
Journal of Motor Behavior 
1990, Vol. 22, NO.3, 407-443 

Perceptuomotor Compatibility in Pursuit 
Tracking of Two-Dimensional Movements 

Paolo Vivi ani 
Pierre Mounoud 

Department of Psychob iology 
Un iversity of Geneva 

ABSTRACT. I n  a previous article, w e  reported a n  investigation o f  visuomanual 
pursuit tracking of unpredictable two-dimensional targets. This article extends the 
study to the tracking of predictable stimuli. In both investigations, the target trajec­
tory was elliptical. The experimental factors we vari ed were the orientation of the 
major axis of the el lipses (horizontal or vertical), the period ot the movement (9.65 
to 1.61 s), and the law of motion (natural vs. transformed). In the natural condition 
(L), the motion results from the combination of harmonic functions, as would be 
the case if the target were generated by a human. In the transformed (T) condition, 
the law of motion departs systematically trom this natural mode I. The main results 
of the study are as follows: (a) Satisfactory performance is achieved only in the 
natural condition. Pursuit movements obey the same constraints observed in 
spontaneous movements. (b) Predictability aftects significantly the average delay 
between target and pursuit. (c) Each component of the pursuit movements de­
pends on both components of the targets. Thus, two-dimensional tracking gener­
alizes significantly the classical one-dimensional condition. (d) The simple model 
developed previously to describe performance with unpredictable targets can be 
generalized to cover the present case as well. 

A PR EVIOUS ARTICL E (Viv ian i, Campadel l i, & Mounoud, 1987) re­
ported a study of visuoman ual pursuit t racking of unpred ictable two­
d imensionai  targets. As argued there, the two-d imensional version of 
th is task represents a s ignificant genera l ization of the paradigm used 
in almost ali invest igat ions of the t racking ski l l .  Indeed, pursu it move­
ments are rather pecu l iar  among ali human motor act ions, because 
they are at the same t ime under  vo luntary control and yet constra ined 
both spatia l ly an d temporal ly by an external d riv ing in put. I deal ly, per­
fect pursu it requ i res that the motor contro I system be used as a 
general-p u rpose p rocessor for rep l icat ing faithfully any v isual i nput .  
Whatever i ts internai structure ,  the processor shou ld be able to pre­
vent its inner  working f rom man ifest ing i tself in the operat ing charac­
ter istics .  In actual fact, of cou rse, such  an independence of the oper­
ating character i st ics f rom the internai structu re i s  never f ul ly ach ieved. 
Eye movements represent perhaps the most typical case in wh ich the 
few poss ib le types of motor patterns ali carry a c lear impr int of the 
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under lying contro l  processes . More general ly, however, there is a 
growing body of ev idence to suggest t hat voluntary movements pos­
sess certain unique features t hat sharp ly  d i st ingu ish t hem from mo­
t ions  that can be produced by mechan ical contraptions .  These fea­
tures are l i kely to ref lect both t he inner work ing of the motor control 
system and the p hysical propert ies of the effectors .  In particu lar, in 
free hand movements ,  the law of mot ion depends on t he geometry of 
the trajectory in a way that cannot be pred icted from bioc hemical con­
s iderat ions alone ( Flash, 1987; Flash & Hogan, 1 985; Lacquan it i, Ter­
zuolo ,  & Vivian i ,  1 983; Soecht ing & Terzuo lo, 1 986; Viv ian i  & Terzuolo, 
1 982; Wann , Nimmo-Smith, & Wing, 1 988) .  With respect to v i suoman­
ual pursuit, therefore ,  the generai quest ion can be raised as to the 
extent to wh ic h  the intr ins ic propert ies of the control system interfere 
with the perceived kinemat ical  and geometr ical propert ies of the v isual 
st i mulus .  C lass ica l  one-d imens ional  targets (s ine waves, steps, 
ramps, etc . )  are intr ins ica l ly  inadequate to tackle th i s  quest ion ,  be­
cause the geometry of these movements i s  far too s imp le .  Curved tra­
jector ies in the  p iane  represent, instead, the s imp lest s ituat ion in wh ic h  
t h e  not ion of geometr ical for m  can be brought t o  bear in t h e  context of 
v i suomanual coord inat ion . 

Several resu lts of the previous study are summar ized here: 

1 .  Unpredictable targets whose velocity sat i sf ies the constraints 
present in human movements can be pursued with  good accuracy 
and in a sur pr is ingly consistent manner. 

2 .  The strategy used to pursue these targets  can be represented 
adequately by a s imple veloc ity feedback scheme that inc ludes a cen­
trai p rocessing  de lay. 

3. Targets  whose veloc ity is constant-a cond it ion that i s  never ver­
ified in natural movements-can also be trac ked in a cons istent man­
nero The feedbac k  scheme can be appl ied to th i s  case too, but t he 
resu lts  suggest that coping wit h  these "unnatural" targets  requ ires a 
change in the operat ing characterist ics of the motor contro l  system . 

Several  quest ions were left unanswered by the exper iments with  un­
pred ictab le targets .  The first quest ion t hat remains open in the two-
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% Viviani, FAPSE, University af Geneva, 24 rue du GeneraI Dufa ur, 
1211, Geneva 4, Switzer/and. 

408 



Perceptuomotor Compatibility 

d imensionai case i s  the inf luence of pred ictab i l ity on motor perfo rm­
ance. It has often been argued (cf. Poul ton, 1 974; Wickens, 1 986) that 
the pursu it response to period ic  targets is part ly contro l led by a centrai 
ant ic ipation of the ir future course . In the one-d imens ional case, the law 
of motion and its der ivat ives prov ide the on ly bas i s  fo r such an ant ic i ­
pato ry component of  the response.  In the case of p lanar trajecto ries, 
the d i rection of the movement also changes in an o rderly manner and, 
therefore, cou ld  be ant ic ipated . The extent to which th is is actual ly the 
case is not known; nor do we know whether such an ant ic ipat ion of the 
changes in d i rect ion can be carr ied out independently of a concurrent 
antic ipation about the target kinemat ics .  F inal ly, we also ignore the 
question of whether  the corre lat ion that m ight exi st between the law of 
mot ion and the geometry of the t rajecto ry can itself prov i de gu idance 
fo r predict ing the future course of the target .  

T he second issue that deserves further attent ion i s  a lso related to 
the fact, mentioned above, that vo luntary hand movements obey cer­
tain constraints in the relation between thei r  form and kinemat ics .  Re­
member  that the constant ve loc ity condit ion exp lored in the previous 
study v io lates these constraints but is st i l i  compatib le with a reason­
ably good t racking  perfo rmance. The question then arises, whether a 
mo re d rast ic  departure of the target motion fram the regu larit ies pre­
sent in spontaneous movements can u lt imately resu lt in a measurab le  
d is rupt ion of  the perfo rmance. 

A thi rd issue concerns  the val id i ty of the feedback scheme used to 
represent the pursu i t  perfo rmance.  The range of average velocit ies 
exp lored in the experiments with unpred ictab le  targets was rather nar­
row ( 1 0 .42-1 6 .67 cm/s) .  It i s  open to question, therefo re, whether the 
conclus ions reached by applying the scheme with in such a narraw 
range remai n val id when one cons iders the fu l l  spectrum of velocit ies 
observed in natu ral movements . In part icular, the paramount im por­
tance g iven to the veloci ty feedback deserves special attention be­
cause, with a few exceptions (e . g ., Jagacinski & Hah, 1 988; M i l ler, 
Jagacinski, Nav alade ,  & Johnson , 1 982), models of pursui t  t racking 
tend to emphasize instead the feedback of position information (cf .  
Pou lton , 1 974 ) .  

The fourth and f inal question arises as  a resu lt of recent f ind ings on 
the generation of hand t rajecto ries. There is, in fact, the fo llowing ev i­
dence: 

1 .  The usefu l workspace fo r movements invo lv ing wri st, e lbow, and 
shou lder  jo ints is not homogeneous f rom the po int of v iew of the contro l 
st rategy (F lash, 1 987; Ho l le rbach & Atkeson, 1 986). 

2 .  At l east one of the parameters that are relevant to the description 
of the movement (the mechan ical and ref lex stiffness) depends on the 
pos ition in the wo rkspace and the d i rection of the d isp lacement 
(Mussa- Ivaldi, Hogan ,  & Bizzi, 1 985) .  

3 .  When the availab le degrees of f reedom exceed the requ i rements. 
of the des i red end-point t rajectory, specific constraints are injected by 
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the motor control system into the relation between elbow and shou lder 
angles (Soechting, Lacquan it i ,  & Terzuolo, 1 986; Soechting & Terzuolo, 
1 986). T hese const raints resu lt i n  equal ly specif ic d istort ions of the 
actual trajectory. 

Taken together ,  these f i nd ings suggest the possibi l ity that ,  i n  the 
pu rsuit-tracking task, the hand-arm system may respond differently to 
target motions in  different di rect ions and different positions within the 
workspace. Complex targets, such as those used in the p revious ex­
periments, are not well su ited to expose this possible i nf luence, be­
cause local efforts  may cancel out. The pursu it-tracking experiment 
reported in this article addresses al i fou r  issues evoked above. A 
c losed geometrical form-the el l ipse- provided in ali cases a pre­
d ictable and simple target trajectory ( Issue 1 ). Two factors of the ex­
per imental design were related to the kinematics of the target. The f i rst 
factor was the i nstantaneous modu lations of the veloc ity along the t ra­
jectory. I t  has been shown-both i n  adu lts (Lacquanit i  et al . ,  1 983) and 
ch i ld ren (Viv iani  & Schne ider, 1 990)-that a stab le re lation exists be­
tween the tangent ia l veloc ity and the radius of cu rvature of e l l i ptic 
movements .  A power law p rovides a satisfactory quantitative descrip­
t ion of such a relat ion . I n  half of the t ria ls ,  the veloc ity of the templates 
sat isf ied th is  i nternai const ra int of natu ral movements. In the other  half ,  
the constraint  was g rossly vio lated ()ssue 2 ) .  The second factor was 
average veloc ity of the target over one cyc le .  The period of one motion 
cyc le was var ied over  a 1-7 range ( I ssue 3). T he th i rd exper imental 
factor was the or ientat ion of the major axis of the e l l i pse,  wh ic h  def ines 
both the main d i rection of the movement and the range of covariat ion 
of the jo int angles ( I ssue 4) .  

I n  comparison with the one-d i mens ional case, the  analysis of two­
dimens ionai pu rsu it t racking requ i res the development of spec ific 
methodological  tools .  Here, these matters wi l l  be dealt with b rief ly and 
only insofar as t hey are necessary to make the p resentation self ­
contained .  The reader is  referred to the p revious artic le (V iv ian i  et al . ,  
1 987) for a detai l ed d i scussion of these methodolog ical i ssues .  

Methods 

Subjects. Ten subjects ( 7  males and 3 females,  age range: 25-42 
years) vo lun teered for the experiment .  They were a l i  r ight-handed and 
had normal or corrected-to-normal vis ion . 

Apparatus. The experimental apparatus and the data acquisit ion 
were identical to those desc ribed in detai! i n  the previous artic le (Viv i­
an i  et al . ,  1 987) .  B riefly, the visual target was p roduced by a computer­
contro l led laser b eam that was rear-p rojected on a t ransparent d ig it iz ­
ing table .  Subjects pu rsued the target with the standard h and-held 
cu rso r  of the tab le .  The instantaneous posit ion of both the target and 
the cu rsor were samp led at 60 Hz, with a nominai accu racy of 0 .025 
mm .  
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Targets. I n  al i  cases, target t rajector ies were e l l ipses with the same 
form ( Iabeled G for Geometrie; eccentr ic i ty, Ig = 0 .9 ;  per imeter, P = 

58 .905 cm) .  I n  ha l f  of the targets (type H) ,  the major axi s  of the e l l ipse 
was horizontal ; in  the other  hal f  (type V), i t  was vert ica l . Each type of 
target cou ld fo l low two diffe rent l aws of mot ion [the law of motion is the 
funct ion I = l(t) which descr i bes the i nc rease in time c:if the curv i l inear 
coord inate I along the trajectory]. 

The f i rst law of mot ion (to be cal led L for L issajous) is the one that 
obta ins when the e l l i pt ic  trajectory is generated by composing vecto­
r ia l ly  two s inuso ida l  functions as fol lows: 

xg (t) = Axg . sin(nt) , 

Yg (t) = Byg . cos(nt) , 

where Q is the rhythm of the movement. The eccentricity Lg of G is de­
f ined as 

Ig = y1 - (Ayg/Axg)2, i f Axg 2: Ayg (type H) ,  

Ig = Y1 (Axg/Ayg)2, i f Axg s; Ayg (type V). 

The second law of mot ion (to be cal led T for transformed) was de­
f ined by the fol l owing cond i tion: At any instant, t, the tangent ia l  veloc ity 
a long the trajectory must be equa l  to the tangent ial velocity that wou ld 
have , at  the same i nstant ,  a point trac ing  a Lissajous e l l ipse (called D 
for dynamic) whose major axi s  was rotated by 90° with respect to that 
of the actual target. The ti me cou rse of the x and y components of the 
target in cond it ions L and T is contrasted in  the upper two pane ls  of 
F igure 1 A . For each speed condit ion (see below), the cyc le  period of 
L- and T-type targets is the same . Therefore , the average tangentia l  
speed and i ts time p rof i l e  are ident ical  in  the two cases (see the th i rd 
pane l i n  F igu re 1 A) .  Whereas i n  L-type targets ,  however, the maxi mum 
tangent ia l  ve loc i ty occu rs where the radi us of  cu rvatu re i s  maximum ,  
and  the m in imum tangentia l  veloc i ty occu rs where t he  radi us o f  cu r­
vatu re i s  m i n i m u m ,  the posi t ion of the same m in ima and max ima along 
the trajectory is i nte rchanged i n  type-T targets. Thus, both the ti me 
cou rse and the polar  distr i but ion of the angu lar veloc ity (A = V/R) are 
different in the two cases (F ig u re 2). The generai mathemat ical  pro­
cedu re for generat i ng  e l l i ptic trajector ies whose law of motion i s  that 
of any Lissajous e l lipse is descr i bed in Appendix A. 

I n  a l i  cases ,  pu rsu i t  movements were recorded for 1 9 . 3  s .  The num­
ber of  complete movement cyc les with i n  th i s  period cou ld be 2 ,  4 ,  6 ,  
8 ,  1 0 , 1 2 , and 1 4 , wh ich  correspond to the fo l lowi ng  average ve loc i ­
ties: 6 . 1 0, 1 2 . 20 ,  1 8 . 3 1 , 24.42 ,  30 .52 ,  36 .62 ,  and 42 . 73 cm/s ,  respec­
tively. One extra cyc le was always inserted at the beg i nni ng of the tria l  
to a l low su bjects to attai n a steady performance .  This i n it ia l  cyc le was 
not recorded. Twenty e ight  d ifferent target types resu lted f rom the 
combination of the two or ientations , the two laws of movement, and 
the seven average velocities .  

411 



P. Viviani & P. Mounoud 

Procedure. Eac h  subject fo l lowed eac h  target type f ive t imes.  
Thus, one complete exper iment compr ised 140 tr ials .  To avoid fatigue, 
we admin istered the t ria ls in two sessions .  Half of the subjects were 
p resented with a random permutat ion of ali targets with 2, 6, and 10  
cyc les in  the  fi rst session and of ali targets with 4, 8, 1 2, and 1 4  cyc les 
in the second session .  The session sequence was inverted for the 
other half .  For b oth sessions, a different permutat ion was used for 
each sess ion .  Two of the subjects (the authors) were aware of the ex­
per imental des ign . Of the 8 other subjects to whom no informat ion was 
pravided , some real ized in the course of the experi ment that the same 
target was p resented several t imes.  The average interval between rep­
etit ions was too l arge for any motor learn ing to occu r, however. The 
assignment was int raduced verbal ly, and we stressed the fact that a 
good performance cons isted of "keeping the target as c lose as pos­
sib le to the c rass- hai r of the c u rsor for as long as possib le." Before 
eac h  session ,  subjects p racticed for a few tr ials at each of the veloc i ­
t ies inc luded in that session .  No constraints were imposed on either 
the generai body postu re adopted du ring the task or the arm seg­
ments involved in the t racking movements. At the beginn ing of a t rial, 
subjects p laced the c u rsor c rass-ha i r  on the laser spot that ind icated 
the start ing point of the target . This point was always in the 3-0'c lock  
d i rect ion ,  but the  d istance f ram the  center of the  table pravided a c lue  
to  the target type ( H  or  V) about to  be presented .  Two s after an acous­
t ic warning s ignal, the target spot started moving, and the subject had 
to t rack the spot for  as many cyc les as were p resented in the tr ia l . The 
pace of the p resentation was contra l led by the experimenter, and, on 
the average, t r ials  were 10 s apart . Short periods of rest were inserted 
at the subject's  request .  Subjects could a lso ask to repeat a t ri al if they 
felt that in the course of the record ing they had lost the necessary 
concentrat ion . 

Resu/ts 

Qua/itative ana/ysis. Thraughout th is  section , we wi l l  cont rast the 
t rack ing performance in the two kinemat ic cond it ions ,  L (L issajous) 
and T (Transformed ) .  Thus, we begin by emphas izing the natu re of the 
d ifference between these condit ions. As detai led under Methods, the 
average speed and time course of the veloc ity p rof i le for a g iven 
rhythm are identica l  in both cond it ions .  L-type targets resu lt f ram the 
comb ination of pu re harmon ic funct ions, whereas the hor izontal and 
vert ical  components of T-type targets contain h igher  harmonics (Fig­
u re 1 A) .  Neverthe less ,  both components remain fai rly smooth and ,  
each one independent ly, wel l  wi th in the range of commonly observed 
spontaneous movements of the hand .  

A quantitat ive d i fference a lso  exists in the  d istrib ution of the  angular  
veloc ity ( Fi g u re 2). The main qual itative d ifference ,  however, concerns 
the relat ion between the geometry and the kinematics of the targets . I t  
can be shown (Viviani & Cenzato, 1985) that in L-type targets, the tan-
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lissajous 

p 

4 : 
: 2 

. . . . . . . transformed 

p 

, . . . .. I· .. . . . . 

I 
5 

Lissajous 
;:; 4 transformed 
Q) '" ..... -c � 3 � 

. c:; o 
a; :> 2 
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3 4 2 3 4 
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Figure 2. Angular velocity for the two types 01 targets. The lower plot compares the time 
course of the angular velocity for an L-type (thin line) and a T-type (thick line) targe!. The 
example shown (H-type at the slowest velocity) is the same as that in Figure 1. In the !wo 
upper plots, the angular velocity is displayed in the lorm 01 polar diagrams, to emphasize 
its relation to the geometry of the trajectory (AO = angular velocity at point P). Notice 
that, despite the surface difference be!ween the !wo plots, the average angular velocities 
are identical in both cases. A visual impression 01 the difference be!ween the profiles 01 
tangential velocities is provided by plotting only a lew points 01 the trajectory equally 
spaced in time. 
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gent ia l  ve loc ity, V(t) , is re lated to the instantaneous rad ius  of cu rvatu re ,  
R(t) , by  the formu la  

2 71" V(t) = n . P2/3F(�g) . R1/3(t) , 

where n = 271"/T i s  the rhythm of the movement ,  P i s  the perimete r of 
the elli pse ,  and F is a m i ld ly vary ing funct ion of the eccentr ic ity �g. 
For any cho ice of the parameters n, P, and �g , V(t) is an i nc reas ing 
li near funct ion  of  R 1/3 For  T-type targets, however, the V - R1/3 relat ion 
decreases monotonous ly and i s  h i gh ly non l i near. F igure 1 B cont rasts 
the two re lat ions for a l i  tested values of the rhythm. 

We did not search i nd iv iduai performances for stat ist ical  ev idence 
of  motor l earn i n g .  Qua l i tat ive analys is  of the performance i nd ices (see 
be low) fai led to s how any systemat ic  effect across subjects of the or­
der in wh ich  the various cond i t ion were adm in i stered,  however. In most 
cases, a stab le  performance was reached after the very f i rst fam i l i ar­
i zat ion tria l . Moreover, even the two authors, who had much more prac­
tice with the experimental condi t ions then the other  subjects , d i d  not 
fare better in negot iat i ng  the d iff icu l t  T condi t ion (see later). The  two 
experimental factors that have the largest effect on the track ing per­
formance are the rhythm ,  n, and the k inemat ic condi t ion (L vs .  T ) .  
Typ ica l  exam ples are used to i l lustrate the ma in  q ual itat ive f i nd i ngs  in  
the space (Fig u re 3 ) ,  and t ime (Figure 4) domains .  Each trace i n  F igu re 
3 represents the average trajectory for one cycle, computed from ali 
the data ava i lable in the i nd icated condi t ion (for i nstance ,  in the 8-
cyc les condi t ion , averages are computed on a 5 x 8 = 40 cyc les ) . 
As the rhythm of the target i nc reased , the ent i re pursu i t  trace rotated 
in the di rect ion of the target movement .  A few control t r ia ls ,  recorded 
i n  3 su bjects , showed conc lus ively that the angle of rotat ion was i n ­
verted when  the di rect ion o f  the target movement was i nverted. To var­
ious  degrees, al i su bjects p resented th i s  pecu l iar effect i n  cond it ion T 
In condi t ion L, i nstead, a systemat ic  rotat ion was observed on ly with 
targets ori ented horizontal l y, and , on the average, i ts ampl itude was 
smal le r. It is remarkab le that ,  a l thoug h  the ang le  of rotat ion at the h igh ­
est rhythm cou ld be as  large as  1 r, no su bject attempted to  compen­
sate for the systemat ic  e rro rs that resu l ted from such rotat ion . I ndeed , 
no one was ever reported to have not iced these erro rs. I n  condi t ion L, 
the average peri meter and the eccentr ic ity of the pursu i t  track 
matched qu ite accu rate ly those of the target . In condition T, however, 
both these parameters dec reased when the rhythm inc reased . I n  most 
su bjects, pursu i t  t races of Li ssajous targets were reasonable approx­
imat ions of an e l l i pse, at ali rhythms .  Departures f rom the i ntended 
form i nc l uded occas iona i  di stort ions and a tendency at the h ig hest 
rhythms to f latten out the l east curved port ions of the trajectory. These 
types of d i stort ions occu rred a l  so i n  the transformed cond i t ion ,  but 
the ir  ampl i tude was larger. In addit ion , w i th i n the low-medi um range 
of  rhythms, we a l  so observed anothe r type of  d i stort ion that was , i n ­
stead, qu ite systematic and man ifested i tself  as  an ant isymmetr ic 
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bending of the most curved portions of the trajectory (see upper right 
panel in Figure 3). 

Gross qualitative difterences between performance in the two con­
ditions emerged in the time domain. Figure 4 shows the polar repre­
sentation of the instantaneous delay, 8, between the target and the 
pursuit for the same set of experimental parameters of Figure 3. The 
delay is defined and calculated as in the case of random targets (Vi­
viani et al., 1987). For each radiai direction, the indicated quantity, 8, 
is proportional to the time that elapses between the moments when the 
target and the pursuit pass through homologous points on the trajec-
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Figure 3. Pursuit trajectories. Data for one representative subject. For the three indicated 
rhythms, left and right plots i l lustrate some of the typical features of the pursuit trajectories 
in the two experimental conditions. Also shown inset are the quantitative parameters used 
to characterize the performances. As a generai rule, pursu it trajectories in the T condition 
are more distorted, smaller, and less eccentric than those in condition L. A conspicuous 
rotation of the axes of the pursuit el l ipse is present in  both conditions. 
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tory. When the polar p lot l ies withi n the e l l i pt ic  reference,  as in two of 
the examples on the right, the pursu i t  is i n  advance with respect to the 
target . Delays were a lmost constant for a l i  d i rect ions and a l i  rhythms 
i n  cond it ion L. Instead , they osc i l l ated considerab ly and systemat ical ly  
i n  cond i t ion  T ,  the osc i l l at ions be ing related to the veloc i ty prof i l e  but 
not to the orientat ion of the major axis of the target .  Obviously, the 
pecu l iar modu lat ion of the tangent ia l  veloc i ty prevented the subjects 
fram mai ntai n i ng  a constant level of accuracy in the execut ion of the 
task. 

Lissajous transformed 

UFT RIGHT LEFT RIGHT 

(� 

Figure 4. Temporal delays. Data lor the same subject as in Figure 3. For the three indi­
cated rhythms, left and right plots illustrate the typical proliles 01 the instantaneous delay 
in the two experimental conditions. The results shown are averages over ali the cycles 
within a trial and ali the trials lor the same condition . As i nd icated in the lower left panel, 
the delay at any one point of the trajectory is proportional to the radiai distance between 
the target trajectory and the polar plot. Portions 01 the plot laying within the outline 01 the 
target correspond to regions 01 the trajectory in which the pursuit is ahead 01 the target 
(negative delay) . At ali rhythms and in ali subjects, the delay in condition L is lairly con­
stant across movement cycies. Large modulations 01 the delay appear instead in condi­
tion T. 
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Finally, the effect of the relation between geometry and kinematics 
on tracking performance is dramatized by plotting the V - R1/3 relation 
for the pursuit movement. Because individuai plots are qualitatively 
similar, this relation has been calculated from the average pursuit tra­
jectory over ali subjects and ali cycles of movements within a trial. In 
condition L (Figure 5) the data points far one complete cycle are al­
most indistinguishable fram the superimposed straight lines that rep­
resent the behavior of the target (cf. Figure 1 B).  The agreement is 
equally good whether the major axis is harizontal (panel A) or vertical 
(panel B). In condition T, the situation was quite different. Each panel 
in Figure 6 displays the V - R1/3 plot for the indicated rhythms and for 
the two orientations of the majar axis of the ellipse (A, harizontal; B, 
vertical) These plots demonstrate large, systematic departures of the 
pursuit movements fram the V - R 1/3 covariation that characterizes 
the targets The differences depend on both the rhythm of the move­
ment and the orientation of the axis. The results for the highest rhythms 
(10, 12, and 14 cycles) suggest that subjects modulated the velocity 
in accardance with the Lissajous model over a large partion of the 1 st 
and 3rd quadrant, but with a considerable hysteresis. Efforts to comply 
with the kinematics of the target were only partially successful over 
small segments of the 2nd and 4th quadrants. 

To summarize, these qualitative results demonstrate that, when the 
relation between the kinematics and the geometry of the target differs 
fram that which is characteristic of the Lissajous model, the tracking 
task becomes unusually difficult. A serious deterioration of perform­
ance results, both in the space and temporal domain, but it is much 
more marked in the latter. In the next section we pravide a quantitative 
analysis of these findings. 

Quantitative ana/ysis. The parameters of the pursuit trace to be 
considered are the perimeter, P, the angle of ratation, e, the eccentric­
ity, L, the distortion with respect to the elliptic form, O, and the average 
delay, ù. The perimeter was calculated by integrating numerically the 
data points of the average complete cycle. e and L were estimated 
by the corresponding parameters of the least squares best-fitting el­
lipse of the pursuit trace. The distortion was defined as the least mean 
quadratic error resulting from the fitting routine. Table 1 summarizes 
the results of a 2 x 2 x 7 (Orientation x Kinematic Condition x 
Rhythm) analysis of vari ance (ANOVA) of these quantitative parame­
ters, with 10 replicates (subjects) per celI. 

As mentioned in the previous paragraph, the performance parame­
ters and their variations as a function of the rhythm were mostly af­
fected by the kinematic modality. To some extent, however, they were 
also subject specifico This is particularly obvious for the average delay, 
ù (Figure 7 ) .  The left panel in this figure compares the results of each 
subject in the two Lissajous conditions (O = H targets; • = V tar­
gets); the right panel shows the corresponding results far the trans­
farmed conditions. The botto m lines in each panel show the population 
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TABLE 1 
Anatysis 01 the Effects 01 the Experimental Factors on Various Performance Parameters 

dr a l p a D 

A (1, 9) 45.09* 21.00* 33.52* 56.20* 24.57* 
B (1, 9) 20.32* 3.62a 2.66a 31.87* 3,50a 
C (6,54) 7 01 * 21,00* 8.85* 10.39* 14.37* 
A x B (1,9) 1.55a 0.21a 0.01a 0.12a 2.90a 
AxC (6,54) 9.17* 20.68* 21.81 * 7.93* 3.27** 
B x C (6,54) 0.69a 6.75* 1.21 a 6.06* 1.67a 
Ax BxC (6,54) 1.69a 1.59a 2.09a 2.07a 0.59a 

Note. ANOVA results (F values) .  Columns, parameters of the performance: a, average 
delay; l, eccentricity; P, perimeter; a, rotation; D, distortion. Rows, main effects and 
interactions of the experimental factors: A, kinematic condition (Lissajous vs. trans­
formed); B, orientation of the major axis (horizontal vs. vert ical) ; C, rhythm. 

* p :::; .001; ** p :::; .01; a = nonsignif icant. 

averages.  As al ready observed in the case of unpred ictable targets 
(Viv ian i  et  a l ., 1 987) , the average de lay varied as muc h  as 100% be­
tween subjects .  Moreover, the effect of the rhythm was somewhat d if­
ferent among subjects .  Those subjects who had long de lays a lso 
tended to inc rease them at the h ighest rhythms; th is  was particu lar ly  
obv ious in  cond it ion T. Other subjects maintained the delay fai r ly con­
stantly throughout the ent i  re range of rhythms .  The s ign ificance of 
these d ifferences i s  d ramatized by the str ik ing s im i larity between the 
ind iv iduai resu lts  for the horizontal and vert ical or ientation of the major 
axis, 

F ig u re 8 summarizes the quantitative results for a l i  the other descr ip­
tive parameters of the performance .  Each p lot compares the averages 
ac ross ali subjects far the ind icated quantity. As in F igu re 7 ,  the results 
for the two or ien tat ion s  are compared with in the same p lot .  Left and 
rig ht panels refer to cond it ion s  L and T, respectively. The most d ra­
mat ic d ifference between the two kinematic condit ions is revealed by 
the perimeter d ata, whic h, in cond it ion T, show a large dec rease in the 
s ize of the pu rsuit movement .  The g lobal measure of d istort ion ,  O, also 
conf i rms a qual i tative d ifference between L- and T-type targets .  It fai l s ,  
however, to  resolve t he  d ifferent types of d istortions doc umented in 
Figu re 4 .  With in both kinematic cond it ions ,  a signif icant d ifference ex­
isted between the amount of rotat ion for the two or ientations of the 
major axi s. As a g enerai rule ,  the effect of the rhythm on ali measures 
of performance was g reater in cond it ion T than in cond i tion L. The 
rhythm interacted with the or ientat ion of the axes only for the purely 
geometrie parameters (eccentric ity and rotat ion ) .  F inal ly, no s ign if icant 
interaction eme rged between or ientat ion and k inemat ics .  
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Modeling the Tracking Performance 
Definition of the Model 

I n  the previous art ic le  on pu rsuit t racking of random targets (Viviani 
et al., 1987), we presented a simple formai scheme that accounts with 
reasonable accuracy for both the generai and the idiosyncrat ic fea­
tu res of the track ing performance.  Br iefly, the scheme proposed earl ier 
was based on the following ideas. Let T(t) and P(t) be two vectors, 
represent ing the instantaneous posit ion of the target and .of the p'u rsu i t ,  
respective ly. Moreover, let dS = T(t) - P(t) and dV = T(t) - P(t) be 
the displacement and velocity e rrar vectors. The basic intu i t ion ,  which 
we tested using random targets, is  that ti me changes of P(t) are driven 
uniquely by the diffe rences, dS and dV. By analogy with the behavior 
of a mass coupled to a displacement generator via a viscoelast ic link, 
the accelerat ion of P(t) i s  supposed to be a l i near combinat ion of dS 
and dV. We also hypothesized that the processing of the error signals 

2 
3 
4 

CI) - 5 c..> CI) 
E' 6 ::::l CI) 

7 
8 
9 
10 
A 

lissajous transformed 

���---=::�..--------'- -�- �� - + ---=-
�-==� ___ -_�_�-�-=-_-:-_��=-=Z�::-:�� 

*' 

�"� __ �'�--." '1\ , -O-. , � 
----� 

��-=�" c��.:.:c+,:��� ���--�'�-./ * t {+ ,,, ",�,,(L � � "'" , t  � !,+ {- � 
I I I I I I I 

2 4 6 8 10 12 14 2 4 6 8 10 12 14 
number of movement cycles 

o H 
.v 

]� o N 
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the average over ali movement cycles of the instantaneous delay between target and 
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the delay and the rhythm. In condition T, the delay increases significantly with the rhythm. 
Large differences exist among individuai pertormances, however. 
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is not i nstantaneous ,  as i t  is in a reai mechan ica l  system ,  but takes 
i n stead a t i me, te' that may depend on the su bject. 

To encompass with i n  the same scheme a lso the case of pe riod i c  
targets , we  now general ize t he  model  i n  two d i rect ions. F i rst , g iven t he  
pred ictab le natu re o f  t he  st i m u l i ,  we  must take i nto account t he  poss i ­
b i l ity that su bjects ant ic i pate the futu re course o f  t he  target. Specif i ­
cal ly, we assume that the re levant errar  vectors , �S and � V, are com­
puted between the actual  posi t ion and ve loc ity of the pu rsu i t  (t ime t) 
and the posi t ion and velocity of the target at some point i n  the futu re 
( t ime t + tf)' Second , the exper i ments have s hown that the or ientat ion 
of  the major  ax i s  of e longat ion of  the pursu i t  t race undergoes a rotat ion 
i n  the d i rect ion of the target movement ,  the ampl i tude of  wh ich de­
pends on the tempo (see F igu re 3 ) .  Thus ,  we m ust al low for  the pos­
s ib i l i ty of c ross-coup l i ng between the Cartes ian components of the er­
rar vectors and those of the pu rsu i t  movement (Todosiev,  1 967): The  
errar s i gna l s  � S  and � T are l i near ly comb i ned by matr ices with non­
ze ro off-d iagonal  terms .  Formal ly, the pu rsu i t  movement i s  then de­
scr i bed by the d ifferent ia l  vector equat ion as follows: 

. .  o .  

P(t + te) = a[T(t + tf) - P(t)] + �[T(t + tf) - P(t)], ( 1 ) 

where 

P(t) == {xp(t),Yp(t)}, 

T(t) == {xr(t),Yr(t)}, 

� == I�
xx �XY I �YX �YY' 

With i n  the sp i r i t  of the mode l , the transformation matr ices a and � 
can be conceptual ized as a v i rtua l  st iffness and a v i rtua l  v i scosity ten­
sor, respect ive ly (a l i the components of <X and � are normal ized to the 
u nspeci f ied mass of the system) . I f  the l ink between the target and the 
pu rsu i t  behaves as a spr ing/dash pot system ,  i t  fo l l ows that the two 
tensors must be skew-symmetr ic (<XXy = <Xyx; �xy = �yx) (cf Hogan , 
1 985) . The  components of the st iffness tensor i nc l ude the contr i but ion 
of centra i  and per i pheral effects . Although  i t  i s  known (M ussa- I vald i ,  
Hogan , & B izz i , 1 985) that the latter are dependent o n  end-po int  po­
s i t ion with i n  the workspace (at l east in i sometr ic  cond i t ions) , we cannot 
eva luate the re lat ive weig ht of the two contr i but ions. Thus ,  we w i l l  
make t he  s imp l i fy i ng  assumpt ion that t he  workspace is  i sotrop ic ,  
wh ich  i m p l i es the fu rther  constra ints <Xxx = <Xyy and �xx 

= �yy' 
By def in i t ion ,  the "Iook-ahead" parameter, tf' shou ld  be i ndependent 

of the rhythm of the movement ,  whereas , of cou rse , the correspond ing  
spat ia l  l ook-ahead i s  p roport iona l  to  the i nstantaneous velocity. By  
contrast , not on ly  i s  there no reason ,  a pr ior i , to  assume independence 
of the centrai p rocess i ng  t ime te' buI ,  as we sha l l  see later, the results 
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even suggest a decrease of tc with target ve locity. Likewise ,  several 
studies have shown that both st i ffness and viscosity of actual musc les 
scale with speed. Neverthe less, we est imated that a l lowing for a mod­
u lat ion of the model parameters by the rhythm of the target wou ld  have 
inc reased the deg rees of freedom of the mode l too much . Con se­
quent ly, we assumed that a l i  parameters depend on ly on the subject 
and on the compat ib i l i ty condi t ion . 

Because the model i s  l i near, i ts behaviar is best analyzed i n  the 
frequency domai n .  Apply ing the Laplace transform and rearrang i ng 
one obtains 

s2estc· P = (a + sp) . (est, . T - P), 
[s2estc· I + (a + sp) ] . P = est, . (a + sp) . T, 

P = est, . [s2estc . I + (a + SP)]-1 . (a + ps) . T. 
The complex matrix 

r = est, . [s2estc . I + (a + SP)]-1 . (a + ps) = Ifxx fXy l , 
fyX fyy 

(fxx = fyy; fXY = fyx)' 
represents g loba l ly the visuomanual  transformat ion tensor. Both the 
diagonal  and off-diagonal components of f can be descri bed by the 
corresponding ampl i tude (A) and phase (<\» character ist ics. Exp l ic i t  
formu las far A(fxJ, <\>(fxx), A(fxy)' and <\>(fxy) are derived i n  Appen­
dix B .  

Va!idation or the Mode! 

The mode l  has six parameters; Uxx' uxy' I3xx' I3xy' tc' and tj' which are 
supposed to be independent of the rhythm of the movement .  Thus, for 
any choice of val ues far the parameters, the model y ie lds a fu l l  set of 
p redict ions about the effects of the rhythm on the motor performances. 
Far the pu rpose of val idat i ng  the mode l ,  however, we concentrate only 
on fou r quantitat ive aspects of the pu rsu it track: the per imeter, P; the 
eccentr ic i ty, L; the rotat ion of the major ax is ,  0; and the average de lay, 
ù, between target and pursu it (see F ig u res 7 and 8) .  Spec i f ica l ly, we 
searched the parameter space for the val ues that simu ltaneously m in­
im ize the mean square error between the predicted and observed val ­
ues of P, L,  <\>, and ù at  al i tested rhythms. The val idi ty of the model is  
then gauged joi nt ly by the size of the  residual errar and by the dis­
c repancy between mode I and data for other qual itat ive aspects of the 
performance that were not taken i nto accoun t  in  the search pracess 
(see later) . It shou ld  be st ressed that ,  a l though  the temporal parame­
ters, tc and tj' seem to have opposite effects on the pursuit accelera­
t ion , in fact, no apprec iab le trade-off can exist between thei r l east 
squares est imates. 
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Because of the cons iderable ind iv iduai d ifferences, it would be in­
appropriate to f it the model to t he average results shown in Figures 7 
and 8. To demonstrate the range of app l icabil ity of the model, it is 
suff ic ient  instead to consider two of the most dissimi lar ind ividuai per­
formances . Specifical ly, we s ing led out the two subjects who demon­
strated the largest and the smal lest interactions between the kinematic 
condition factor (L vs .  T) and the rhythm of the movement, SS and SM, 
respective ly. Moreover, because the d ifferences between the resu l ts 
for the two or ientat ions  of the templates were not a main point of con­
cern in this context, only the tr ia ls with hor izontal e ll i pses were su b­
jected to analys is .  For the pu rpose of testi ng  the valid ity of the model , 
the perfar mances of the two selected subjects were character ized by 
a re lat ively small su bset of the avai lable data: namely, the variat ions 
wi th  the rhythm of the gai n, the rotation, the eccentric ity, and the aver­
age delay (28 data points) . For both su bjects and both kinematic con­
dit ions, a s implex algar ithm was used to determine the values of the 
six parameters that mi n im ized the sum of the squared relative dev ia­
t ions f rom these 2 8  observed values . The resu lts of the fit-to- hor izontal 
T-type trials for the two subjects are shown in Figures 9 and 10, re­
spect ively. In the left (A) panels of the f igures, the pred ict ions concern­
ing the quant itat ive  parameters are g rouped, together with the actual 
data.  In the r ight ( B) panels of the f igures, the polar representation 
already adopted in Figure 4 i s  used to compare the observed time 
course of the instantaneous delay far four selected rhythms with the 
pred ictions of the model corresponding to the best-f itting parameters .  
Not ice that, although the delay data were not  used far the f itting, the 
model captures the qualitative changes of the plots as the rhythm in­
creases . Figures 11 and 12 il l ustrate the resu lts of the f i tt ing  for hori­
zontal L -type targets .  Because the instantaneous delays for t hese tar­
gets are almost constant (see Figure 4), as are the predict ions  of the 
model, the graph ic comparison of actual and pred icted delay plots 
was om itted in th i s  case . 

The best-f itti ng  values of the model parameters for the two subjects 
in both cond it ions  are reported in Table 1. Notice that in ali four cases, 
the value of parameter te was found to be very smal! .  This point wi ll be 
dealt with in the d iscussion. Final ly, Figure 13 i l lustrates , with the help 
of a few representative examples, the fact that the model also pred icts 
some systematic d i stort ion of the trajectories that are observed in the 
T condition at the s lowest rhythms .  

Cons ider ing  that the degrees of freedom of the model are far less 
than the imposed constraints , the c lose approx imation of the model  to 
the exper imental resu lts can be taken to be sat isfactory. In particu lar, 
we wou ld l i ke to stress again the fact that the dynamic aspects of the 
performances-su mmar ized by the instantaneous t ime delay-and 
the d istort ions of the trajectory are reproduced qu ite accurately by the 
model, even though  they were not taken into account in the f it t ing pro­
cedure .  Some systematic d iscrepanc ies do exist, however. T hey show 
up  mostly in the values of the eccentr ic ity and of t he per imeter, wh ic h  
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Figure 1 1 . Fitting Ihe model lo an individuai performance. Dala from Subject SS for L­
type largels. Because Ihe resulls for H- and V-type largels are very similar, dala poinls in 
each of Ihe four plols are averages of Ihe results measured in each condition. 
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Figure 12. Fitting the model to an individuai performance. Data from Subject SM for L­
type targets. Same conventions as in Figure 11 .  
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Figure 13. Systematic distortions 01 the trajectories. In condition T, at the lowest rhythms 
severe distortions occurred in the pursuit trajectories. A. On the left are examples 01 5 
subjects (H-type targets, number 01 cycles = 4),  ranked lrom top to bottom in order 01 
increasing distortion. On the right are predictions 01 the model corresponding to the 
values 01 the lollowing parameters: axx = ayy = 16 (1/52), axy = a = 8 (1152), {3xx = {3yy . 

= 10 (1/5), {3xy = {3yx = O (1/5), ti = O ms, and lor the indicated vafues 01 tc' B. Examples 
in 3 01 the subjects shown in A (V-type targets: number 01 cycles = 4). C. Comparison lor 
1 subject 01 the distortion lor an H- and V-type target (number 01 cycles = 2) . 

are overest imated by the mode l (see Fig u re 9). Moreover, the sudden 
decrease of the delay that always occurs i n  condit ion T when the tar­
get slows down in the f lattest port ions of the t rajectory is somewhat 
ant ic ipated and smoothed out by the mode I . An analysis of the model 
suggests that these disc repancies could be g reat ly reduced by re lax­
i ng the condi t ion that the vi rtua l  st i ffness and viscosity are constant at 
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Modality 

(Xxx ( 1 /s2) 
(Xxy ( 1 /s2) 

I3xx ( 1 /s) 

I3XY ( 1 /s) 
te (ms) 
tI (ms) 

TABLE 2 
Best-Fitting Parameters of the Model 

Subject SM 

L T 

2 , 1  1 4. 1  
6.5 7.0 

1 7 ,5  8 .6  
0.0 0.0 

1 0.0 1 0.0 
20.0 0.0 

Subject SS 

L T 

9.8 8 .0 
1 5.3  5.9 
1 1 . 7 5,4 

0.0 0.5 
1 0.0 1 0 .0 

0.0 1 30 ,0 

Note. Best-fitting estimates of  the model parameters corresponding to the predictions 
shown i n  Figures 9-1 2 ,  The temporal parameters are mu lt iples of one integration step 
(4.82 ms),  rounded to the nearest 0. 1 ms ,  

al i  rhythms .  As mentioned before , however, ou r aim was not to p ro­
duce the most accu rate poss i ble  f itting of the data points but to dem­
onstrate the generai  adequacy of the model. 

Discussion 

Compatibility: Implications for Motor Control Theory 

We have shown that the motor control system i s  l imited in its t rack ing 
performance by the same const raints that app ly to the generat ion of 
voluntary movements.  If the target movement v io lates the re lat ion be­
tween form and kinematics that exists in al i  natu ral movements,  the 
response cannot be a faithfu l  rep roduction of the inp ut. The degrada­
t ion of the performance is ali the more obv ious in that the v iolation of 
the natural con st raints i s  severe .  In the p rev ious study of two­
d imen sionai p ursuit (Viv ian i  et al . ,  1 987) we con sidered the case in 
which the veloc ity i s  independent of the cu rvatu re . The effects of this 
mi ld departu re f ram the natu ral ve locity p rof i le  were on ly consp icuous 
in the V(t) - R(t) re lation and in the p arameters that describe the 
t rack ing  strategy. The vio lat ion real ized in the e l l ipt ic targets is more 
severe ,  in that the natu ral V(t) - R(t) re lation is actual ly inverted . As a 
consequence,  a deteriorat ion of the performance becomes ev ident in 
ali measu rable aspects of the motor response: (a) The ave rage delay 
is longer  and much more variable ,  (b)  the eccentric ity becomes 
rhythm-dependent ,  (c) the gain of the response is increasing ly re­
duced with the rhythm, (d)  the rotation of the figu re in the workspace 
i s  larger, and (e) large d istort ions appear in the t rajectory. 

The f ind ings suggest a specific connect ion between the p rocesses 
involved in the rep roduction of external temp lates and some recent 
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developments of the equilibrium position hypothesis for the generat ion 
of voluntary movements (Asatryan & Feldman, 1965; B izz i ,  Pol it, & 
Morasso, 1976; Feldman, 1966a, 1966b; Kelso & Holt, 1980; Po l i t  & 
Bizzi , 1979) .  I n  its or ig i nai formu lat ion, the hypothesis postulated that 
movements are p roduced by abrupt sh ifts in the v i scoelastic equ i l i b­
r ium point between agonist and antagonist joint torques. The ref i ned 
version of the theory (equilibrium trajectory hypothesis, Bi rkenbl it, 
Feldman, & Fukson, 1986; Feldman, 1974, 1980 ,  1986; Flash, 1987; 
Hogan, 1 985) ho lds, i nstead, that the change of the equ i l ib r ium point 
is  in fact a g raduai  p rocess o  The t ime course of this change can then 
be construed as a v i rtual t rajectory that is  taken to be the true output 
of the motor p lann i ng stage .  The actual trajectory would s imply be the 
resul t  of apply ing to this i nternai template an appropriate operator that 
represents the v i scoelastic p ropert ies of the b iomechanical  system 
(we neg lect for the moment the fact that the v i rtual t rajectory can be 
spec if ied in a p ri nc ip led manner [Hogan, 1985; Nelson , 1983 1 ) .  As we 
see it, th i s  amounts to the postu late that the generat ion of voluntary 
movements i s  but a sp ècial case of the pursuit-tracki ng action, whic h  
only d iffers f rom conventional t rack ing i n  the natu re of the target; i n  
one case t h e  target is  a n  internai template, and in  the other  i t  is  a 
temp late suppl ied f rom without. 

The analogy between the two cases extends al so to the proposed 
desc ri ptions of the operator  that t ranslates the template i nto overt ac­
t ion . I n  its s implest form , the equ i l i b r ium t rajectory hypothesis assumes 
a l inear second-order d ifferential operator, act ing i ndependently on 
each cartes ian component of the template (we are not consideri ng 
here the so-cal led lam ba- model [B i rkenb l it, Fe ldman, & Fukson, 1 986; 
Fe ldman, 1986], wh ic h  cannot be f ramed in  terms of operators) .  The 
model expressed by Equation 1 is  more complex, because it al lows 
for cross-component interact ion and inc l udes a veloc i ty feedback 
term . The  g enerai f lavor of the two schemes is  s im i lar, however. I n  both 
cases , the nature of the operator (techn ical ly, its e igenfunct ions) de­
f ines the range of compatib i l ity for i nput-output pai rs :  For some i nputs 
the operator wi l l  be, so to speak, more transparent than for others . For 
voluntary movements, of cou rse, compat ib i l i ty poses no problem, be­
cause the v i rtual  t rajectory can be spec if ied accord ing to the requ i red 
movement. By contrast, i n  a reai t racking task, compatib i l i ty i s  not to 
be taken for granted .  A f inal comment on the relat ion between the 
equ i l i br i um  t rajectory hypothes i s  and pu rsuit t racking :  The v i rtual t ra­
jectory i s  supposed to be compat ib le  with the condit ion that the cor­
responding actual t rajectory sat isf ies a m in imum-jerk constrai n t  (Flash, 
1987; Hogan, 1984, 1985) . We wi l l  not p rov ide here a detai led analys is  
of the congruenc e  between the consequenc es of the m in imum-jerk 
hypothesis and the observed regu larit ies of natu ral trajectories .  As 
pointed out by F lash  and Hogan ( 1985) ,  however, some of these reg­
u larit ies can be p redicted qual itatively f rom the imposed constrai nt. 
Thus, it is not su rpris ing that natu ral movements sup pl ied as targets in 
a t rack ing task are m inimal ly d i storted . 
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Predictability and Input-Output Delays 

Targets that move- per iod ica l ly  or aper iod ical ly-accord ing  to 
some perceptua l l y  i dent i f iab le  ru le offer to the su bject the poss ib i l i ty 
of pred ic t ing the i r  future cou rse . General ly, su bjects take advantage of 
th is  poss ib i l i ty, even when th is  is not imp l ied by the ass ignment .  In one­
d i mens iona i  pu rsu i t  tracki n g ,  p red ictab i l ity general ly  entai l s  a reduc­
t ion of  the average de lay between target and pursu i t .  I ndeed , the most 
typ ica l  evi dence of p red ict ive behav ior  is the occu rrence of negat ive 
de lays , moments i n  which the response of the su bject actua l ly  pre­
cedes the target . Our resu lts with two-d imensional targets do not com­
p letely conf i rm th i s  generai p ictu re .  There is ,  i ndeed , a reduct ion of 
the average d e lay :  The means ac ross a l i  su bjects , a l i  ve loc i t ies ,  and 
both condi t ions are smal ler i n  both condi t ions L (46 ms) and T (73 ms) 
than the correspond ing  resu lts observed with u n pred ictable st imu l i  
( 1 04 and  1 07 ms ,  respect ive ly ;  see  Tab le  2 i n  V iv ian i  e t  a l . ,  1 987 ) .  No  
su bject i n  cond i t ion L ever ran ahead o f  t he  target, however. As  for 
condi t ion T, negative de lays d i d  occur  for al most al i  su bjects at the 
s lowest veloc i t ies ,  but they cannot be i nterpreted as the resu l t  of an 
ant ic ipatory act ion . Despite the fact that T-type targets are just as p re­
d i ctable as L-type ones ,  the ru nn i ng  ahead of the response in the f lat­
test port ions of the trajectory (see F igu res 4 ,  9 ,  and 1 0) is rather the 
conseq uence of the i nab i l i ty of the subject to s low down there, as the 
law of motion of the target wou ld  req u i re .  

To conc lude on th i s  po int ,  we  d iscuss the  imp l icat ions o f  t he  fact 
that ,  i n  ou r  two-d imens ional  targets , both the k inemat ics and the t ra­
jectory are ent i re ly  pred ictab le and p rovide a fu rther (poss ib ly  i nde­
pendent)  bas i s  for ant ic i patory actions .  The s imp lest form that such an 
action cou ld  take wou ld  be i ntent iona l  shartcuts with respect to the 
target t rajecto ry. I so lated i nstances of such behav ior  were i ndeed ob­
served in some of fastest pu rsu i t  t rajectar ies ,  buI ,  as a ru le ,  subjects 
respected the exper imental ass ig nment ,  wh ich stressed spat ia l  p rox­
im ity between pu rsu it and target . I n stead , rather common in cond i t ion 
T were those i nstances i n  wh ich subjects cont inued more than the re­
qu i red h i gh-curvature ,  h i gh-velocity movements at the extremit ies of 
the e l l i pse (see upper  r ight  quad rant of F ig u res 4 and 1 3) .  I t  is d i ff icu l t ,  
however, to  construe th is  tendency as  the man i festat ion o f  an ant ic i ­
patory act ion . There cou l d  be other  reasons (Mussa- I vald i e t  al . ,  1 985) 
to c red it these d i stort ions to specif ic propert ies of the motar and b io­
mechanica l  systems (e . g . ,  arm st iffness,  i ne rt ia l  cou p l i ngs )  qu ite i n ­
dependent o f  t he  centrai rep resentat ion o f  t he  i ntended movement .  I t  
i s  known , fo r  i nstance (Abend ,  B izz i ,  & Morasso , 1 982) ,  that subjects 
fai l to fo l low accu rate ly  a constant-cu rvatu re path . Two reasons can be 
c i ted , however, for not p lac ing  too much emphasis on per i pheral fac­
tors in th is  case . The f i rst i s  that, a l thoug h  the two target or ientations 
req u i re d ifferent postu ral sett i ngs ,  the d i stort ions are qu ite s im i l a r  
(compare pane ls A and  B i n  F igu re 1 3 ) .  The  second and  more impor­
tant reason is that i ne rt ia l  cou p l i ng  effects shou ld  i nc rease with the 
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rhythm,  whereas the d i stort ions are on ly conspicuous at low f requency. 
An alternative explanation is suggested by the mode l .  We know that 
the motor contro l  system has d iff icu lty i n  negotiati ng a s imu ltaneous 
i ncrease of curvatu re and ve loc ity (cf. Figu re 6) . One man ifestat ion of 
such a d iff icu lty cou ld be the i ncrease of the centrai process ing delay, 
tc' which , i n  its tu rn ,  reduces the effect iveness of the antic ipation and 
makes the system more resonant (cf .  F igure 1 1  i n  Vivian i et al . ,  1 987) . 
These two consequences of increas ing  tc wou ld u lt imate ly  be the 
cause of the observed prolongat ion of the h igh-curvatu re segments . 
The s imu lat ions i n  Figu re 1 3A lend some support to th is  interpretat ion , 
i nasmuch as they show that a p rog ress ive increase of parameter te 
brings about the same type of d istort ion observed experimental ly. 

The control factors that are he ld respons ib le far the fact that some­
times voluntary movements deviate from the intended trajectory 
(Soecht ing et a l ,  1 986 ; Soecht ing & Terzuolo ,  1 986) cou ld also be in­
voked to explain the rotat ion of the pursuit  tracks . Even in th is  case, 
however, the hypothesis is  not completely convinc ing .  Fi rst of al l ,  ro­
tat ion effects have never been documented in the spontaneous d raw­
ing of e l l i pses . Second , if the rotat ion were the resu l t  of i nternai con­
st rai nts on the covariation of joint angles,  i ts d i rection should be 
independent of both the rhythm and the d i rection of the movement. I n  
fact, the d istort ions that can b e  cred ited to such constraints relate on ly 
to the or ientat ion of the l imb segments in a body-cente red system of 
reference. F inal ly, contrary to experimental evidence, the rotat ion am­
pl i tude shou ld  a lso be independent of the spec if ic law of motion .  The 
i nvo lvement of biomechan ical factors and ,  in part icu lar, of the inert ial 
coup l i ng s  among the body segments , is suggested by the strong de­
pendence of the rotat ion from the rhythm.  Furthermore , the s ign if icant 
d iffe rence between the average rotat ion for ve rt ical and horizontal tar­
gets (cf. Figu re 8) is i ndeed l i ke ly to be the ref lection of an intrins ic 
ani sotropy of the motor workspace . The very surp ris ing fact that such 
large rotations went total ly unnoticed by the subjects , however, may 
also suggest an i nvo lvement of the perceptual system .  I ndeed,  an o ld 
experiment by Benuss i  ( 1 9 1 5) demonstrated that a rectangu lar array 
of v isual stimu l i ,  l i t  in temporal sequence, produces the phenomenal 
impression of an e l l i pse t i lted in  the d i rection of the sequence. More­
aver, Viv iani and Stucch i  ( 1 989) have recently reported deformations 
i n  the perceived geometry of dynamic stimu l i ,  which are specif ical ly 
related to a man ipu lat ion of the law of mot ion s im i lar to the one consid­
ered here.  

Modeling: Scope and Limitations 

As a generai prel im inary remark, we wou ld l i ke to emphas ize again 
a point that was made al ready in our d iscussion of the resu lts with 
unpredictab le targets . The model is  far too simple to represent any­
th ing but a streaml i ned funct ional descri ption of the relat ion between 
the i nput st imu l i  and the motor response. We take comfort ,  however, 
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from the fact that the major  descr i ptors of the performance th roughout 
the ent i re range  of rhythms i s  adequately p red icted by Equat ion 1 , 
even though  we chose not to i ncorporate the poss ib i l i ty that the model  
paramete rs depend on the rhythm .  The motor responses to v isua l  i n ­
puts are modu lated by a number  o f  centrai p rocesses , most o f  wh ich  
are poorly understood .  The  model acknowledges exp l ic i t ly on l y  two 
wel l -documented sou rces of mod u lat ion .  The f i rst one is the poss ib i l i ty 
d i scussed above , of forecast ing  the futu re cou rse of the i nput .  Such a 
possi b i l i ty was embodied i n  the genera l ized version of the mode l  
th rough parameter tf , i n  o rde r  to  accou nt for t he  changes i n  behav ior  
that are normal ly observed wi th  per iod ic stimu l i . The second source of  
mod u lat ion i s  the p rocess whereby v isua l  i nformat ion i s  transcoded i n  
terms o f  motor commands .  The  necessity of postu lat ing a cent ra i  de­
lay, te ' associ ated with th is p rocess was suggested by the resu lts with 
random i n puts . 

The fact that the s imu ltaneous p resence of the parameters te and tf 
makes the mode l  capab le  of p red ict i ng  sati sfactor i ly  both p red ictab le 
and unp red ictab le targets should not obscu re the fact that the nature 
of the processes that these parameters pu rport to represent remains 
l arge ly a matter of specu lat ion . Ant ic i patory act ions are l i ke ly to resu l t  
f rom h ig her  cog n it ive p rocesses d i st inct from those i nvolved i n  pu rsu i t  
(cf .  Pou lton ,  1 974) . As a conscious effort to outsmart the target, these 
response com ponents appear to be super imposed upon those under  
d i rect v i sua l  contro I and organized at  a d i fferent h ie rarch ical  leve ! .  I n­
deed , the q ual itative analys i s  of response t racks supports th is  d i st inc­
t ion ,  espec ia l l y  i n  the case of ramp- and step-track ing exper iments , i n  
wh ich the pursu i t  t rack shows sudden acce le rat ions that br ing it ahead 
of the target and even responses that p recede the stimu lus  (cf .  Stark ,  
1 972) . U nfortunate ly, i t seems d iff i cu lt at the moment to p rov ide an 
i ndependent analys is  of these h ig her  p rocesses, let a lone to formal ize 
the i r coord i nat ion with the sensor imotor loop.  As a conseq uence,  i n  
th is  a n d  other  formai descr ipt ions o f  pu rsu it tracki ng the p rocesses 
respons ib le  for ant ic i patory act ions are construed as an i nteg rai part 
of the sensor imotor loop,  wh ich can be in f luenced both by id iosyn­
c rat ic  b iases and env i ron mental cont ingenc ies .  

Temporal Parameters 

Sensi t ivity analys i s  of the model shows that the ant ic i pat ion param­
eter, tf , reduces the de lay by an amount that i s  al most i ndependent of 
the rhythm ,  wh i l e  leavi ng the ga in  curve a lmost unaffected . With i n  the 
context of the "v iscoe last i c "  analogy expressed by Equat ion 1 , a h i gh  
rol l -off rate o f  t he  ga in  character ist ics (as  i n  the u pper left p lot o f  F ig u re 
9A) i nd icates s lack cou p l i ng  between target and pursu i t .  I n  a system 
without ant ic ipat ion ,  th i s  wou ld  necessari l y  imp ly  large de lays .  Thus ,  
adjust i ng tf was i nstrumental i n  reconc i l i ng  the ga in  and de lay char­
acter ist ics i n  i nd iv iduai performances.  The val ues of tf i n  Table 2 a re 
prec ise ly those that ,  i n  both cond i t ions ,  make the ga in  data compati b l e  
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with the de lay data by red uc ing  the de lay that wou ld  otherwise corre­
spond to the observed gai n .  I n  summary :  (a) The mode l i ng  analys is  
conf i rms that temporal ant ic i pation may exist a l so i n  two-d i mens iona l  
pu rsu i t  t racki n g ,  and (b)  the p roposed mode l  i nterprets th is  ant ic ipa­
t ion as an act ion for compensat ing-whenever necessary-the s lack­
ness of the sensor imotor coup l i ng . 

As far the centrai de lay, we beg i n  by not i ng  that the estimates of te 
i n  Tab le  2 are neg l i g i b l y  smal l .  Thus ,  the instantaneous de lay between 
target and pu rsu i t  is accounted for basical ly by the bai ance between 
the forecast i ng  paramete r, tf' and second-order dynamics of the v is­
uomanual  t ransfarmation tensor. Th is  seems to contrad ict the fact that 
some systemat ic  deformat ions of the t rajectary have been i nterp reted 
as the resu lt of a su bstant ia l  computat ional load (see F igure 1 3A) .  The 
explanat ion is that nonneg l ig i b le  val ues of te are requ i red on ly  for mod­
e l i ng  some of the performances at the lowest rhythms at wh ich most 
of the d i stort ions are concentrated . In ali othe r  cases, no centrai  de iay 
i s  req u i red to f i t  the d ata. Because the est imates i n  Table 1 are those 
that opt im ize the f i t  over the ent i re range of rhythms ,  they cannot ref lect 
adeq uate ly the van i sh i ng  i nf luence of this factor. The fact that ev i ­
dence of a centrai de lay exi sts on ly  at  the lowest veloc ity i s  i n  keep ing 
w i th  our  i nterpretat ion o f  t e  as the m in imum ti me necessary far mod i ­
fy i ng  the ongo ing movement on the bas is  of  v isua l  i nformat ion .  Ear ly 
est imates of th is m i n imum t ime (250 ms ,  Vince, 1 948; Woodworth ,  
1 899) have been revi sed downward i n  more recent exper iments and 
are now set i n  the 1 20- to 200-ms range  (for a complete review, see 
Jeannerad , 1 988) . Changes in  d i rect ion that must take p iace i n  less 
t ime are not l i ke ly  to be under  v isua l  monitor i ng .  G iven the range of  
ve loc i t ies covered i n  our  exper iments ,  th is  suggests that on ly the s low­
est targets can be mon itored cont i nuous ly. As the average velocity 
i nc reases ,  i t  becomes i nc reas ing ly  d iff icu l t  (and/o r  i rrelevant) to main­
ta in such a cont inuous v isual contro l . Therefare, faster targets wou ld  
have to  be p u rsued on the basis o f  occas ionai  samp l i ng o f  the v isual  
i nput .  Such a trans it ion f ram a c losed- Ioop to a sort of piece-by-p iece 
open- Ioop contro l  mode imp l ies a d rast ic  red uct ion of the computa­
t ional  load assoc iated with v isua l  p racess i ng  and may explai n why the 
average est imates of te are so low. I t  might al  so exp la in why, i n  contrast 
with the resu lts of Tab le  2 ,  the est imates of te obtai ned with unp red ict­
able i nputs (about 1 20 ms) are comparable with the values reported 
by Jeannerad . I n  fact ,  the range of velocit ies covered i n  those exper i­
ments over laps the range i n  which d i stort ions of the e l l i pt ic  trajector ies 
are more l i ke ly to occu r. Moreover, and perhaps more impartant ,  the 
trans i t ion to an open- Ioop control mode i s  not v iable i f  the targets are 
not p red ictab le .  

A f ina l  remark on  the centrai p rocess ing  t ime .  The  notion that p re­
d ictable targets can be mon itored on ly  occas iona l ly  does not contra­
d i ct the fact that the mode l  postu lates a cont i nuous avai lab i l ity of ve­
loc i ty and posi t ion e rror s ig na ls .  I n  fact , as emphas ized by the 
p resence of a forecast ing parameter, the on ly  essent i  al requ i rement of 
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the mode I i s  the ava i lab i l i ty of a centra i  rep resentat ion of these s igna ls ,  
i r respective of  the spec i f ic  mechan isms used to arrive at  th is  repre­
sentat ion . From th i s  po int  of v iew, the concept ion that we defend here 
i s  rather d i fferent from the so-ca l led i nterm i ttent feed back control 
theory p roposed both for hand (Cra ik ,  1 947)  and eye (Young & Stark ,  
1 963) track ing movements . Th i s  theory, i n  fact , assumes a per iod ic  
samp l i ng  o f  the v isual i n put and a t ru ly  d i scont inuous mode of  opera­
tion that shou ld  man ifest i tself  as d iscont i nu i t ies in the actual  move­
ment o  We never found evidence of such d iscont i nu it ies in our pu rsu i t  
trajecto r ies .  

Coupling Parameters 

As ment ioned above , the look-ahead paramete r, ti' i s  i nstrumental i n  
ensu r ing t h e  compat i b i l i ty o f  g a i n  a n d  de lay character ist ics .  O n e  can 
then su rm ise that this parameter i s  adjusted by each su bject on the 
bas is  of the "v iscoe last ic "  cou p l i ng  estab l i shed between target and 
pursu i t .  I n  the previous report ,  we i nferred from the data that d i rect 
cou p l i ng  i s  dominated by the "v iscous "  component ( i . e . , by the veloc­
ity feed back) and that the strength of th i s  component d rops i n  the 
t ransi t ion from a natu ral to a constant veloc ity p rof i l e .  Su bject SM 
(Table 2) ,  who exh i b ited some of the h ig hest ga ins and shortest de lays 
f i tted th is  scheme.  The more extreme t ransformation of the veloc i ty 
p rof i l e  real ized i n  the p resent exper iments enta i led a c lear reve rsal i n  
t he  re lat ive i m portance o f  veloci ty and  posit ion feed backs ,  however. 
Subject SS,  who showed some of the lowest ga ins and longest de lays ,  
a lso red uced the d i rect "v i scous "  com ponent of  the cou p l i ng  when 
track ing t ransformed targets . The d i rect "e last i c "  component remained 
al most u nchanged , however. Were i t  not  for the i ntervent ion of  a sub­
stant ial amount  of forecast ing , the resu l t i ng s lacken ing of  the coup l i ng  
wou l d  have prod uced a much larger  i nstantaneous de lay than the one 
actua l ly  measu red . 

C ross-component i nte ract ion was s ign i f icant ly p resent i n  both sub­
jects and both cond i t ions and was i nstrumental i n  rep rod uc ing the ro­
tat ion of the pu rsu i t  t rajectory. As in the case of the temporal parame­
ters te and ti ' g reat caut ion must be exerted in attempt i ng to relate the 
i nte ract ion terms i n  Eq uat ion 1 to the mechan isms under ly ing the ro­
tat ion effects . Two remarks seem to be warranted , however. Fi rst , a l ­
though  veloci ty e rror s igna ls p lay a major  ro le  i n  d i rect cou p l i ng , c ross­
cou p l i ng  i s  basical ly  e last ic  ( i . e . , t ransverse forces depend most ly on 
pos i t ion e rrors ) .  Thus,  d i rect and i nte ract ion forces may resu lt from 
i ndependent p rocesses . Second and more important ,  the very p res­
ence of the rotat ion effect and i ts in terpretat ion as a c ross-component 
i nte ract ion reemphasize the essent i  al d i fference between c lass ica l  
pu rsu i t  tasks and the more genera i  two-d imens ional  cond i t ion i nvest i ­
gated here .  Over and above the effects spec i f ica l ly  re lated to  the i n ­
teract ion between geometry and  k inematics ,  t he  fact remai ns that the 
two-d i mens iona l  task cannot be fu l ly descr i bed by comb in i ng concep-
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tual ly and mathematical ly  the resu lts obtai ned i n  one d imens ion o From 
th is  point  of v iew, the p resence of i nteract ion te rms in Equat ion 1 rep­
resents a s ign if icant new f i nd i ng  with respect to the p revious study. 

APPENDIX A 
Let G and D be two e l l i pses with the same per imeter, whieh we cal i geo­

metrie and dynamie e l l i pse ,  res peetively. In genera i ,  both the eeeentrieity and 
the or ientation of the m ajor ax i s  of G and D are d i fterent.  We present the ana­
Iyt ieal  p roced u re to solve the fo l lowing p rob l e m .  Com pute the parametri c 
equations of a target sue h that the fo l lowing eond it ions are m et:  

Condit ion 1 . The trajeetory of the target i s  the geometr ie e l l i pse.  
Condit ion 2 . The tangent i  al  veloe ity of the target at any ti me,  t, is  equal to 

that of the u n i q u e  movement that traees the dynam ie e l l i pse by orthogonal 
eomposit ion of two harmon ie funetions (L issajous moveme nt) . 

We i ntrod uce the fo l l owing notat ion : 

Axg ' Ayg = semiaxes of the geometrie e l l i pse ,  G 

Axd , AYd = semiaxes of the dynamie el l i pse,  D. 
Ig , Id = eeeentr ie i t ies of g eometrie and dynamie e l l i pses.  

E(I , <I» = i ncomp lete e l l i pt ie  i nteg rai of the seeond k ind (I , mod u l u s ;  <1>,  
p h ase) . 

il = rhyt h m  of the movement. 

<I>(t)  = l aw of motion of the target . 

V(t) = tang e nt ia l  veloeity of the target .  

p = eommon peri meter of both geometr ie and dynam ie e l l i pse .  

Four  eases m ust be d i st ingu ished . 

1 . Axg :2: Ayg ,  AXd :2: AYd 
2 . Axg :2: Ayg , AXd :5 AYd 
3. Axg :5 Ayg ,  AXd :2: AYd 
4. Axg :5 Ayg , A Xd :5 AYd 

For s i m p l i e i ty, we w i l l  on ly develop in deta i l  Case 2 , whieh is d i reetly relevant 
to the exper iment deser i bed in t h i s  art i c l e .  A l i  the others ean be worked out i n  
a s i m i lar  manner. I n  order t o  eomply with Condit ion 1 above, t h e  parametr ie 
equat ion of the geometrie e l l i pse m ust have the generai  form 

xg (t) = Axg . sin <I>(t ) ,  (A- 1 ) 
Yg (t)  = Ayg . eos <I>(t ) ,  

O :5 t :5 2'lT/!1 ;  d<l>(t)/dt:2: O ;  <1>(0)  = O ,  <I>(2'lT/!1) = 2'lT/!1 , 

where <I>(t)  must be so ehosen as to satisfy Con dit ion 2 .  

T h e  tangent ia l  veloe ity o f  the target e a n  t h e n  be expressed as 

V(t)  = Axg . d<l>(t )/dt . [ 1 - Ig2 . s i n2 <I>(t) ] ' /2 ,  (A-2) 
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The Lissajous parametric equation for the dynamic e l l i pse is 

Xd (t ) = AXd . s in  nt, 
Yd (t ) = AYd . cos nt, 

(A-3) 

Thus,  in order for the law of motion to satisfy the requ i red cond it ion on the 
tangential  velocity, one must also have, for any t: 

V(t) = n . AYd . ( 1 - I�' cos2 t ) 1 /2 (A-4) 

E l i m i nat ing V(t) between Eq uations A-2 and A-4 , and remembering that the 
geometrie and dynamic e l l i pses have the same perimeter: 

p = 2 . Axg . E�, n) = 2 . Ayd . E�, n) . 

One obtain s  the fol lowing nonl inear d ifterential equation :  

E(I , 'IT) [ 1 - I 2 . cos2t ] 1 12 dcl>(t )/dt = n . 
E(I:, 'IT) ' 1 - 1/ ' s in2c1>(t )  

T h e  equation is  separable a n d  c a n  be i nteg rated:  

E(Id, 'IT) f [ 1 - Ig2 . s in2  cl> (t ) ] 1 /2dcl> = 

n . E(Ig, 'IT) f [ 1  - Ii . COS2t) 1 /2dt. 

Not ing that ,  by s imple changes of var iables,  both i nteg rals in th is equation 
can be expressed as i ncomplete e l l i ptic i nteg rals of the second kin d ,  one 
obtains 

E(Id, 'IT) . E [Ig , cI>(t )] = n . E(Ig, 'IT) [E(Id, 'IT/2 )  - E(Id• 'IT/2 - t ) l . 

This non l inear i m p l ic i t  equation can f i nal ly be solved for the desi red law of 
motion , cl> , with the he lp of the wel l-known Landen's expansion of the e l l i pt ic 
i nteg rai (Abramowitz & Stegu n ,  1 972,  p .  598) .  T-type targets for the experi­
ments described i n  this artic i  e have been c reated by applying this procedu re 
i n  the special case, 19 = Id' and using the generai parametri c representation 
(A- 1 ) . 

APPENDIX B 
The model represents the characterist ics of the v isuomanual transformation 

by the second-order symmetric tensor, r.  

Standard calcu lations permit  one to derive expl ic i t  formu las for  the ampl itude,  
A,  and phase, cf>, of the d i agonal and oft-d iagonal com ponents of r i n  the 
frequency domain . Let 

(7, = w4 cos (2wtc) + 2w3 �xx s in  (wtc) - W2[� 2xx 
- � 2 xy + 2axx cos(wtc) ] + a2xx - a2XY '  
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a, = w4 s in (2wtc) - 2w3 !)xx cas (wtc) - 2w2 <Xxx s in  (wtc) 
+ 2w (<X xx!)xx - <XXY!)Xy) , 

!-Lxxr = w3 !)xx s i n (wtcl - w2[ Wxx - Wxv - (Xxx cas (wUl + (X2xx - (X2xy ' 

!-Lxxi = - w3 !)xx cas (wtc) - w2 (Xx, s i n  (wtc) + 2w (XXX!)X, - (Xxv!),) , 

!-Lxyr = w3 !)Xy s i n  (wtcl - w2 (Xxv cas(wtc l ,  

!-L,yi = - w3 !)Xy cas (wtc) - w2 (Xxv s in  (wtcl , 

where w is the pu lsat ian (w = 27ff ) .  Then 

A(rxJ = [!-L!� : �;xrl 
[!-L�yr + !0.l"], 

a; + a� 
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