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1 Introduction

The Heckscher-Ohlin-Samueslson (HOS) model of two goods, two factors and
two countries (2 x 2 x 2) is used in any standard textbook exposition of inter-
national trade theory, and it is the workhorse for deriving the patterns of trade
in goods between countries differing in their factor endowments. But in most
expositions, this (2 x 2 x 2) HOS model is only analyzed and solved graphically,
which means that just the qualitative properties of the model are examined in
various comparative static analyses (illustrations). The quantitative size the
endogenous terms of trade (free trade equilibrium price ratio) is not calculated.
Neither doe the classical ” Offer curve diagram” techniques allow any possibilty
of a quantitative determination of the general equilibrium terms of trade of two
large trading countries. This is a serious ”state of art” for international trade
theory, as it is the world market equilibrium price ratio (terms of trade) alone
that determines the inner workings (factor allocations, factor prices, consumer
demands, export/import, potential specialization) of the domestic economies.
With free trade (law of one commodity price in both countries), the two countries
are inseparable and their general (Walrasian) equlibrium cannot methodologi-
cally be solved as in two-sector autarky models.

The many applied trade models - multisector computable general equilibrium
models - of international trade organisation or academic institutions are quite
distinct from the HOS model with free trade above. Usually applied modelers
have dropped the law of one price (same good, perfect substitutes at home
and abroad) and instead adopted the Armington (1969) assumption of allowing
domestically produced and foreign produced goods to be imperfect substitutes
in use, and so the countries never specializes in a few goods. Many theoretical
trade models, e.g., Mundell (1960) also adopts an apriori (exogenous) division
between the export and import goods of each country.

Our main object will be to show how solve quantitaveley and explicitly for
the endogenous terms of trade and present analytically the international general
(Walrasian) equilibrium solutions in both the (2 x 2 x 2) HOS model and its
analytic parametric extensions to assuming different international technologies

and consumer preferences.



2 The structure of two domestic economies

There are two countries in the world, A and B. Each country produces two goods,
1 = 1,2, which are fully homogeneous throughout the world. In both countries,
there are two production factors, labor and capital, which are supplied in fixed
quantities. National labor supply in country J = A, B is L,, while capital
endowment is K ;. International migration of factors is in any case excluded,
while reallocation among sectors is always possible and fully frictionless.

It is assumed that both factors are fully employed in each country :

K+ Koy =K,i Ly +L,=L,. J=AB (1)
ky=K,/L; =X, ki, + X, koy, J=AD (2)
My = P = P, = 1A, J=AB ()
) = Izl - % by i A, = 1=Ae,, J=AB  (4)

where A\, = L.;/L;, A\x,, = K,,/K,, are, respectively, the fraction of workers
(capital stock) of country J that are employed in sector ¢, and k;, = K;,/L;, is
the capital intensity in the same sector. Since the model is static and there is
no public sector, final consumptions are the only types of demand.

Technology exhibits constant returns to scale (CRTS) in both countries.
Since factor markets are perfectly competitive, the Euler theorem ensures that
the total monetary (sales) value (revenue) from production in each sector equates

the remuneration of primary factors, which is also total production cost (C;,),
P,Yy, =w, L, +r, Ky = Cyyy 1=12, J=ADB (5)

with the sectorial cost shares :

wy Ly, r; Ky

€., = €., —
iJ Ci ) iJ Cz

; o€, tex, =1, i=12, J=ADB (6)
Total national income (gross domestic product, GDP), (Y,), is obtained as
Y, =P, Y, +P, Y, =w, L, +r,K;,, J=AB (7)

Macro factor income shares are identically linked to the endowment ratio as,

6KJ
vy

wy L, r; K wy

Opy = ————, 0x, = Lok, =2
LJ YJ I KJ YJ ’ J |:7’J:|

; Opytéx, =1, J=AB (8)



Let Q;;, i = 1,2, denote the quantitative size of the domestic demands
(absorption level) for good 1 and good 2, and they are respectively equal to

domestic production, Y;;, minus net exports, X;;, i.e.,
Qu=Y,—-X,, Q=Y —-X,,, J=AB (9)

The trade balance is assumed to satisfy the constraint,
P, X, + P, Xo;=0; ie Y, =P ,Q,+P,0Q.,,, J=ABRB (10)

i.e., balanced trade prevails with no foreign borrowing/lending allowed.

The composition of GDP, (10), into final demand (expenditure) shares, s;,, is
sis = PuQis/Ys: Yiysi = X PuQu/Y,=1,J=AB (1)

The macro factor income shares 6, ,, dx,, (8), are GDP expenditure-weighted,

(50), combinations of sectorial factor (cost) shares, €, , €, ,,
Oy = Yoy Sis€u,yn Oy = Soimy Sis€ry,, Ou+0x,=1, J=AB(12)
The factor allocation fractions, (3), (4), can then be restated as,

AL, = Sis€r,,/0vs Ai,; = Sis€r,,/0xs, =12, J=ADB (13)

The total factor endowment ratio, K /L, satisfies the identity, cf. (8), (12):

)
K;/L, = k, = % = w, Z?leiJekil/ZlesiJeLiJ, J=A,B (14)
LJ

which is a convenient representation of Walras’s law (identity) and (2).

We study the international interactions in the case of a Cobb-Douglas (CD)
production (cost) function and in the case of a technology with constant elas-
ticity of substitution (CES).



2.1 Sector technologies, cost functions and domestic prices

Cobb-Douglas production-, cost functions and the relative prices

For sector ¢ = 1,2 in country J = A, B, we assume standard CD technologies:
Y, = 'ViJ(LiJ)l_a” (KiJ)a“ y Yis = 'YiJ(kiJ)a“ , 1=12, J=ADB (15)

where Y}, is the domestic output of sector i in country J - with sectoral labour
productivity, y;; = Y;,/L;,, and capital intensity, k;; = K;,;/L;,;. The marginal
rates of substitution, w;, (here equal to relative factor prices, w,/r;) are :

w,, 1—ay, Qi
wy; = = ki 3 ki =
Ty (2794 1—a;,

wy (16)

The standard dual CD cost function of (15-16) is,

1 1—a;y aig
Ci,](wJarJamJ) = |: Wy :| |:r]:| }fi,/ 5 1= 1,2 5 J = A,B (17)

Yis L1 —ag, Qg g

and the sectorial cost shares (6) are :

€L, = 1—a,, S

=ai; ; €, te,, =1, i=12, J=AB (18)
The domestic relative commodity prices (unit costs) is derived from (17) as

P _ Culis _ @) s ()™
P2J CQJ/Y;J Coy (OJJ) Y1 a,

b, =

where .
(au) v (1 - alJ) I

a, = ., J=AB (20)

(QQJ)azJ (]- - az,])l_a2J

Next, we can use the inverse of (19), i.e.,

w,; = [z”d,p,] B , J=AB (21)

and insert (21) into (16) to get the sectoral capital intensities and sectoral labour

productivities with the relative good price (p,) as the 'independent’ variable,

ki](pJ) =

1
;5 |:% a, pJ:| 427791 7 li(pJ) Oy (1 - a2J) (22)

l_aiJ Y20 kz](pj) B (029} (l—au)
and hence by (22) and (15),

aig 2

a; _ a2j—a1Jg i

yiJ(pJ) :'YiJ|:1 i :| |:%J aJpJ:| ,1=12, J=AB (23)
— Qg V2u



Next rewrite (3) as

kg

|
k

Ay, (p) = IS — - J=AB (24)
kas(ps)

and use (22) to get the allocation fractions of labour (24) and capital (4) in p,:

1
. (1—a, 1— _ eV
SRR R | ST K

Ay (1 - a2]) — Qg (]- - alJ) (2% V2o
(25)
ky
A}(1](p.1) = Jk(p‘]) )\Llj(pl) ) J = A7 B (26)

The relative prices (p,) with CD (19) can range from zero to infinity, cf. Fig.
1, case 1-2. A diversified economy requires that its factor endowment ratio (k)

belongs to the ’diversification cone’ - limits set by the capital intensities (22):

1 1

a agy—aiy a agr—aiy

Ay > Ayt = Ty a;py <k;< — N a;p; (27)
1—ay; [ Y2y 1 —ay; | Ve

1 1

a agy—aiy a agr—aiy

Aoy > Ayt ~ Ty a;py <k;< = N a;p; (28)
1—ay; [ V2 1 —as; | Vey

CES production-, cost functions and relative prices
The CES version of the model adopts the technology specification:

7ig—1 oig—1

9iJ
o -1
Vi =i [(1= @) (Li) 57 +aq,(Ki,) 5 | ™ i=1,2, T = A, B (29)

with the sectoral labour productivities on the intensive form as:

L i=1,2 J=AB (30)

7iJ
”il’1:| o1

Yis = Vis [1 —ai; +ai;(kiy) i

Analogously to the CD case, (16), we have the CES expressions:

l—a . . oig
w, = & _ 4a/zJ kilj/o'l.l : k“ _ iz‘], W, , 7 = 1,27 J = A7B (31)
Ty Q; y 1 (7%

Cost minimiztion with (29), (31), yields the standard CES cost function:

1

Cis(wy,rs,Yis) = (/i) [(1 - ai.})guwiigu + a?}‘]ﬁigu] e Vi, (32)

The CES sectoral cost shares (6) are wellknown and given by:

1
14 [(1—asy)/ai,)% wi=ow

;o€n,, T, =1, i=1,2 (33)

€xiy =



The domestic relative commodity prices (unit costs) follows from (32) as,

1
P, Cyiy (WJ) Y2 [ag}J + (1 - alJ)UlJ w}—ﬂu} o (34)

py=—==———=>=—
’ P, Cay (WJ> Yig [ag}u + (1 _ aw)azJ w$_02J] 17}72J

If the sectoral elasticities of substitution are the same in both sectors, i.e.
01; = 05, = 0, then the relative commodity prices (34) simplify to :
P, Ciy (WJ) _ Y2

p‘ = =
’ P, Cay (WJ) Y1

0ot

agi + (1= a5,)77 w;™ %

} 7 J=AB (3)

The inverse of (35) gives the relative factor prices from the relative prices as,

1
:|O'J 1—0oy

Wy = |: G ]JJ [(pj)ojl T [%}UJ_I [% , J=4,B (36)

—1
1—ay, 720 |77 1—ass |77 _ (p )GJfl
Y1J 1—aiy J

Using (36) in (31) yields the capital intensity in sector (¢) of country (.J) :

o

oj—1 oy T—0o
. o (p )UJ—l _ | y2g azg 7
Qi :| |: [ ] o Y17 aig

kis(ps) = {

S e i = A i
(37)
In case of sector ¢« = 1, it simplifies to,
oj—1 oy %
i kvl o R
a .
ki;(p;) = L — Y1J _ avy , J=AB (38)
1—ay, Yoy |77 1—asy |77 os—1
2 e e
and for sector i = 2, it becomes,
or=1 _ [y oyj—1 asy oy -0y
k (p ): (2% 77 ay g 77 (p‘]) [’ij} afj
2 1—a,, 1—ay, Yo os-1 1-asy |77 _ os—1
Y17 1—a1s (pJ)
(39)

Note in this CES case (37) that the relative capital intensities of a country only

depends on its own technology parameters:

kl.](p.]) |:1 — Qay a1.1:| 77
_ Qo y=AB 40
sz(pJ) 1—a,; as, ( )




The output of sector i = 1 as a function of p; is given by, cf. (38), (30),

o]

s(pr) = [ﬂ”l[(l 00 o)

1J - aQJ) alJ]GJ - [(1 - alJ) a2J]

and output of sector ¢ = 2 as, cf. (39), (30),

o
Yos (D) = Vor(1 — az5) 7771
7y
os—1 s oyj—1 l—as, o5 ;-1
1— [1 — 1y Q25 77 (ps) |:’YIJ:| 1—11?J
1 —as; a, os—1 ol as-1 2177
e

The fractions of workers in sectors, ¢ = 1,2, become by (38-40), (24),

(42)

l—ayiy)ass]77
ALlJ(p") = [(1—(12.1)[;1‘]]0‘1]]—)[(21‘]_]‘11J)a2,]]0‘] ’

oJ
cj—1[1_4 o P
[Mw}‘”“lau]‘” i ] ] ko1 @)

azy aiy oy—1_[r27]97 " 1[ags]7
(Ps) 1

arJ

l—asy)ays]77
ALay (p") = [(1—a1J)El(zJ]U‘Z’J—)[(llJ—]azJ)alJ}u‘] '

_9J
PR red B v M 20 i
[ (p)f[i}f[i] ky—1 (44)

Finally, fractions of capital allocated to sectors, i = 1,2, are, cf. (43), (38), (4),

li J
M) = 2P, ) T=a.B (15)
J

The relative prices (p,) can with CES condition (35) only display bounded
variation, cf. Fig. 1, case 3-6. The factor endowment ratios (k,) belong to the

"diversification cone’ - limits set by the capital intensities (38), (39) - only when:

Ay > Qoy 't sz(PJ) <k, < li(pJ) ; Qgy > Ayt li(pJ) <k, < k2.l(p‘7) (46)

2.2 CD consumer preferences and demand functions

In each country J = A, B, we have a represenative consumer with Cobb-Douglas

preferences u,; and country-specific consumption parameters:



u; = U, (QlJaQ2J) = (Qu)aJ (QzJ)l_aJ , J= A,B (47)

where );; is the domestic demand for good i in country J.

Maximization of utility (47) under the budget constraint, cf. (7):
P, Qu+P, Q.,=Y,, J=AB (48)
yields the optimal demanded quantities and final demand shares,
Qu=0a, - (Y,/P,); Qu=0-a,) (Y,/Py), J=AB  (49)

S15 = PlJQlJ/YJ =0y ;5 S5 = P2JQ2J/YJ =1l-ay,; Z?:l siy =1 (50>

2.3 General equlibrium of two autarky economies

When each country, J = A, B, are autarky economies, then the domestic de-
mand for good i in country J, must also in general equilibrium be equal to

production (output) of good i in country J, i.e.,
Qi] :EJ7 i:1a27 J:AaB (51)
W0k, Wy 5KJ(WJ)

5LJ:, (SKJ:,kJE = :\IJJ Wy , J:A’B 52
Ors 6LJ(wJ) ( ) ( )

With CD technology

QA — (1 - OCJ)GIQ.I
a;(1—ay,)+ (1 —a,)(1—ay)
With CES technology

ky=9,(w,) = [

W,16KJ(WJ)
k, = ¥ = — J=AB
J J(wJ) 6Lj(wj) ’ ’
_ w277 + 0@[1;;2" w, 77w, + (1 - on)[lnglJ w,]%7 w, (5)
o [Tt Wil + (L= g[8 )l + [F554 55) w,

3 The trade balance and world market prices

We now assume free trade between the two countries with perfect integration of
the national commodity markets. Due to the absence of frictions in international

trade the law of one price applies:

Py=Pp=PF, 1=12: pAzpl/PQZpB:p (55)



International trade patterns follow the conventional law of comparative advan-
tage, which in this model specification derives from differences in preferences,
technology and in factor endowments. Trade is always balanced.

As commodity markets are fully integrated, world market equilibrium implies:
Xia=Yia —Qin=—Xip =—Yip —Qip) ; i=12 (56)

where X, are net exports of good i by country J.
In order to derive the equation of the world trade balance and its terms
of trade, re-write the optimal consumption demand for good 1 (49), using the

definition of net exports in equation (56) and (7):
P (Y, = Xi)) = a, - (BYy, + BYzy) (57)
Solving for X, ; yields
P X, =01-a,) Y, —a,  PY,,. (58)
In real terms, (58) reads as
Xy =Ly [ = @) Any s =~y |, T=AB - (59)
Let v,, vy represent the country shares of world labor force (population), i.e.,
va=Ls/(Ls+ Ly), Va+vg =1. (60)

Lemma 1. For two competitive trading economies, with CD utility functions
and regular sector technologies, y;,, i=1,2, J=A,B, (production functions), the

international equilibrium terms of trade, p = P,/ P,, satisfies the condition :

Vp iyt )\LzA “Yoa + Vg Qp - >\L23 *Yap
Va (1 - aA) )\LlA “Y1a T Up (1 - CVB) )\ng *Uis

_ Y2a Vy Oy )\LQA +vgag - >\L25 : (yzs/yzA) (62)
Yia VUa (1 - aA) : )\LlA + vp (1 - 043) /\L13 : (le/ylA)

and with the same sector technologies, y;n = Yis = Yi, (i =1,2),in A and B :

_ Yo UAaA')\LzA +'UBaB'/\L23
1 Va (L —aa) Ap, +vs(I—ap)An,,

p (63)

Proof. Inserting (59) in (56) gives the world market equilibrium condition (61).
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With Leontief sector technologies, we get

Y2 (UAaA + 'UBaB)kl — Va0, ks —vgagks
= ®(ka, k) = = 64
P (ka, k) Y1 (Vaas +vpap)ks +0a(1 —au) ks +vs(l —agp) ks (64)

The terms of trade surfaces (TTS), (64), have the functional form,

Ao+ Arks+ Asks
P By + Biks+ Baky’

(65)

which belongs to the family of quadratics in three variables (conic surfaces).
The shape of (65) is a hyperbolic paraboloid, upon which hyperbolas appear for
fixed k, or fixed k.

Traditionally, the terms of trade are determined by the intersection of recipro-
cal demand (offer) curves, Oniki and Uzawa (1965). In a growth context, the
shifting offer curve technique is rather cumbersome. The same applies to the

long-run offer curve methodology, Atsumi (1971).

11



4 Computation of endogenous terms of trade on

world markets

4.1 CD sector technologies

The general solution with different CD sector technologies

The ratios of sectoral labour productivities within countries are given by (23):

1- 1
Yoo _ 2T J=AB (66)
Y 1—a.,

The ratios of sectoral labour productivities between countries become by (23):

. A14 92B—A1p 924
Yia =D, p{(az)A*%A)(azB*alB)} , 1=1,2 (67)
Yis

where,

DA

. Y14 | “247%1A a;A aia _ A
Via | 34 1-a;a [G,4] 24— 214

D; =

Y1B a2BafllB aip """ [@ }aQJ;i}ilB ’
Yis [“/275} 1—aip B
Inserting (66-67) into (62), and using A,,, =1 — X, ,, we get :

|: A1B"22A 21 A°92B :|
P (aga—a1a)(azp—a1B) | —
Vs [(1—n) (1 —ags) +aa (1 —a14)] An, 4 —Vaca (1 —aya)

Vs |:OCB(1D_2‘11A) (1=Ap,,) — (l—aB)D(ll—azA))\LlB]

(69)

which is an implicit equation of the terms of trade (p) in the factor endowments.

12
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If also the CD total factor productivities are the same in the two countries,
ie
rYiA:rYiB:ryi7i:1a2:;Y:1 (75)
then (72) becomes,
1 1—a,)k 1—ay)k,]" ™
N S B (76)

a vy, Vy Oy +VUp - Qp

the terms of trade (p) with the same CD sector technologies in both countries.

With the same tastes [CD preferences, utility functions], (47), and by (74):

O, = G = & aar+ (1 —a)as (77)
the terms of trade (76) becomes,
1% [1-a a2
= ik |: = a (UAkA + 'UBk'B):| (78)
av, | @

With also the same size of the two countries : v, = Vg = %, then (78) gives,

1y [l-a wmn
p= i [ 5a (kA+kB)} (79)

Finally, with the same relative factor endowments: k, = k, = kz, and by (79),

1 l—a |™"
p:_%[ _“kj] (30)
CL’}/l

a
The terms of trade (80) is the same as the relative Walrasian general equilibrium
prices in autarky, cf.

Proof. Consider finally that

_ kJ B sz
ALy, = ks — ks (81)

and the following equation for the terms of trade

14



4.2 CES technology

The general solution

Due to the analytical complexity of the model, we assume identical elasticities

of substitution throughout the world in both sectors:

O,=0p=0

(82)

Under the assumption, (82), the relative labor productivity within countries is

Yar _ [
Y

po1 [17 [ a;B

1—0o o
VY2 1—ay, o
p
Yig 1—a,,

The relative labor productivity between countries takes the general form:

1*“13]“] _ [723]"’1 HazB ",[%‘B l-asp
1-a;B V1B a

a1p 1-a;p

B
Yie _ 7Vis 1—ais

i ia | 1—a; 71[ _[m
Yia Yia A p° 1 A

1B
po—1_ {“’273] o=t [%B]“
1B a1p
A

=y Ml kv M
1-a;a V1A ay

7 _ [ aiA l—agy
a1 1—-ajp

A
oa 17 TTapgal®
pofl_{ 2A:| [ ZA]

Y2a 1—ap

and for sector 7 = 2:

-1
|:72Bl_a1A:|U P =
o—1

el Enkc
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Theorem 2. For two competitive trading economies, with CD utility
functions, (47), and CES sector technologies, (29), with the restrictions,

OA=05=0 5 QGa=aiz=0;, 1 =125 vy =% =7, i =12 (87)
the international equilibrium terms of trade, p = P, /P,, becomes
1 5 1—0o u o
o—-1_ |m as
w -3 3]

1—aq o1 — [%]1_0 [%:Zfr

1 o I—o l1—a 7 vaka+vpk 1770
o— Y1 —as akatvpkp _
vaa ks +vgagks P t [Vz} {1—%} [UAOéAkA-‘rUBOéBkB 1} -0
Valty + UpOp pa'71 4| 1= as 7 1 -1
Y2 ai vacatvpap
(88)

The relative CES commodity prices, p;; = c¢;j (w/r), together with their
CES pairs: w; = % kil/ai , wj = % kjl-/gj, cf. (31), are shown in Fig. 1.

The limits - for w = w/r, going to zero and infinity - of the relative price

(cost) functions, p;; = c;; (w/r), become either

0 /(o;—1) oo
p*»:—]L' o (L=g)/tamh (89)
Ty a,;T'i/(O'i—l) ) W=, (1 — ai)Ui/(Ui—l)'

and (89) is depicted in Figure 1.
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Figure 1: The relative prices P;,/P;, = ci,(w/7)/c;,(w/r), i
CD, (19), and CES, (34). The isoelastic pair: w;(k;), w;(k;)
,i=1,7=2,(16), (31), of CD and of CES.
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5 Results

The general model of international trade with two country and two goods con-
tains a series of simpler models, which can be obtained as single special cases
of the broader model. In Table 1, we provide an overview of these sub-models.
They are ranked from the simplest one (model I, in the second column from
left) to the most complex one (model IX in the last column right). The degree
of generality increases with the number of parameters that differ across the two
countries. Note that the list of parameters in the first column is exhaustive. In

Table 1 only we assume that both countries are equally sized.

No-Trade | Linder | Ricardo | Ricardo-Mill | H-O-S | H-O H-O-L Basic General
Model Model | Model Model Model | Model | Model Model Model
| 1 11 v \ \i VI VIII 1X
endowments = = = = = = = = #
technology = = # = = = = = *
preferences = # = # = = # # *
country size = = = = = = = = *

Tablel

In the CD-case, the international differences in technologies are simply obtained
by assuming unequal sectorial productivities in the two countries, but assuming
equal sectorial production elasticities throughout the world. In the CES-case,

Lemma 2. The international equilibrium terms of trade in the sub-models
I-VIII, with CD technology

Here, I would insert equations (71)-(80) of the current version of our paper,
although I am unsure whether we need to provide the solution for each sub-
model

Lemma 3. The international equilibrium terms of trade in the sub-models
I-VIII, with CES technology

Here, I would insert equation (88) of the current version of our paper plus the
solutions for the other simpler cases, although (as above) I am unsure whether

we need to provide the solution for each sub-model
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5.1 The standard models

In this section we study the models with internationally equal consumer prefer-

ences. These are

1. The No-Trade Model (Model I)
2. The Ricardo Model (Model IIT)

3. The H-O-S Model (Model V)

We first prove the existence

Proposition 1: Ezistence of a free trade equilibrium in the standard models

If countries differ either in technologies or in endowments, a free trade equilib-
rium always exists.

Proof: The proof distinguishes the two cases of either different technologies or
different endowments.

Case 1: different technologies

P P
14, D
Py Pp

Corollary 1: No trade between identical countries If countries are identical,

(90)

there is no international trade, and the international terms of trade equate the
autarky relative price. Proof: The analytical proof is trivial and I have it.

The autarky relative price is

P1 ].")/2 1—a azmm
“r_ -2 k 91
P a’yl< [a% > ( )

which is identical to the international terms of trade (80).
Proposition 2: technologies and trade patterns

If countries differ only in their total factor productivities, the country will export

the good which it can produce with the highest relative productivity.
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Proof: Without loss of generality, imagine that country A is relatively more

productive in sector 2

Y24 V2B

24 228 (92)
Y14 V1B

D24l 1_d5 e S Y25 1 1_d5 e (93)
maa\ a L mpa\ a L

Py Pip

—_— > = 94
Py~ Pp (94)

Proposition 3: endowments and trade patterns

If countries differ only in their endowments, the relative capital abundant coun-
try will export the capital-intensive commodity.

Proof: Without loss of generality, imagine that k4 > kp and that sector 1 is

capital-intensive, i.e. as < a;. Then:

(ka)®™™" < (kp)"™ ™ (95)
yalag)® (1 =)' ™ (1—p 7" o)1 —ag) ™ (1—p \"7"
ay l1—ay ka < ai 1—a; kp

Y1(a)™ (1 —a1) Y1(a1)™ (1 —a1) P
(96)
Py P
—_— < = 97
Py Pp (o7)

Country A exports good 1.

5.2 The role of preferences

Proposition 4: preferences and trade patterns

If countries differ only in preferences, and a4 > ap, country A is a net exporter
of good 2, i.e. pa > pp.

Proof: Without loss of generality, assume that a; > as. Extend this to:

[(1—ap)—(1—aa)]as < (aa—ap)ay (98)

and obtain
1—agy < 1—ag

@A ap
which is equivalent to p4 > pp.

20



Table 2 illustrates Proposition 4.

an o p @n 12 Kia kig koa ks | A | A | Akam | Akas) | Yia- Qua
0,60 0,50 1,111} 3,161 | 3,161| 3,161| 3,161| 1,054| 1,054| 0,449| 0,449| 0,710| 0,710 -72,572
0,70 0,50 1,126| 3,000 3,000 3,000/ 3,000| 1,000| 1,000| 0,500| 0,500| 0,750| 0,750| -144,338
0,80 0,50 1,141 | 2,848 | 2,848 | 2,848| 2,848| 0,949| 0,949| 0,553| 0,553| 0,788| 0,788| -215,457
0,60 0,40 1,097 | 3,333| 3,333| 3,333| 3,333| 1,111| 1,111| 0,400| 0,400| 0,667 | 0,667 | -146,059
0,70 0,30 1,097 | 3,333| 3,333| 3,333| 3,333| 1,111| 1,111| 0,400| 0,400| 0,667| 0,667 | -292,119
0,80 0,20 1,097 | 3,333| 3,333| 3,333| 3,333| 1,111| 1,111| 0,400| 0,400| 0,667 | 0,667| -438,178
Table2a k; =2, a, =05 a,, =025 y,, =2, y,, =26,
on a p op o) Kia kig koa ke | Ay | Aaw | Akaw | Akas) | Yia- Qua
0,60 0,50 1562| 3517| 3517| 1,172| 1,172| 3,517| 3,517| 0,647| 0,647| 0,379| 0,379| -61,210
0,70 0,50 1583| 3,714| 3,714| 1,238| 1,238| 3,714| 3,714| 0,692| 0,692| 0,429| 0,429|-121,713
0,80 0,50 1,606| 3,926| 3,926| 1,309| 1,309| 3,926| 3,926 0,736| 0,736| 0,481| 0,481|-181,623
0,60 0,40 1541| 3,333| 3,333| 1,111| 1,111| 3,333| 3,333| 0,600| 0,600| 0,333| 0,333|-123,203
0,70 0,30 1541| 3,333| 3,333| 1,111| 1,111| 3,333| 3,333| 0,600| 0,600| 0,333| 0,333|-246,406
0,80 0,20 1541| 3,333| 3,333| 1,111| 1,211 3,333| 3,333| 0,600| 0,600| 0,333| 0,333|-369,608
Table2b k, =2, a, =025, a,; =05, y,, =2 y,, =26

Proposition 5: technologies, preferences and trade patterns

If countries differ in technologies and preferences, the trade patterns follow from

the interplay between both aspects.

an | os p on | o | Kia | kis | Kea | ks | Ay | Aas) | Akaw | Akae) | Yia- Qua
0,20 | 0,80 | 0,90 3,60| 3,02| 360| 3,02| 1,20( 1,01| 0,33| 049| 060| 0,74 404,54
030 | 0,70 | 0,90 3,62| 3,04 362| 3,04| 1,21| 1,01| 0,33| 049| 060| 0,74 219,26
040 | 060 | 0,89 364| 305 364| 3,05| 1,21| 1,02| 0,32| 048| 059| 0,74 33,74
0,60 | 0,40 | 0,89 3,67| 3,09| 367| 3,09| 1,22 1,03| 0,32| 047| 058| 0,73| -338,02
0,70 | 0,30 | 0,89 369| 3,10| 3,69| 310| 1,23 1,03| 0,31| 047| 058| 0,72 -524,27
080 | 020 | 089 371| 312| 3,71| 312| 1,24| 1,04| 0,31| 046| 057| 0,72 -710,75
050 | 020 | 086 4,34| 364| 434| 364| 145 1,21| 0,19| 0,32| 042| 059 -434,35
050 | 0,30 | 087 4,09| 344| 409| 344| 1,36| 1,15| 0,23| 0,37| 048| 064| -338,61
050 | 040 | 088| 387| 325| 387| 325| 1,29| 1,08/ 0,28| 042| 053| 0,69| -24459
050 | 060 | 091| 346| 290| 346| 290| 1,15| 097| 037| 053| 064| 0,77 -60,66
050 | 0,70 | 0,92 3,27| 2,75| 3,27| 2,75| 1,09 092| 042| 059| 0,68| 0,81 29,73
050 | 0,80 | 0,93 310| 2,60 3,10| 260| 1,03| 087| 047| 065| 0,73| 0,85 119,37

Table3 k; =2, a, =05
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Proposition 6: endowments, preferences and trade patterns

If countries differ in relative endowments and preferences, the trade patterns

follow from the interplay between both aspects.
an B p On (2:) Kia kig Koa kos Ay Ags) Akasy Akas) Yia- Qia
08 | 02 | 0561 3373 3373 3373 3373 1,124 1124 0300 0478 0563 0,733 -862,433
07 | 03 | 0561 3360 3360 3360 3360 1,120 1,120 0,304 0482 0567 0,736 -643,197
06 | 04 | 0562 3347 3347 3347 3347 1116 1,116 0307 0486 0570 0,739 -424,185
04 | 06 | 0563 3320 3320 3320 3320 1,107 1,107 0313 0494 0578 0745 13172
03 | 07 | 0563 3307 3307 3307 3307 1,102 1,102 0317 0498 0581 0748 231,519
02 | 08 | 0564 3203 3293 3293 3293 1,098 1,098 0320 0502 0585 0752 449,648
05 | 02 [ 0539 3948 3948 3948 3948 1316 1,316 0184 0336 0403 0,603 -536,824
05 | 03 | 0547 3729 3720 3720 3729 1243 1243 0224 0385 0464 0,653 -424,476
05 | 04 | 0555 3524 3524 3524 3524 1,175 1,175 0,266 0436 0521 0,699 -314,103
05 | 06 | 0570 3155 3155 3,155 3155 1,052 1,052 0356 0546 0624 0783 -98,072
05 | 07 | 0578 2987 2987 2987 2987 099% 099 0404 0605 0670 0821 8136
05 | 08 | 0586 280 2830 2830 280 0943 0943 0454 0666 0714 0857 113,478

Tabledk, =18, k; =22, a,=05 a,, =025 y,, =3 y,,=2

Propositions 4-6 yield the following

Theorem 3:

model of international trade

trade patterns in the general two-country, two-good

The production side and the consumption side are equally relevant for trade

patterns.

Corollary 3: technologies, relative endowments, preferences and trade patterns

If countries differ in technologies, relative endowments and preferences, the trade

patterns follow from the interplay between all these three features.

22



5.3 The role of countries’ relative size

Contrarily to the common neoclassical wisdom, we show in this section that the
relative country size indeed plays a crucial role for the existence of a free trade
equilibrium. This holds true for the cases of countries with unequal relative
endowments or technologies or both of them. In the case of countries, which
differ only their absolute sizes or in their preferences, the relative country size

is irrelevant. These results are provided by the following two propositions.

No-Trade | Linder Ricardo | Ricardo-Mill | H-O-S H-O H-O-L
Model Model Model Model Model Model Model
| Il 11 [\ V VI VI
endowments = = = = #z # #
technology = = = = = = =
preferences = = = = = . =
country size = = = # = = =

Proposition 7: Existence of a free trade equilibrium for countries of unequal size
If countries differ in relative endowments, in technologies or in both of them, the
existence of an international trade equilibrium is subject to the country relative
size.

Corollary 1: If countries differ only in their relative sizes, there is no free trade
equilibrium Proof: trivial

Corollary 2: if countries differ only in preferences, a free trade equilibrium
always exists (the relative country size is irrelevant for the free trade equilib-
rium).

Proof: (to be completed)

P P
s D
Pyy Pp

1 1—ay \" " 1 1—ap, \“ ™"
() e ()
am oA

ap

1 L—aqa \“" 1 1-a 1—a A | 1—a
_72( _aAk> S 1r l:UA( oz_A)+vB(_ ozB)k] >_72< _osz>
a vy QA VA-Qa+vUB-Qp ay ap

E’Yl

Proposition 8: relative country size and trade patterns
The relative country size is irrelevant for the trade patterns.
Proof: This is based on the observation that the relative price in autarky does

not depend on the country size (this is indeed a basic feature of any neoclassical
model)
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