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D,, as lterated Monodromy Groups

Let C; be planes and let A;,B;,T; € C;. Let f; : C; — C;_1 by 2-fold
branched coverings such that
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Backward iteration

Let «, B and «v be loops around Ag, By and g, respectively.
Then the trees of orbits of the corresponding automorphisms of the rooted
tree are

Hence they are conjugate to a = o, 3 = («,7) and v = (1, ).
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Backward iteration

a, 3,7

a=o0 B=(a,7) y=(1,0)
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The Family D,

Let w € {0,1}*° and w = xw.
Define

Qy = 0,

/BW — (Clw, ’YW) )

[ (Bws1) fx=0,
VW_{ (1,Bw) if x=1.

Let DW = (aW7/8W7,7W>-
Doo... = IMG (2% + i)
D11... = Goio1... (a Grigorchuk group).
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Family D,

Proposition

Suppose that hg, h1, hy are conjugate to o, 3, in Aut(X*). Then there
exists a unique w € {0,1}° such that hg, hy, ho are simultaneously
conjugate to auy, Bu s Yw-

Corollary

The iterated monodromy group of any backward iteration of the given
form is isomorphic to D,, for some w.

V. Nekrashevych (Texas A&M) Self-similar families of groups March 14, 2008, Les Diablerets 6 /25



Family D,

Proposition
For any w € {0,1}* the set of w' € {0,1}* such that D,, is conjugate
with D, is at most countable.

Theorem
Groups Dy, and D,,, are isomorphic if and only if they are conjugate in
Aut(X*).
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The Family R,

Let w € {0,1}* and w = xw.

Define
w=0(1,w),
_ aW,l) if x =0,
- laW if x=1,
Tw = (1,

Let Ry = <0‘W’ﬁwa'7w>'
Ri1.. = IMG (22 + (—0.1226... + 0.7449.../)) and
Roo... = IMG (22 — 1.7549....).
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Grigorchuk groups

Let w € {0,1,2}*° and w = xw.

Define

ay =0,

. (Lbw) ifx=0,
Y| (aw, bw) otherwise,

o _ (1,cw) ifx=1,
Y| (aw,cw) otherwise,

L] (Ldw) ifx=2,

- aw, dw) otherwise,

" (aw, dw) oth

Denote G, = (aw, bw, Cw, dw)-
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The Space of Finitely Generated Groups

Let F, = (a1,a2,...,a, | 0).
The set &, of quotients of F,,, i.e., the set of marked n-generated groups

&,={(G,a1,...,a,) : (a1,...,an) = G}

is identified with the set of normal subgroups of F,, which has a natural
topology of a subset of 2.
Two groups are close if their Cayley graphs coincide on a large ball.
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The space of finitely generated groups

Theorem
The map {0,1}*>° — B3

W (RW7 aW7ﬁW7’Yw)

is @ homeomorphic embedding.

4

Let Q C {0,1}°° be the set of sequences which have infinitely many zeros.
Denote by D,, the limit of D,,, for w, € Q and w, — w.

Theorem
We have D,, = D, for w € Q. The map {0,1}>* — &3

w = (DW)aW)ﬁW/YW)

is @ homeomorphic embedding.

Similar result holds also for the family of Grigorchuk groups. The

exceptional groups in this case are G,, for eventually constant w.
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The space of finitely generated groups

Theorem

Two groups D, Dy, are isomorphic, if and only if the sequences wy and
wy are cofinal, i.e., if they are of the form wy = viu and wo = wu for
jvif = |val.

The isomorphism classes are dense and countable in the family
{,R'W}WE{O,I}OO .

Corollary

For any wi, wy € {0,1}° and any finite set of relations and inequalities
between the generators of D,,, there are generators of D,,, such that the
same relations and inequalities hold.
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The space of finitely generated groups

Theorem (K.-U.Bux and R.Perez)
The group Dygo... = IMG (z2 + i) has intermediate growth.

Theorem (A.Erschler)
The group D111... = Gpio1... has intermediate growth satisfying the

estimates
e < n )< (n)<e < n )
X —_— X
PNlog2"(n)) = 7" = P g™ ()

Theorem

The group D111... is of exponential growth, hence it has non-uniform
exponential growth.

The kernel of the epimorphism Dy11.. — Di11... is G°.
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Universal groups of the families

Universal Groups of the Families

Let D be the subgroup of Hwe{o,l}oo D,, generated by the “diagonal”
elements

(w)weqo,ayee » (Bw)wego,13% » (Mw)wego,1y -

This group can be also defined as

@A 10) [ ) N,

we{0,1}°

where N, is the kernel of the epimorphism o — ay,, 8 — Buw,7 — Yw-
Let us call D the universal group of the family {D,, }.
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Universal groups of the families

The universal group D is also self-similar. It is generated by

a=(1,2)(3,4)
B = (a777a77)
v=(8,1,1,8)

Identify 1 = (0,0), 2 < (1,0), 3= (0,1) and 4 = (1,1).
Then D acts only on the first coordinates of letters.

Let 7,,,,.. be the subtree consisting of the words
(x1, 1) (%2, ¥2) - - - (Xn, Yn)-

The subtrees T,, are D-invariant.

Restriction of D onto T, is D,,.
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Universal groups of the families
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A bigger group

Let D be the group generated by

a = (12)(34), a = (13)(24),
/3:(047770‘77)? b:(aa,aa,c,c),
v=(8,1,1,5), c = (b3, bp, b, b).

Note that the group D permutes the subtrees T,,.
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Universal groups of the families

Proposition
The following relations hold.

a

o = q,
B = p,
v =7,

In particular, D < D.

ab =a, af =
gb = pe =
Y=qF =
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Universal groups of the families

The subgroup D < D coincides with the set of elements acting trivially on
the second coordinates of letters (i.e., leaving the subtrees T,, invariant).
Hence, the quotient H = D/D acts naturally on the binary tree by the
action

a=o, b= (a,c), ¢ = (b, b).
a=(13)(24) b= (aw,aa,c,c), c=(bB,bs,b,b).

The group D permutes the subtrees T,, in the same way as H acts on

w e {0,1}>.

Consequently, if wy; and ws belong to one H-orbit, then D, and D,,, are
isomorphic.
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Questions

Are all groups D, of intermediate growth?
Are all groups R,, amenable?

Are the universal groups of the three families amenable? They do not
contain free subgroups.
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Analytic interpretation

Analytic interpretation

Let us identify Cp with C. Then there exist unique complex structures on
C; such that f; are holomorphic (i.e., are polynomials).

We may assume that A; and B; coincide with 0 and 1, respectively.
Then position p; € C of I'; parametrizes the complex structure on ;.

f; is a quadratic polynomial such that
© its critical value is 0,

Q fi(0) =1,
Q fi(1) = pi-1,
Q and fi(pi) = 1.

i

2
We get f; = (az + 1) and ap; + 1 = —1, hence f;(z) = (1 - 2—2) :

pi
2
o= (1-2)
Pi-1 ( pi
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Analytic interpretation

We get a map ( )2

_ 2z
F:<p>F—> (1_2)2
F(z:p:u)= ((p—2z)2:(p—2u)2:p2)

IMG (F) coincides with (ab, ac, a, 3,7) < D and
2
IMG (F) /D = IMG <<1 - %) >
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Family R,

Analogous computations for the family R,, give the rational function
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Analytic interpretation

Theorem

The limit space of R is homeomorphic to the “Julia set” J, of F.

iR
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