COMPLETE GROWTH FUNCTIONS OF HYPERBOLIC GROUPS

ROSTISLAV GRIGORCHUK AND TATIANA NAGNIBEDA

Abstract. We study a generalization of the growth functions of finitely generated groups, namely the growth functions Σ_{g∈G}gz^{|g|} with coefficients in the group ring Z[G]. Rationality and methods of computation of such functions are discussed, in particular for hyperbolic groups. The complete growth functions of surface groups are explicitly computed. The operator geodesic growth functions are also studied.

1. Introduction

Consider a finitely generated discrete group G with a finite system of semigroup generators S = {s_1, ..., s_k}, 1 /∈ S, and the corresponding length metric. The growth function of G with respect to S is the power series f(z) = ∑ g∈G z^{|g|} = ∞∑ n=0 a_nz^n ∈ Z [ [z] ] , where |g| is the length of g, and a_n is the number of elements of G of length n. The growth functions of discrete groups have been studied by many authors. Let us mention the computations of the growth functions of Coxeter groups ([39], [6], [32], [41], [7]), surface groups and Fuchsian groups ([7], [9], [41], [13]), Heisenberg and Nil groups ([35], [5]). In all these examples the growth functions are rational. They are also rational for virtually abelian groups ([4], [26]) and for hyperbolic groups ([8], [17], [14]). There exist however nilpotent groups and systems of generators in them, such that the corresponding growth functions are not rational ([18], [37]). On different problems related to growth in groups see also a recent survey [16].

In this paper we study the rationality and the methods of computation of a natural generalization of the growth function. We define the complete growth function (or complete growth series) of the group G with respect to the system of generators S as

F (z) = ∑ g∈G gz^{|g|} = ∞∑ n=0 A_nz^n ∈ Z[G] [ [z] ] ,

Key words and phrases. Growth function, Cayley graph, formal power series, hyperbolic group, surface group.

Steklov Institute of Mathematics, Vavilova Str. 42, Moscow 117966, Russia, e-mail: grigorch@class.mi.ras.ru, grigorch@alesia.ips.ras.ru.

Section de mathématiques, Université de Genève, 2-4 rue du Lièvre, c.p. 240, 1211 Genève 24, Switzerland, e-mail: tatiana@divsun.unige.ch.

The first author acknowledges support from the “Fonds National Suisse de la Recherche Scientifique”and from INTAS, grant 94-3420.

where A_n is the sum of all elements of G of length n viewed as an element of the group ring, i.e., A_n = ∑ g∈G,|g|=n g ∈ Z[G] , and M [ [z] ] denotes as usual the ring of formal power series in z with coefficients in a ring M. The operator A_1 denoted A below is the sum of generators.

The augmentation mapping h : Z[G] → Z, g → 1, induces the morphism h̃ : Z[G] [ [z] ] → Z [ [z] ] , such that h̃(F (z)) = f(z). Thus the rationality of the complete growth function implies the rationality of the ordinary growth function. The notion of rationality of complete growth functions will be made precise in Section 3.

We state now our main result.

Let F_g denote the complete growth function of the fundamental group of the orientable closed surface of genus g, g ≥ 2 G_g = ⟨a_1, ..., a_g , b_1, ..., b_g | g∏ i=1 [a_i, b_i] = 1⟩

with the standard system of generators S_g = {a^{±1}_1 , ..., a^{±1}_g , b^{±1}_1 , ..., b^{±1}_g } . We denote by [a, b] the commutator aba^{−1}b^{−1}. A cyclic word, as usual in combinatorial group theory, is a word written on a circle (see [29]).

Theorem 1. The following relation holds in Z[G_g] [ [z] ] : F_g (z) =

(1 − z^2)(1 − z^{4g}) Δ , (∗) with

Δ = 1+(4g−1)z^2+(4g−1)z^{4g} +z^{4g+2} −Az(1+z^{4g})−P_{2g−1}z^{2g+1} +P^b_{2g}z^{2g}(1+z^2) ,

where A ∈ Z[G_g] is the sum of all elements of S_g ; P^b_{2g} ∈ Z[G_g] is the sum of all subwords of length 2g with first letters in {b_1, b^{−1}_1 , ..., b_g, b^{−1}_g } of the cyclic words r = ∏_g i=1[a_i, b_i] and r^{−1}; and P_{2g−1} ∈ Z[G_g] is the sum of all subwords of length 2g − 1 of the cyclic words r and r^{−1}.

The “classical” growth functions of these groups are rational and were computed for the first time by J. Cannon. It is shown in [9] (see also [7], [41]) that the growth function of the fundamental group G_g of the surface of genus g with respect to the system of generators S_g is

f_g(z) =

(1 + z)(1 − z^{2g}) 1 − (4g − 1)z + (4g − 1)z^{2g} − z^{2g+1} = 1 + 2z + 2z^2 + ... + 2z^{2g−1} + z^{2g} 1 − (4g − 2)z − (4g − 2)z^2 − ... − (4g − 2)z^{2g−1} + z^{2g} . Our proof of Theorem 1 is based on a method of computation of growth functions in a wider context of formal languages. Theorem 2 below is analogous to the formula for the ordinary growth function of a formal language determined by a set of forbidden words, which was obtained by the first author in [15]. It is related to the formula for dimensions of homology groups of a complex, called now the

Anick-Groves-Squier complex, given in [1]. (For the history of the question see [15].)

Let X = {x_1, ..., x_l} be an alphabet, X^∗ denote the set of all finite words in X, Ω ⊂ X^∗ a subset of X^∗ called a language. The formal power series

f_Ω(z) = ∞∑ n=0 ω_nz^n ∈ Z [ [z] ] , where ω_n denotes the number of words of length n in Ω, is called the growth function, and the formal power series

F_Ω(z) = ∑ w∈Ω wz^{|w|} = ∞∑ n=0 Ω_nz^n ∈ Z[X^∗] [ [z] ] , where Ω_n = ∑ |w|=n w ∈ Z[X ∗], the complete growth function of the language Ω.

We will be particularly interested in the languages that are determined by a set of words, as follows. Let U ⊂ X^∗ be a subset of X^∗ called the set of forbidden words. A language Ω is determined by U if it consists of all words from X^∗ that do not contain forbidden subwords. The words from Ω are called reduced. We will suppose that the set of forbidden words satisfies two natural conditions: 1. U ∩ X = ∅;

2. any forbidden word contains no proper forbidden subword. A word w ∈ X^∗ is called a chain if, for some positive integer m, it has an “arc presentation” (u_1, ..., u_m)

u_1 u_2 um−1 u_m . . . Figure 1.

where each arc corresponds to an occurence in w of a forbidden subword u_i ∈ U, i ∈ {1, ..., m}, and the intersection of two subwords u_i and u_j in w is non empty if and only if |i − j| = 1.

A rigid chain of rank m is defined by induction on m. Any forbidden word is a rigid chain of rank 1. A chain of rank 2 is rigid if it contains no forbidden subwords except the arcs u_1 and u_2. Suppose that the rigid chains of rank m − 1 are already defined. Then a chain w is rigid of rank m if the following conditions are satisfied: 1. the prefix of w consisting of the first m − 1 arcs is a rigid chain of rank m − 1; 2. the suffix of w following the (m − 2)-nd arc contains no forbidden subword except the arc u_m. u_1 u_2 um−2 um−1 u_m . . . not allowed

Figure 2.

We give one more equivalent definition of rigid chains. A word w ∈ X^∗ is a rigid chain of rank m if w = w_0w_1...w_m, so that 1. w_0 ∈ X, w_i ∈ X^∗, 1 ≤ i ≤ m;

2. w_iw_{i+1} contains a forbidden subword, i = 0, ..., m − 1; 3. any proper prefix of w_iw_{i+1}, i = 0, ..., m − 1, is reduced.

The notions of chain and rigid chain are equivalent respectively to the notions of prechain and chain from [1].

Let A = Ω_1 = x_1 + ... + x_l ∈ Z[X^∗], and let Q^{(m)}_n ∈ Z[X^∗] denote the sum of all words of X^∗ of length n which are rigid chains of rank m.

Theorem 2. The complete growth function F_Ω = ∑_∞ n=0 Ω_nz^n of the language Ω satisfies the following relation in the ring Z[X^∗] [ [z] ] : F_Ω(z) = 1 1 − Az + ∑_∞ m=1(−1)^{m+1} ∑_∞ n=1 Q^{(m)}n z^n . (∗∗)

Further results of independent interest are formulated in Sections 3,5,6. The paper is organized as follows.

In Section 2 we prove Theorem 2 and explain when and how this result may be applied to the computing of the complete growth function of a finitely generated group.

In Section 3 we make precise the notion of rationality of complete growth function and prove that a complete growth function of a group with a finite number of extended cone types, in particular, of a hyperbolic group with respect to any finite system of generators, is rational.

In Section 4 we compute the complete growth functions of the surface groups with respect to the standard systems of generators using the method described in Section 2. Other systems of generators of G_g are also discussed.

In Section 5 we introduce the operator growth functions and discuss the questions of its rationality and of convergence of growth series with coefficients in operator algebras.

In Section 6 we discuss the complete and operator geodesic growth functions. The operator geodesic growth functions of surface groups are explicitly computed.

We hope that the results and methods developed in this work will find further applications in the theory of growth functions, as well as in the theory of random walks on discrete groups, the theory of formal languages, and the theory of operator algebras.

The authors are very grateful to Pierre de la Harpe for his interest to this work and many valuable remarks. We would like also to thank Laurent Bartholdi, Tullio Ceccherini-Silberstein, Pierre Julg, Fabrice Liardet, Luis Paris, and Alain Valette for useful discussions.

2. Complete Growth Functions of Languages Determined by Sets of Forbidden Words; Rewriting Systems in Groups

Theorem 2 will be proven in this Section. We need first to prove some preliminary results.

It may be shown (see e.g. [1] ) that if w ∈ X^∗ may be presented in the form of rigid chain, then such a presentation is unique. The following is a stronger property of rigid chains.

Lemma 1. Suppose that a rigid chain w = (u_1, ..., u_m) of rank m (given here in its arc presentation) possesses a prefix w^′ which is also a rigid chain of rank m. Then w = w^′.

Proof. We prove this by induction. The assertion holds for a chain of rank 1 because a forbidden word contains no proper forbidden subword. Suppose it is true for the chains of rank m − 1. Let now w be of rank m and let w^′ = (v_1, ..., v_m) be the arc presentation of w^′. Consider the subchains w̃ = (u_1, ..., u_{m−1}) of w and w̃^′ = (v_1, ..., v_{m−1}) of w^′. The word w̃^′ is a prefix of w̃ because otherwise v_m would be a forbidden subword of u_m, which is impossible. Both w̃ and w̃^′ are rigid chains of rank m − 1, hence w̃^′ = w̃ by induction hypothesis. Moreover, u_m = v_m because otherwise v_m would be a forbidden subword of the suffix of w following u_{m−2}, which is impossible by definition of rigid chain. Hence w = w^′. □

Lemma 2. For each n, m ≥ 1, denote by W^m_n the set of words of length n from X^∗ which can be written in the form w = w_1w_2 such that w_1 is a rigid chain of rank m and w_2 is reduced. Then

Ω_n = AΩ_{n−1} − ∑ w∈W^1_n\W^2_n w , n ≥ 1 ; (1)

∑ w∈W^m_n \W^{m+1}_n w = n∑ j=1 Q^{(m)}_j Ω_{n−j} − ∑ w∈W^{m+1}_n \W^{m+2}_n w , n, m ≥ 1 , (2) where Q^m_j ∈ Z[X^∗] denotes as before the sum of all rigid chains of rank m and of length j.

Proof. To prove (1) observe that the multiplication on the left of a reduced word of length n − 1 by a letter s from the alphabet X gives a word of length n. Some of the words obtained in this way have a forbidden prefix, as shown on Figure 3. These words are in W^1_n but not in W^2_n because their suffixes of length n − 1 are reduced.

u_1 not allowed

|n − 1| s

Figure 3.

In order to prove the second relation we prove the following equality of sets:

W^m_n = (W^m_n \ W^{m+1}_n ) ⊔ (W^{m+1}_n \ W^{m+2}_n ),

where ⊔ stands as usual for the disjoint union. It is equivalent to (2) by Lemma 1.

Obviously W^m_n \ W^{m+1}_n ⊂ W^m_n . Also W^{m+1}_n \ W^{m+2}_n ⊂ W^m_n . Indeed, suppose w ∈ W^{m+1}_n \ W^{m+2}_n . Then w = w_1w_2 where w_1 is a rigid chain of rank m + 1 and w_2 is reduced. Moreover, the suffix of w following the m-th arc of w_1 is also reduced because w /∈ W^{m+2}_n , as shown in Figure 4. Thus w ∈ W^m_n . This proves the inclusion “⊃”.

Suppose now that w ∈ W^m_n ∩W^{m+1}_n . Then w /∈ W^{m+2}_n because its suffix following the m-th arc is reduced, see Figure 4 again. Thus w ∈ W^{m+1}_n \ W^{m+2}_n . This proves the inclusion “⊂”.

u_1 u_m um+1 . . . not allowed

|n − j| Figure 4. □ Proof of Theorem 2. It follows from Lemma 2 that

Ω_n = AΩ_{n−1} + n−1∑ m=1 (−1)^m n∑ j=1 Q^{(m)}_j Ω_{n−j} .

Multiplying this relation by z^n, taking sum over n = 1, 2, ..., and changing the order of summation on the right-hand side, one gets

F_Ω(z) − 1 = AzF_Ω(z) + ∞∑ m=1 (−1)^m ∞∑ n=0 Q^{(m)}_n z^nF_Ω(z)

which leads to (∗∗). □

We are going to explain now how Theorem 2 may be used for computing the complete growth function of a group. We refer to [11] for a good exposition on rewriting systems for groups; here we just repeat several necessary definitions.

Let G be a finitely generated group with a finite symmetric system of generators S = {s_1, ..., s_k}, 1 /∈ S. Let us view S as an alphabet and denote by S^∗ the set of all finite words in the alphabet S including the empty word. A rewriting system R on (G, S) is a subset of S^∗ × S^∗. We write l → r for an element (l, r) ∈ R, and call this a rewriting rule. Given a rewriting system, one has a process of rewriting in the group, such that for any words w, w^′ ∈ S^∗ the word wlw^′ is rewritten as the word wrw^′, wlw^′ → wrw^′. A word x is irreducible if there is no word y such that x → y. A rewriting system is terminating if there is no infinite sequence w_1 → w_2 → ... → w_n → .... Obviously, this property holds for the systems in which |l| ≥ |r| for each (l, r) ∈ R and, in the case |l| = |r|, r precedes l in the lexicographical order induced by some order on S. A rewriting system is confluent if the result of reduction of a word does not depend on the way of reducing. Finally, a system which is terminating and confluent is complete.

Let G be a finitely generated group, and suppose that G may be given by a presentation G = ⟨S | u_i = v_i, i ∈ I⟩, such that the system of rules R = {u_i → v_i, i ∈ I} is complete and |u_i| ≥ |v_i|, i ∈ I. Define the set U of forbidden words as the set of all left-hand parts of the rewriting rules. Suppose that U satisfies the conditions 1),2) from Section 1. The language Ω of irreducible words is then exactly the set of normal forms of group elements, i.e., there exists a bijection g → w_g between the elements of G and the words from Ω, such that g = w_g in G. Moreover this normal form is geodesic minimal in the sense that |g| = |w_g |. Thus the complete growth function F_Ω of the language Ω as defined in Section 1, becomes the complete growth function of G with respect to S if we consider the words from S^∗ in the expression for F_Ω as elements of the group. Therefore it can be computed using Theorem 2.

If the set of forbidden words is finite or regular, then the language Ω is regular and therefore the complete growth function F_Ω is rational.

3. Rationality of Complete Growth Functions

Let M be a ring (not necessarily commutative), and denote by M [ [z] ] the ring of formal power series with the variable z and coefficients in M. We refer to [33] for a good exposition on formal power series.

An element q = ∑_∞ n=0 q_nz^n ∈ M [ [z] ] is called quasi-regular if q_0 = 0. The following operation defined on the set of quasi-regular elements is called quasiinversion. For a quasi-regular q define

q^+ = ∞∑ n=1 q^n = lim_{N→∞} N∑ n=1 q^n . The quasi-inverse q^+ is uniquely determined by the equality

q + q · q^+ = q + q^+ · q = q^+ .

A series from M [ [z] ] is called rational if it may be obtained from a finite number of polynomials in z with coefficients in M by a finite number of operations of addition, multiplication, and quasi-inversion.

Note that in the situation when M = C , this definition becomes the usual definition of rational function in C .

The complete growth function of a group G with respect to the system of generators S is rational if it is rational as an element of Z[G] [ [z] ] . For a finitely generated group G and a finite system of generators S, let Cay(G, S) denote the Cayley graph of G with respect to S. For a word γ over the alphabet S denote by γ̄ the element of G represented by γ. A word γ over S is called geodesic string if it determines a geodesic path beginning in the identity element and ending in γ̄ in Cay(G, S). Define the cone type of an element g ∈ G to be the set of geodesic strings γ over the alphabet S such that αγ is a geodesic string, where α is any geodesic string with ᾱ = g.

The extended cone type of g is defined to be the union of the cone type and the set of words over S of the form γs, such that γ is in the cone type of g, s ∈ S, and |γ̄s| = |γ̄|. The definition of cone type as given here may be found in [12]. In an earlier paper, J. Cannon [8] considered the extended cone types which he called order types.

Observe that if Cay(G, S) is bipartite, then the cone type and the extended cone type coincide for every g.

Proposition 1. Suppose that G has a finite number of extended cone types with respect to S. Then the complete growth function of G with respect to S is rational.

Corollary 1. The complete growth function of a hyperbolic group with respect to any finite system of generators is rational.

Proof of Corollary 1. The finiteness of the number of extended cone types of a group of hyperbolic isometries acting discretely on a hyperbolic space with finite quotient was proved by J. Cannon in [8]. The result was extended to all hyperbolic groups in [12, Th. 3.4.5]. They prove the finiteness of the number of cone types, but their proof works without changes for the extended cone types.

To prove Proposition 1 we need the following statement ([33, Theorems 1.1 and 1.2]). Consider the ring of formal power series M [ [z] ] . Denote by I the unit element in M [ [z] ] . Lemma 3. Let Z = (z_1, ..., z_m), P = (p_1, ..., p_m) be two vectors with z_i, p_i ∈ M [ [z] ] , i = 1, ..., m; and Q = (q_{ij} )_{m×m} be a matrix with quasi-regular coefficients q_{ij} ∈ M [ [z] ] , i, j = 1, ..., m. Then the system of equations Z = P + ZQ has a unique solution Y = (y_1, ..., y_m) given by

Y = P (I + Q^+)

with y_i ∈ M [ [z] ] , i = 1, ..., m. If, in addition, the components of P and Q are rational, then the components of Y are also rational.

Proof of Proposition 1. Denote by K +1 the number of extended cone types 0, ..., K in G with respect to S, so that the identity element is of type 0. Then

F (z) = K∑ i=0 F_i(z) , where

F_i(z) = ∑ g of type i gz^{|g|} = ∞∑ n=0 A^i_nz^n with A^i_n = ∑ |g|=n,g of type i g. Note that

A^0_n = { 1 if n = 0 0 otherwise ; and A^i_0 = { 1 if i = 0 0 otherwise .

For each group element g of type i, 1 ≤ i ≤ K, denote by p_i ∈ Z the number of predecessors at distance 1 of g (this number is uniquely determined by the extended cone type), and, for 1 ≤ j ≤ K and 0 ≤ i ≤ K, r_{ij} = ∑ s∈S,|gs|=|g|+1,gs of type j s ∈ Z[G] . For 1 ≤ i ≤ K, n ≥ 1, the following recursion formula holds:

A^i_n = 1 p_i K∑ j=0 A^j_{n−1}r_{ji} .

Hence we have F_0(z) = 1 ;

and for 1 ≤ i ≤ K

F_i(z) = ∞∑ n=0 A^i_nz^n = ∞∑ n=1 1 p_i K∑ j=0 A^j_{n−1}r_{ji}z^n

= z p_i K∑ j=0 F_j (z)r_{ji} . Let q_{ij} = zr_{ij} /p_j for 1 ≤ j ≤ K, 0 ≤ i ≤ K, and q_{i0} = 0 for 0 ≤ i ≤ K.

Each q_{ij} is a quasi-regular element of Z[G][z]. Let Q = (q_{ij} )_{0≤i,j≤K} . Denote by J = (1, 0, ..., 0) and F = (F_0, F_1, ..., F_K ) the vectors with coefficients in Z[G] [ [z] ] . Then F is the solution of the system Z = J + ZQ, and has rational components by Lemma 3. Thus each F_i(z) is rational which implies the rationality of F (z). □ An interesting problem in this context is the question about the rationality of complete growth functions of nilpotent and abelian groups. For instance, it is known that the growth function of the first Heisenberg group ⟨x, y | [y, [x, y]] = [x, [x, y]] = 1⟩ is rational. It seems to us that the complete growth function of this group is not rational. It is natural to conjecture the following:

Conjecture 1. A nilpotent group has a rational complete growth function if and only if the group is virtually abelian.

The rationality of complete growth functions of virtually abelian groups is studied in the Ph. D. thesis of F. Liardet (see [28]).

4. Complete Growth Functions of Surface Groups

Complete rewriting systems for the standard presentations of surface groups may be found in [38] and [21]. M. Stoll describes in [38] the complete rewriting systems for some class of presentations including the standard presentations of surface groups, and uses them for computing the growth series. These rewriting systems were also used in [30] for computing the growth functions of surface groups using the formula from [15], which is a weaker form of our Theorem 2. Let us mention that some finite complete systems of rewriting rules for the surface groups given by the presentations ⟨c_1, ..., c_{2g} | c_1...c_{2g} c^{−1}_1 ...c^{−1}_{2g} = 1⟩, g ≥ 2, were considered in [27] in connection with algorithmic problems of the group theory.

We describe below a complete rewriting system R_g for the standard presentation of G_g .

Let us fix the order a^{−1}_1 < a_1 < ... < a^{−1}_g < a_g < b^{−1}_1 < b_1 < ... < b^{−1}_g < b_g on the standard generators of G_g and consider the induced lexicographical order on the set of words S^∗_g in the alphabet S_g .

There are two series of rewriting rules in each R_g : • the first consists of 4g rules of the form ss^{−1} → 1 with s ∈ S_g;

• the second consists of 4g rules of the form u_i → v_i such that each u_i and v_i is a word of length 2g, and either u_iv^{−1}_i or v_iu^{−1}_i coincides with one of the cyclic permutations of the relator ∏_g i=1[a_i, b_i]. Each u_i begins with a letter from the set {b_1, b^{−1}_1 , ..., b_g, b^{−1}_g }.

In accordance with the order chosen on S_g, the set of forbidden words {u_i}^{8g}_{i=1} consists of the subwords of length 2g with the first letter in {b_1, b^{−1}_1 , ...b_g, b^{−1}_g } of the cyclic words r = ∏_g i=1[a_i, b_i] and r^{−1}, and of the words of the form ss^{−1}, s ∈ S_g.

For example, in the case of g = 2 the system R_2 consists of the following 16 rewriting rules:

b^{−1}_1 a^{−1}_1 b_2a_2 → a^{−1}_1 b^{−1}_1 a_2b_2 a_1a^{−1}_1 → 1 b^{−1}_1 a_2b_2a^{−1}_2 → a_1b^{−1}_1 a^{−1}_1 b_2 a^{−1}_1 a_1 → 1 b_1a^{−1}_1 b^{−1}_1 a_2 → a^{−1}_1 b_2a_2b^{−1}_2 a_2a^{−1}_2 → 1 b_1a_1b^{−1}_1 a^{−1}_1 → a_2b_2a^{−1}_2 b^{−1}_2 a^{−1}_2 a_2 → 1 b^{−1}_2 a_1b_1a^{−1}_1 → a_2b^{−1}_2 a^{−1}_2 b_1 b_1b^{−1}_1 → 1 b^{−1}_2 a^{−1}_2 b_1a_1 → a^{−1}_2 b^{−1}_2 a_1b_1 b^{−1}_1 b_1 → 1 b_2a^{−1}_2 b^{−1}_2 a_1 → a^{−1}_2 b_1a_1b^{−1}_1 b_2b^{−1}_2 → 1 b_2a_2b^{−1}_2 a^{−1}_2 → a_1b_1a^{−1}_1 b^{−1}_1 b^{−1}_2 b_2 → 1 .

(Observe that 1 denotes the empty word in S^∗ as well as the identity element in the group.)

Proof of Theorem 1. In order to apply Theorem 2 for the computation of the complete growth function F_g (z) let us compute the sum of rigid chains Q^{(m)}_n for each n and m.

We begin with the case g = 2.

All chains are rigid in (G_2, S_2). Indeed, the property of a chain to be rigid means that the intersections of the arcs in the chain are maximal. But, if g = 2, for any two forbidden words in the system R_2 described above, there exists a unique way of intersection (by two letters, if both forbidden words are of length 4, and by one letter, if at least one of two forbidden words is of length 2).

Consequently, there are four types of rigid chains:

1. all arcs in a rigid chain are of length 2 and all intersections are of length 1;

. . . or s s^{−1} s s^{−1} s s^{−1} s . . . s s^{−1} s s s^{−1} s s^{−1} Figure 5.

2. all arcs in a rigid chain are of length 4 and all intersections are of length 2;

. . . |4| Figure 6.

3. arcs of length 2 are followed by arcs of length 4 or arcs of length 4 are followed by arcs of length 2 (here the intersections are of length 1 and 2);

. . . or . . .

Figure 7.

4. arcs of length 4 are surrounded from both sides by arcs of length 2 (here again the intersections are of length 1 and 2).

. . .

Figure 8.

For n, m ≥ 1; 1 ≤ l ≤ 4, let Q^{(m)}_{n,l} denote the sum of rigid chains of length n, type l and rank m. We are going to compute Q^{(m)}_{n,l} separately for l = 1, ..., 4. All computations are performed in Z[G_2] [ [z] ] .

Type 1. A word w which is a chain of type 1 must be of the form ss^{−1}ss^{−1}...ss^{−1}, in which case w may be reduced to 1, or of the form ss^{−1}...s^{−1}s, in which case w may be reduced to s ∈ S_2. In both cases there exist 8 different chains of such form and given length. This implies that

Q^{(m)}_{n,1} =

8 · 1 if m = n + 1, n is even , A if m = n + 1, n is odd , 0 otherwise ,

where A denotes, as in Section 1, the sum of all elements of S_2. Thus,

∞∑ m=1 (−1)^{i+1} ∞∑ n=2 Q^{(m)}_{n,1} z^n = ∞∑ n=2 ∞∑ m=1 (−1)^{m+1}Q^{(m)}_{n,1} z^n = ∞∑ n=2 (−1)^nQ^{(n+1)}_{n,1} z^n

= 8 ∞∑ k=1 z^{2k} − A ∞∑ k=1 z^{2k+1} = z^2(8 − Az)

1 − z^2 .

Type 2. As mentioned above, the only possibility, when all arcs in a rigid chain are of length 4, is that they intersect each other by subwords of length 2. Thus Q^{(m)}_{n,2} is different from 0 if and only if n is even and m =^n_2 − 1. We introduce the following notations:

A_a = a_1 + a^{−1}_1 + a_2 + a^{−1}_2 ; A_b = b_1 + b^{−1}_1 + b_2 + b^{−1}_2 ; A = A_a + A_b;

B_a = a_2b_2 + a_2b^{−1}_2 + a^{−1}_2 b_1 + a^{−1}_2 b^{−1}_2 + a_1b^{−1}_1 + a_1b_1 + a^{−1}_1 b^{−1}_1 + a^{−1}_1 b_2; B_b = b^{−1}_1 a^{−1}_1 + b^{−1}_1 a_2 + b_1a^{−1}_1 + b_1a_1 + b^{−1}_2 a_1 + b^{−1}_2 a^{−1}_2 + b_2a^{−1}_2 + b_2a_2; B = B_a + B_b;

C_a = a^{−1}_1 b_2a_2 + a_2b_2a^{−1}_2 + a^{−1}_1 b^{−1}_1 a_2 + a_1b^{−1}_1 a^{−1}_1 + a_1b_1a^{−1}_1 + a^{−1}_2 b_1a_1 + a^{−1}_2 b^{−1}_2 a_1 + a_2b^{−1}_2 a^{−1}_2 ;

C_b = b_1a^{−1}_1 b^{−1}_1 + b^{−1}_1 a_2b_2 + b_2a^{−1}_2 b^{−1}_2 + b^{−1}_2 a_1b_1

+ b_2a_2b^{−1}_2 + b^{−1}_2 a^{−1}_2 b_1 + b_1a_1b^{−1}_1 + b^{−1}_1 a^{−1}_1 b_2; C = C_a + C_b;

D = b^{−1}_1 a^{−1}_1 b_2a_2 + b^{−1}_1 a_2b_2a^{−1}_2 + b_1a^{−1}_1 b^{−1}_1 a_2 + b_1a_1b^{−1}_1 a^{−1}_1 + b^{−1}_2 a_1b_1a^{−1}_1 + b^{−1}_2 a^{−1}_2 b_1a_1 + b_2a^{−1}_2 b^{−1}_2 a_1 + b_2a_2b^{−1}_2 a^{−1}_2 .

Observe that A (respectively B, C, D) is the sum of all different subwords of length 1 (respectively 2,3,4) of the forbidden words of length 4. In these notations we have

Q^{( n2 −1)} n,2 = 8 · 1 if n ≡ 0(mod 8) , B_b if n ≡ 2(mod 8) , D if n ≡ 4(mod 8), B_a if n ≡ 6(mod 8) . Thus ∞∑ n=4 ∞∑ m=1 (−1)^{m+1}Q^{(m)}_{n,2} z^n = ∞∑ n=4 (−1)^{n2} Q^{( n2 −1)}_{n,2} z^n = ∞∑ k=2 (−1)^kQ^{(k−1)}_{2k,2} z^{2k}

= 8 ∞∑ l=1 z^{8l} − B_b ∞∑ l=1 z^{8l+2} + D ∞∑ l=0 z^{8l+4} − B_a ∞∑ l=0 z^{8l+6} = z^4(D − B_az^2 + 8z^4 − B_bz^6) 1 − z^8 . Type 3. Let r be the rank of the subchain that consists only of arcs of length 2. Then the rank of the whole chain of type 3 of length n is^{n+r}_2 − 1, and n + 2 ≡ 0(mod 2). Thus ∞∑ n=5 ∞∑ m=1 (−1)^{m+1}Q^{(m)}_{n,3} z^n = ∞∑ r=1 ∞∑ n=r+4 (−1)^{n+r2} Q^{( n+r2 −1)} n,3 z^n

= ∞∑ l=1 ∞∑ k=l+2 (−1)^{k+l}Q^{(k+l−1)} 2k,3 z 2k + ∞∑ l=0 ∞∑ k=l+2 (−1)^{k+l+1}Q^{(k+l)}_{2k+1,3}z^{2k+1} .

When n and r are both even we have

Q^{( n+r2 −1)} n,3 = 16 · 1 if n − r ≡ 0(mod 8) , 2B_b if n − r ≡ 2(mod 8) , 2D if n − r ≡ 4(mod 8) , 2B_a if n − r ≡ 6(mod 8) . When n and r are both odd we have

Q^{( n+r2 −1)} n,3 = 2A if n − r ≡ 0(mod 8) , 2A if n − r ≡ 2(mod 8) , C if n − r ≡ 4(mod 8) , C if n − r ≡ 6(mod 8) . Consequently, ∞∑ n=5 ∞∑ m=1 (−1)^{m+1}Q^{(m)}_{n,3} z^n = 2z^6(D − B_az^2 + 8z^4 − B_bz^6) + z^5(−C + Cz^2 − 2Az^4 + 2Az^6) (1 − z^2)(1 − z^8) . Type 4. Let r = r_1 + r_2 where r_1 and r_2 denote the ranks of the prefix and suffix consisting only of arcs of length 2. If r_1 and r_2 are both even then

Q^{( n+r2 −1)} n,4 = 16 · 1 if n − r ≡ 0(mod 8) , 2B_b if n − r ≡ 2(mod 8) , 2D if n − r ≡ 4(mod 8) , 2B_a if n − r ≡ 6(mod 8) . If one of r_i, i = 1, 2, is even and another is odd, then

Q^{( n+r2 −1)} n,4 = 2A if n − r ≡ 0(mod 8) , 2A if n − r ≡ 2(mod 8) , C if n − r ≡ 4(mod 8) , C if n − r ≡ 6(mod 8) . Finally, if r_1 and r_2 are both odd, then

Q^{( n+r2 −1)} n,4 = B_b if n − r ≡ 0(mod 8) , 8 · 1 if n − r ≡ 2(mod 8) , B_a if n − r ≡ 4(mod 8) , D if n − r ≡ 6(mod 8) . Consequently we get ∞∑ n=6 ∞∑ m=1 (−1)^{m+1}Q^{(m)}_{n,4} z^n = Δ (1 − z^2)^2(1 − z^8) , where

Δ = z^6(B_a − Dz^2 + B_bz^4 − 8z^6) + z^8(D − B_az^2 + 8z^4 − B_bz^6)

+ z^7(−C + Cz^2 − 2Az^4 + 2Az^6) .

We apply now Theorem 2 and get the following formula for the complete growth function of the surface group (G_2, S_2):

F_2(z) =

(1 − z^2)(1 − z^8) (1 + 7z^2 + 7z^8 + z^{10}) − Az(1 + z^8) − Cz^5 + Dz^4(1 + z^2) .

The same expression for F_2(z) was obtained by L. Bartholdi, also using Theorem 1.

Let us now turn to the case g ≥ 3. In order to demonstrate the difference between the cases g = 2 and g ≥ 3, we give here an example of a chain in (G_g , S_g), g ≥ 3 which is not rigid. Indeed, the forbidden words of length 2g can intersect each other by subwords of length 2, 4, ..., 2g − 2, hence the number of different types of chains should increase while g increases. Nevertheless, as the intersections of the arcs in a rigid chain have to be maximal possible, only the chains with the intersections of length 1 and 2g − 2 are rigid. Thus there are still only few different types of rigid chains in G_g, essentially the same as in G_2. The difference is that the form of the chains consisting of arcs of length 2g depends on the rank of the chain when g is at least 3:

u_1 u_2 u_{2m} . . . |2g| |2| Figure 9.

• for even rank,

u_1 u_2 u_{2m} u2m+1 . . . |2g| |2g − 2| Figure 10.

• for odd rank.

We introduce the types 1, ..., 4 of rigid chains, similar to the case g = 2. Let Q^{(m)}_{n,l} denote as before the sum of rigid chains of length n, type l and rank m. We are going to compute Q^{(m)}_{n,l} separately for l = 1, ..., 4.

We adopt following notations: A, (respectively A_a, A_b) will still denote the sum of elements of S_g, (respectively the sum of a^{±1}_i ’s, b^{±1}_i ’s). The sum of all subwords of length k of the cyclic words r and r^{−1} will be denoted by P_k, respectively P^a_k , P^b_k will denote the sums of all subwords of length k in the cyclic words r and r^{−1} which begin with an a^{±1}_i , b^{±1}_i . Remark that P^b_{2g} is the sum of all forbidden words of length 2g.

Type 1. A word w which is a rigid chain of type 1 must be of the form ss^{−1}...ss^{−1}, in which case w may be reduced to 1, or of the form ss^{−1}...s^{−1}s, in which case w may be reduced to s ∈ S. The computations are similar to the case of g = 2 and we have

Q^{(m)}_{n,1} =

4g · 1 if m = n + 1, n is even , A if m = n + 1, n is odd , 0 otherwise ;

and_∞ ∑ m=1 (−1)^{i+1} ∞∑ n=2 Q^{(m)}_{n,1} z^n = z^2(4g − Az) 1 − z^2 .

Type 2. As mentioned above, one should distinguish the rigid chains of type 2 (i.e., consisiting only of arcs of length 2g) of odd and even rank (see Figures 9 and 10). If rank is even, m = 2k, then n = 2gk + 2 and n can be congruent to 2 or 2g + 2 modulo 4g. If rank is odd, m = 2k + 1, then n = 2gk + 2g and n can be congruent to 2g or 0 modulo 4g. Consequently we get

Q^{(m)}_{n,2} = 4g · 1 if n ≡ 0(mod 4g) , P^b_2 if n ≡ 2(mod 4g) , P^b_{2g} if n ≡ 2g(mod 4g), P^a_{2g−2} if n ≡ 2g + 2(mod 4g) .

Therefore ∞∑ n=2g ∞∑ m=1 (−1)^{m+1}Q^{(m)}_{n,2} z^n = z^{2g}(4gz^{2g} + P^b_{2g} − P^a_{2g−2}z^2 − P^b_2z^{2g+2}) 1 − z^{4g} . Type 3. Let r be the rank of the subchain that consists only of arcs of length 2 and m be as usual the rank of the whole chain.

It will be convenient to split ∞∑ n=2g+1 ∞∑ m=2 (−1)^{m+1}Q^{(m)}_{n,3} z^n = Σ_1 + Σ_2 ,

where Σ_1 (respectively Σ_2) stands for the sum of chains with even (respectively odd) r.

Each chain of type 3 with even r represents the same element of G_g as its subchain consisting only of arcs of length 2g. Thus, if r is even,

Q^{(m)}_{n,3} = 4g · 1 if n − r ≡ 0(mod 4g) , P^b_2 if n − r ≡ 2(mod 4g) , P^b_{2g} if n − r ≡ 2g(mod 4g), P^a_{2g−2} if n − r ≡ 2g + 2(mod 4g) . Consequently,

Σ_1 = 2 z^{2g+2}(P^b_{2g} − P^a_{2g−2}z^2 + 4gz^{2g} − P^b_2 z^{2g+2}) (1 − z^{4g})(1 − z^2) . We are going to compute now the contribution of the chains with odd r. The case when the arcs of length 2 are in the end of a rigid chain should be considered separately from the case when the arcs of length 2 are in the beginning. For these two cases we get:

the sum of rigid chains of type 3 which end with an odd number of arcs of length 2 = 2A_b if m − r ≡ 0(mod 4) , P^b_{2g−1} if m − r ≡ 1(mod 4) , P^a_{2g−1} if m − r ≡ 2(mod 4) , 2A_a if m − r ≡ 3(mod 4) ; and the sum of rigid chains of type 3 which begin with an odd number of arcs of length 2 = 2A_a if m − r ≡ 0(mod 4) , P^a_{2g−1} if m − r ≡ 1(mod 4) , P^b_{2g−1} if m − r ≡ 2(mod 4) , 2A_b if m − r ≡ 3(mod 4) .

Observe now that the summands of Σ_2 corresponding to the chains with even m−r (equivalently odd m) get positive signs, and the summands corresponding to the chains with odd m − r (equivalently even m) get negative signs. Thus

Σ_2 = z^{2g+1}(P^a_{2g−1}z^2 + 2A_bz^{2g+2} − P^b_{2g−1} − 2A_az^{2g}) (1 − z^2)(1 − z^{4g}) + z^{2g+1}(P^b_{2g−1}z^2 + 2A_az^{2g+2} − P^a_{2g−1} − 2A_bz^{2g}) (1 − z^2)(1 − z^{4g}) = − z^{2g+1}(P_{2g−1} + 2Az^{2g}) 1 − z^{4g} . Type 4. Let r_1 and r_2 denote the ranks of two subchains which consist only of arcs of length 2. The values of Q^{(m)}_{n,4} may be found separately when r_1, r_2, and n are even or odd. Namely, when r_1 and r_2 are both even we have

Q^{(m)}_{n,4} =

4g · 1 if n − r_1 − r_2 ≡ 0(mod 4g) , P^b_2 if n − r_1 − r_2 ≡ 2(mod 4g) , P^b_{2g} if n − r_1 − r_2 ≡ 2g(mod 4g), P^a_{2g−2} if n − r_1 − r_2 ≡ 2g + 2(mod 4g) .

When r_1 and r_2 are both odd

Q^{(m)}_{n,4} =

P^b_2 if n − r_1 − r_2 ≡ 0(mod 4g) , 4g · 1 if n − r_1 − r_2 ≡ 2(mod 4g) , P^a_{2g−2} if n − r_1 − r_2 ≡ 2g(mod 4g), P^b_{2g} if n − r_1 − r_2 ≡ 2g + 2(mod 4g) .

When r_1 + r_2 is odd

Q^{(m)}_{n,4} = { 2A if n − r_1 − r_2 ≡ 0 or 1(mod 4) , P_{2g−1} if n − r_1 − r_2 ≡ 2 or 3(mod 4) .

Finally we get ∞∑ n=2g+2 ∞∑ m=1 (−1)^{m+1}Q^{(m)}_{n,4} z^n

= z^{2g+2} ( (P^a_{2g−2} + P^b_2 z^{2g})(1 + z^2) − z(P_{2g−1} + 2Az^{2g}) ) (1 − z^2)(1 − z^{4g}) . Putting together the results of the computations of Q^{(m)}_{n,l} for l = 1, ..., 4, we get (∗). □

Among many different presentations of the group G_g as one-relator group G_g = ⟨c_1, ..., c_{2g} | r = 1⟩ , those are of most interest, for which the relator r is a quadratic word, i.e., such that, for each i, c_i and c^{−1}_i occur in r only once.

For example, for g = 2 there exist 4 essentially different presentations with quadratic relators:

G_2 = ⟨c_1, c_2, c_3, c_4 | c_1c_2c^{−1}_1 c^{−1}_2 c_3c_4c^{−1}_3 c^{−1}_4 = 1⟩ , G_2 = ⟨c_1, c_2, c_3, c_4 | c_1c_2c_3c_4c^{−1}_1 c^{−1}_2 c^{−1}_3 c^{−1}_4 = 1⟩ , G_2 = ⟨c_1, c_2, c_3, c_4 | c_1c_2c_3c^{−1}_1 c^{−1}_2 c_4c^{−1}_3 c^{−1}_4 = 1⟩ , G_2 = ⟨c_1, c_2, c_3, c_4 | c_1c_2c^{−1}_1 c_3c^{−1}_2 c_4c^{−1}_3 c^{−1}_4 = 1⟩ .

It is shown in [7] that corresponding to these presentations non oriented Cayley graphs without labeling of the edges by generators, are pairwise isomorphic. Therefore the ordinary growth functions corresponding to these four presentations coincide.

The corresponding complete growth functions are clearly different as elements of Z[G_g] [ [z] ] . It is interesting to observe however, that they look similar.

For example let S̃_g = {c_1, ..., c_{2g} , c^{−1}_1 , ..., c^{−1}_{2g} } denote the system of generators that leads to the second presentation G_g = ⟨c_1, ..., c_{2g} | c_1...c_{2g}c^{−1}_1 ...c^{−1}_{2g} = 1⟩ . One can check easily, using Nielsen transformations, that for g = 2 the generators c^{±1}_1 , c^{±1}_2 , c^{±1}_3 , c^{±1}_4 of G_2 have the following form when written in standard generators {a^{±1}_1 , a^{±1}_2 , b^{±1}_1 , b^{±1}_2 }:

c_1 = a_1a_2 ,

c_2 = a^{−1}_2 b_1a^{−1}_1 ,

c_3 = b^{−1}_1 a_2 , c_4 = b_2 .

The complete growth function F̃_g (z) of G_g with respect to the system of generators S̃_g is of the form:

F̃_g (z) = (1 − z^2)(1 − z^{4g}) Δ ∈ Z[G_g] [ [z] ] , with

Δ = 1+(4g−1)z^2+(4g−1)z^{4g} +z^{4g+2} −Ãz(1+z^{4g})−P̃_{2g−1}z^{2g+1} +P̃^b_{2g}z^{2g}(1+z^2) ,

where Ã = c_1 + ... + c_{2g} + c^{−1}_1 + ... + c^{−1}_{2g} ∈ Z[G_g] is the sum of all elements of S̃_g ; P̃^b_{2g} ∈ Z[G_g] is the sum of all subwords of length 2g with first letter in {c_2, c^{−1}_2 , c_4, c^{−1}_4 , ..., c_{2g} , c^{−1}_{2g} } of the cyclic words r̃ = c_1...c_{2g} c^{−1}_1 ...c^{−1}_{2g} and r̃^{−1}; and P̃_{2g−1} ∈ Z[G_g] is the sum of all subwords of length 2g − 1 of the cyclic words r̃ and r̃^{−1}.

5. Operator Growth Functions

Let G be a finitely generated group, S a finite system of generators, and let F (z) = ∑_∞ n=0 A_nz^n be as in Section 1, the complete growth function of G with respect to S. For each z ∈ C with |z| small enough, F (z) may be considered as an element of a closure ^C [G] of the group algebra in some norm, for instance in l^1 norm. This leads us to the following definition.

If T : G → B_∗ is a representation of the group G in the group of invertible elements of a Banach algebra B, we define the operator growth function (or operator growth series) with respect to the representation T as

F^T (z) = ∑ g∈G T_gz^{|g|} = ∞∑ n=0 A^T_n z^n ∈ B [ [z] ] , where A^T_n = ∑ g∈G,|g|=n Tg.

Note that if the complete growth function F (z) is rational one can compute the operator growth function with respect to any representation T for which the elements T_s, s ∈ S are known explicitly, by replacing the generators s in the rational expression for F (z) by the corresponding elements T_s.

The natural question about the radius of convergence of such operator growth series arises in this context.

The case of left regular representation in the reduced C^∗-algebra C^∗_r (G) is of particular interest, and F^{reg} (z) with values in C^∗_r (G) will be called the operator growth function of the group G. The corresponding coefficients A^{reg}_n may be given explicitly: A^{reg}_n = ∑ g∈G,|g|=n g , viewed as operators of left convolution in the Hilbert space l^2(G).

Though we are not aware of any study of the operator growth functions, they appear implicitly in some works. For example, in [2] the recursion formula for the operators A^T_n /a_n is obtained, in the case where G is the free group with two generators and T is its representation in the space L_2(S^2) induced by two independent rotations of the sphere S^2. (Recall from Section 1 that a_n denotes the number of group elements of length n.) The corresponding formula for the operators A^T_n leads to the following expression for the operator growth function of the free group F_m of rank m with respect to the basis: F^{reg}(z) = 1 − z^2 1 − Az + (2m − 1)z^2 , where A is the operator on l^2(F_m ) corresponding to the sum of generators.

An analogous formula holds for the Hecke operators on trees (see [34, Chap. 1.1, exercise 3]).

Note that A/2m is the Markov operator of the simple random walk on F_m , and consequently A − 2m is the discrete Laplace operator on F_m . It is interesting to observe that the spectral radius of the operator A may be computed using the above formula for F^{reg} (z) and the value of the radius of convergence of F^{reg}(z) (which can be easily computed: see Proposition 4 below). This gives us one more method of computation of the spectral radius of the simple random walk on the free group, which was first found in [24].

Consider a finitely generated group G with a finite symmetric system of generators S.

Proposition 2. The radius of convergence of the series ∑_∞ n=0 A_nz^n with z ∈ C and coefficients A_n ∈ l^1(G) coincides with the radius of convergence of the ordinary growth series of G.

Proof. By definition of the norm l^1, ‖A_n‖_1 = a_n, where a_n is as above the number of elements of G of length n. Hence the radius of convergence of the series F (z) = ∑_∞ n=0 A_nz^n coincides with the radius of convergence of the series f(z) = ∑_∞ n=0 a_nz^n. □ More interesting is the case of the operator growth functions with coefficients in the C^∗-reduced algebra C^∗_r (G).

The following proposition is a result of a conversation between the first author and Pierre Julg.

Denote by R the radius of convergence of the operator growth series F^{reg} (z) = ∑_∞ n=0 A^{reg}_n z^n with coefficients A^{reg}_n = ∑ |g|=n g ∈ C ∗ r (G). Then R satisfies the relation 1 R = lim sup n→∞ ‖A^{reg}_n ‖^{1n} , where ‖A^{reg}_n ‖ denotes the norm of A^{reg}_n in C^∗_r (G), i.e., the operator norm.

Proposition 3. If G is amenable then the radius of convergence of the operator growth series with coefficients in C^∗_r (G) is equal to the radius of convergence of the ordinary growth series of G.

Proof. For each n ≥ 1, the operator A^{reg}_n /a_n is the Markov operator of the random walk on G with respect to the probability measure uniformly distributed on the elements of length n. As G is amenable, its subgroup generated by the elements of length n is amenable too. Hence Kesten’s criterion of amenability [25] may be applied; it yields that ‖A^{reg}_n /a_n‖ = 1 and thus the radius of convergence of F^{reg} (z) coincides with the radius of convergence of f(z). □ We think that the converse should also be true. More precisely, we formulate the following conjecture.

Conjecture 2. A finitely generated group G is amenable if and only if the radius of convergence of its operator growth series with coefficients in C^∗_r (G) with respect to any finite symmetric system of generators coincides with the radius of convergence of its ordinary growth series.

The following computation of the radius of convergence of the operator growth series of hyperbolic groups may be regarded as the first step towards the conjecture.

Let G be a non elementary hyperbolic group with a finite symmetric system of generators S and let λ = lim sup n→∞ (a_n)^{1/n}

be the rate of exponential growth of G. The radius of convergence of the growth series f(z) of G with respect of S is equal to 1/λ.

Consider now the operator growth series F^{reg} (z) = ∑_∞ n=0 A^{reg}_n z^n with coefficients in C^∗_r (G).

Proposition 4. The radius of convergence of F^{reg} (z) is equal to 1/ √ λ. It follows from Proposition 4 that, for a non elementary hyperbolic group, the growth series with operator coefficients converges in a strictly wider circle than the growth series with integral coefficients.

The proof of Proposition 4 is based on the following result.

For any group G, we denote by {δ_g}_{g∈G} the canonical orthonormal basis of the Hilbert space l^2(G). Consider the linear map ξ → ξδ_1 which is an injection of the reduced C^∗−algebra C^∗_r (G) into the Hilbert space l^2(G).

Lemma 4. Let G be a hyperbolic group. There exist the constants C > 0 and k > 1 such that ∑ g∈G |(ξδ_1)(g)|^2 ≤ ‖ξ‖^2 ≤ C ∑ g∈G |(ξδ_1)(g)|^2(1 + |g|)^{2k}

for all ξ ∈ C^∗_r (G).

Proof. The first inequality is obvious because ‖ξ‖^2 = sup{‖ξf‖^2 | f ∈ l^2(G), ‖f‖_2 = 1} ≥ ‖ξδ_1‖^2. The second one is due to U. Haagerup for free groups ([19, Lemma 1.5]) and to P. Jolissaint and P. de la Harpe for hyperbolic groups (see [22] and [20]). □ As a corollary we get the following useful technical lemma.

Lemma 5. Let G be a hyperbolic group. Let {ξ_n}_{n≥1} be a sequence of elements of C^∗_r (G), and suppose that for each n ≥ 1 the support of the function ξ_nδ_1 ∈ l^2(G) is contained in the sphere of radius n in G. Then

lim sup n→∞ ‖ξ_n‖^{1n} = lim sup_{n→∞} ‖ξ_nδ_1‖^{1n}_2 .

Proof. It follows from Lemma 4 that for each n

‖ξ_nδ_1‖^2 ≤ ‖ξ_n‖^2 ≤ C(1 + n)^{2k}‖ξ_nδ_1‖^2 .

Thus lim sup n→∞ ‖ξ_nδ_1‖^{1n}_2 ≤ lim sup_{n→∞} ‖ξ_n‖^{1n} ≤ lim sup_{n→∞} ‖ξ_nδ_1‖^{1n}_2 . □ Proof of Proposition 4. Consider the power series ∑_∞ n=0 A^{reg}_n z^n. For each n the function A^{reg}_n δ_1 ∈ l^2(G) is supported on the shpere of radius n. Indeed, | |(A^{reg}_n δ_1)(g) | |^2 = | | ∑ |h|=n δ_h(g) | |^2 = { 1 if |g| = n , 0 otherwise .

Hence, by Lemma 5,

lim sup n→∞ ‖A^{reg}_n ‖^{1n} = √ lim sup n→∞ (a_n)^1n ,

which leads to R = 1 √ λ . □ It was communicated to us by Alain Valette that Lemma 4 and thus Proposition 4 hold in fact for any (RD)-group, i.e., group with the rapid decay property. A group G is said to have the rapid decay property if there exist constants C > 0 and k > 1 such that for any function ϕ finitely supported on G ‖Φ‖^2 ≤ C ∑ g∈G |ϕ(g)|^2(1 + |g|)^{2k} ,

where Φ denotes the operator of convolution with ϕ on l^2(G). All hyperbolic groups have rapid decay property. The class of (RD)-groups is closed under direct product. More properties of (RD)-groups are discussed in [23].

Interesting examples of (RD)-groups are groups acting on buildings. More precisely, it was proven in [10] that a group acting simply transitively on the vertices of an Ã_2-building is (RD). Let now G act simply transitively on the vertices of an Ã_n-building. Consider such a generating set in G that the corresponding Cayley graph coincides with the 1-skeleton of the building. It was proven by A. Valette [40] that the (RD)-inequality holds for the functions which are radial with respect to the corresponding length metric (i.e., constant on spheres). Thus our Proposition 4 holds for the groups acting simply transitively on the vertices of Ã_n-buildings.

6. Complete and Operator Geodesic Growth Functions

The geodesic growth function of a finitely generated group G with respect to a finite system of generators S is the power series l(z) = ∑ g∈G λ(g)z^{|g|} ∈ Z [ [z] ] , where λ(g) is the number of geodesics connecting g and 1 in Cay(G, S). We have l(z) = ∑_∞ n=0 λ_nz^n, with λ_n = ∑ |g|=n λ(g). Up to now not much is known about the geodesic growth functions. Probably for the first time they were introduced in [31]. In [36] an algorithm is presented, which permits one to compute the number of geodesics joining 1 with any element of an automatic group.

The geodesic growth function may be viewed also as the growth function of the weighted Cayley graph, the weight of a vertex being the number of geodesics connecting it to 1. Similarly, the growth functions with other weights can be considered. We mention here only the function m(z) = ∑ g∈G λ(g)^2z^{|g|} = ∞∑ n=0 μ_nz^n , where μ_n = ∑ |g|=n λ(g) 2. In fact, μ_n counts the number of “unimodal loops”, i.e., the number of closed geodesic paths beginning at the identity and returning to the identity after touching for the first time the sphere of radius n in the Cayley graph. The functions l(z) and m(z) of surface groups, as well as some other weighted growth functions, are computed in [3].

Each path in Cay(G, S) may be viewed as a word in the alphabet S. Therefore, if S^∗ denotes the set of all finite words in the alphabet S, we can consider the language of geodesics

L = {w ∈ S^∗ | the path in Cay(G, S) beginning at 1 and corresponding to w is a geodesic} .

It is known that this language is regular for a hyperbolic group with any finite system of generators (this is essentially due to J. Cannon, see [8], [12]). Therefore the ordinary geodesic growth functions of hyperbolic groups are rational. In [31] the rationality of the geodesic growth functions is proven for some other class of groups with special systems of generators. It is interesting to remark that the language of geodesics can be not regular for a virtually abelian group (an example of J. Cannon, see [12]).

Let us consider the ring Z⟨S⟩ of polynomials with noncommuting variables in the alphabet S and coefficients in Z and define the complete geodesic growth function of G with respect to S as: L(z) = ∑ w∈L wz^{|w|} = ∞∑ n=0 Λ_nz^n ∈ Z⟨S⟩ [ [z] ] , where Λ_n = ∑ w∈L,|w|=n w ∈ Z⟨S⟩. The function L(z) is rational if it is rational as an element of Z⟨S⟩ [ [z] ] . The ordinary geodesic growth function may be obtained from the complete geodesic growth function via the augmentation mapping Z⟨S⟩ → Z, s → 1.

Proposition 5. Suppose that G has a finite number of cone types with respect to S. Then the complete geodesic growth function of G with respect to S is rational.

In particular, this implies that the ordinary geodesic growth function of a group with a finite number of cone types is rational.

Note that (G, S) has finitely many cone types if and only if the language of geodesics L is regular. The regularity of the language of geodesics of a group G with a system of generators S implies (see [33, Theorem 5.1]) that the formal power series ∑ w∈L w ∈ Z ⟨ ⟨S⟩ ⟩ , is rational, where Z ⟨ ⟨S⟩ ⟩ denotes the ring of formal power series with noncommuting variables in the alphabet S and coefficients in Z.

Proof of Proposition 5. The proof is similar to the proof of Proposition 1. If we denote by K + 1 the number of cone types, then the recursion formula for Λ^i_n is:

Λ^i_n = K∑ j=0 Λ^j_{n−1}r_{ji} , with r_{ij} = ∑ s∈S,ws∈L,ws of type j s ∈ Z⟨S⟩ , where w ∈ L is a geodesic of type i. Here the type of a w ∈ L is the cone type of the group element represented by w. □

We also define the operator geodesic growth function of G with respect to S: L^{reg}(z) = ∞∑ n=0 Λ^{reg}_n z^n ∈ C^∗_r (G) [ [z] ] , where Λ^{reg}_n = ∑ g∈G,|g|=n λ(g)g viewed for each n as an operator of convolution in

l^2(G) acting by left multiplication.

Let τ denote the radius of convergence of the series of growth of unimodal loops m(z) = ∑ g∈G λ(g)^2g. Proposition 6. The radius of convergence of L^{reg}(z) is equal to √ τ. Proof. The proof runs similarly to the proof of Proposition 4. Indeed, | |(Λ^{reg}_n δ_1)(g) | |^2 = | | ∑ |h|=n λ(h)δ_h(g) | |^2 = { λ(g)^2 if |g| = n , 0 otherwise .

Hence, by Lemma 5 we have

lim sup n→∞ ‖Λ^{reg}_n ‖^{1n} = √ lim sup n→∞ (μ_n)^1n ,

which leads to Θ = √ τ . □ Using the expression for m(z) obtained in [3] for the surface groups, one can find τ and thus the radius of convergence of the operator geodesic growth series of surface groups.

In this section we need a different notion of cone types in a Cayley graph, weaker than what was given in Section 3. Let Γ be an infinite, locally finite connected graph, and let v_0 be a fixed vertex of Γ. We define the cone C(w) of a vertex w in Γ to be a subgraph of Γ rooted in w, such that a vertex v of Γ is a vertex of C(w) if and only if there exists a geodesic connecting v_0 and v in Γ and passing through w. Two vertices of Γ are said to be of the same weak cone type if their cones are isomorphic as rooted graphs.

Let (G_g , S_g ) be as above the fundamental group of the orientable closed surface of genus g, g ≥ 2 with the standard system of generators. There are 2g + 1 weak cone types in Cay(G_g , S_g ). (Observe that there are 1 + 8g(2g − 1) cone types in Cay(G_g , S_g), as defined in Section 3.) The weak cone types can be described as follows. The unit element is of type 0 and it is the only element of this type. Let us say that a vertex x is a predecessor of a vertex y and y is a successor of x, if x lies on a geodesic connecting 1 with y. For example, if x and y are adjacent and |x| < |y|, then x is a predecessor of y. Observe that, except the identity, each vertex in this graph has one or two predecessors among the adjacent vertices. We now define the vertices of type 2g to be precisely those which have two predecessors at distance 1. The vertices of type 2g − i, i = 1, ..., 2g − 2, are those which have the closest successor of type 2g at distance i. Finally the vertices of type 1 are those which have exactly one predecessor at distance 1 and the closest successor of type 2g at distance 2g − 1.

Consequently l^2(G_g ) can be naturally decomposed into orthogonal sum of 2g + 1 subspaces l^2_i (G_g ), i = 0, 1, ..., 2g, which correspond to 2g + 1 weak cone types of vertices in the Cayley graph of (G_g , S_g). Among these subspaces there is one of dimension 1, it is generated by the characteristic function of the identity element.

According to [3], the ordinary geodesic growth function of G_g with respect to S_g is given by

l_g (z) =

1 + 2z + ... + 2z^{2g−2} + z^{2g−1} + 2z^{2g} 1 − (4g − 2)z − ... − (4g − 2)z^{2g−2} − (4g − 1)z^{2g−1} + 2z^{2g} . Denote by L^{reg}_g (z) the operator geodesic growth function of G_g with respect to S_g, and B(l^2(G_g )) the space of bounded operators on l^2(G_g ).

Theorem 3. The following relation holds in B(l^2(G_g )): L^{reg}_g (z) = ( 1 + ( B − 4g ) z^2 )( 1 − A z + B z^2 )_{−1} , where A = Λ^{reg}_1 ∈ C^∗_r (G_g ) is as before the sum of generators acting on l^2(G_g ), and B ∈ B(l^2(G_g )) is a diagonal operator defined by the matrix

B = b_0 0 0 · · · 0 0 0 b_1 0 · · · 0 0 0 0 b_2 · · · 0 0 . . . . . . . . . . . . . 0 0 0 · · · b_{2g−1} 0 0 0 0 · · · 0 b_{2g}

with b_i : l^2_i (G_g ) → l^2_i (G_g ), i = 0, ..., 2g scalar operators taking values b_0 = 0; b_1 = b_2 = ... = b_{2g−2} = 4g − 1; b_{2g−1} = 4g; b_{2g} = 4g − 2.

Hence we got a rational expression for L^{reg}_g (z). Remark that the relation above does not hold in C^∗_r (G_g ) because B does not belong to C^∗_r (G_g ). In particular, the ordinary geodesic growth function cannot be obtained directly from this expression. Proof of Theorem 3. In order to compute the function L^{reg}_g (z) = ∑_∞ n=0 Λ^{reg}_n z^n let us show that Λ^{reg}_0 = 1 ;

Λ^{reg}_1 = A = ∑ s∈S s ; Λ^{reg}_2 = Λ^{reg}_1 Λ^{reg}_1 − 4g ;

Λ^{reg}_n = Λ^{reg}_{n−1}Λ^{reg}_1 − BΛ^{reg}_{n−2} for n ≥ 3 .

The first two formulas are obvious. Suppose n ≥ 3. Then

Λ^{reg}_{n−1}Λ^{reg}_1 = ∑ γ∈G,s∈S |γ|=n−1 λ(γ)γs = ∑ |γ|=n λ(γ)γ + ∑ |γ|=n−2,s∈S |γs|=n−1 λ(γs)γ

= Λ^{reg}_n + ∑ |γ|=n−2 γ of type 2g (4g − 2)λ(γ)γ + ∑ |γ|=n−2 γ of type 2g−1 (4g)λ(γ)γ

+ ∑ |γ|=n−2 γ of type 1,...,2g−2 (4g − 1)λ(γ)γ .

Thus Λ^{reg}_n = Λ^{reg}_{n−1}Λ^{reg}_1 − Λ^{reg}_{n−2}B . Now we compute L^{reg}_g (z) = ∞∑ n=0 Λ^{reg}_n z^n = 1 + Az + A^2z^2 − 4gz^2 + ∞∑ n=3 Λ^{reg}_n z^n = 1 − 4gz^2 + Az + A^2z^2 + ( L^{reg}_g (z) − 1 − Az ) Az − ( L^{reg}_g (z) − 1 ) Bz^2 , and after necessary simplifications we get L^{reg}_g (z) = ( 1 + ( B − 4g ) z^2 )( 1 − A z + B z^2 )_{−1} . □ References

[1] D. J. Anick, On the homology of associative algebras, Trans. Amer. Math. Soc. 296 (1986), 641-659.

[2] V. Arnold, A. Krylov, Uniform distribution of points on a sphere and some ergodic properties of solutions of linear ordinary differential equations in a complex region, Dokl. Acad. Nauk SSSR 148 (1963), 1-12.

[3] L. Bartholdi, T. Ceccherini-Silberstein, Growth series and random walks on hyperbolic graphs, in preparation.

[4] M. Benson, Growth series of finite extensions of Z^n are rational, Invent. Math. 73 (1983), 251-269.

[5] M. Benson, On the rational growth of virtually nilpotent groups, in: Combinatorial Group Theory and Topology, Ann. Math. Studies 111, Princeton University Press, Princeton, 1987, pp. 185-196.

[6] N. Bourbaki, Groupes et algèbres de Lie, Chapitres 4,5 et 6, Hermann, Paris, 1968.

[7] J. Cannon, The growth of the closed surface groups and the compact hyperbolic Coxeter groups, preprint (1980).

[8] J. Cannon, The combinatorial structure of cocompact discrete hyperbolic groups, Geometriae Dedicata 16 (1984), 123-148.

[9] J. Cannon, Ph. Wagreigh, Growth functions of surface groups, Math. Ann. 293 (1992), pp. 239-257.

[10] D. Cartwright, W. Mlotkovskii, T. Steger, Property (T) and Ã_2-groups, Ann. Inst.

Fourier 44 (1993), 213-248.

[11] D. E. Cohen, String Rewriting - A Survey for Group Theorists, in: Geometric Group Theory, Volume 1 (G. A. Niblo, M. A. Roller, eds.), London Mathematical Society Lecture Notes Series 181, Cambridge University Press, 1993, pp. 37-47.

[12] D. Epstein with J. Cannon, D. Holt, S. Levy, M. Paterson, W. Thurston, Word Processing in Groups, Jones and Barlett Publishers, 1992.

[13] W. Floyd and S. Plotnik, Growth functions on Fuchsian groups and the Euler characteristic, Invent. Math. 88 (1987), 1-29.

[14] E. Ghys, P. de la Harpe, La propriété de Markov pour les groupes hyperboliques, in:

Sur les groupes hyperboliques d’après Mikhael Gromov (E. Ghys and P. de la Harpe, eds.), Birkhäuser, Basel, 1990, pp. 165-187.

[15] R. Grigorchuk, Growth functions, rewriting systems and Euler characteristic, Matematicheskie Zametki 58 (1995), no. 5, 653-668. (Russian) [16] R. Grigorchuk, P. de la Harpe, On problems related to growth, entropy and spectrum in group theory, Journal of Dynamical and Control Systems, 3 (1997), no. 1, 55-89.

[17] M. Gromov, Hyperbolic groups, in: Essays in group theory, MSRI 8, Springer, New York, 1987, pp. 75-263.

[18] F. Grunewald, Conference on Group Theory, Berkeley, 1989, oral communication. [19] U. Haagerup, An example of a nonuclear C^∗-algebra, which has the metric approximation property, Invent. Math. 50 (1979), 279-293.

[20] P. de la Harpe, Sur les algèbres d’un groupe hyperbolique, C. R. Acad. Sciences Paris 307, Serie I (1988), 771-774.

[21] S. Hermiller, Rewriting systems for Coxeter grous, Journal of Pure and Applied Algebra 92 (1994), 137-148.

[22] P. Jolissaint, Rapidly decreasing functions in reduced C^∗-algebras of groups, Trans.

Amer. Math. Soc. 317 (1990), 167-196.

[23] P. Jolissaint, A. Valette, Normes de Sobolev et convoluteurs bornés sur L^2(G), Annales Fourier (Grenoble) 41 (1991), 797-822.

[24] H. Kesten, Symmetric random walks on groups, Trans. Amer. Math. Soc. 22 (1959), 336-354.

[25] H. Kesten, Full Banach mean values on countable groups, Math. Scand. 7 (1959), 146-156.

[26] D. Klarner, Mathematical crystal growth, Discrete Appl. Maths 3 (1981), 47-52 and 113-117.

[27] P. Le Chenadec, Canonical Forms in Finitely Presented Algebras, Pitman, London, 1986.

[28] F. Liardet, Croissance dans les groupes virtuellement abéliens, Ph. D. Thesis, Université de Genève, 1996.

[29] R. Lyndon, P. Schupp, Combinatorial Group Theory, Springer-Verlag, 1977. [30] M. Mamagani, On growth functions of surface groups, Matematicheskie Zametki 58 (1995), no. 5, 681-693. (Russian) [31] W. Neumann, M. Shapiro, Automatic structures, rational growth, and geometrically finite hyperbolic groups, Invent. Math. 120 (1995), 259-287.

[32] L. Paris, Growth series of Coxeter groups, in: Group Theory from Geometrical Point of View, (E. Ghys, A. Haefliger and A. Verjovsky, eds.), World Scientific, 1991, pp. 302-310.

[33] A. Salomaa, M. Soittola, Automata-Theoretic Aspects of Formal Power Series, Springer-Verlag, 1978.

[34] J-P. Serre, Trees, Springer-Verlag, 1980.

[35] M. Shapiro, A geometric approach to growth and almost convexity in some nilpotent groups, Mathematische Annalen 285 (1989), 601-624.

[36] M. Shapiro, Pascal’s Triangles in Groups, private letter (1995). [37] M. Stoll, Rational and transcendental growth series for the higher Heisenberg group, Invent. Math. 126 (1996), no. 1, 85-109.

[38] M. Stoll, Some group presentations with rational growth, preprint (1994). [39] L. Solomon, The orders of the finite Chevalley groups, J. of Algebra 3 (1966), 376-393. [40] A. Valette, On the Haagerup inequality and groups acting on Ã_n-buildings, preprint. [41] P. Wagreich, The growth function of a discrete group, in: Proc. Conference on algebraic varieties with group actions, Lecture Notes in Math. 956, Springer, Berlin, 1982, pp. 125-144.