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Abstract

We establish general conditions for the weak convergence of regular one-dimensional
diffusion processes when their scale functions, speed measures, state spaces and boundary
conditions may substantially vary. Our approach is based on the classical It6—McKean rep-
resentation of regular diffusions via time changes and scale transformations of a single Brow-
nian motion. This reduces many stochastic convergence problems to deterministic questions
concerning the convergence of integrals, monotone functions, compositions, and generalized
inverses.

As a main application, we investigate various homogenization regimes for diffusions in
media with closely spaced semipermeable membranes, where the resulting limiting processes
include not only reflected and skew Brownian motions, but also skew-sticky Brownian mo-
tions and snapping-out diffusions. This yields a representation of a snapping-out diffusion
as a function of a single Brownian motion, without introducing an auxiliary sequence of
independent exponential random variables.

1 Introduction

Limit theorems for Markov processes represent a classical and thoroughly studied domain of
stochastic analysis. When the coefficients of stochastic differential equations (SDEs) are suffi-
ciently regular—for instance, smooth and bounded—the continuous dependence of solutions on
these coefficients is well-established.

Standard intuition may fail for diffusion processes in media containing semi-permeable mem-
branes or sharp interfaces. To illustrate the subtleties that arise, let us consider two motivating
examples. Suppose that, for each n > 1, the process X, is a one-dimensional diffusion in a
medium with several semi-permeable membranes and can be formally described as a solution to
the following SDE:

AX(t) = AW () + ) vk dL27 (1), (1.1)
k
where W is a standard Brownian motion, €, j, are the positions of the membranes, 7, , € (—1,1)
are the corresponding permeability parameters, and Li(" (t) denotes the symmetric local time of
X, at y.
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Assume that the membranes approach the origin as n — oo, that is, lim, €, 1 = 0 for all
k. A natural question arises: what is the weak limit of the sequence X,? Furthermore, does
this limit depend on the ratios of the distances between the membranes, their relative spatial
ordering, or the structure of the permeability coefficients?

In a heuristic sense, the local time at a given point can be interpreted as the integral of the
Dirac delta function evaluated along the trajectory of the process. Consequently, if a cluster of
membranes collapses to a single point (the origin), it is natural to expect the limiting process
to be a skew Brownian motion satisfying the SDE

dXo(t) = dW () + ydLO(t), (1.2)

where v is the effective skewness parameter. However, a naive linear intuition regarding the
summation of individual drift intensities is incorrect. It is well known that has no solution
if |y| > 1; see [26]. As demonstrated in the actual relation defining the effective parameter
~ is nonlinear, but is independent of the spatial configuration of the layer.

Consider another classical example originating from the seminal work of Portenko [46] [45].
Instead of membranes, suppose that the singular drift adg is regularized by a sequence of regular
drifts an(z) = na(nz), where a € L1(R) and o = § a(x)dz. It was established by Portenko in
a more general setting (see also , that, as n — o0, the corresponding diffusions satisfying
dX,(t) = an(Xn(t))dt + dW(t) converge weakly to a skew Brownian motion, but with the
effective parameter given by v = tanh(«). This non-linear transformation clearly illustrates
difficulties that may arise while considering singular diffusions.

Stochastic methods for studying questions of existence, uniqueness, and convergence of solu-
tions to one-dimensional SDEs involving local time have been developed in great generality; see,
e.g., [37, 21, 40, 24]. For regular diffusions on open intervals, necessary and sufficient conditions
for convergence were established by Freidlin and Wentzell [23] in terms of scale functions and
speed measures. Notably, Freidlin and Wentzell allowed the state spaces of the pre-limiting
and limiting processes to be different. The approach in [23] relies on the analysis of the re-
solvents of the processes, for which explicit formulas can be derived via solutions of certain
Sturm-Liouville-type problems. It was extended in [33] to diffusions on a fixed half-line or a
fixed bounded interval, incorporating boundary conditions into the convergence analysis. More
recently, Criens [20] studied weak convergence of regular diffusions on natural scale on a fixed
interval in terms of convergence of their speed measures, including general boundary behavior.
In contrast to the setting of [33], 20], our state spaces themselves need not be fixed; for example,
the pre-limit diffusions may live on the whole real line, whereas the limiting diffusion lives on a
half-line. Thus, a reflecting or absorbing boundary of the limiting process need not correspond
to any boundary of the approximating processes.

In this paper, we use the classical [t6—McKean representation of one-dimensional diffusions
as time-changed Brownian motions. This representation was successfully employed by Stone
in [49] and later by Brooks and Chacon [I7] in their study of weak convergence of diffusions,
scale functions, speed measures and time changes. Namely, a one-dimensional diffusion X can
be represented as X (t) = s~ H(B(A71(t))), where s is the scale function of X and A(t) is a
continuous additive functional of a Brownian motion B expressed as an integral of the local time
of B with respect to the speed measure of the diffusion X. By embedding the entire sequence of
diffusions into a single probability space via the representation X, (t) = s} (B(A;(t))), driven
by the same underlying Brownian motion B, we are able to establish almost sure convergence
of (X,,) to X provided that their scale functions (s,) and speed measures (m,,) converge in an
appropriate sense to the scale function and speed measure of X. Consequently, for each fixed



w, the stochastic problem is largely reduced to a series of deterministic analytical problems
concerning the convergence of (generalized) inverse functions (A '), integrals of the Brownian
local time against varying speed measures, and compositions of converging mappings. This
pathwise framework relies only on the fundamental sample-path properties of Brownian local
time (such as joint continuity and support properties) and avoids complex analytic machinery,
thereby substantially simplifying the proofs. The same framework can also be applied in singular
regimes where the state space and the boundary behavior change in the limit. Such extensions,
however, require additional arguments. For example, in the presence of reflecting boundaries,
the additive functionals may have flat intervals, so that their generalized inverses have jumps.
Consequently, convergence of the additive functionals does not by itself imply convergence after
the corresponding time changes.

A separate part of the paper is devoted to snapping-out diffusions. These processes are
natural generalizations of the snapping-out Brownian motion (SNOB), first introduced and
studied in [9, B9] by analytic methods and by stochastic methods in [4I]. A snapping-out
diffusion has a hard membrane, located, for instance, at 0. While the process is on the positive
or negative side of the membrane, it evolves as a diffusion X, or X_, respectively, with reflection
at 0 into the corresponding half-line (possibly with sticky reflection), until its local time at 0
reaches an exponentially distributed random level, at which point it switches to the other side.

We prove that snapping-out diffusions arise as limits of regular diffusions on the real line
under simple conditions formulated in terms of scale functions and speed measures. Our results
cover particular cases considered in [39, [41]. We also obtain a representation of a snapping-
out diffusion in terms of a single Brownian motion, without introducing an auxiliary sequence
of independent exponentially distributed random variables. This representation is particularly
convenient for proving limit theorems. For example, it allows us to obtain skew Brownian motion
as a limit of snapping-out Brownian motions with increasing snapping intensities.

Our methods may also be extended to diffusion processes on graphs by representing them as
space-time transformations of Walsh processes; see [I]. Related analytic approaches to homoge-
nization problems for diffusions on graphs can be found in [10} [12], 13]; see also the recent paper
[35], which combines analytic methods with martingale-problem techniques.

In multidimensional settings, the homogenization of diffusions in periodic or layered media
is a nontrivial problem that has been addressed in specific cases using various methods; see, e.g.,
[0l 18, 130} 25, 44} [43]. Naturally, pathwise one-dimensional methods cannot be directly extended
to higher dimensions. Nevertheless, the explicit formulas and structural mechanisms established
in our work may provide useful intuition for the effective boundary and interface behavior that
can arise in higher-dimensional models; see [2, [3], 4] [15] 16, [7], §].

This paper is organized as follows. In Section [2| we recall (a) the construction of a one-
dimensional regular diffusion via space-time transformation of a Brownian motion, (b) the
characterization of its infinitesimal generator, stochastic interpretation of parabolic PDEs with
boundary conditions, and (c) several classic examples, such as reflected and skew Brownian
motions, sticky diffusions, among others. Section [3]is devoted to the formulation and proofs of
our main convergence theorems. Subsection is introductory in nature and includes warm-up
calculations. In particular, we consider models where the limiting diffusion has natural bound-
ary or models where we investigate diffusions upon the exit from an interval. The results are
close to [49, [I7] and show the main approach and difficulties that may arise. Results where the
limiting diffusion has absorbing or reflecting boundary are studied in and We introduce
a snapping out diffusion in In Theorem we obtain the snapping-out diffusion as a
limit of regular diffusions on the real line. A representation of a snapping-out diffusion in terms



of a single Brownian motion is given in Theorem

In Section[d], we discuss various applications of our results to homogenization problems. Here
we show that numerous limiting results, some of which were proved by more involved methods,
follow as corollaries of our unified approach. We illustrate how sticky, reflecting or snapping-out
behavior may appear in limits of diffusions with drifts approximating a Dirac delta, as well
as in limits of diffusions with several interacting interfaces separated by small distances. The
examples also show qualitative transitions between different limiting regimes depending on the
relative scaling of the membrane distances and permeability parameters.

Finally, auxiliary deterministic results concerning the convergence of monotone functions
and generalized inverse functions, as well as the vague convergence of measures, are collected in
the Appendix.

2 Construction of One-Dimensional Diffusions

2.1 Space-time transformation of a Brownian motion

Let (X,Ps,z € I) be a continuous one-dimensional strong Markov process taking values in an
interval I < R, which may be bounded or unbounded, and may or may not contain its endpoints.
We will refer to X as a diffusion on I. We assume throughout this paper that X is an honest
process, i.e.,

P,(X(t)elforallt>0)=1 z€el,

where P, denotes the law of the process X started from x € I.
Introduce the stopping times o, := inf{t > 0 : X(¢) = y}, y € I, and assume that X is
regular, meaning that
Pz(oy <0) >0 forall z €int(]), ye 1. (2.1)

For example, if I = [«,3), then any point in [a, () is accessible in finite time with positive
probability from any initial point z € («, 3). However, we do not assume that Py (o, < ) >0
for y € («, 8); the process X may be absorbed at «.

It is well known (see, e.g., [48]/147]) that there exists a strictly increasing continuous function
s: I — R, called the scale function, such that for all y; < z < g9 in I,

s(y2) — s(x)
s(y2) — s(y1)

It is clear that the process X (£) = s(X(t)), t = 0, is also a regular diffusion on s(I), and
$(z) = x is its scale function. Diffusions whose scale functions are affine, i.e., s(z) = ax + b with
a > 0, are called diffusions in natural scale.

The next fundamental result states that any regular diffusion is a space-time transformation
of a Brownian motion (see [48, pp. 277-279] and [31, Theorem 20.9, p. 379]). Recall that the
symmetric local time of a Brownian motion B is defined by

Px(ayl < Jy2) =1- Px(gyl > 0y2) = (2'2>

.1
lB(t, y) = 61_1}%14_ % L ]1{|B(z)—y\<e} dz, a.s. (2.3)

Moreover, there exists a modification of lp(t,y) that is continuous in (¢,y), and we use this
modification throughout the paper. It is well known that [p is the density of the occupation
measure of the Brownian motion, satisfying the occupation times formula

f f(B(z))dz :J f)ip(t,y)dy, t=0, as. (2.4)
0 R

4



for any bounded measurable function f.

Theorem 2.1. Let X be a reqular diffusion in natural scale on f, started from T € I. Then
there exist a measure m on the Borel o-algebra of I satisfying

~

0 <m([71,92]) <00 for all g1, ya € int(1) with 71 < Yo, (2.5)

and a Brownian motion B started from T and defined on some extension of the probability space
(Q, F,Pz), such that X has the representation

X(t)=B(A ), t=0, as., (2.6)

where
A(t) := LNZB(t’ 7)m(dy) and ATH(t) :=inf{s = 0: A(s) > t}. (2.7)

Remark 2.2. In their seminal book [28], 1t6 and McKean use a definition of Brownian local time
that includes a factor 1/2. This difference is compensated for by a corresponding factor of two
in the speed measure. Normalization conventions vary across standard textbooks. Throughout
this paper, we follow the convention used in Theorem and adjust the formulas accordingly.

Remark 2.3. The formulation of Theorem is adapted from [48]. In [48], as in many other
monographs, the process is assumed to start from an arbitrary fixed point Z. However, the
assumption of a deterministic initial point is not essential for the structural representation. The
same representation holds for an arbitrary initial distribution. More precisely, for any regular
diffusion in natural scale X on I and any initial distribution ji, there exists a Brownian motion
B defined on an extension of the probability space (€2, F,Py) with initial distribution & such

that (2.6) and (2.7) hold.

If X is a regular diffusion on I with scale function s, setting X = s(X) yields the repre-
sentation X = s7! (B(Afl)) via Theorem To obtain a more intuitive representation, it is

preferable to express the integral in over the original state space I rather than T. To this
end, we define a measure m on the Borel subsets of I by the relation m(A) = m(s(A)). Note
that s and s~! are measurable maps by continuity; hence, s(A4) = (s71)71(A) is a measurable
set; measures m = m o s~! and m = m o (s71)7! are push-forward measures. Applying the
change of variables formula, we obtain the following result.

Theorem 2.4. Let X be a regular diffusion on I with scale function s, started from x € I. Then
there exist a measure m on the Borel o-algebra of I satisfying

0 <m([y1,y2]) <o for all y1,yz € int(I) with y1 < yo, (2.8)

and a Brownian motion B started from s(x) and defined on some extension of the probability
space (2, F,Py), such that X has the representation

X(t)=s1(BA)), t=0, as., (2.9)
where

At) = f | spme s ay) = L 5(t, 5(y)) m(dy), (2.10)

and A7L(t) := inf{s > 0 : A(s) > t}.



The measure m from Theorem is called the speed measure of X.
It is well known (see, e.g., [48],[47]) that the speed measure of a regular diffusion satisfies the
relation
0y1 /\O'y2
BT =2 [ Gas@m), (211)
0 (y1,y2)
for any non-negative measurable function f, where the Green function G is symmetric, and is
given, for y; <y < x < y9, by the formula (see [47, pp. 303-304])

G(z,y) = (s(y) = s(y1))(s(y2) — s())
| s(y2) — s(y1)
Equation li determines the function s uniquely up to a nondegenerate affine transforma-

tion. If s,§ are scale functions and m,m are the corresponding speed measures for the same
diffusion X, then there exist constants a > 0 and b € R such that

, Y1 SYST K Y

3(z) = as(z) +b and m(dz) = a”tm(dx).

Furthermore, once the scale function s is fixed, the restriction of m to int(/) is uniquely deter-
mined by .

Before we continue to discuss examples and applications, it is necessary to make a few
important remarks regarding the boundary behavior of diffusions.

The additive functional A(¢) may be infinite for some ¢t > 0. A necessary condition is that
m assigns infinite mass to every neighborhood of one of the endpoints of I and that s is finite
at that endpoint. Let tp := inf{s > 0 : A(s) = +00} < o0. It can be shown that in this case
limy_, o, X () exists and is equal to « or 3. Moreover, if this point is accessible in finite time (i.e.,
is included in 1), then X is absorbed there upon its first hitting. For a rigorous classification and
characterization of boundaries, we refer the reader to [28| 48|, 29, [34]; see Remark below.

The following properties of A are well known. We include a proof to make the paper self-
contained.

Lemma 2.5. Let A(t) := SS(I) Ip(t,y) m(dy). Set ¢ :=inf{t > 0: A(t) = +w} € [0,00]. Then,
almost surely, A is continuous and nondecreasing on [0,(). Moreover, A is strictly increasing
on every interval [a,b] < [0,() on which B(t) € int(s(I)),t € [a,b].

Proof. The monotonicity of A follows from the fact that ¢ — Ip(¢,y) is nondecresing for any
y. The continuity of A on [0,¢) follows from the continuity and monotonicity of the map
t — lp(t,y), together with the monotone and dominated convergence theorems.

It is well known that P(Ig(t1, B(to)) > lp(to, B(to))) = 1 for any fixed ¢t; > to = 0. Since lp
is jointly continuous,

P(de,c >0 : Ip(t1,y) —lp(to,y) = ¢, |y—Blto)| <e) =1
So, for almost every w such that B(ty) € int(s([)), we have the inequality
A(tr) — A(to) = em({y = |y — B(to)| < £0}) >0

for every sufficiently small g > 0 such that [B(to) — €0, B(to) + €0] < s(I). Here we used the
fact that m assigns positive mass to every nonempty open subinterval of int(s([)). Taking the
intersection over all rational ty < t1, we obtain an event of probability 1 on which A(t1)— A(tg) >
0 holds simultaneously for all rational ¢y < ¢; such that ¢ty € [0,(). Let [a,b] < [0,() be an
interval on which B(t) € int(s(I)),t € [a,b]. Choosing rational numbers a < tg < t; < b we
obtain A(b) — A(a) = A(t1) — A(tp) > 0. This proves the second assertion of the lemma. O



A remarkable fact is that the converse of Theorem also holds, meaning that formula
defines a continuous strong Markov process. The only delicate aspect concerns the behavior of
X at the endpoints of I. We first formulate this inverse result for a diffusion X in natural scale;
the general case follows as a straightforward corollary. In the general setting, some caution is
needed if I is unbounded and the process can reach +00 or —oo in finite time (which is impossible
when a diffusion is on a natural scale).

Theorem 2.6. Let | [—00,00] be an interval with endpoints —o0 < & < B < o0, and let i be
a measure on I satzsfymg . ) for all 71,92 € 1nt(I). Let 5 € (@, B) be arbitrary. Define the

~

state space I < I, with I\I c {04,5} according to the following criteria:

e the point & is included in T if and only if & € R and

J (r —a)m(dx) < oo,
(@9

(in this case, the process X defined below hits & from int(f ) in finite time with positive
probability);

e the point B is included in T if and only ng e R and
f (B o)) < @
(%.8)

(in this case, the process X hits B from int(I ) in finite time with positive probability).

Let B be a Brownian motion started in I. Then the process X defined by (2.6) and . S a
regular diffusion on I.

For the proof, we refer to [48, pp. 277-278] or [2§].

Remark 2.7. Convergence or divergence of the integrals is independent of the choice of the
reference point 7§ € (& 5) Furthermore, if & = —o0 or B +00, the integrals

J(&m (z — &) m(dz) and J( . (B — ) (dz)

are infinite, respectively. Thus, the explicit requirements & € R and E € R in the criteria for
inclusion in I can be safely omitted, as the boundary points +00 can never be included in the
state space.

Remark 2.8. Tt is well known that if K is a continuous additive functional of a strong Markov
process Y, then the time-changed process Y o K~1 also possesses the strong Markov property.
Consequently, the process X defined by (2.6]) is strong Markov. The sample-path continuity of
X is immediate when I does not contain endpomts (in which case A is almost surely continuous,
strictly increasing, and unbounded) and can be rigorously established by elementary arguments
from analysis when endpoints are included (see [28, §5.3]). Therefore, the fact that X is a regular
diffusion is standard; the nontrivial content of Theorem lies in the precise characterization
of which boundary points belong to the state space.



Let X be a diffusion in natural scale with speed measure m on an interval Ic R, and let
s : I — I be a continuous strictly increasing bijection. Then X(t) := s *(X(t)) is clearly a
regular diffusion on /. Consequently, any process possessing the representation 7,
where m = m o s, is a regular diffusion on I with scale function s and speed measure m.

In general, it is not entirely accurate to assert that for any strictly increasing continuous
function s : I — R and any measure m on [ satisfying , formulas and automat-
ically define a regular diffusion on I because the boundary points require separate treatment.
A subtle problem arises if I is unbounded and the process can reach, for instance, +0co in finite
time with positive probability. This scenario can occur only if the limit s(+00) := lim,_, o ()
is finite, which implies that s(+00) must be included in the state space of X. To address this
particular situation, in the following theorem we consider processes taking values in the extended
real line [—o0, 0], equipped with the usual topology. In principle, the process can exit +oo after
the hitting. The following result is an immediate consequence of Theorem

Theorem 2.9. Let I = [a, 8] € [—0, 0] be an interval, let s : I — [—o0,0] be a continuous,
strictly increasing function, and let m be a measure on I satisfying (2.8) for all y1,y2 € int(I).
Define the state space I I, with I\I  {a, B}, according to the following criteria:

e the point « is included in I if and only if s(a) € R and
| st = st miao) < e
(@)
where v € (o, B) is an arbitrary point (in this case, the process X defined below hits o from
int(I) in finite time with positive probability);

e the point [ is included in I if and only if s(8) € R and
| ) - sty mida) < o
(v:8)

(in this case, the process X hits B from int(I) in finite time with positive probability).

Let B be a Brownian motion started in s(I). Then the process X defined by (2.9) and (2.10) is
a reqular diffusion on I.

Remark 2.10. The following characterization of the behavior of X at « can be found in [28] 29|
48, 132]. The characterization at the right endpoint 8 € I is analogous.

o If s(o) € R and m([a,y]) < o0, then the process X reaches « from int(I) with positive
probability and enters int(/), when started from «, with probability 1. In this case, the
point « is called a reqular boundary.

o If s(a) € R, m((ar,7]) < 00, and m({a}) = o0, then the process X reaches a from int(I)
with positive probability and absorbed there upon hitting it. In this case « is an absorbing
point.

o If s(a) e R, S(a 7)(s(:c) — s(a)) m(dx) < oo, and m((«,y]) = o0, then the point « is an exit
boundary (and thus an absorbing point); that is, X reaches « from int(/) with positive
probability but cannot enter int(I) from c.



o If s(a) eRand {,  (s(z)—s(a))m(dz) = +o0, then X cannot hit « in finite time (hence
¢ I), but Py(limse X( ) =a) > 0 for all = € int([), and limy o+ Py (limio X (t) =
) 1.

o If s(a+) = —o0, then X does not hit « in finite time, o ¢ I, and P, (im0 X (t) = @) =0
for all € int(7).

Remark 2.11. The local time of the diffusion X is defined as
Lx(t,y) = l(A7 (1), 5(y), ¢ >0, (2.12)

for all y € I that are not traps, and in particular for all y € int(I); see [28, §5.4].

Almost surely, the local time Lx (t,y) is jointly continuous in (t,y) € [0,00) x int(I). Indeed,
the functions (t,z) — lp(t,x),  — s(x), and t — A(t) are almost surely continuous. Moreover,
A is strictly increasing whenever the Brownian motion B belongs to int(s(I)); see Lemma [2.5
Consequently, the inverse A~! is continuous at those time instants when X is in int(I). At a
jump of A~!, the corresponding Brownian path segment lies outside int(s(I)), and hence the
Brownian local time at interior points does not change during this segment. Together with joint
continuity of I, this yields the joint continuity of Lx on [0,00) x int([).

It follows from and standard real analysis arguments that

P <L f(X(z))dz = Lf(y)LX(t,y) m(dy) for all ¢t > 0> =1 (2.13)

for any bounded measurable function f supported on the set of non-trap points; see [28] §5.4]
and [48, Thm 49.1, Ch. V.7].
The continuity of Lx and relation (2.13)) imply that

fo Lx(a)-yl<ey 4
L ~ 1 =
x(ty) = lim m([y — e,y +¢])
fo Lx(elyw+epy d2 (2.14)
=0+ m([y,y +¢€])
i S0 Lxely—eqn 2
=0+ m(ly—e,y])

for every t > 0 and y € int(/). Hence, Lx is indeed a local time in the standard sense;
namely, it is a continuous additive functional of X, and ¢ — Lx(¢,y) increases only when X
visits y. If y € I is a non-trap left or right endpoint of I, then Lx(¢,y) can be expressed as

t t
lim, o4 SOE{’; %E;[;jj_’;s)” ¢ o lim. g+ Soﬂ{ﬁ(z[);ﬁ’g;’ﬁ” dZ, respectively (see [28, §5.4]). Although

the path continuity of ¢t — Lx(¢,y) at the endpoints was not explicitly formulated there, it can
be verified directly from the steps of their proof. To make the paper self-contained we include
the arguments for the case when the left endpoint « is included in I and is not a trap. Since
A is continuous and nondecreasing, the function A~! is a cadlag increasing function. Hence Lx
is continuous at (¢, ) whenever ¢ is not a jump of A~!. It remains to verify that on a set of
complete probability we have

lim Ig(A7(tn), s(z,)) = l(A7L(t), s())

n—0o0



for any ¢ > 0 that is a point of jump of A~! and any sequences (t,) < [0, ), (z,,) = I such that
limp,—optn = t, lim,_e 2z, = a. By the right-continuity of A™!, it suffices to consider only
t, <t.

Since t is a point of jump of A~!, there is a nondegenerate maximal interval [z_, z4] < (0, )
such that A(z) = t,z € (2—,24+). Then B(z) ¢ s(I),z € (2_,24), B visits int(s(I)) in any

neighborhood of z4, and A71(t—) = z_, A‘l(t) z4. The local time of a Brownian motion
I is jointly continuous. Thus limy, .« Ig(A~1(t,), s(z )) Ip(z—,s(a)). Since B(z) # s(a), z €
(z—, z4+) we have equality of local times lg(z_, s(a)) = lp(2+, s(«)), which completes the proof

of continuity of Lx.

Remark 2.12. Assume that o € I is the left endpoint of I and is not a trap. Then we can obtain
an analogue of the representations (2.9) and (2.10f), where the Brownian motion B is replaced
by a Brownian motion B reflected at the point s(«):

X(t) = s 1 (B+(A7H(®)), t=0. (2.15)

Here

Aww:L#mmwmw*mm:Lmumwmmw (2.16)

and A7'(t) := inf{s > 0 : A (s) > t}. The local time Ip, (t,u) is defined by the formula
lim. 0+ % Sé 1B, (z)efu,u+e)} dz. Formulas (2.12) and (2.13) remain valid if we replace B and A
with By and Ay . For the proof, we refer to [28, §5.5], which establishes a deep result concerning
the chain rule and the subordination of diffusions. Note that the symmetric local time coincides
with both the right and left local times for every y € int(/). The setting involving the right
endpoint of I, or both endpoints simultaneously, is entirely analogous.

2.2 A functional approach: generators and boundary conditions

Let X be a regular diffusion on I, and let A denote its generator. Recall that, for f € Dom(.A),
the function

u(t,z) := Ex f(X (1))

satisfies the Kolmogorov backward equation
u = Au, t>0,

with initial condition u(0,x) = f(x).

Thus, in order to describe the corresponding PDE, one needs to identify both the action of
the generator and its domain. The former determines the differential operator in the interior of
the state space, while the latter determines the boundary and interface conditions.

In terms of the scale function and the speed measure, the generator has the classical fornﬂ

Af = 3 DuDyf.

The notion of a generator is somewhat delicate, since it is formulated in different ways in the
literature. We explain this classical formula, with particular emphasis on the endpoints of I and

!Sometimes the generator A is written without the factor of 1/2, as seen in the monograph by It6 and McKean
[28]. This convention plays no role as long as the corresponding adjustments are made to the speed measure m
and the definition of the local time.
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on the atoms of m. The rigorous definition of A will not be needed in our proofs. We include
this subsection to clarify the connection between diffusions and the corresponding PDEs with
boundary conditions.

There are several standard approaches to defining the generator, which, under appropriate
conditions, lead to equivalent characterizations of the law of X. Among the standard approaches
are: (a) fixing a suitable Banach space and constructing Markov semigroups, (b) defining a
generator via a martingale problem, (c) using Dynkin’s characteristic operator, among others.
For example, Ito6 and McKean started with resolvents Ry f(x) := E; Sgo e M F(X(s))ds, A > 0
defined on the set of bounded continuous functions. Then they defined A as the (unbounded)
operator such that (A — A)~! = Ry. Subsequently, they associated A with Dynkin’s operator
and with “weak” infinitesimal operator.

In all cases, it is well known that P,f(z) := E,f(X(¢)),t = 0 maps bounded continuous
functions to bounded continuous functions; see [48], Proposition 50.1]. However, X may not be a
Feller—Dynkin process, i.e., (P;) may not always map Cy(/) into itself. This happens if and only
if at least one of the boundary points is an entrance point; see [19]. Introduce the space C([)
of continuous functions on I that have finite limits at the endpoints of I (which is automatic if
the endpoints belong to I), equipped with the norm | f| := sup,e; |f(x)|. It can be shown that
(P))¢=0, restricted to C(I), is a strongly continuous semigroup.

The generator of the semigroup, A : Dom(A) = C(I) — C(I), is defined by the standard
formula Af = limy_q4 £ ”;_f , where Dom(A) consists of f € C'(I) such that the limit exists in
the supremum norm.

Remark 2.13. The representation of the solution to the Kolmogorov backward equation

u(t, z) = Eo f (X (1))

also relates weak convergence of Markov processes to convergence of the corresponding solutions
of the Kolmogorov backward equations. Indeed, suppose that

Un(t, ) = Ex frn(Xn(t)), n =0,

where = belongs to the state spaces F, of the processes X,,. Assume also that all E, are
contained in a common metric space E, all f,,, n = 0, are bounded continuous functions defined
on the space F, and that lim, o sup,cp | fn(z) — fo(z)| = 0.

Let x, € E,,n = 0, with lim,_ ., x,, = zg, and suppose that, for a fixed t¢ > 0, we have
convergence in distribution X,,(t) = Xo(t) when X, (0) = x,,n = 0. Then lim, o upn(t, 2,) =
uo(t, o).

It can be shown (see [28] 29, 47]) that if f € Dom(.A), then for any z € int(I) the following
derivatives exist:

DEAE) = iy

D; () = lim . Ei - g = f((j;,
DDy f(@) = lim D:ffj([tg 51)5/_, f: i%_ 2}
DD 1) =, B, Dgfﬁf(ffﬂ)sf_, Pl =
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and satisfy
Af(z) = %Dme f@), eint(l).

Moreover, if m({z}) = 0 (see [47, Chapter VII, Theorem 3.12]), then we have equality

D; f(z) = Dy f(x) = Dsf(),

and the fundamental relation
T2
D.f(e2) = Duf(an) =2 | Af()mlcy)
z1

holds for any z1,z2 € int(I) provided that m({z1}) = m({z2}) = 0. On the other hand, if
m({x}) > 0, then the one-sided derivatives satisfy the jump condition

D{ f(z) — Dy f(x) = 2m({z}) Af (z). (2.17)
The domain of the generator [28] equals the set of functions f € C(I) such that:
(a) Dy, DS f(x) and D,, Dy f(z) are well-defined and coincide for all z € int([),
(b) 3D, D f belongs to C(I),
(c) f satisfies certain boundary conditions at those endpoints of I that belong to I.

We present the boundary conditions only for the left endpoint «. The right endpoint is
treated similarly. If o € I and m([a, a + €]) < oo for small € > 0, then

2m({a})Af(e) = D f(a). (2.18)

In all other cases, the process X cannot exit from « into int([), and Af(«) = 0.

2.3 Examples: Brownian motion with semipermeable and sticky interfaces

In this section, we present several well-known examples of diffusions, their scale functions, speed
measures, local times, and various stochastic representations.

2.3.1 Brownian motion

The identity function s(x) = = and the Lebesgue measure m(dz) = dz are a scale function and
a speed measure of a Brownian motion on I = R. Note that s.(z) = cz and m.(dz) = ¢ 'dz
are also a scale function and a speed measure of a Brownian motion for any ¢ > 0. The domain
of A consists of u € C?(R) such that u,u” € C(R). Moreover, Au = 3u” for such u.

2.3.2 Reflected Brownian motion

Let W be a Brownian motion with W (0) > 0 a.s. The process X (t) = |W(t)|, t = 0, is called
a reflected Brownian motion. This is an example of a regular diffusion on I = [0,00) with a
scale function s(x) = x for z > 0 and speed measure m(dx) = 1,0y dz. Note that s.(z) = cx
and m.(dr) = Liz>0 c~!dx are also scale functions and speed measures of a reflected Brownian
motion for any ¢ > 0. The domain of A consists of u € C2([0,0)) such that u,u” € C([0,0))

12



that satisfy boundary condition (2.18]), which in this case is the Neumann boundary condition
u'(0+) = 0. Moreover, Au = fu” for such u.
It follows from Theorem [2.4] ﬂ and the occupation times formula that there exists a

Brownian motion B such that X (t) = B(A;'(t)), t = 0, where A (t) := So L¢B(z)=0y dz.
Let .
lw<t y) = lim 1f ]l{|W( Y—y|<e} dz
’ =0+ 2¢ Jg BTYIsE
and

1
lwy(t,y) == lim %L Lgiw (z)|-yl<e} 42

be the symmetric local times of W and |W|, respectively. It is easy to verify that almost surely
> 0;
=0.

lW(t) y) + ZW(tv _y)7 2 O,
lW(t7O)7 t>= 0,

On the other hand, relation (2.12)) yields Ly((t,y) = I5(A7(t),y) for t > 0 and y = 0, which is
continuous in y € [0,00). Note that ljy(t,y) = Lyw(t,y) for y > 0, but Ly (t,0) = 2{u(t,0).
This corresponds to Remark since

o1t
Lyw(t,0) := 513& Efo Lyw(2)lefo,e]y dz-

2.3.3 Space transformation of a regular diffusion

Let X be a regular diffusion on I with scale function s and speed measure m, and let f : I — J
be a continuous and increasing bijection. It is clear that Y'(¢) := f(X(¢)) is a regular diffusion
on J. It follows from , , and that its scale function and speed measure are given
by sy = so f~t and my := mo f~!, respectively. Here, s o f~! denotes the composition of s
with the inverse function f=!, and mo f~! is the image (push-forward) of the measure m under
the map f; that is, mo f~1(A) = m({x e I : f(z) € A}).

In particular, if m(dz) = p(z)dx possesses a density p, and f is continuously differentiable

with f’ > 0, then the speed measure of YV satisfies my (dy) = Jf.),((]; ((y)))) dy.

2.3.4 Scale function and speed measure of a solution to a stochastic differential
equation

Consider a stochastic differential equation (SDE)
dX(t) = a(X(t))dt + b(X(t)) dW (1),

where a and b are continuous functions with b(x) # 0 for all x € R. Then the SDE has a weak
solution, unique in law, up to the explosive time. If, for any starting point, the solution does not
explode almost surely (for instance, if a and b are bounded), then this solution is automatically
a regular diffusion on I = R. Any function s and measure m that satisfy the relations

s'(z) = exp{—2®(x)}, m(dz)=m'(z)dx,

where
, alz , exp {2®(x
<I>(x)=b2((x)>, m(x):p;(x)()}, zeR.

are a scale function and a speed measure of X; see [48, page 297].
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2.3.5 Skew Brownian motion

Recall that a skew Brownian motion with parameter v € [—1, 1] is defined as the unique solution
to the SDE
dX(t) = dW(t) + ydL (t), (2.19)

where Lg () = lime_o4 % S(t) I x(z)|<¢} dz is the symmetric local time of X at the origin (see
[26]). If v ¢ [—1,1], then there is neither a strong nor a weak solution to (2.19). If v = 1 (or
v = —1), then X becomes a Brownian motion reflected upward (or downward, respectively) at
0. If || < 1, then X is a regular diffusion on I = R, and its canonical scale function and speed
measure are given by [38] §4.2]:

! >0 d >0
s(x) = {p Oor=n m(dz) = {p Hor=n (2.20)

gz, <0, qdx, x <0,

where p = HTW and ¢ = 1_?7, ie,y=p—qgand p=1—gqe (0,1). Sometimes, p and q are
associated with ‘probabilities’ that an excursion of the skew Brownian motion ‘selects’ positive
and negative direction upon leaving 0.

It follows from our preceding discussions that a continuous increasing function § and a
measure m are the scale function and the speed measure of the skew Brownian motion if and
only if they fulfill the following requirements:

e § is affine on (—o0,0) and on (0, c0);
e ¢8'(0—) = p3'(0+);
o rn(dx) = (8(0—)) ! Lzeoy da + (3'(0+)) ! Lizsey da.

Let X be constructed by formula (2.9)), where s and m are given in (2.20]). Let us calculate

the left, the right, and the symmetric local time of X at 0 in terms of the local time of the

x, x =0,
Brownian motion from (2.9). Observe that s~!(z) = b 0
qr, x<0.

It follows from ([2.13]) and the change of variables formula that

t
right I H -1
LXskew (t7 0) : 51_1)%1_,’_ € J;) :[]'Xskew (2)6[075] dZ

— lim 1 f 1yego.e] Lo (1) ke (dy)
e—0+ R

. — - 2.21
= lim ' fR ]lye[O,e] lB(A l(t)asskew(y))mskew(dy) ( )

e—0+

- fR Lyetosy L3 (A7 (1), y/p)pdy

e—0+

plp(A7H(1),0)

because [p is jointly continuous. Similarly

t
LS (£,0):= lim 7' | 1 d
Xskew ( ) O) gi}%l+ € 0 Xskew (Z)E[—E,O] z

= qlB(A_l(t)7 0)5
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and consequently the symmetric local time of X, at 0 equals

. t
LYR(8,0) = lim (2¢)71 L U X ()] <2 2

(2.22)

%ZB(A‘I(t), 0).

Remark 2.14. If p = q = %, then the skew Brownian motion is a Brownian motion W. At first
sight, the factor 1/2 in (2.22) may appear surprising. If we use s and m from (2.20)), then A(t) =
Selp(t,y)dy/4 =t/4, A7Y(t) = 4t, s7'(z) = z/2. Consequently, W (t) = Xqew(t) = 3 B(42).
Here, if Xqew(0) = 2, then B(0) = 2z, so that $B(4t),t > 0, is a Brownian motion started from
x. In particular, when x = 0, it has the same law as B

The domain of the generator Dom(.A) consists of functions f € C(R) such that the second
derivative f”(x) exists for all z # 0 and can be extended by continuity to a function belonging to
C(R). Moreover, since m({0}) = 0, the continuity condition for the scale derivative D} f(0) =
D f(0) yields the transmission (boundary) condition at the origin: pf’(0+) = ¢f’(0—).

Thus, the domain Dom(A) consists of f € C(R) such that

1. f"(z),z # 0 exists, f”(04+) = f”(0—) and if we define f”(0) := lim,_,o f”(x), then f” €
C(R);

2. pf'(0+) = ¢f'(0-).
For f € Dom(A) we have Af = 1 f”.

The backward Kolmogorov equation for u(t,z) = E, f(X(¢)) is given by

1
w(t,x) = §um(t, x), x#0,t>0,

where f € Dom(A) and the interface condition holds at = = 0:

u(t,0) = u(t,0+) = u(t,0—), t>0,
pug(t,04+) = qug(t,0—), t>0, (2.23)
Uge (t,04) = uge(t,0—), ¢>0.

Here, the first and third relations express continuity across the interface, while the second one
is the nontrivial transmission condition.

2.3.6 Brownian motion with many semipermeable membranes

Consider the SDE with local times

dX(t) = dW(t) + i v dLg (1), (2.24)
=1

where a1 < -+ < an, v € (—1,1), and Li(t) = lim. g4 i Sé 1{|X(z)—a;|<e} Az is the symmetric
local time of X at a; for 1 < i < n.

The properties of this process on each interval containing only one of the points a; are the
same as for a skew Brownian motion. Hence, any continuous strictly increasing function s and a
measure m that satisfy the following properties form the scale function and the speed measure
pair for X:
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e sis affine on each of the intervals (a;, a;41) for 0 < i < n, where ap := —0 and ay4+1 := +00;

e ¢;s'(a;—) = p;is'(a;+), where p; =1 —¢; = % for 1 <1< n;

o m(dr) = (S0 /(00 L jne(or ey ) -

Note that '(ai+1—) = §'(a;+) for 1 < i < n—1 because s is linear on the intermediate intervals.
The backward Kolmogorov equation takes the form

1
ug(t,x) = §um(t,x), x ¢ {ay,...,an}, t>0,

with the following interface conditions for 1 < i < n:
u(t,a;) = u(t,a;+) = u(t,a;—),
piva(t, ait) = qiua(t, ai—), (2.25)
Ugy (t, ait+) = Ugy(t, a;—).

As above, only the second relation is a transmission condition; the other two express continuity
across the interface.

2.3.7 Skew-sticky Brownian motion

Let Xskew = Xgkew(y) b€ a skew Brownian motion with parameter v = p —q € (—1,1), whose
scale function and speed measure are given by

T x
Sskew(x) = aﬂ{az<0} + ;H{xZO}v

dmskew(x> = (q]I{x<0} +pH{x>0})dx7

where p = 1%7 and ¢ = 1777

For any A > 0, we define a continuous strictly increasing additive functional Ax(t) := t +
ALx,., (t,0), where Lx__ (¢,0) = Li?:igetrlc(t, 0) is the symmetric local time of Xqkew = Xekew()
at the origin. The process

XA(t) 1= X5V (1) 1= Xaew(A71(1), 120,

is a regular diffusion on R called a skew-sticky Brownian motion. This time-change makes the
point 0 “sticky”, allowing the process to spend a positive Lebesgue measure of time there.

Let us determine the scale function and speed measure of X?*.

We can write X (t) = sl (Bo A7l o AJ1(t)) = s3l, (B o (AyoA)7L(t)), where A(t) =

skew

S]R ZB (t7 Sskew (y)) dmskew(y) . Apply " :
A

(Ayo A)(t) = A(t) + \Lx_..(A(t),0) = A(t) + §z3 (A71(A(1)),0)

= | 1Bt sekew(¥)) dmskew(y)+é50(dy) -
I (4 + 50

The scale function s of the skew-sticky Brownian motion matches Sqew, While its speed measure
dm acquires an atom at the origin:

T T
s(x) = E]I{m<0} + 5]1{790},
\ (2.26)
dm(z) = (qH{:KO} + pH{xZO}) dz + §5O(dx).
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Transmission condition ([2.17)) at 0 takes the form:

i (04) — qu (0—) — 2;“”2(0) _ %u”(O). (2.27)

In particular, the transmission condition for the sticky Brownian motion (i.e., the case p = ¢ =
1/2) is w/(04) — u/(0—) = A" (0). Note also that Au(z) = Fu”(z),z # 0 for all u € Dom(A).

3 Limit theorems

Let X,, be a regular diffusion on I, with scale function s, and speed measure m,, n > 0.
We assume that, in a sense to be specified below, we have convergence lim, ., s, = Sq,
lim,, oo my, = mo, limy, 0 I,, = Iy, and lim,_, X,,(0) = X(0). Under suitable conditions,
this yields convergence in distribution of the corresponding diffusions. To prove these results,
we construct copies of X, n = 0, defined on a common probability space with the same Brownian
motion via representations similar to , ; see , below. The desired conver-
gence in distribution will then follow from almost sure convergence of these coupled copies,
which can be established by deterministic real-analysis arguments. Throughout the paper, we
consider convergence of processes in the space C([0,0)), equipped with topology of locally
uniform convergence; see, for example, [22].

3.1 Open intervals

In this section, we first consider the case where Iy = (ag, ), so that both endpoints are
inaccessible. We also study convergence of the processes X, stopped upon exiting a fixed
compact interval [a,b] < (o, Bp). We will not impose any specific conditions on the inclusion
or exclusion of endpoints in I, for n > 1.

Let By be a Brownian motion started from 0 with local time lg,(¢,y), t = 0, y € R, and let £
be a random variable independent of By. Then B(t) := s(§) + By(t) is a Brownian motion with
initial value s(£) and the process X defined below is a regular diffusion with initial value &:

X(t) =s(s(€) + Bo(A™(t)), t=0, (3.1)

where
A(t) = L s(t, 5(y)) m(dy).

Observe that Ip(t,7) = I, (t,5 — s(§)) for t = 0, y € R a.s. Thus, A(t) can be rewritten as

A(t) = f[ Lo (1, 5(3) — 5(€)) m(dy). (3.2)

Let X, be a regular diffusion on I,, with scale function s, and speed measure m,, n = 0.
We denote the endpoints of I,, by —0 < a,, < 8, < 0. Assume that:

A;. limsup,,_,,, an < ap and liminf, ., 3, = Bo;
As. for any z € (a, fp), we have the pointwise convergence limy, o Sy () = so(2);

Ag. lim, o Sg ‘(’) fdm, = Sg ?) fdmg for any continuous function f compactly supported in
(o, Po). That is, m,, converges vaguely to mg as n — o0 on Iy; see Appendix for definition
and properties of vague convergence.
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To illustrate the underlying idea, first we present a simple result where I,, = R for all n > 0.
Generally, technical difficulties arise when the processes can hit the boundaries of I,,. This case
will be analyzed carefully later in this and subsequent sections.

Theorem 3.1. Assume that I, = R for all n = 0, conditions Ax—A3 are satisfied, and
Sp(t0) = oo, n = 0. Let By be a standard Brownian motion and let {,,n = 0} be ran-
dom variables independent of By such that limy, o &, = & a.s. Suppose that {X,,n = 0} have
the representations

Xn(t) = 5,  (50(6n) + Bo(A,1(1))), t=0, (3.3)

where

An(t) = j Lo (50 () — 50(6n)) mn(dy). (3.4)

Then X, — X almost sure, locally uniformly in time; that is,

VT >0, lim max |X,(z) — Xo(2)| = 0.

n—00 z€[0,7T']

Proof. We work on an event € of probability 1 on which all considered processes and random
variables have standard properties; for example, lim,_, &, = &, IB,(t,y) is jointly continuous
in (¢,y), etc. For the remainder of the proof, we fix w € €.

Recall that if a Brownian motion has not visited a given point, its local time at that point is
zero. Since so(+00) = +o0, for every T' > 0 the supports of functions y — Ip, (¢, so(y)—s0(&)),t €
[0, T], are contained in a common compact set. Lemmas [5.1 and [5.7| yield that s, (&) — so(&o)
as n — oo0. It follows from assumption Ay and monotonicity of s, that the supports of the
functions y — Ip,(t, sn(y) — sn(&n)) for t € [0,T] are contained within a common compact set
for all sufficiently large n. Thus Ip, (¢, $n(y) —sn(&n)) — 1B, (£, s0(y) —s0(&o)) as n — oo uniformly
in (t,y) € [0,T] x R. Lemmas and imply the locally uniform convergence A,, — Ag as
n — 0.

Since Ay is strictly increasing, see Lemma [2.5] we obtain the locally uniform convergence of
their inverses, 4! — Ay ' (see Corollary . Applying Corollary once again, we get the
locally uniform convergence s, ! — 50 1 Lemma completes the proof. ]

Let 0,(X) := inf{t > 0 : X(¢t) = x} denote the first hitting time of = by X, with the
convention that o,(X) := oo if the corresponding set is empty.

In the next theorem, endpoints ag, 5y may belong to Iy. The theorem shows that the con-
vergence of scale functions and speed measures implies convergence of the processes on every
time interval lying strictly before the first hitting time of the endpoints of Ij.

Theorem 3.2. Suppose that assumptions A1—As are satisfied. Let By be a standard Brownian
motion, and let {&,,n = 0} be random variables independent of By such that lim, o & = &o
a.s. Assume that the processes {X,,n = 0} have the representations , . Then for any
T > 0, we have the almost sure convergence:

nh_r)rgo H{T<O‘aO(X0)/\U[30(X0)} zreIE(i)T(] | Xn(2) — Xo(2)| = 0.

Proof. As in the proof of the previous theorem, we confine our discussion to w € €2y of probability
1 where all necessary standard sample path properties hold. If T > 0,,(Xo) A 05,(X0), there is
nothing to prove. Hence, assume that 7' < 04,(X0) A 05,(X0). For notational brevity, without
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loss of generality we will assume that so(§y) = 0. Then Ay(t) = SIO B, (t, s0(y)) mo(dy) and
limy, o0 5 (&) = 0.

It follows from the assumption of the theorem that there are a,b, so(ag) < a < b < so(5o)
such that T' < aa(Bo(Aal)) A ob(Bo(Aal)). So By(z) € (a,b) for any z € [0, Ay (T)], i.e., for
any z such that Ag(z) € [0,T]. Corollary implies that

lim -~ sup [An(2) — Ao(2)| = 0,

=90 2e[0,20]

for any zg such that zy < o, (BO) A Op (BO).
Note that Ay is strictly increasing on [0, zp] for any zg < o4(By) A op(Bp), see Lemma .
For such zy, choose z; such that

o<z < O‘a(B(]) A O‘b(Bo).
Since Ay is strictly increasing on [0, z1], Corollary yields
Ar_Ll N Aal

uniformly on [0, Ag(20)].

Choose zy such that Aal(T) <z < O'a<B(]) A ab(Bo). Then T < Ao(z0). So A;1 — Aal
uniformly on [0, T].

Recall that Bo(A,1(t)) € (a,b) for t € [0, T]. Therefore s,,(£,) + Bo(A,,1(t)) € (a,b),t € [0,T]
if n is sufficiently large (here we used agreement that lim,,_, s,(§,) = 0.).

It follows from Corollary that lim, . s,;' = sy’ uniformly on [a,b]. Lemma yields
the convergence of the compositions:

lim max |s, (sn(fn) + Bo(Afll(t))) — 57 (B(](Aal(t)))‘ = 0. (3.5)

n—00 te[0,T']
O

Corollary 3.3. Assume that Iy is an open interval. Then for any T > 0, we have the almost
sure convergence:

lim sup |X,(t) — Xo(t)] = 0.

=% 4e0,T]
Proof. Since I is open, the endpoints are inaccessible, which implies 04, (Xo) = 0g,(X0) = +©
a.s. The assertion therefore follows directly from Theorem O

Let 7(q,5)(X) :=1inf{t > 0: X(?) ¢ (a,b)}, with the usual convention that inf ¢ := co.

Corollary 3.4. Let X,, be as in Theorem [3.3 Assume that the sequences of real numbers
{an,n = 0} and {b,,n = 0} satisfy lim, o a,, = ag, and limy,_,o by, = by, where ay < ag < by <
Bo. Then, almost surely,

lim T(an n)(Xn) = T(ao,bo)(XO)a (36)

n—o0

and the stopped processes converge uniformly:

lim sup | X, (¢t A T(an bn)(Xn)) — Xo(t A T(ao,b0)<X0>)| = 0.

n—0o0 t=0
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Proof. Property follows directly from Lemma due to the sample path properties of
Brownian motion, the strict increase of sy on int(lp), and the strict increase of Ay’ before
the process so(£) + Bo(Ag () exits the interval (so(a), s0(50)), see Lemma The second
assertion of the corollary follows immediately from the first one and Theorem [3.2] O

Corollary 3.5. Let the scale functions and speed measures of the reqular diffusions (Xy,) satisfy
conditions A1-As, and let X,(0) = Xo(0) as n — oo. Assume that the sequences of num-
bers {an,n = 0} and {b,,n > 0} satisfy the assumptions of Corollary[3.4, Then we have the
convergence in distribution:

(Ttan ) (Xn)s Xn( A Tan ) (Xn))) = (Tap.b0) (X0)s Xo(- A Tag ) (X0)))

asn — o0 in R x C([0,00)). In particular, if Iy is an open interval, then X, = Xy as n — o
in C([0,00)).

Proof. For the proof, we use Skorokhod’s representation theorem and construct copies &, of
X,(0),n > 0, defined on a common probability space such that §, — &, n — oo almost
surely. Then we take a Brownian motion By independent of (&,,) and defined on an extension
of the new probability space and construct copies of the diffusions (X,,) as in Theorem ﬂ For
these copies we have a.s. convergence, which implies convergence in distributions of the original
processes. U

3.2 Absorbing boundary

We know from the results of Section that if the scale functions (s,) and speed measures
(my,) of regular diffusions converge in some sense to the scale function sy and speed measure
myg of a regular diffusion Xy on Iy, then we have convergence of the diffusions up to the exit
time from int(Zp). In this section, we study the behavior of the processes after the moment
of hitting the boundary of Iy. Specifically, we consider the case where Iy = [0,00) and X is
stopped upon hitting 0. According to the classification of boundaries detailed in Remark [2.10]
this phenomenon of an absorbing boundary can occur only in the following two cases:

Case 1 (0 is an absorbing point): mg((0,1]) < oo and mg({0}) = oo;

Case 2 (0 is an exit boundary): mo((0,1]) = co and S(o 1](80(56) —50(0)) mo(dz) < c0.

Assume that w is such that o¢(Xp) := inf{t > 0: X((¢t) = 0} < 0. Note that we must have
Ao(0_sy(¢0)(Bo)—) < 00 and Ag(t) = +00 for t > o_(¢,)(Bo) for a.a. of such w. In Case 1, this
property is immediate from the definition, whereas in Case 2, it follows from Remark

Let X,, be a regular diffusion on I,, with scale function s,, and speed measure m,. We
denote the left endpoint of I,, by «;, and the right endpoint by 3,,. These endpoints may either
be included in I,, or excluded from it.

We adopt the convention that s, (z) := —0 if £ < ay, and s, (y) = ay, if y < infeeg, su(T).
Furthermore, we extend the measures m,, and their push-forwards m, o s;;! to the entire real
line by setting m,(R\I,) := 0, (my o s,")(R\s,(I,)) := 0. Since scale functions are defined
up to an additive constant, we will assume that s¢(0) = 0.

Theorem 3.6. Assume that the following conditions hold:

Al im0 By = 400 and limy, o vy =: a € [—0,0].
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Al For every x > a, the limit lim,,_,o sp(z) =: s(z) € [—0, 0] exists. Moreover, if a < 0,
then s(z) € [—0,0) for all x € (a,0).

A%, The measures my, converge vaguely to mg as n — o0 on (0,00).
B;. sp(Xn(0)) = s0(X0(0)) as n — .
Bs. s(z) = so(x) for all x > 0.
Bs. For every § > 0, lim,,_,o(my, 0 s, 1) ([6,8]) = oo.
Then the stochastic processes converge in distribution: X, = Xy as n — o in C([0, 0)).

Before proving the theorem, let us make a few remarks concerning alternative formulations
of its assumptions and the necessity of some of them.

Remark 3.7. Assumption Bgs is equivalent to lim,, . my ([s,1(=0), s, 1(8)]) = +oo for any 6 > 0.

’ren
Under assumptions A} and By, condition B is also equivalent to limy, .o my([s,1(—6),6]) =

n
+oo for every § > 0.

Remark 3.8. Fix x¢ > 0 such that mo({zo}) = 0, and introduce the distribution-like functions:

Fp(x) := {mn((ﬂﬁo,x]), T = To,

—my((x,20]), x < xo,

nd ﬁn(x)::{<mnosgl><<sn<xo>,xn=mn<<xo,s;1<w>]>, 2w o

—(mn 0 5,1 (2, 5n(20)]) = —mn (571 (2), @), @ < sn(@0)-

Then condition A} means that lim,,_, F,(z) = Fy(z) for any = > 0 that is a point of continuity
of Fy. Under assumption A%, condition B3 can be written as

¥6 >0, lim F,(—6) = lim Fy(s,"(—0)) = —o0.

n—o0 n—o0

Remark 3.9. Condition B3 cannot be replaced by
Vo >0, linc}o mp([—0,0]) =

or

V9 >0, lim F,(—0) = —o0.

n—aoo
Indeed, let I, = [, 00), m, = o - 0—1/n + Alr,, and sp(x) = w10 +nw L1 o), for
n € N. Let Iy = [0,00), mg = © - do + Alp,, and so(z) = z 1,50y, Where A denotes the
Lebesgue measure. Then s, (2) = 2 Lo20 +2 Lye—10), = = —1;  mp(da) := my 0 s, (dz) =
0 -d_1+ )\|[0,oo) + n_l)\|[_170).
Assume that X, (0) = 1 for all n > 0. Then X/ is a Brownian motion started from 1 and
absorbed at 0. In particular,

P(Eltl,tQ € [0, 1], t1<to: 0= Xo(tl) < Xo(t2) = 1) 0.

On the other hand, by the occupation time formula we have for all n > 1:
¢
An(t) = J ’ )lB(ta y) My (dy) = JO(]IB(Z)ZO +n " Ipe10)dz <t, t<o_1(B).

21



So, A;1(t) =t and the processes X,, satisfy the property:

ingP(Htl,tQ € [0, 1], t1<ty: 0= Xn(tl) < Xn(tg) = 1) =
ne
Pi1(3t1,t2 € [0,1], t1 <t2: 0= B(t1) < B(tz) = 1, B(t) > —1, t€[0,1]) > 0.

Hence, X,, does not converge to Xy in distribution.
The counterexample can be modified so that I, = [0,00). Indeed, the shifted diffusions
L+ Xn(t), t = 0, have the state space [0, 0) but still fail to converge to Xo.

Remark 3.10. If X((0) > 0 a.s., then assumption B; is equivalent to X,,(0) = X (0) as n — 0.
Indeed, by Skorokhod’s representation theorem, without loss of generality we may assume that
initial conditions converge almost surely. Since s,(x) — so(x) locally uniformly for z > 0,
the convergence lim,_,, X,(0) = Xo(0) a.s. directly implies lim, o $,(Xn(0)) = so(X0(0))
a.s. On the other hand, Corollary implies the locally uniform convergence of the in-
verse functions s;'(y) — sy’ (y) for y > 0. Thus, assumption B; yields lim, . X, (0) =
limy, o0 57,1 (80 (X5(0))) = 55 (50(X0(0))) = Xo(0) as.

However, if X((0) = 0 a.s., the equivalence no longer holds, and the statement of the theorem
can fail if we merely assume that X,,(0) = X¢(0).

Indeed, let I = [0,00), mg = o - d + Aljy, and so(x) = x Lz=0;. Then Xo(t) = 0 for all
t>0.Set I, =R, m, =n-d + A,

n

1
x + n
sn(2) = & Lipzo) 12 Lipep 1 )y + (‘1 + 1_1) Lioe1y

and choose the initial states to be X, (0) = —1 for n > 2. Then X,(0) — Xo(0) = 0 deter-
ministically, but lim,_ $,(X,(0)) = —1 # 0 = s9(Xo(0)). Observe that A, (t) < t whenever
B(s) € (—2,0),s € [0,t]. Then

P(min X, (t) < —1) = P_1(min s, (B(A4; () < —1) =

o<1 0<t<1

P_1( min B(A;l(t)) < —2) =P (O'_Q(B> < O'()(B), U_Q(B) < 1) > 0,

0<t<1

which implies that X,, cannot converge to Xy = 0 in distribution.

Proof of Theorem[3.6. By Skorokhod’s representation theorem, there exist random variables

&n 4 X,(0), n = 0, defined on a common probability space such that lim, . $,(&,) = s0(&o)
almost surely. We can construct copies of the processes X,, n > 0 (denoted by the same
symbols), with initial conditions &, using a representation analogous to that in Theorem
with the same Brownian motion By. Then, to establish convergence in distribution, it suffices
to show that for any fixed T" > 0:

lim max |X,(t) — Xo(t)| =0 as. (3.8)

n—00 t[0,T]

Since (&,) are independent of By, we may condition on (§,) and fix a realization x,, := &,,
n = 0 such that s,(x,) — so(z¢). So, without loss of generality we assume that (z,) are non-
random. Throughout the proof, we confine our analysis to sample points w belonging to a fixed
set of probability 1 where the Brownian motion By exhibits its standard sample path properties
(e.g., the joint continuity of its local time). All subsequent convergences are considered for
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such w only. Furthermore, we implicitly assume that all parameters such as T, ¢, and ¢ are
restricted to rational numbers, which avoids any uncountability issues when intersecting sets of
full measure.
Denote y,, := 5, (zn) — so(x¢) — 0 as n — o0, and let M, := m, o s, L.
For notational brevity, it is convenient to assume that instead of the representation , the

processes X, are constructed using the same Brownian motion By () started from the point
s0(zo):
Xn(t) = 5,7 (Yn + Bay(ao) (A5 (1)), 20, (3.9)
where
)= |1y =) (), (3.10)

and [(t,r) denotes the local time of By (,,) in = up to time ¢ .
It follows from Theorem (3.2 that for any 7" < 0o(Xp), we have the uniform convergence:

I X, (t) = Xo(t)] = 0. 3.11
i mas [ Xn(t) = Xo(t) (3.11)

Hence, to complete the proof of the theorem, it remains to analyze the case where o¢(Xp) < T
Recall that so(0) = 0.

Lemma 3.11. For any € > 0, there exist § > 0 and ng € N such that for all n = ng:

—e < inf spi(z) < sup spi(z) <e. (3.12)

z€sn(In)N[—6,0] z€sn (In)n[—6,8]

Proof. Since limy,—,o sp(2) = so(x) for all z > 0 and s¢(0) = 0, there is 6 > 0 such that s, (g) > ¢
for sufficiently large n. Hence, s, !(x) < € for z <.

The first inequality in is trivial if @ = 0. If a < 0, then by the assumptions, we have
limy, o sn(y) = s(y) < 0 for any y € (a,0). Set y := § v 5. Decreasing 6 > 0 if necessary,
we may assume that s(y) < —d. Then s,(y) < —¢ for sufficiently large n and, consequently,

s, 1(—6) > y > —e. The monotonicity of s;;! yields the proof. O

For a given € > 0, let § > 0 be chosen according to Lemma We assume that w exhibits
typical sample path properties and that oo(Bg,(z,)) < © for this w. If zgp = 0, set 29 := 0.
Otherwise, if 29 > 0, we choose a time zq € [0, 70( B (a))) such that

N >

0< sup B
2€[20,00(Bsg ()]

so(zo) (Z) <

In either case, we choose d1 € (0,0) such that, after the instant zp, the Brownian motion By (z0)
hits —d; before hitting 6/2. This last requirement means that o_s, (B (4,)) occurs strictly before
the first moment after 2o when By () hits 6/2.

Set t,, := Ap(z0). It follows from our assumptions that lim, .« t, = to := Ag(20) and, for all
sufficiently large n, we have the inequality [y, + By, (s0) (4, (tn))] < 6/2. Furthermore, after the
moment t,, the process y, + By, (z0) (4, () either hits —d;/2 before hitting &, or hits neither
of these points.

Denote 7, := inf{t > t, : X,,(t) ¢ (s;,;1(—01/2),¢)}. In all cases, Lemma implies that

sup | Xo(t)| <e and limsup sup |X,(t)] <e.

t=to Nn—00 {e[ty,n]
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If zyp > 0, combining this with the uniform convergence for any 7' < 0¢(Xp) from , we
obtain
limsup sup |X,(t) — Xo(t)] < 2e.
n—0  te[0,7y]
If zg = 0, the same estimate follows directly from the preceding bound, since t,, = tg = 0 and
Xo=0.
Therefore, to complete the proof of the theorem, it remains to show that

lim 7, = +00 a.s.
n—0oo
For this purpose, it is sufficient to check that lim, .. An(0_s, /4(Bsy(ze))) = +00, which is
equivalent to
lim Z(U—51/4(BSQ(560))7 Yy— yn) mn(dy) = +00.
n—00 Sn(In)
Since so(zg) = 0, the local time l(a,51/4(BSO(EO)),0) > 0 is strictly positive for a typical
w. It follows from the joint continuity of the local time that there exist a (randorNH) threshold
6 € (0,61/4) and a constant ¢ > 0 such that [ (0_s, /4(Bgy(z))s ¥) > ¢ whenever |y| < 4. Therefore,
for all sufficiently large n, we have 5(0—51/4(350(%))7 y—yn) = cfor |y < 6~/2, which by condition
B3 implies:

lim l(a—51/4(BS()($()))? Yy — yn) T’\fln(dy> = JI_{%OCT%TL (SH(IH)

n—aw Sn (In)

n[-6/2,8/2]) = +co.

The theorem is proved.

3.3 Reflecting endpoint

In this section, we consider the case where Xy is a regular diffusion on Iy = [0,00) with scale
function sg and speed measure mg. We assume that Xg can hit 0 with positive probability and
can subsequently enter (0,00). According to the classification of boundaries, this behavior is
possible if and only if m([0,1]) < oo and so(0) > —o0.

Let X,, be a regular diffusion on I, with scale function s, and speed measure m,. We
denote the left endpoint of I,, by a,, and the right endpoint by £,. These endpoints may either
be included in I, or excluded from it. Recall the notation y, := s,(X,,(0)) — so(Xo(0)) and
My = My 0 S, L.

Similarly to the previous section, we extend the measures m, to the entire real line by
setting My, (R\s, (1)) := 0. Without loss of generality, we assume that so(0) = 0 and adopt the
convention that s, (z) := —o for z < ay,, n = 0, and in particular, so(x) = —oo for x < 0.

Theorem 3.12. Suppose that the following assumptions are satisfied:
Al limy o B = 400 and limy, o o, =: a € [—00,0];
Al for any x # 0, limy, o sp(x) = so(z);

A%, the measures My, converge vaguely to mo as n — o on R;
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B;. 5,(X,(0)) = s0(X0(0)) as n — 0.
Then the stochastic processes converge in distribution: X, = Xo as n — o0 in C([0,0)).

Remark 3.13. Let Fy, F), be from (3-8). Condition Af is equivalent to the lim,, . Fy,(x) = Fy(z)
for any x > 0 such that x is a point of continuity of Fy and lim,, ﬁn(y) = lim,, o Fros, ' (y) =
Fo(o—), y < 0.

Note that vague convergence m, — mg on R together with Af would imply A% because
lim,, o sp(7) = —00, 7 < 0 and therefore lim,,_,, s, }(z) = 0. However, the convergence m,, —
my is not equivalent to Af. Indeed, take s,(z) = x Lz=0 +n2z 1y.0 and my, = A+ nd_1. Then

A% is true but lim,,_,o my, = myg is not. The same example with X,,(0) = —% also shows us that
assumption By can’t be replaced with X,,(0) = X(0) if X¢(0) = 0 with positive probability.
On the other hand, see Remark if X¢(0) > 0 a.s., convergence X, (0) = X((0) is equivalent
to Bl.

Remark 3.14. If the conditions of the theorem are satisfied and lim,_, o, = a < 0, then the
time-changed processes By (5,) © 4, ! need not converge to By (o) © Ag Lin distribution on the
space of continuous functions. Indeed, let so(z) = z,x >0, mo(dz) = L,>odz, xz¢ = 0; that

is, X is a reflected Brownian motion. Assume that I,, = R, s,(x) = x 1,50 +nz Lo, my(dz) =
dr, x, =0, neN. Thenm,(dz)= (n"! 1«0+ ly>0)dx and by the occupation time formula
An(t) = SR lBo (t’y)mn(dy) = S6(1B0(5)20 +’I’L_1 ]lBo(s)<0)d5 < t. Note that Agl : [O’ OO) - [O’ OO)

is a continuous bijection. Hence, the path of By o A ! attains the same values as the path of
By, although at different times. Moreover, since A, (t) < t, we have A !(t) > t, and therefore,
infte[071] Byo A;l(ﬂ < infte[O,l] By (t) Hence,

inf P(3t € [0, 1] : Byy(ap) © ANt) = 1) = P(3z€[0,1] : Bo(z) = —1) > 0.
ne

This proves that the statement B 0 Ayt = Byy(ag) © Ayt in C([0,0)) is incorrect.

so(xo)

Proof of Theorem[3.13 We may assume that the processes X,, admit the representation (3.9)—
and that lim, .y, = 0 almost surely. Recall also that our analysis is confined to
a fixed set of probability 1 where all sample paths exhibit standard properties, so we shall
omit “a.s.” throughout the proof. Without loss of generality, we will also assume that sq is
unbounded from above. Indeed, if it is bounded, we can consider the modified scale functions
srRn(2) 1= s0(7) Lg<ry +( — R + 8n(R)) Iyy=py, T € In, for all n > 0 and subsequently let
R — 400 and observe that the processes X, and Xg, coincide up to their first exit time from
the set I,, n {x < R}. The assumption that sq is unbounded from above ensures that s;!(z)
is finite for all z € R. This simplifies some technical details. Moreover, unboundedness of sg
implies that A is unbounded, and hence A5 (t) is finite for all ¢ € [0, o).

The local time [(z,y) is continuous with respect to (z,y) and is equal to 0 if the Brownian
motion has not visited y before time z. Thus, Corollary yields that we have the locally
uniform convergence A,, — Ag. Note, however, that the limiting function Ag is not strictly
increasing; it is constant during the excursions of the underlying Brownian motion into the
negative half-line. Consequently, its generalized inverse A; ! is discontinuous, which makes the
convergence of the processes X,, nontrivial. Nevertheless, Lemma and Lemma (6) imply
convergence lim, o, Ay (t) = Ay'(t) for all ¢ from a set dense in [0, o).

Let T > 0 be fixed. Corollary [5.6]implies the locally uniform convergence of the inverse scale
functions:

li ) — sy (z)| =0 3.13
i Jnax (s (2) = 5o (@) (3.13)

25



for any R > 0.

Therefore,

Jim X, (8) = lim sy (yn + By (ao) (A7 (1)) = 55" (Bsg(ao) (A5 (1)) = Xo(t),
for all ¢ in a dense subset of [0,7]. Thus, to complete the proof of the theorem, it suffices to
show that the sequence of functions (X,,),>1 is uniformly equicontinuous on [0, T'] for the fixed
w.

Choose zyp > 0 such that Ag(z9) > T. Our assumptions imply that lim, o A, (2) = Ag(z)
for any z > 0; hence, A, (zp) is finite for all sufficiently large n. Without loss of generality, we
restrict our consideration to the case where A, (zp) is finite for all n € N, as the general case can
be treated similarly with minor technical modifications.

Let £ > 0 be fixed. Since sy*(x) = 0 for all # < 0, the locally uniform convergence (3.13)
implies that for any R > 0, there exists a constant s = s(e, R) > 0 such that |s,!(z)| < ¢ for
all x € [—R, 2] and

—1() o1 <
e s (x) — g (2)[ <e
for all sufficiently large n.
For all sufficiently large n, A,(z9) > T, and hence A,(t) < z0,t € [0,T]. Let R :

AN

max,efo -] [B(2)| + 1. Then for sufficiently large n we have the inequality |y, + B(A;*(t))|
R,t€[0,T] and |X,(t)| < & whenever y,, + B(A,,(t)) < 2s,t € [0,T].
Set
ag:=0, by :=inf{t = ay: B(Ay'(t)) < »/3}, (3.14)
apy1 = inf{t > by, : B(Ay* (1)) = 23¢/3}, k=0. (3.15)
Note that:

o B(A;'(1) < 2¢/3 if t € (b, ay1) and B(2) < 25¢/3 if 2 € (Ag™" (bx), Ay (ak41)),

B(Ay (1) = /3 if t € (ay, by) and B(2) = »/3 if z € (A (ax), Ay (br)),

there are only finitely many indices k such that a < T,

Ay is strictly increasing and continuous on small neighborhoods of any [Ay*(ax), A5 (br)],
k> 1.

Corollary implies that we have the uniform convergence A1 — Ay Las n — oo on each
interval [ag,bx], ¥ = 1 (and similarly on [ag, bp] if by # 0). Hence, we can find a 6 > 0 such that
| X0 (t) — X5n(s)| < e for sufficiently large n and any s,t € [0,T] satisfying |t — s| < J, provided
that s and ¢ belong to the same interval [ay, b].

Since there are only finitely many indices k such that ap < T, the continuity of B and the
convergence of A1 at the endpoints by, and ax, 1 imply that, for all sufficiently large n, A 1(t) €
[A,;1(br), A, (ag41)],t € [br, agi1], for every such k. Thus B(A,(t)) < »,t € [by, ap,1]-

Assume that § > 0 is chosen as above, 0 < s <t < T, t—s < 0, with s € [ag,b;] and
t € [ay, b] for some k < . Then, by splitting the trajectory, we obtain:

[ Xn(t) = Xn(8)] < [Xn(t) — Xn(a)| + | Xn(ar)| + [Xn(s) = Xn(br)| + | X (br)| < 4e.

26



If s € [bg,ars1], t € [br,ai1], and |yn| < 2, then y, + (B(A,(s)) v B(4,;1(t))) < 2,
yielding:
[ Xn(t) = Xn(s)] < [Xn(@)] + [ Xn(s)] < 2e.

All other combinations of intervals can be treated similarly, which implies |X,,(t) — X, (s)| < 4e
for all s,t € [0,T] with |t — s| < 0, where |y,| < s¢. Since all (X,,) are continuous we may again
decrease § > 0 if necessary and obtain the inequality for all n > 1.
Since £ > (0 was arbitrary, this proves the uniform equicontinuity of the sequence (X, )n>1
on [0,T], and therefore completes the proof.
O

3.4 snapping-out diffusions

In the previous subsections, we proved the convergence in distribution of diffusions under the
assumption that their scale functions and speed measures converge to those of the limiting
diffusion, supplemented by natural additional assumptions regarding the behavior of scales and
speed measures in neighborhoods of the endpoints of 1. In this section, we investigate the case
where the limits of the scales functions and speed measures exist in a certain sense on (—o0,0)
and (0, 00), but the limiting scale function possesses a jump at 0. Under natural assumptions, we
will prove that the limit process is a snapping-out diffusion, which generalizes the snapping-out
Brownian motion introduced and studied from different perspectives in [9] 39} [41].

Informally, a snapping-out diffusion X with switching at 0 operates as follows. Let X_ and
X+ be regular diffusions on (—o0,0] and [0, 00), respectively. To distinguish the two copies of
the boundary point 0, we will sometimes denote the endpoint of (—o0, 0] by 0— and the endpoint
of [0,0) by 0+. We assume that 0+ are regular boundary points of X, meaning that X can
hit 0+ with positive probability and can exit from 0+ into the interior of the corresponding
interval.

We construct a strong Markov process X on the disjoint union (—o0,0—] wu [0+, 00) that be-
haves as X if X (0) € [0+, c0) until the instant when its local time at 0+ reaches an independent
exponentially distributed random variable £; ~ Exp(Ay). If that moment is finite, the process
is reborn at 0— and subsequently behaves as X_, independently of the past, until its local time
at 0— reaches an independent exponentially distributed random variable £ ~ Exp(A_). Then
it is reborn at 0+, and the construction is repeated.

Below, we provide a formal construction of this process and clarify the specific choice of local
time at 0 under consideration.

The distribution P, of X given X (0) = x € [0+, ) is formally constructed via the con-
catenation of independent paths (the case where X (0) = x € (—o0,0—] is treated analogously).
Namely, let (X} ),>1 be independent copies of Xy starting from 0+, respectively, and let XR
be a copy of X, independent of (X}),>1 with X?(0) = z. We assume that all these diffu-
sions admit the representation with independent Brownian motions BY, and that the local
times L7 (t,0+) of X7 at 0+ are determined via (2.12). Furthermore, let (£7),>0 and (€™)p>1
be independent exponentially distributed random variables with parameters Ay, respectively,
which are also independent of all the aforementioned diffusions and Brownian motions. Set
ot ==inf{t > 0: L} (t,0+) > &1}

Forn = 1,let 7,7 := Y ot +37" ol and 7, := S o + 37, 0%, with the convention
that an empty sum equals 0.
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Define the process X (t) by concatenating parts of trajectories of (X7) as follows:

X0 (t), tef0,09),
X(6) =3 X"(t="T;), tell;, ), n=1, (3.16)
Xt —=T5), tell,), Top), n=1

If some o’} = o0, the concatenation stops at that stage and no further switching occurs.

If initial point x = X (0) € (—o0,0—], then (X (¢)) is defined similarly. It follows from the
general results on path concatenation (see, e.g., [27]) that (X,P,) defines a strong Markov
process on (—o0,0—] L [0+, 0).

Definition 3.15. The process (X (t))¢>0 constructed above is called the snapping-out diffusion
with the interface located at 0, scale functions s, speed measures my, and transmission inten-
sities Ay. In particular, if sy(x) = x, £z > 0, m4(dx) = dz, £ = 0, then the snapping-out
diffusion is called the snapping-out Brownian motion.

Remark 3.16. Note that s4,my for X4 from the definition of the snapping-out diffusion, and
consequently their local times at 0, are not determined uniquely. Indeed, let ¢+ > 0 be constants.
Then 34 (z) := cysi(x),Mmy(dz) := c;'moi(dz) are scales and speed measures of the same
diffusions. By , the corresponding local times satisfy

Ly (t,04) = c4 Ly (t,04).

Hence, a snapping-out diffusion with scale functions s+, speed measures m+, and transmission
intensities A1 have the same distribution as snapping-out diffusion with scale functions s, speed
measures m4, and transmission intensities Xi = c;l)\i.

Choosing c_/ci = A_/\;, we may always assume that the transmission intensities are equal.
Moreover, if we take ¢+ = Ay, then Xi =1.

Remark 3.17. By abuse of terminology, the canonical projection of the process X onto R (iden-
tifying 0— and 0+ with 0) will also be referred to as a snapping-out diffusion.

Remark 3.18. The boundary conditions for the generator of the process X at the interfaces 0+
are given by the system:

ds+

{du((H) = 2my ({0+}) A1 u(04) + 24 (u(0+) — u(0-)), 517
WO — o ({0-})A_u(0-) + 22 (u(0+) — u(0-)). '

Indeed, consider for example the point 0 4+ . First, we recall classical calculations of Dynkin’s
characteristic operator (which coincides with the generator) for an elastic diffusion at 0+, that is,
for the process X that is killed when the local time at 0+ reaches an independent exponentially
distributed random variable £, with parameter Ay ; see [28] §4.5, formula (5b)]. We then explain
the slight difference between elastic and snapping-out diffusions.

Denote 0. := inf{s > 0: X, (s) > €} and 04 := inf{s > 0: Lx, (s,04+) > £}, where o is
the killing time.

Dynkin’s characteristic operator equals

. X4(02) Ligcor | — u(0+
Ai—lastzcu(0+> = lim E0+[U( +(U )) {oe< oo}] ’LL( )
e—0+ E()+(O'5 A Uoo)
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After elementary transformations, one obtains, see [28, §4.5, formula (10)], that

elastic EO-‘,—(O'g A O-DO)POJ,-(O'E < 0'00)71 B
AL u(0+) 510 —5:(00)) = (3.18)
u(e) —u(0+)  Poi(o: < S

(@) —s5(09)  s2(e) =51 (01)

It is known, see [28| §4.5, formula (11a), (11b)], that

Lu(04) + o(1), e >0 +. (3.19)

Po(0: < Uoo)_1 -1
s+(¢) — 54+ (0+)
Fo+ (Us A JOO)P0+(U€ < Uoo)i1
(&) — 5:(01)

=2\ +0(1) and

= 2m. ({04}) + o(L),

which yields immediately the boundary condition for the elastic diffusion:

du(0+)
d8+

Here the factor 2 appears because the definition of the generator differs by a factor of 2 in this
paper and in [2§].

For the snapping-out diffusionﬂ killing at o4 is replaced by an instantaneous rebirth at 0—.
Therefore, in the calculation above, the contribution 0 corresponding to the cemetery state is

= 2m ({0+})Ae5tey(04) + 22 u(0+).

replaced by u(0—) and we obtain one extra term %u@—) in the right-hand side of
the analogue of (3.19)). Consequently,

du(0+)
d8+

= 2m. ({0+}) A+ u(04) + 224 (u(0+) — u(0—-)).

The boundary condition at 0— is obtained analogously.

The main result of this section is formulated in the following theorem. Similarly to the

previous sections use the convention concerning the extension of s+ and m+ to the whole real
R.

Theorem 3.19. Let (X,)n>1 be a sequence of reqular diffusions on I, = R with scale functions
sn and speed measures m, for n = 1. Assume that there exist strictly increasing, continuous
functions sy : [0,00) > R and s—_: (—0,0] — R and locally finite measures my on [0,00) and
(—0,0], respectively, such that:

1. sy and my are the scale functions and speed measures of reqular diffusions on [0,00) and
(—00,0], respectively.

2. limy, o0 $p(2) = s—(x) for x <0, limy, o $p(z) = s4(z) for x>0, and s_(0) < s4(0).

3. for any continuous, compactly supported functions fy on R with supp(f-) < (=00, s4+(0))
and supp(fy) < (s—(0), %), we have convergence limy, .o {p f+ dmy, = {5 f+ dig, where
My = My 0 s, and My 1= mq o s;. Equivalently, we have the vague convergence
limy, o0 My, = Mm— on (—0,54(0)) and lim,_q My, = M4 on (s—(0),00).

2We are grateful to Adam Bobrowski who suggested this argument.
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4. Xn(0) = as n — o0, where x # 0.

Then the sequence of processes (X, )n=1 converges in distribution in C([0,00)) to the snapping-
out diffusion starting from x with the interface at 0, scale functions sy, speed measures my, and
symmetric transmission intensities

1
2(s54(0) — s_(0))"
Proof. Since m((—00,54+(0))) = m_((s=(0),00)) = 0, both limiting measures assign zero mass

to the interval (s_(0), s4(0)). By a diagonal argument, we can therefore choose sequences (z, —)
and (xy, +) such that

)\7:)\+:

Tn,— < Tn,+, nlgrolo Tn+ =0,

lim s, (zp—) =5-(0), lim sp(xn,+) = 54(0),
n—00 n—0o0
and limy, o0 My, ([Tn,—, Tn 4 ]) = imy, oo T ([Sn (20, ), Sn(zn4)]) = 0.

Denote by X, — the regular diffusion on (-0, z, +]| and by X,, ; the regular diffusion on
[zn,—,00), whose scales and speed measures are the restrictions of s, and m,, to the correspond-
ing intervals, respectively. Let X_ and X be the regular diffusions on (—o0,0] and [0, ),
respectively, with scale functions s+ and speed measures m.

Theorem implies that if X,, _(0) = yp, where lim,, o yp, = y < 0 and limy, 0 5p,(yn) =
s_(y), then (X, _)n>1 converges in distribution to X_ with X_(0) = y. Analogously, if
lim, oy = vy = 0 and limy, o0 5p(yn) = $4+(y), then (X, 4+ )n>1 converges in distribution
to X4 with X, (0) = v.

To analyze the switching behavior, we define the hitting times:

Tp— =inf{t >0: X, _(t) =xp+}, T4 :=inf{t=>0:X, () =z}, (3.20)

and
O+ 1= inf{t =0: Li(t70i) = 5}7

where Ly (t,0+) is the local time at 0+ of the diffusion X4, and & ~ Exp((2(s+(0) —s_(0)))™")
is an exponentially distributed random variable independent of X.

Since X, — and X,  behave exactly like the original process X,, until hitting x,, 1 and z,, _,
respectively, it is enough to identify the limit of each excursion between successive switching
times; the full result then follows by iterating this argument using the strong Markov property.
Thus, it remains to prove that X,, (- A7, ) = X_(-ro_) and X, 1 (- ATp4) = X4 (-A04) as
n — o0, provided that lim,, .« sp(Xp,—(0)) = s—(X_(0)) and lim,, 0 sn(Xpn 4 (0)) = 54 (X4(0)).

We will prove only X, + (- A Tp ) = X4 (- A 04). Without loss of generality, we may assume
that z,, + = 0,8, (2n4+) = 0 = s4(0). We will also assume that X,, ;(0) = X, (0) = 0, since the
behavior of X, ; stopped at the first hitting time of 0 is described by Corollary |3.4 .

We construct all X and X, + for n > 1 using the same standard Brownian motion B:

Xa(t) = 57 (BUATAE)),  Xus (D) = 577 (BUATL (), ¢ 0,



Similarly to the convention in the previous proofs, we consider only those w € 2 for which
the sample path of the Brownian motion possesses standard properties. We will omit “a.s.” in
most places.

It follows from the assumptions of our theorem and the proof of Theorem [3.12] that

lim Xn’+ = X+, hngo An7+ = A+, (322)
n—

n—0o0

locally uniformly.
Note that

Tn+ = inf{t =2 0: Xy, 4 (t) = xn—}
=inf{t >0: B(A;}Jr(t)) = sp(Tn—)}
= inf{A, +(2) : B(z) = sp(xn—)}
= A, 4 (inf{z > 0: B(z) = sp(xn—)}).

The third equality follows from the following property of the Brownian motion. If zy = inf{z :
B(z) = sp(zpn,—)} is the first moment of hitting the point s, (z,,—), then a.s. any right neighbor-
hood of 7y contains points z such that B(z) > s, (xy,—). Therefore, zq is a point of increase of A,,
and by the definition of the generalized inverse function we have equality A;}Jr (An,+(20)) = 20.
More general, if z is such that B(z) > sp(x, ), then z is a point of increase of A, ;, and
hence A,_L#(Anﬂr(z)) = z. In contrast, this identity need not hold when for z such that
B(z) < sp(zn,—), since Ay ; is then locally constant. It follows from (3.22)), the continuity
of A, Lemma[5.8] and standard sample-path properties of Brownian motion that

nli_I}IgcTn’Jr = Ay (inf{z > 0: B(z) =s_(0)}) =: 74.
This and imply the locally uniform convergence
T}EI;OXn,Jr(' ATng) = Xp (A Te)
= s (BAJN( A1)

Remark 3.20. Note that 7, # inf{t = 0 : B(A7'(t)) = s_(0)} because B(A'(t)) is always
non-negative.

Denote 75(s_(0)) := inf{z : B(z) = s_(0)}. So 74 = A, (15(5_(0))).
Lemma 3.21. We have equality

(sf(B(Af(t A u)))) - (X+(t A u))

t=0

(X+ (t) H{Af(t)sﬁ(s-@))]‘)

Proof. The first equality is just the definition. The second one follows from the fact that
X(r4) = 0. Note that, generally, AT'(A,(t)) # t because A, is not a strictly increasing
function and some care is needed in proving the last equality. Let (z_,z;) be the max-
imal interval containing 77(s_(0)) and such that B(z) < 0,z € (2_,2;). Then B(z_) =

=0
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B(z4) = 0, Ar(2) = Ap(75(5-(0))),2 € (2-,21), As(2) < Ap(75(s-(0))),2 < z—, and
) > A, (78(5-(0))), 2 > z;. Therefore

AT () < 2= < 7B(5-(0)) for t < 74,

AN (14) = 24, and

AT (t) > 24 for t > 7.
The only point where the indicators may not match is 7. In any case,
X (ry) = s7 BAT (1)) = 571 (B(z4) = s31(0) = 0.
The lemma is proved. O

So, it remains only to verify that

(57 (BAT O rn_ o)

g (X4 (t A a+))t>0.

t=0

Recall that the local time at 0+ may increase only when the process visits 0+. Hence, X (04 ) =

0 and
X (t AN 0'+)

where ¢ ~ Exp((2(s4(0) — s—(0)))™!) is independent of B. The last equality is true since & is
independent of X and has a continuous distribution. So, almost surely it does not belong to
the at most countable set of levels on which L, (-,0+) is constant on a nondegenerate interval.

Therefore, the theorem will be proven if we show that the following identity in distribution

holds:
1
< Y(B(A; ())) T () <rB (s (0))}>t>o

< (s7 )z o)<y

t=0
or

(B(All (t))H{All(t)ﬁrB(S—(O))})

L (BAT L. con<e))

First, we prove this result in the case where m, (dr) = Ij,;>¢) dz and s, (z) = z,x > 0, that
is if By is a reflected Brownian motion.

Recall the key elements of It6’s excursion theory and the construction of a standard Brownian
motion as a concatenation of excursions, cf. [6], where a more general construction is discussed
in full detail.

Let C denote the space of excursions, i.e., the set of continuous functions w: [0,00) — R such
that w(0) = 0 and there exists a lifetime 0 = o(w) € (0,00) such that w(t) # 0 for ¢t € (0,0)
and w(t) = 0 for t > 0. Let C4 and C_ be the subsets of C consisting of positive and negative
excursions, respectively.

=0

t=0
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Let N = > 6(z, ) Pe a point measure on [0,00) x C. Set

p(2) = > olwr), @ () :=inf{z>0:p(2) > t},

Zp<Z

and define the process B(t) := wy, (t—¢(z,—)) for t € [p(zx—), ¢(z1)), and B(t) := 0 otherwise. If
all these objects ¢, o1, and B are well-defined, we say that B is obtained via Ité’s construction
from N.

It is well known that there exists a o-finite measure v on C and a Poisson point measure
N = 3 0(z4,w,) 01 [0, 00) x C with intensity dz x v(dw) such that the process B obtained via Ito’s
construction from N is a standard Brownian motion and, additionally, the process (¢ ~!(t))=o0,
coincides with the symmetric local time of B at 0, defined as

1
Ip(t) = Jim QEJO I B(2)|<e} d2.

That is, we have the identity

I5(t) = inf{z >0: zéza(wk) > t}

(3.23)
=inf{z>O: Z o(wg) Zt}, t=0.

<2

Since ¢ is a strictly increasing subordinator, one can use either strict or non-strict inequality
under the infimum sign. It is also a standard fact that for a Brownian motion, this symmetric
local time equals the right-sided local time, which is defined as

1t
Jim = L LB (z)ef0,e]y A2

Recall that we have assumed m, (dz) = [j;>0y dz. Thus, A4 (t) = Sé I¢B(w)=0} du. Denote
by N and N_ the restrictions of the point measure N to the sets [0,00) x C; and [0,0) x C_,
respectively.

Note that the process B (t) := B(A;'(t)), which is the Brownian motion reflected at 0, can
be obtained via It0’s construction directly from the restriction N,.. Moreover, it follows from
Remark that, on a set of probability 1, the local time (g, (t) satisfies:

1
) PRSP ER RO

e—0+ € 0
= lB(All(t))
1 AN

=tm o) lseena ds

Assume that By (t) = B(A7'(¢)) > 0 and that the underlying Brownian motion B is inside
the excursion wx at the time instant A7'(¢). Then

D oolwr) < AT < D o(wr).

ZE<ZK ZESZK
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On the other hand, By is obtained from It6’s construction from Ny and ¢t = S(t) LB, (u)>0y du.
So,
D owi)ec,y <t < D) olwr)ec. -

ZE<ZK ZESZK

Since Ip = ¢!, it follows that

lB(All(t)) =2zZKg = inf{z =0: Z U(wk)]l{wkec+} = t}.

2z

The set of points ¢ > 0 for which B (t) = B(A;'(t)) > 0 is dense in [0,0). The left-hand
side of the last equality equals [p, (t) and hence is continuous in ¢. The right-hand side is also
continuous in ¢ because it is the inverse of a strictly increasing subordinator. Therefore

I, (t) = lg(AT (1)) = inf{z >0: Z o(wi)lwec,y = t}

2z

holds for all ¢t > 0.
Let k£* be the index of the first excursion of B that hits —a, where a := —s_(0) > 0, i.e.,

zpx = inf{zg, : Ju > 0 wi(u) = —a}.

Since the restrictions N and N_ of the Poisson point measure to the disjoint sets [0, 00) x Cy
and [0,0) x C_ are independent, the random variable zg* is independent of B;. Moreover, zpx
is exponentially distributed, as it represents the first instance zp where the second coordinate
wi of the Poisson point process belongs to a specific deterministic subset of excursions. By
construction, see , zp* is the local time that B accumulates at 0 before its first hitting
time of —a. It is a well-known fact, see, e.g., [14, p. 199, formula (2.3.1)], that zpx ~ Exp(ﬁ).

Let t* := inf{t > 0 : B(t) = —a}. Then zx = @ 1(t*) = Ig(t*). Let t = 0 be such that
B(A7'(t)) > 0. Then A7'(t) # t*, and AL' is strictly increasing in a neighborhood of ¢, and
we have the following chain of equivalent events:

(AT () < 1) = (A7) < 1)
= {t < A (")

:{t< Z U(Wk)]l{wkec+}}

ZESZp%

:{t< Z U(Wk)]l{wkec+}}‘

ZE<Zpx

Consequently, this implies that {ip, (t) < 2z} < {A7'(t) < t*} < {ip, (t) < 2} whenever
B, (t) > 0.

There are at most countably many levels on which /g, is constant on a nondegenerate
interval, meaning there is at most a countable set of points (zj) such that for any k, the
equation g, (t) = xj has multiple solutions in ¢ > 0. Since the distribution of 24+ is continuous
and independent of By, it follows that with probability 1 there exists a unique point ¢ > 0 such
that Ip, (f) = z+. This £ must be a growth point of I, , which implies B, (t) = 0.
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It is easy to see that if ¢ <, then I, (t) < 2+ and A'(t) < t*. Conversely, if ¢ > {, then
I, (t) > 2+ and A7 (t) = t*. Combining these observations, we conclude that with probability
1, the following sample-path identity holds:

(B+ (t)]I{Aj(t)gt*})t;o = (B+ (t)H{lB+ (t)<zpx })tzo'

The latter process has the same distribution as (BJr () s, (t)gg}) where £ ~ Exp (%), which

t=0’ 2la
completes the proof in the reflected Brownian motion case, i.e., when sy (z) = z, 7|n+ (dx) =
]127;0 dzx.

We now pass to the general case. By the subordination and chain rules for one-dimensional
diffusions, see [28, Section 5.5], the diffusion X; can be obtained from a reflected Brownian
motion By by a space-time transformation determined by the corresponding scale function and
speed measure, see and . The time change modifies the time parametrization of
the excursions, but preserves their order and their parametrization by the local time at the
reflecting boundary. In view of the relation between the corresponding local times in ,
this time change does not alter the local-time parameter of the excursions. Hence, the random
local-time level which, in the Brownian construction above, corresponds to the first excursion
hitting the level —a = s_(0) has the same distribution in the general case. Consequently, it has
the same exponential distribution

Exp (21a> = Exp (2(3+(0)1— s—(O))>

as in the reflected Brownian motion case. Applying the inverse scale transformation 511 then
yields the required assertion for X,. The argument for X_ is analogous. O

Similarly to the proof of Theorem using the representation (3.3)—(3.4]) and the approx-
imation provided by Theorem [3.19] we obtain the following representation of a snapping-out
diffusion.

Theorem 3.22. Let s+, m+ be from Theorem[3.19 Set

s(x) :

S_ () Lpco +8+ () Ly>0,
_|_

My =m_os_t +m+0811.

Il
=l

Then for any Brownian motion B the process s~ (B(A™(t))), where A(t) = {5 Ip(t,y)m(dy) is
a snapping-out diffusion with the interface located at 0, scale functions sy, speed measures m4,
and equal transmission intensities m.

Remark 3.23. If B(0) = s(x) ¢ [s—(0),s4+(0)], then the snapping-out diffusion starts from x.
Otherwise, if B(0) = y € [s—(0),s4+(0)], then the snapping-out diffusion starts from 0+ with
probability #‘Sa_})@ and from 0— with probability %. Indeed, the Brownian time
spent inside the interval (s_(0),s4(0)) is collapsed by the time change, and the initial side is

determined by the endpoint through which B first exits this interval.

Remark 3.24. Let X be a snapping-out Brownian motion with transmission intensities Ay > 0,
i.e., assume that in the definition of a snapping-out diffusion we used standard Brownian motions
B reflecting at 0 into the positive and negative half-lines, respectively, and their one-sided local
times at 0+. We apply Theorem [3.22| and construct a process that has the same distribution as
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X, which is a function of a Brownian motion. It follows from Remark and representation
of the local time from Remark that we have to choose affine scale functions s+ and speed
measures m4 such that

1 A AL

2(s:(0) —5_(0)) & (0—) &, (0+)

m_(dz) = (s_(0-)) " Ly<odz, my(dz) = (s4(04)) " Lo da.

In particular, we may select them such that

A 1
s—(x) = Km— W x <0,
sy(x) =z, x>0,
m_(dz) = ii 1,<0dx,
m4(dz) = 1,>0dz
So,
A 1
sl @) = Th@ 4 5y ) Lo 1+ Laso,
A 2)\_;,_ 224
32 (3.24)

m(dr) = (T; Hw<_ﬁ + 1yo)da.

4 Applications

In this section we give examples of applications of the results from §3| to several models. We
consider sequences of multi-skewed Brownian motions in which several membranes merge into
a single membrane in the limit. Depending on the scaling of the membrane permeabilities and
the distances between them, the limiting process may be a skew Brownian motion, a skew-
sticky Brownian motion, or a snapping-out Brownian motion. Recall also that convergence in
distribution of Markov processes implies, in appropriate sense, convergence of solutions to the
backward Kolmogorov equations; see Remark [2.13]

4.1 Approximation of delta-valued drift by integrated ones

Let a: R — R be a continuous, bounded, and integrable function, and set a.(z) := %a(%)
Denote o := { a(x) dz = {; ac(x) dx.
Assume that X, satisfies the SDE

AXo(t) = AW (E) + a-(X. (1)) dt, ¢ = 0.

It is well known that this SDE has a unique (strong) solution, which is a regular diffusion on R.
Recall that its scale function s. and speed measure m. are given by

se(z) = J exp (-2 fy 0.(2) dz) dy, zeR,

0 0
dme(z) = exp (2 fo " ae(2) dz> da.
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Observe that for any fixed y > 0, a simple change of variables yields

Y y/e
lim | a.(z)dz= lim a(z)dz
e—0+ Jo e—0+ Jo
0¢]
:fa@mz
0
and similarly, for y < 0,
. y . y/E ~ ~
A ), e de = D ) o2
—0
:J a(3) dz
0

0
:—j o) d.
—00
Hence, the assumptions of Theorem are satisfied with I = R, leading to the limiting scale
function
T exp (—2880 a(z)dz), x>0,
so(x) = 0
X exp (2 " a(z)dz), x<0,

and the limiting speed measure

dmo(z) = (exp (2 JOO a(z) dZ) Lz>0)

0

0
+ exp (—2[ a(z) dz) ]I{QKO})dx.
—0o0

Consequently, if X (0) = z, then the limit diffusion X is a skew Brownian motion with the
parameter v = tanh(a) and Xy(0) = . The first result of this type appeared in the pioneering
paper by N. Portenko [46]; see also a generalization of the corresponding result for perturbations
of a skew Brownian motion and Walsh Brownian motion in [10].

4.2 Penalization and reflected Brownian motion

Consider a sequence of SDEs
dX,(t) = an(X,(t))dt + dW(t),t = 0,

with the same initial condition X,(0) = xg = 0. Assume that a,, are nonnegative continuous
functions that vanish on the positive half-line and become increasingly large near 0 on the
negative half-line, thereby pushing the process towards the positive half-line. It follows from
Theoremthat if limy, o0 SEE an(y)dy = 400, for any € > 0, then the sequence (X,,) converge
in distribution to a reflected Brownian motion started from xg; see for the corresponding
formulas for the scale function and speed measure.

This condition is satisfied , for example, if a,(x) = n'*0a(nz), where § > 0 is any positive
number and a is a continuous nonnegative function such that a(z) = 0,2 > 0, which is non
identically to 0. In contrast, the case 6 = 0 may be insufficient to produce the reflection when
a is integrable. Indeed, in this case the limiting process is a skew Brownian motion; see
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4.3 Accumulation of semipermeable membranes at one point

Let X,, be a solution to the SDE

d
AX,(t) = dW(t) + > W dLEF (),
k=1

where 7, € (—1,1) are the permeability parameters, W is a standard Brownian motion, and
Li&’f is the symmetric local time of X,, at the membrane position ¢,, . This process describes a
Brownian motion with d semipermeable membranes. We assume that for each fixed n > 1, the
membranes are located at distinct points €51, ...,€y,4, and that they all converge to the origin,
ie., lim, ,pepr =0 forall 1 <k <d.

Setting v, = pr — qr with pg + qr = 1 (where pg, gr > 0), the scale function s,, and the speed
measure m, of X, are determined from the following transmission and continuity conditions

(see, e.g., §2.3.6):

e The continuous function s,, is linear on each subinterval of R\{ey 1,...,end};
e At each membrane ¢, 1, the derivatives of the scale function satisfy the condition

kaIn(En,kH = ka;L(gn,k_>§

e The speed measure m,, is given by dm,(x) = (S%(:E))il dz.

Without loss of generality, we normalize scale functions such that s,(0) = 0 and s/, (z) =1
for all « to the right of all membranes.

As n — oo, the sequence of scale functions (s,) and speed measures (m,) converge to
the scale sy and the speed measure mg of a regular diffusion process Xy, where sg is a linear
function on (—o0,0] and [0, ), satisfying ps,(0+) = ¢s((0—) where £ = szl Z—:, and dmg(z) =

2 =
(36(33))71 dz. Hence Theorem [3.1| implies the following result.

Theorem 4.1. Let X, be the Brownian motion with d semipermeable membranes described
above. Assume that X, (0) = & as n — . Then, we have the weak convergence

Xn:>X07 n — 00,

in the space of continuous functions, where Xg is a skew Brownian motion starting from Xo(0) 4
&, and its skewness parameter v = p —q € (—1,1), where p,q > 0,p + q = 1, is determined by
the relation

d
]2 _ H 7k _ pl ..... pd
¢ W% Q- d
Here pi, = lgy’“ and q, = 1;”.
. . . 2z _ l+tanh(z) if e ae . -
Remark 4.2. By recalling the identity e T—tanh(z)’ I We parameterize individual permeabil

ities as v, = tanh(ay) for 1 < k < d, then the limiting parameter ~ takes the elegant additive
form:

v = tanh(ag + -+ + ag).
The corresponding result for two membranes was obtained in [51]; the general case was estab-
lished in [42], B6]. Note also that the passage from the interface conditions for X, to
the limiting interface condition for Xy is considerably more transparent than the formula
involving the hyperbolic tangent.
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4.4 Two membranes with small permeability. The limiting skew Brownian
motion

Consider a family of stochastic processes X, satisfying the SDE
dX.(t) = dW(t) +~° dL™ 15(1)

) (4.1)

Xe
te/2

the permeability parameters are given by 7§ = p3 — ¢ € (—1,1) with p5 + ¢3 = 1. At each
membrane +¢/2, the derivatives of the scale function s, satisfy the transmission conditions

pist((+e/2)+) = ¢5sL((+e/2)-).

This is a particular case of the SDE from and the scale functions s, and the speed measures
me can be computed explicitly in the same manner. Assume that p5 ~ A(e)ag and ¢& ~
A(e)a—, where A(e) > 0 is such that lim._,o+ A(¢) = 0. This means that the membranes push
the diffusion toward 0 with high probability. The limit transmission condition is asy(0+) =
a_s,(0—-).

If we assume that limg g4 ﬁ = 0, then it can be easily seen that the limit speed measure

where W is a standard Brownian motion, L is the symmetric local time of X, at +¢/2, and

does not accumulate mass at the origin and the limit speed measure satisfies relation dmg(x) =
(sg(w))fl dz.

A similar situation occurs if the membranes push the diffusion toward 0 with small proba-
bilities proportional to A(e). In both cases the limiting process is a skew Brownian motion. We
formulate the result as a theorem.

Theorem 4.3. Assume that a function A(e) > 0, > 0 is such that lim._,o4 A(¢) = 0, lim._,04 ﬁ =

0, and the parameters p%,q5 = 1 — p5. satisfy either of the following conditions
pS ~Ae)ay and ¢& ~ Ae)a—,

or \
€
¢ ~——= and p° ~ Q,
a4 Q_
as € — 0+ . Here ay > 0 are constants. If X.(0) = £ as € — 0+, then we have the weak
convergence
X = Xo, €— 0+,

in the space of continuous functions, where Xg is a skew Brownian motion starting from Xo(0) 4

. Its skewness parameter v = p — q € (—1,1), where p,q > 0,p + q = 1, is equal to
oy — o
N a4 + Oé_.

The formula for the limiting parameter v can be interpreted as a limiting case of the product
formula from Theorem Indeed, in both regimes define p.,q. > 0,p- + ¢- = 1, by

Pe . _ P DY

= ¢ ¢
«
~—L e50+.
o_
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Then o
p/te—1 o~ 1 ay—a_
= e d a+ — 5
pg/Qg+1 7"_1 a++a_

o —

Ye = Pe — Q¢
which matches the assertion of the theorem.

4.5 Two membranes with small permeability. Limiting absorption or reflec-
tion

Consider a family of stochastic processes X. satisfying SDE . In contrast to the previous
example, we now investigate the regime where the permeability of the membranes vanishes
much faster than the distance between them, which corresponds to the condition lim._,g4 @ =
0. This configuration leads to a complete decoupling of the state space, resulting in either
absorption or reflection at the origin depending on the specific scaling behavior of the parameters.
Recall that p§ = (1++5)/2 and ¢§ = (1 —~5)/2.

Ale)

Theorem 4.4. Let A(e) > 0,e > 0 be such that lime 04 A(e) = 0, lim. oy == = 0. Assume

that X:(0) = & as ¢ — 0+.
(i) If the parameters satisfy pS. ~ A(€)at and ¢& ~ A(e)a— for some oy > 0, then
X. = Xp, €— 0+,

4

where X is a Brownian motion absorbed at the origin, starting from Xy(0) = &.
ii) If the parameters satisfy q5 ~ 2e) gng pe ~ 2 for some at >0 and € #0 a.s., then
+ ay a_

X. = Xp, -0+,

where X is a Brownian motion with reflection at the origin. Conditionally on {{ > 0},
Xo is a Brownian motion reflected on [0,0); conditionally on {{ < 0}, it is a Brownian
motion reflected on (—o0,0].

The proof of this theorem relies on analyzing the asymptotic behavior of the scale functions s,
and speed measures m.. In case (i), the speed measure of the central layer tends to infinity, i.e.,
me([—¢/2,e/2]) — o0 as € — 0+, which turns the origin into an absorbing boundary; the result
then follows from Theorem In case (ii), the scale distance across the central layer tends to
infinity, effectively separating the state space into two disconnected components (—o0,0—] and
[0+, 0), each with a reflecting boundary at 0, which allows the application of Theorem .
Note that while Theorems [3.6] and were formulated for a half-line I, their extension to the
entire real line R in this decoupled setting is straightforward and does not alter the convergence
argument.

4.6 Two membranes with small permeability. Skew-sticky limits

Consider a family of stochastic processes X, satisfying SDE . We now investigate the critical
regime where the permeability parameters vanish at the same rate as the distance between the
membranes, i.e., A(€) = €. As we will see, this configuration leads to the appearance of an atom
at the origin in the limiting speed measure, which generates a sticky effect.
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1445 1—78 .
Denote p := +;i and ¢ := ;i . We assume that for sufficiently small £, the parameters

scale as p5 ~ aye and ¢ ~ a_e as € — 0+ with a4 > 0.

Let us construct the scale function s. normalized such that s.(z) = ex for |z| < /2. Then,
eqs 1 ' _eps 1

=~ ar for # > €/2, and s(z) = -= ~ 5= for < —¢/2. The

corresponding speed measure is given by

its derivative satisfies s.(z) =

qc 1
dme(z) = (?H{x<7€/2} + EH{|x\<s/2}

)

Py
+ aqi H{x>a/2}>d.%’.

As ¢ — 0+, the limits of s, and m,. yield the scale function and the speed measure of a
regular diffusion Xy on R:

T T
so(x) = Iﬂ{x<o} + aﬂ{mop
dmg(z) = (oz,]l{x<0} + oz+]l{1,>0}) dz + dp(dx),

where §y is the unit Dirac mass concentrated at 0.

It follows from (2.26]) that X is a skew-sticky Brownian motion, where p = a,a:a+ and
q= aiagw. The boundary condition (2.27)) takes the form:
Q4 / a— / 2 "
—u'(0+) - ——u(0—) = — " (0). 4.2
a_ +og (0+) a— + g (0-) 2(a— + ay) (0) (42)

Theorem [3.1] implies the following result.

Theorem 4.5. Let X be the solution to SDE (4.1) under the scaling assumptions described
above, and let X.(0) = £ as € — 0+. Then, we have the weak convergence

X. = Xy, -0+,

in the space of continuous functions, where the limit process Xg is a skew-sticky Brownian motion

Xss,?eiﬁgg;\) with the skewness and stickiness parameters given respectively by
QL — 2
v = = = A=—"
O + oy a_ +ayp

Remark 4.6. If we formally pass to a limit in (4.2) as oy — o0 and ay/a_ = p/q = const,
then we obtain boundary conditions for a skew Brownian motion with permeability parameter

Y= 31 ;Z: .This is consistent with Theorem

4.7 Two membranes with small permeability. Limiting snapping-out Brow-
nian motion

Consider a family of stochastic processes X, satisfying SDE . We now investigate the
critical regime where the membranes become “tight” or highly impermeable from the inside of
the layer. Specifically, we assume that as ¢ — 0+, the permeability parameters inside the layer
[—€/2,¢/2] vanish at the rate

€ €
¢& ~—, and p° ~— ase— 0+,
(e o
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where aog > 0. In this configuration, the probabilities of crossing the membranes toward the
interior of the layer are small. Recall that if they are not sufficiently small, as seen in §4.4] the
limit is a skew Brownian motion. Conversely, if they are too small, the limiting process cannot
pass through the membranes and we obtain reflection, as shown in §4.5| The situation in the
current example represents an intermediate case between these two regimes.

Let us construct the scale function s. normalized such that s.(z) = 1 for |z| < £/2 and
5¢(0) = 0. Then, for the regions outside the layer, we have the following behavior. If x > /2,

then its derivative satisfies s.(z) = é}% ~ i,s — 0+, and for x < —¢/2 we have s.(z) =
1PS 1 .
cE T af™ 0+. Therefore, for any fixed x # 0:
1 1
. /
Jim se(z) = aﬂ{x>0} + <oy,
and the functions sy from Theorem are given by
x 1 x 1
s (r)=——-—=, <0, and si(z)=—+=, z==0.
(@)= ———3 +() ol T3

The corresponding limiting speed measures my are absolutely continuous with densities
satisfying
dm_(z) =a_dz, =<0, and dmy(z)=asdz, x=0.

Applying Theorem [3.19] we obtain the weak convergence of the processes.

Theorem 4.7. Let X be the solution to SDE (4.1)) under the scaling assumptions described
above, and let X.(0) = £ as € — 0+ with £ # 0 a.s. Then, we have the weak convergence

X: = Xp, -0+,

in the space of continuous functions, where the limit process Xg is a snapping-out diffusion with

scale functions s+, speed measures m+, and symmetric transmission intensities Ay = %

Remark 4.8. The boundary conditions (3.17)) for the limiting process Xy take the following form:

aiu (0+) = a_u/(0—) = u(0+) — u(0—). (4.3)
If we formally pass to a limit as vy — o0 and ay/a— = p/q = const, then the limiting boundary
conditions will become boundary conditions for a skew Brownian motion with v = 31;3: It

was proved in [I2] that the corresponding snapping-out Brownian motions indeed converge to
the skew Brownian motion, see also §4.9 below.

Remark 4.9. It was mentioned in Remark[3.16]that a snapping-out diffusion can be represented in
various ways. Formulas from Remark [3.16] yield that the process X is a snapping-out Brownian
motion with transmission intensities (2a4)~!. This also agrees with boundary conditions (3.17)
from Remark .18

Remark 4.10. In [39] the snapping-out Brownian motion was considered for A_ = A\, and the
symmetric local time rather than the local time associated with the scale function and the speed
measure of the diffusion. Hence, our formulas differ from [39] by a multiplicative factor of 2.
Moreover, in [39], when the local time reaches an exponentially distributed random level, the
snapping-out diffusion selects its sign with probability 1/2. This should be taken into account
when comparing results. It can be seen that the process Y¢ from [39, Proposition 4] is a
particular case of SDE . The limiting process and the transmission conditions at 0 coincide
with ours, up to the corresponding normalization.
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4.8 Approximation of snapping-out Brownian motion by SDEs with drifts
repelling from the origin

Consider a sequence of SDEs
dX,(t) = an (X, (t))dt + dW (¢),t = 0,

where X,,(0) = z¢ # 0.
Assume that a,(x) = aya(nx), where a is an odd piecewise continuous function vanishing
outside of [—1,1] and a(x) > 0,z € (0,1). Then the function s,(z) = —s,(—x),

§g exp (2 Sl/n an(z )dz)dy, x € [0,1/n];

sn(T) = é/n exp (2 Sl/ )dz)dy + (z—1/n), x> 1/n,

is the scale functlon of X
Denote A(z S v)dv. Then

sn(1/n) = jl/n exp (2 J o an(z)dz>dy - f/n exp (2 J v ozna(nz)dz> dy =

0 y 0 Y

1/n 1 1 1
J exp (QJ ntana(v )dv) dy = J n~texp (QJ n_lana(v)dv> du
0 0

ny u

= Ll n~lexp (2n_1anA(u)> du.

Select (ay,) such that lim, o S(l) n~!exp <2n*1anA(u))du = h > 0. Then functions s4 and

measures my from Theorem are s (z) =x+ h,x >0, s_(x)=x—h,z <0, my(de) =
1,>0dz, and m_(dz) = ly<odz. It follows from Theorem that (X,,) converges in distri-
bution to the SNOB process starting from = with transmission intensities Ay = ﬁ. Note that

the asymptotics of the Laplace integral Sé exp (BA(U))du as 8 — +o0 is well known for many

functions. For example, if a(xz) = 1,z € (0,1), then

fl exp (BA(U))du = fol exp (ﬁv)dv = 666_ L. /8, B — +o.

0

2an

Condition lim,,_, Sé n~lexp <2n*1@nA( ))du = h is satisfied if lim,_,q 2a = h. Sufficient

condition is, for example, a,, = 2 'nIn(hnlnn); see also [41].

4.9 Approximation of a skew Brownian motion by a sequence of SNOB pro-
cesses

Let (X,) be a sequence of snapping-out Brownian motions with transmission intensities \} =
¢n/at, where ay > 0 and limy, o ¢, = +00. Assume that they have representation X, (t)
sy (B(A;1(t))), see (B:24) in Remark [3.24] with the same Brownian motion, where

n

a_

571@) = =@+ ) g 4o Lo,
Cn, cn
o?
mn(dﬂf) = (OéT ﬂx<7;><7+ + ]lx>0)dl'.
+ on
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It can be seen that lim, . s, (z) = g—;x lyco+2 1y =: s (z) locally uniformly, where

2
s(z) = Z—Jraz 1y<0+x 1z~0, and (m,) converges vaguely to m(dz) = (Z—; 1y<0+ 1z~0)dz. Hence,
- +
by Corollary limy, o An(t) = A(t) := (g ls(t,y)m(dy) = {5 I5(t, s(x))m(dz), locally uni-
formly, where m(dz) = (g—; 1y<0+ 1z=0)dz. Since A is strictly increasing, Corollary yields
locally uniform convergence of inverses lim, ., A, 1(t) = A~Y(t). Therefore, lim, o X,(t) =
s Y (B(A7Y(t))) locally uniformly, and the limiting process is a skew Brownian motion with

v = 31 ;g: The corresponding result was obtained in [I1] by analytic methods.

5 Appendix

Here we collect well-known analytical facts that are frequently used throughout the paper.

5.1 Convergence of functions

Lemma 5.1. [50, §12.5] Let f, : [a,b] — R, n = 0, be a sequence of non-decreasing cadlag
functions. Then limy,_,o fn(t) = fo(t) for all t belonging to a dense subset of [a,b] including a
and b if and only if f,, — fo as n — oo in Skorokhod’s My topology.

Moreover, if fo is continuous, then the convergence is uniform, i.e., limp o SUPe[qp] | fn(t)—

fo(t)| = 0.

Remark 5.2. For the precise definition of M;-convergence, we refer the reader to [50]. In this
paper, we do not directly employ the definition of Mj-convergence, but only use some of its
standard properties in the lemmas below.

Recall the definition of the generalized inverse function. If f : [a,b] — [—00, 0] is a non-
decreasing function, where —o0 < a < b < o0, then its generalized inverse f~! : [0, 0] — [a, b]
is defined by

f7H(t) == inf{s € [a,b] : f(s) > t}.
We set f~1(t) := b if the set {s € [a,b] : f(s) > t} is empty. The set [—o0, 0] is considered as
a compactification of R. The essential properties of generalized inverses are summarized in the
following lemma.

Lemma 5.3. Let f : [a,b] — R be a non-decreasing cadlag function.
(1) The generalized inverse f~! is a cadlag function with values in [a,b].

(2) If f is continuous and strictly increasing on [a, b, then f~1(x) for x € [f(a), f(b)] coincides
with its usual inverse.

(3) A non-decreasing function f is continuous on [a,b] < R if and only if f~1 is strictly
increasing on [f(a), f(b)].

(4) A non-decreasing function f is strictly increasing on [a,b] < R if and only if f~1 is
continuous on [f(a), f(b)].

(5) Let fr, : [0,T] > R, n =0, be a sequence of non-decreasing cadlag functions. Assume that
to € (0,T) is a point of increase of fo, by which we mean that fo(t—) < fo(to) < fo(t+)
whenever 0 < t_ <ty <ty <T. Suppose that lim,_,o frn(t) = fo(t) for all t from a dense
set in a neighborhood of to. Then lim, o f, 1 (20) = fo_l(zo), where zg = fo(to)-
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(6) Let fp, : [0,00) — [0,00), n = 0, be a sequence of non-decreasing and unbounded cadlag
functions. Then

1inc}o fo=1Jo in the Mi-topology in D((0,00))
— lingo il = f&l in the My-topology on D((0, 0))
— lingc fn(x) = fo(x) for all x in a dense subset of (0, 00)

— lirrolo fol(@) = fit(x)  for all x in a dense subset of (0,00).

All assertions except for the last one follow directly from the definition and simple analytic
arguments. The last assertion follows from [50, Theorem 13.6.3].
Remark 5.4. Even though we haven’t defined convergence in Mi-topology, note that by defini-
tion, the convergence f,, — f in D((0, c0)) means convergence f,, — f in D([a, b]) in M;-topology
for any [a,b] < (0,00). In addition, a sequence (f,) is Mj-convergent to fo in D([0,00)) if and
only if (f,) is M;-convergent to fo in D([0,77]) for almost all T > 0 with respect to the Lebesgue
measure, see |50} p. 83].
Remark 5.5. The possibility of including +oo into the domain of definition or the range of values
does not alter the proofs from [50], as there exists a strictly increasing homeomorphism from
[—00,00] onto [0, 1].

Corollary 5.6. Assume that a sequence (f,) : [0,T] — [—00, 0] of nondecreasing cadlag func-
tions satisfies

lim i (t) = fo(t)

n—o0

for all t in a dense subset of [0,T].

1. Assume that 0 < a <b < T, and that a and b are points of increase of fy. Set

a:= fo(a), B = fo(b).
Then f;1 — f(;l in the My-topology on D([a, B]).

2. Assume that fo_1 is finite and continuous on an open interval J < R. Then we have
uniform convergence of the inverses:

lim sup |f;'(t) = f ' ()] =0

"D tela,f]

for every compact interval [c, 5] < J.

In particular, if fo is strictly increasing on [a,b] < [0,T], then the above convergence holds
for every

[, B] = (fo(a), fo(b—))-

3. Assume that fy is strictly increasing on [0,T] and f,(0) =0 for all n = 0. Then we have
uniform convergence of the inverses:

lim sup [f,'(t)— f5'(¢)] =0

"% 1e(0,5]

for any 0 < B < fo(T—).
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Proof. For assertion (1), Lemma (5)7 together with the preceding remark, yields the conver-
gence of the inverse functions at the endpoints a and . At every continuity point y € («a, ) of
fo ! the convergence

£ ) = o)

follows directly from the definition of the generalized inverse and the convergence of f, on a
dense set. Since the continuity points of the nondecreasing function f; ! form a dense set,
Lemma [5.1 yields the Mj-convergence in (1).

To prove assertion (2), fix y € J and set = f L(y). By the continuity of fo L at y, one can
choose points x_ < z < x4 from the dense set of convergence, arbitrarily close to x, such that

Jolz—) <y < folz4),

with the obvious one-sided modification if x = 0 or x = T'. Hence, for all sufficiently large n,

falz-) <y < falzy),

and therefore
wo < [y (y) < o

Thus f,'(y) — fy L(y). Lemma then yields uniform convergence on every compact subin-
terval of J.

Finally, (3) follows from (2). Indeed, f,(0) = 0 and monotonicity imply fo(0) = 0. Since fo
is strictly increasing, f; ! is finite and continuous on an open interval containing [0, 8] for every

B < fo(T—). 0

Lemma 5.7. Let (fn)n>0: [¢,d] = R and (gn)n>o0 : [a,b] — [c,d] be sequences of functions such
that lim, o fr = fo and lim,_,o g, = go uniformly on the corresponding sets. Assume that fo
and go are continuous. Then we have the uniform convergence of compositions lim, o fr,0gn =

Jo o go.
For any function f, denote o, (f) :=inf{t > 0: f(t) = z} € [0, o0].

Lemma 5.8. Let (fn)n>0: [0,00) — R be a sequence of continuous functions converging locally
uniformly to fo, and let (zp)n=0 < R be a sequence of numbers such that lim, .o x, = xg.
Assume that o4,(fo) = o or that

Ve >0, 3+ € (02,(f0), 020 (fo) +€) such that
fo(t+) > zo and fo(t-) < zo.

Then limy, o0 04, (fn) = 020 (f0)-

5.2 Vague convergence and its properties

Let my,, n = 0, be locally finite measures on open intervals I, = (ap,by), where —0 < a, <
b, < 00. Assume that the interval I = (a,b) with —00 < a < b < o is contained in Iy and any
compact K < [ is contained in I, for all sufficiently large n. We denote by Cy(I) the space of
continuous functions f : I — R with compact support supp(f) < I.

Definition 5.9. The sequence of measures (m,) converges vaguely to a measure mg on [ if
limy, o §; fdm, = §, f dmg for any f e Co(I).
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Let xg € I be an arbitrary point. Introduce the distribution-like functions:

F () mp((zo,]), x>z, xel,
x) =
" —my((z,x0]), = <xo, xEI.

It is well known that m, — mg vaguely if and only if lim,, o F),(z) = Fy(z) for all x € I at
which Fj is continuous.

Remark 5.10. The vague convergence m, — myg holds if lim,_,. F,,(z) = Fy(x) for all z in a
dense subset J < I where Fj is continuous. Indeed, let x € I\J be a point of continuity of Fj.
Choose sequences x,,, < x < x5, in J such that lim,, .o Fo(z) = Fy(x). Then

Fo(z,,) = lim F,(z,,) <liminf F,,(z)
n—a0 n—0oo
< limsup F,(z) < lim Fy,(z)) = Fy(x))
n—00 n—00

for any m > 1. Taking the limit as m — oo yields lim,,_,o, Fy,(x) = Fo(x).
Lemma 5.11. Assume that a sequence of locally finite measures (my,) converges vaguely on I
to a measure my. Suppose that a sequence of continuous functions (fn) converges uniformly
to fo, and all functions fn,n = 0, vanish outside of a common compact set K < I. Then
lim,, o0 S] Jndmy = S] Jodmo.

Proof. It follows from vague convergence that sup,,~qmn(K) < 0o. Thus,

Lfndmn - Lfodmo

lim sup
n—0oo

< Jim (sup1,0) = fo(o) supm, () )

n=0

Lfodmn - Lfodmo

+ lim
n—00

= 0.
O

Corollary 5.12. Assume that a sequence of locally finite measures (my,) converges vaguely on I
to a measure my. Suppose that a sequence (s,) of nondecreasing continuous functions converges
pointwise to a strictly increasing continuous function sy on an interval I < Iy. Set J = so(I).
Then for every f € Cy(J), we have

lim L f(sp) dmy = Lf(so) dmy,

1

which implies that the push-forward measures my, o s,;* converge vaguely to mg o 551 on J.

The proof follows directly from Lemmas and by noting that there exists a compact
set K < I such that supp(f o s,) c K for all sufficiently large n.

Corollary 5.13. Let (my,) be a sequence of measures converging vaguely to mg on R, and let
(yn) be a sequence of real numbers such that lim, oy, = 0. Let | = I(t,y) : [0,0) x R - R
be a non-negative continuous function such that t — [(t,y) is nondecreasing for every y € R.
Assume that for any T > 0, there exists an interval [ar,br] such that l(t,y) = 0 if t € [0,T]
and y ¢ [ar,br]. Set

Ap(t) = JRl(t,:C + yn) mp(de), t>0.

Then A, are continuous functions and A, — Ag locally uniformly.
The proof follows from Lemmas [5.1] and
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