M, (?) = éo% Zé [e) s o mowwlfnjale wird &
Examples [Scl«.mmm-Shc‘q}e/J]

@ level lines of the discvete Free Field

® ‘\owmon;c, pr(orcr ‘ ‘ '
color hexagqowng :'flolnc%veej W("“& 0(’\1\”“’13 5.

[P(¥n white) = Wy, a \ytonn(white?)
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CONCLUSION: SCALING LimIT is SLE(9)

PRQQF—' Describe @7 ([ E with unknown w &)
Martingale property:

[o% 2 = M(z, ﬂ) = IEKLO*JM (?,\ﬂf): Zog Z{{Z)
Recall Z (2= 2- w(+)+___+

pZug /‘n) ex,oo"w/,‘

)

Mote : obsslute bounds for” o momants o w).
2
log 2 = Log2 - Liggwh)- L g (ki)

E quate coefficients: o= wi) o= Ewl)-4t &

DO +the come —lor domains 0:+\XCOIS}' C+\X(o/-(j‘
03@‘{® -Fov '\nCVeMQV\‘PSi So W(‘H "5 .S, Con‘finuouS}
\X/(‘é) o.vxol \x/(-(')l- L{f ave Mo\r-";r\%o\\es

> w (¢) = «WB%)SO X{sSLg(él)

Levy
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\_X/"\ at about the WL&SS}\/Q Case 7

Once we Congtruct (0r asSume) Sc;a@fw% Cimt

car reaSon ‘IA*H’\( S e W&v )0\\&‘\’ C,On]LDVMOkl
invoov,once wrt metric mldzl,

Massive SLE (4) ¢

n

MoasSive verSion ot
° 1Cree, -cie,lol A-mr]

® hovrmon ¢ exp/OreV color
hexa%w\g inductively while

O(mw,né 5. [P(¥n white) =(1+ w;?.,m.,(uf)—w';,,,a,(@) /2

Described @y LE © qwi) =44 4B+ m (SSM -pm\olé
Jl
Heve : M non- massive observable
PM MK SSive po\SSOV\ kQV‘v,\e\ A P,.,,\':‘"’\’L P,.,\

Rem Some BM  wyariont v/
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Y

PIQOOFJ (works fov all >e) «= -3
Bosonic ofsevvable M(z) = Im (lo32+d£°3z')
AM=0o,  Dirichlet B.C.
SLE dZ,= Z-dit-RdB, o2 =- %4%
driftse M=0

Massive Mo/r{';msa& O@SQVV&g& MM(%)
NnMun= AM, - m*Mn, =0, Same E),C‘

mSLE dZ,=Z-dt-(%dB+ ) olZ{=-2—Z_ZZ—§ dt

drift . ge M = dribkee M+ Im £ dd = PdA

Greewn's -(Lw\c'HOn
<
Am(Mm’M\: V"\lM =) MM:M'FM?'M*GM

.SO\Me VLOV /VlaSS;VQ POI\SSOV’Z Pm = p + Mlp*qm
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From the Prev]ouS slide - DMm=M+ m*Mx G0,
® dfig’ngLgM = Pd) ®@P,=P+mPxGn
Caécuéofe 'H\e mo SSive D{V.r-f-l /\ :

0 = olr.',(-FmStE M. &) @ o(rﬁ]f-f,,\s(e (M+ mT M * G,A

= dpge M+ m2o s eMx Gm M’M(')*@e Gm(‘,?l

1o /@ Y Hadaward
= Pd) + m PN x G = W ME) X PAL) P.(2) dt
®

= p‘,‘,\ax - pm-ml(jj&M-pm)-ote

COV\CeMS:DV\ :

d) = m‘(j:fn M-Pn) ol

Rem =m* ([f, MuP)dt
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ConvcLvS oM ek, Ma-ln(byZ (-5)lbyZ)
£ theve (¢ o maSSive @;m;‘éj i+ is
desc»’[@eo( @3 LE dr:vem @j fAé OI;#KS;OV)

dwlt) = @ dBy + mt(fp, MP.)dt &
m I pWVL;wear, d;HHS:oV\ (S U(/e// o(€~c:nedl

which is ot easy : defintion iavolves L .E
Rom M = non-mogssive naartingole
Pa. = moassive Poisson kerne !

L/ \)(/h.x" Coan we So\j O\@ou‘l' So€w+;On$ -/—0@7

o ({ wedo not know 5@% existence of the
maSSive @;m;‘(’) Con we Show thot
QUH(AS]O!A@ (S well :‘/Z:,C;med ?
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Y = ‘1 o@&evvaloéz M(%\GHARM with BV, Oamal J(

mSLE(G) dviven @3 dw({)zﬁJBr‘-?\(Hd{*
witl d A4 A/+)d+=mz(fjm M, P) dt
o Melorl = Akl < rem* I[P
o SO dt < T d¢ ffp@“ffp(m o
= [ "dt ffa [fdrw 3 G, (%)
= J[ [ Gp, (2w) -Gy, G,w) 4?2 dw

€[] G, (z,u) d? 32“?0:0 ofe A

1 (A
= /Eet"kA <00 (Novileov critevion)
$o w () s \X/e,é(m(ejfinea/ and
also (M:f@% Coavl'{muOuA w it \,?Bt %
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\What we cando (witl, M. MAKARO\/)

Q Cons'l"rucf' mx SSive \/erS;ons O'f
LgQ'X/) Ho.rwon;( Exp/orer/DFF7 UST

fov Boson; ¢ obServables
@ Write dr}-F-H In%mc_or/eslc)cma“mg
massive SLE(2), SLE(4) | SLE(])

® Show for <y diffusion /¢ well-
delfined amd abs. cont wrt BM
=) some sc—a@.‘né expone nts
@ Show for %= 8 diffusion s Sinﬁu/ar)
but scaling exponents are the same

@ Portial resalts for mass,ve ISA6E ondl
pe,r(,g‘o&:on, (Po\m\){erm:onic ok&awv&ble_\
cf. [GovbBon Pete , Schramm J for percolati on
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QUESTIoNS

e Write dh-“g Lo o]l obser vables |
(each SLE(2) has & one-pava mefer ~:Fx)mu}5>

@ Show Dbe.Coanuwaj for <y (dilute)
Sin%uaour:‘l'z -for R > Y (O'QV\SQ)

@ Show Lhot massive moolels ore 1n

the Some um\/QrsQl}{—j class

® How mhn Mo SSive é»'wu"ts Can Q
model hove ¢
(theve is a 0A2.~po.rame-\':er -{am;ca 971
M0~r+ln3aée$)

THANKS ]
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