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According to Alan Schoenfeld, doing math
is a particular form of "sense-making”:

Each discipline has its own version of "sense
making": historians have their own way of 
looking at the world, as well as anthropologists
and physicists.
What makes each of these distinct areas are 
the instruments, norms and habits of mind.



The tools of mathematics are: abstraction, 
symbolic representation, and symbolic
manipulation. 
However, being trained in the use of these
tools no more means that one thinks
mathematically than knowing how to use 
shop tools makes one a craftsman. 



Learning to think mathematically means: 
(a) developing a mathematical point of view
— valuing the processes of mathematization
and abstraction and having the predilection
to apply them;

(b) developing competence with the tools of 
the trade, and using those tools in the 
service of the goal of understanding
structure — mathematical sense-
making.

Alan Schoenfeld (2012, 2014)



A consequent main question:
How to trigger and support
mathematical sense-making in the 
classroom? What about Algebra?

A possible answer from many
researches: 

pursuing High Order Thinking
(HOT) in the math class.



Research conducted in the past decade or 
more in a variety of American classroom
contexts has found that greater student
learning occurs in classrooms where the 
high-level cognitive demands of mathematical
tasks are consistently maintained throughout
the instructional episode.

Silver, E. Cross-national comparisons of mathematics curriculum materials:                              
what might we learn? ZDM Mathematics Education (2009) 41:827–832.

Boaler, J., & Staples, M. (2008). Creating mathematical futures through an equitable teaching
approach: The case of Railside School. Teachers College Record, 110(3), 608–645.

Stein, M. K., & Lane, S. (1996). Instructional tasks and the development of student capacity to 
think and reason: An analysis of the relationship between teaching and learning in a reform.

Tarr, J. E., Reys, R. E., Reys, B. J., Chavez, O., Shih, J., & Osterlind, S. J. (2008). The impact 
of middle-grades mathematics curricula and the classroom learning environment on student

achievement. Journal for Research in Mathematics Education, 39, 247–280.
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MVI can be a method for developing the 
symbol sense in the classroom

A. Arcavi (1994). FLM 14 (3). p. 31 



MVI can be a method for developing the 
symbol sense in the classroom (ct.ed) 



Through the examples I will underline: 

- the interweaving between classroom
practices, rules (implicit or explicit) and 
the symbol sense that results for 
students.

- classroom practices that possibly induce a 
different sense for mathematics (with the 
consequent possible rules).

Brown, S.I. & Walter,M.I., (2005). The Art of Problem Posing,, Lawrence Erlbaum publ.
Schoenfeld, A. (2012). Problematizing the didactic triangle,  ZDM.

Arcavi, A.  & Friedlander, A. (in press),  
Tasks and Competencies in the Teaching and Learning of Algebra, NCTM
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1  3 3

2  4 8

3  5 15

4  6 24

5  7 35

Question!: what do you observe?



Examples of answers:

O1. There are always two factors, which
reproduce the succession of natural numbers, 
starting from ! and from 3. 
O2. In every line there is a difference of two
between the two first numbers.
O3. The third number is the product of the first 
two.
O4. The products (3, 8, !5, 24, 35) are almost
perfect squares: to get them you must add !. 
O4. These perfect squares are the same as the 
squares of the numbers between the two
factors: 3-4-5 ! !6; 5-6-7 ! 36.



Examples of answers:

O5. Also the differences between the products
show an interesting pattern : 

O6. …

8 - 3 5

15 - 8 7

24 - 15 9

35 - 24 11

1 • 3 3

2 • 4 8

3 • 5 15

4 • 6 24

5 • 7 35



One can also use an excel spreadsheet:



One can also use an excel spreadsheet:

INSTR.



Step 3:  “What if… 4”
Let us change for ex. O2: now suppose that the factors
differ by 4 [ (~ O2)4]. We get:

1 • 5 5

2 • 6 12

3 • 7 21

4 • 8 32

5 • 9 45

Remembering the observation O4 one can ask "#!$%: 
- what about squares&
- are still they there&'
- can we discover them again&



Hunting for squares (Q2):

1 • 5 5

2 • 6 12

3 • 7 21

4 • 8 32

5 • 9 45

5

12

21

32

45

5

1 • 5 5 4 + 1 9 – 4

2 • 6 12 9 + 3 16 - 4

3 • 7 21 16 + 5 25 - 4

4 • 8 32 25 + 7 36 - 4

5 • 9 45 36 + 9 49 - 4



What is more “equal” to O4:  A or B?

x•y = A B
1 • 5 5 4 + 1 9 – 4

2 • 6 12 9 + 3 16 - 4

3 • 7 21 16 + 5 25 - 4

4 • 8 32 25 + 7 36 - 4

5 • 9 45 36 + 9 49 - 4

A

(Q!.!)* Why?

x•y = O3
1 • 3 3 4 - 1

2 • 4 8 9 - 1

3 • 5 15 16 - 1

4 • 6 24 25 - 1

5 • 7 35 36 -1



1. We have started with observations (looking for patterns): 
O1. There are always two factors, which reproduce the succession of natural numbers, 
starting from 1 and from 3. 

O2. In every line there is a difference of two between the two first numbers.

O3. The thiord number is the product of the first two. 

O4. The products (3, 8, 15, 24, 35) are almost perfect squares: to get them you must add 1. 

O4. Also the differences between the products show an interesting pattern : 

2. We have modified O2 going to (~ O2)4, then we have looked
for the situation most equal to O4, let us say (O4)* and we
have given an answer R! like:

(~ O2)4 ! (O4)*.
Can we even go further?

x•y = O3

1 • 7 7 - d

2 • 8 16 - d

3 • 9 27 - d

4 • 10 40 - d

5 • 11 55 -d

x•y = O3

1-4-7 7 -

2-5-8 16 -

3-6-9 27 -

4-7-10 40 -

5-8-11 55 -



The algebraic language can explain all these regularities, 
and excel can help students to arrive to that :

n(n+2)+1 = n2 + 2n + 1 = (n+1)2n(INSTR.



Using GeGe allows investigations through a 
“game of frameworks” interacting each other:

INSTR.

00



It is interesting to discuss the didactical and 
cognitive difference between a sequence of 
problems as that generated by our method and 
problems that directly ask to prove the algebraic
formulas behind our tables. 

1 • 5 5

2 • 6 12

3 • 7 21

4 • 8 32

5 • 9 45

x•y = O3

1 • 7 7 h2 - k2

2 • 8 16 h2 - k2

3 • 9 27 h2 - k2

4 • 10 40 h2- k22

5 • 11 55 h2 - k2
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F



A model of the cake with the cuts



2x2

3x3

4x4

5x5

axa

size
n. 

1-squ.s
0 straw.

n. 1-squ.
straw.s

on 1 side

n. 1-squ.
straw.s

on 2 sides

n. 
1-squ.s



2x2

3x3

4x4

5x5

axa

4 = 22

32

42

52

a2

0

1

22

32

(a-2)2

0

4=4x1

8=4x2

4(a-2)

12=4x3

4

4

4

4

4

size
n. 

1-squ.s
0 straw.

n. 1-squ.
straw.s

on 1 side

n. 1-squ.
straw.s

on 2 sides

n. 
1-squ.s



2x2

3x3

4x4

axa

4 = 22

32

42

a2

0

1

22

(a-2)2

0

4=4x1

8=4x2

4(a-2)

4

4

4

4

1x1 1 0 ? ?

size
n. 

1-squ.s
0 straw.

n. 1-squ.
straw.s

on 1 side

n. 1-squ.
straw.s

on 2 sides

n. 
1-squ.s



2x2

3x3

4x4

5x5

axa

4 = 22

32

42

52

a2

0

1

22

32

(a-2)2

0

4=4x1

8=4x2

4(a-2)

12=4x3

4

4

4

4

4

Step 1a
Look at numbers and formulas with a mathematical eye



2x2

3x3

4x4

5x5

axa

4 = 22

32

42

52

a2

0

1

22

32

(a-2)2

0

4=4x1

8=4x2

4(a-2)

12=4x3

4

4

4

4

4

taglia
n. 

1-quadr. 
senza fr. 

n. 1-quad 
fragole   
1 lato

n. 1-quad 
fragole 2 

lati

n. 
1-quadr.

1b 
How can you represent the data?



1b. How can you represent the data? 
What can you observe now? 

quad 02

INSTR.



Step 2 
What if…?





tagliasize
n. 
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Step 1a 
Look at numbers and formulas with a mathematical eye
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1b 
How can you represent the data?



Cubo 04

1b. How can you represent the data? 
What can you observe now? 

INSTR.
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I. A situation: observe (Oi), ask
questions (Dj), give answers (Rk)

II. Modify one ore more Oi changing
the situation ! (~ Oi)k.

III. Fresh observations are generated
(Oi)*, further questions (Dj)*, 
and answers (Rk)*.

Why is it
so?

What
happens if
it is not so?

Let us summarize what we have done from a 
higher point of view as a dynamic
expansion and a compression (Sfard, 2008)



From a starting situation we can get
variations of the following patterns:

If (~ Oi)
(Dj)*&

! (Rk)*

The dynamics of the patterns: from 
accepting the situation to its challenge with 
the consequent investigations.  

If (Oi)
(Dj)&

! (Rk)



Thr full process can be so summarized through different
levels (Method of the Varied Investigation, MVI):

Level 0. Choosing a starting point
Level !. Listing the observations (Oi); asking questions
(Dj)?
Level 2. What if it is not so? (~Oi)
Level 3. Posing consequent fresh problems/questions
(Dj)*&
Level 4.  Analysing the different (Dj)*
Level 5. Metareflection: 

If (~ Oi) then (Dj)*&'! (Rk)*
If (Oi) then (Dj)&'! (Rk)

MVI is relevant from an epistemological, didactical, and 
cognitive point of view, with consequences for the teaching
practices.



In fact also MVI promotes the following features:
CONTRAST "... In order to experience something, a person 
must experience something else to compare it with..."
GENERALISATION. "... In order to fully understand what 
"three" is, we must also experience varying appearances of 
three..."
SEPARATION "... In order to experience a certain aspect of 
something, and in order to separate this aspect from other 
aspects, it must vary while other aspects remain invariant."
FUSION "if there are several critical aspects that the learner 
has to take into consideration at the same time, they must all be 
experienced simultaneously.”

(Marton, F., Runesson, U., & Tsui, A. B. M., 2004, p. 16)

MVI is coherent with the MoV



MVI is also coherent
with the Method of Scientific Inquiry,

which featured the Scientific Revolution
in the Western World.

N. Kopernicus G. Galilei I. Newton
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Galileo Galilei 
(1564-1642)



http://www.fmboschetto.it/didattica/DimostrazioniMatematiche.pdf

Discourses and Mathematical Proofs about two New 
Sciences which concern Mechanics and local Movements

by Mr Galileo Galilei Linceo
Leiden 1638



A joint research in Turin with O. Swidan



Sense-experiences and 
mathematical proofs

http://catalogo.museogalileo.it/multimedia/PianoInclinato.htmlhttp://catalogo.museogalileo.it/multimedia/PianoInclinato.html



This experimental apparatus provided a demonstration of the 
Galilean law of the natural fall of bodies, which stated that the 
spaces traversed from a position of rest are proportional to the 
squares of the times of fall.
The pendulum attached to the inclined plane was swung at the 
same time as the small ball was released. In each successive 
oscillation of the pendulum the sphere traversed spaces  that 
increased in accordance with the sequence of odd numbers.
[about 11 seconds of silence: numbers 1, 3, 5, 7, 9 appear on the 
screen]
In the first oscillation period the sphere traversed a given 
interval from its rest position; in the second period it travelled 
three spaces; in the third period five spaces; in the fourth period 
seven spaces; and so on.
It follows that the sphere  traverses four spaces in two periods 
from the rest position; nine spaces in three periods; sixteen 
spaces in the fourth period and so on.





An example from a  grade 9 class





Teacher: But it is always 2.36
Student: It could be y = k times x^2, where k is 
the constant that varies with the inclination
…
Student: As a consequence the space varies 
changing the coefficients
Teacher: And as a consequence the space 
varies
Student: Changing all the coefficients
Teacher: Changing all the coefficients



MVI promotes hypothetical thinking
In fact, it triggers and supports discourses that
allow students:
- to go back on what has been done, seen

(etc.), producing interpretations, 
explanations, answers to questions like "why
is it so?”

- to anticipate events, situations, etc., 
producing forecasts, talks about hypothetical
worlds, answers to questions ”how will it be 
like?", "how could it be?"
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Finite differences as a measure of change (squares)

a 4(a-2) a2a a !B !D4



a
12(a-2) 6(a-2)2

a a !1B

(a-2)3

a !1D !2D !1F !2F !3F

Finite differences as a measure of change (cubes)



! = 5 cm2

!r = 5 cm2/ 50 cm2

10%

! = 5 cm2

A finer idea of change

!r = 5 cm2/ 5 cm2

100%

The relative change !rA = !A/A

!" = 5 cm2



Cubes and 
relative changes

!D/D!B/B

INSTR.



Relative differences: polynomes

diff rel 03

INSTR.



Relative differences: exponentials

diff rel 02
INSTR.



Growth phenomena in Biology and Economy:
reasoning about changes

as education to rational decisions

Verhulst 04

Model of  Verhulst



verhulst 21
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Finite Finite differencesdifferences: differences: anotheranother example
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IL 1°
PROBLEMAPROBLEMA

The number sense as pre-algebra:
dice in 2° grade





MVI promotes everyday life ways of 
reasoning: the teacher supports their use in 
her/his teaching practices, promoting the 
transition to the mathematical context.
Doing so, she/he allows the construction of 
mathematical skills, in which knowledge is
intertwined with argumentative skills of the 
students in situations where they pose and 
solve problems.

MVI has important didacical
consequences



MVI induces an open attitude to the inquiry, in which
the students:
- pose and solve problems; 
- are not embalmed in the typical closed scheme: 

given situation ! solve / show;
- produce hypotheses, definitions, arguments:   MVI 

supports the transition from forms of "natural" 
arguments (abductions) to forms of mathematical
reasoning (deductions).

MVI can be implemented within rich technological
enivronments, which can concretely “instrument” the 
dynamic interactions between different frames
(numerical, algebraic, graphic).



Educational and cognitive 
advantages of MVI

- The variations are generated by the students
themselves (with the support of the teacher, stronger
at the beginning, more and more attenuated when
the method is progressing in the class): THEN the 
control in posing the problem passes from the 
"others" to themselves: it so generated a broader
conception of what is a problem and a greater
emotional sharing.

- Variations deal with the same subject under different
points of view:  THEN they generate a deeper and 
wider understanding.

The result can be a shared and positive sense for 
mathematics.



MVI practices

Symbol sense



T

In re mathematica ars proponendi
quaestionem pluris facienda est quam
solvendi.
In mathematics the art of asking
questions is more valuable than
solving problems. (G. Cantor, 1867)
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In re mathematica ars proponendi
quaestionem pluris facienda est quam
solvendi.
In mathematics the art of asking
questions is more valuable than
solving problems.     (G. Cantor, 1867)


