N^∘ d’Ordre : 2758

T H È S E

Présentée

DEVANT L’UNIVERSITÉ DE RENNES I

pour obtenir

le grade de DOCTEUR DE L’UNIVERSITÉ DE RENNES I

Mention Mathématiques et Applications par Benoît BERTRAND

Institut de Recherche Mathématique de Rennes

École Doctorale MATISSE

U.F.R. de Mathématiques

TITRE DE LA THÈSE :

Hypersurfaces et intersections complètes maximales dans les variétés toriques

Soutenue le 16 décembre 2002 devant la Commission d’Examen

COMPOSITION DU JURY :

M. D. Cerveau M. M. Coste M. I. Itenberg Directeur de Thèse M. V. Kharlamov rapporteur M. E. Shustin rapporteur M. J.-J. Risler rapporteur M. O. Viro

Remerciements

Je tiens à remercier tout particulièrement Ilia Itenberg d’avoir dirigé mon travail avec enthousiasme. Il a toujours su me communiquer son optimisme même lors de mon séjour à Bir Zeit. Je lui suis très reconnaissant pour sa disponibilité et le soutien constant qu’il m’a témoigné.

Je remercie Viatcheslav Kharlamov, Jean-Jacques Risler et Eugenii Shustin d’avoir accepté d’être rapporteurs de cette thèse. Merci à Dominique Cerveau, Michel Coste et Oleg Viro d’avoir bien voulu faire partie du jury.

Merci à Danielle Lanneau, Claude Boschet qui m’ont toujours aidé quand il y avait quelque chose à organiser. Merci aussi à toutes celles (et ceux) de L’IRMAR ou de l’UFR que j’ai bien souvent sollicités.

Je tiens à saluer Louis Mahé qui, en tant que directeur de l’UFR, a sans ambiguïté rejeté le FN.

Merci à Erwan sans qui je n’aurais jamais pu arriver à bout des formalités administratives et qui a supporté sans presque broncher mes e-mails angoissés. Merci aussi à Fred, Claude et Nelly pour leurs conseils.

Je veux remercier ici tous ceux qui m’ont soutenu le moral pendant mon séjour à Bir Zeit. Vérane d’abord et ma famille. Nat et Greg, Caroline, Joan et Arlette, Bruno, Françoise, Paul et Lulue, Pépé et Colette et Marie-Annick pour leurs appels fréquents. Nico aussi qui me fera peut-être la surprise de venir. Je n’oublie pas non plus les e-mails d’Aline et d’Evelyne et les mots bienveillants de Jean-Claude et Mafa. Merci à ceux qui m’ont soutenu là bas : Thierry, Benjamin, Omar, Stéphanie, Coralie, Antoine, Morgan, Sandrine et Julien ; Amal qui m’a patiemment écouté tous les midis à la cantine. Un salut aussi aux copains de l’AFPS, Dominique, Joëlle, Samira, Anne-Claire et tous les autres.

Merci à tous ceux qui m’ont aidé à préparer le pot. Merci surtout à tous ceux que je vais sans doute oublier ici. C’est l’occasion de saluer les collègues que j’ai côtoyés à l’IRMAR ; en particulier ceux avec qui je partageais les pauses café. Axelle, François, Anne, Marcel, Franck, Bernard, Damien, François, Gigi, DDSF, Yassine, Philippe, Vincent, J.B., Nicolas, Bert ;

Solen, Gwenolé et Erwan dont j’ai avec plaisir squatté le bureau ; Hélène, Emmanuel et Thierry, dont j’ai partagé le bureau de façon plus officielle, Christine pour ses conseils linuxiens avertis et son soutien syndical, tous les participants à Pampers, Stéphane, Erwan, Damien, Solen, Erwan (encore) , Gwenolé, Samuel, Vincent, Mathilde, Fred ...

Une petite pensée aussi pour ceux qui en même temps que moi ont étudié la topologie des variétés algébriques réelles à Rennes, Erwan (toujours), Fabienne et Sébastien.

Enfin je veux saluer tous les amis qui m’ont supporté pendant que je travaillais à cette thèse, Fred, Tanguy et Carine (et Adèle), Sassi, Hélène, Ana et Guillaume, Patricia, Thomas et Muriel, Guillaume, Judith, Corentin, Nour, Stéphane et toute la petite famille, Eric et Claude (et Maël), Marion, Cécile, Catherine, Hélène et David, Cendrine, Charlotte, Katia, les membres de Cinémaniacs, Josselin, Ivan et Fred, Eric et ceux Plum’art. Merci enfin à Vérane de m’avoir soutenu (et supporté) tout au long de ces quatres années.

Contents

1 Introduction 3 1.1 Résultats . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 Preliminaries 9 2.1 Toric varieties . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.1.1 Cones and affine toric varieties . . . . . . . . . . . . . . 9 2.1.2 Fans and toric varieties . . . . . . . . . . . . . . . . . . 10 2.1.3 Polytopes and toric varieties . . . . . . . . . . . . . . . 10 2.2 Combinatorial patchworking . . . . . . . . . . . . . . . . . . . 11 2.3 Sturmfels theorem for complete intersections . . . . . . . . . . 14 2.3.1 A very simple example . . . . . . . . . . . . . . . . . . 15 2.3.2 Cayley trick . . . . . . . . . . . . . . . . . . . . . . . . 18 2.4 Some facts about triangulations of lattice polytopes . . . . . . 20 2.4.1 Ehrhart Polynomial . . . . . . . . . . . . . . . . . . . . 20 2.4.2 Formula for the number of simplices of a primitive triangulation . . . . . . . . . . . . . . . . . . . . . . . . . 22 2.5 Danilov and Khovanskii formulae . . . . . . . . . . . . . . . . 24

3 Primitive T -hypersurfaces 27 3.1 Statement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 3.2 Proof of Theorem 3.1 . . . . . . . . . . . . . . . . . . . . . . 28

4 Nakajima polytopes and M-surfaces 35 4.1 Nakajima polytopes . . . . . . . . . . . . . . . . . . . . . . . . 35 4.2 Construction of M-surfaces . . . . . . . . . . . . . . . . . . . 35 4.3 Newton polytopes without maximal hypersurfaces . . . . . . . 40

5 Asymptotically Maximal Families of Hypersurfaces 45 5.1 Auxiliary statements . . . . . . . . . . . . . . . . . . . . . . . 46 5.2 Itenberg-Viro asymptotical construction . . . . . . . . . . . . 46 5.2.1 Proof of Theorem 5.4 . . . . . . . . . . . . . . . . . . . 47 5.3 Proof of theorem 5.1 . . . . . . . . . . . . . . . . . . . . . . . 51

6 Newton polytopes without maximal complete intersection 53

7 Asymptotically maximal families of complete intersections 57 7.1 Statement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 7.2 Itenberg-Viro asymptotical statement . . . . . . . . . . . . . . 58 7.3 Proof of Theorem 7.1 . . . . . . . . . . . . . . . . . . . . . . . 61

8 Maximal complete intersections in toric varieties corresponding to pyramids 63 8.1 Triangulation . . . . . . . . . . . . . . . . . . . . . . . . . . . 64 8.2 Counting Cycles . . . . . . . . . . . . . . . . . . . . . . . . . . 70 8.2.1 Type I cycles . . . . . . . . . . . . . . . . . . . . . . . 71 8.2.2 Type II cycles . . . . . . . . . . . . . . . . . . . . . . . 75 8.2.3 Type III cycles . . . . . . . . . . . . . . . . . . . . . . 77 8.2.4 Mixed cycles . . . . . . . . . . . . . . . . . . . . . . . . 79 8.2.5 Linear cycles . . . . . . . . . . . . . . . . . . . . . . . 94 8.2.6 Proof of Theorem 8.1 . . . . . . . . . . . . . . . . . . . 98

Chapitre 1

Introduction

Les travaux fondateurs de la topologie des variétés algébriques réelles sont dus à A. Harnack (voir [Har76]) et F. Klein. Une variété algébrique réelle (X, c) est une variété algébrique complexe X dotée d’une involution antiholomorphe c. On note RX et on appelle partie réelle de (X, c) l’ensemble des points fixes de c. Lorsque l’involution c ne prête pas à confusion, on notera tout simplement X la variété algébrique réelle (X, c).

Un polynôme homogène à d + 1 variables à coefficients réels définit une hypersurface algébrique réelle (Z, conj) de C P^d , où conj est la restriction sur Z de la conjugaison complexe dans C P^d . Soit A une courbe algébrique réelle de degré m dans C P^2 et l le nombre de composantes connexes de RA. Harnack a montré que l ≤^{(m−1)(m−2)}_2 + 1. L’inégalité de Harnack peut aussi être écrite dans la forme l ≤ g+1, où g est le genre de A. C’est sous cette forme que Klein a montré l’inégalité qui s’applique à toutes les courbes algébriques réelles non singulières compactes. Les courbes pour lesquelles l’inégalité de Harnack est une égalité sont dites maximales. On les appelle aussi M-courbes. Harnack a montré qu’il existait des courbes algébriques réelles maximales de tout degré dans le plan projectif.

D. Hilbert, dans son seizième problème, a posé la question de la classification à homéomorphisme près des paires (RP^2 , RA), où A est une courbe algébrique réelle non singulière de degré donné. Il a considéré aussi le problème de la classification à homéomorphisme près des paires (RP^3 , RS), où S est une surface algébrique réelle non singulière de degré donné. Plus généralement, ce problème peut être compris comme celui de la classification à homéomorphisme près des paires (RP^d , RZ), où Z est une hypersurface algébrique réelle non singulière de degré donné.

L’inégalité de Smith-Thom généralise pour les variétés algébriques réelles l’inégalité de Harnack. Soit b_∗(X, Z_2) la somme des dimensions des groupes d’homologie de X à coefficients dans Z_2. Soit X une variété algébrique réelle. L’inégalité de Smith-Thom (voir, par exemple, [DK00] et [Wil78]) affirme que

b_∗(RX, Z_2 ) ≤ b_∗(X, Z_2).

Dans le cas des courbes, cela correspond bien à l’inégalité de Harnack. On dit que X est maximale (ou que X est une M-variété), si b_∗(RX, Z_2 ) = b_∗(X, Z_2).

Dans les années 1970, les travaux de V. Arnold, V. Rokhlin et V. Kharlamov donnent un nouvel essort à la topologie des variétés algébriques réelles. En 1979, O. Viro a inventé une méthode de construction d’hypersurfaces dans les variétés toriques projectives qui lui a permis d’obtenir la classification des courbes algébriques réelles non singulières de degré 7 dans RP^2 (voir [Vir84]). Une version combinatoire de cette méthode, le patchwork combinatoire (ou T -construction) a été utilisée par I. Itenberg et O. Viro pour démontrer l’existence d’hypersurfaces algébriques réelles maximales dans les espaces projectifs en tout degré (voir [IV02]).

Dans son article [Stu94b], B. Sturmfels a proposé une version de la T - construction adaptée pour la construction d’intersections complètes dans des variétés toriques projectives. Itenberg et Viro l’ont utilisé pour démontrer l’existence d’intersections complètes maximales de k hypersurfaces de degré m_1, · · · , m_k dans RP^d pour tous les entiers strictement positifs d, k ≤ d et m_1, . . . , m_k. 1.1 Résultats

Un polynôme P de polytope de Newton Δ définit une hypersurface Z_P dans la variété torique X_Δ associée à Δ. On dit que Δ est le polytope de Newton de Z_P .

On montre que, à partir de la dimension 3, il y a des polytopes de Newton Δ pour lesquels il n’existe pas d’hypersurfaces Z de X_Δ qui soient maximales et aient Δ pour polytope de Newton. Cela signifie qu’il n’est pas possible de généraliser directement aux variétés toriques le résultat d’Itenberg et Viro sur l’existence d’hypersurfaces maximales dans les espaces projectifs.

Cependant, pour tout polytope à sommets entiers dans (R^+ )^n, où R^+ = {x ∈ R : x ≥ 0}, il existe des familles d’hypersurfaces dans X_Δ qui sont asymptotiquement maximales. Soit {Z_λ}_{λ∈N}∗ une famille d’hypersurfaces avec des polytopes de Newton Δ_λ. On suppose que tous les polytopes Δ_λ correspondent à la même variété torique X = X_{Δλ} et que le volume de Δ_λ tend vers l’infini quand λ → +∞. On dit que la famille {Z_λ}_{λ∈N}∗ est asymptotiquement maximale si b_∗(RZ_λ ; Z_2) est équivalent à b_∗(Z_λ; Z_2) quand λ → +∞.

Théorème 1.1 Soit Δ un polytope à sommets entiers dans (R^+ )^d, et {λ · Δ}_{λ∈N}∗ la famille des multiples de Δ. Alors, il existe une famille asymptotiquement maximale d’hypersurfaces Z_λ de X_Δ telle que λ · Δ est le polytope de Newton de Z_λ.

On prouve l’existence d’hypersurfaces maximales dans plusieurs variétés toriques de dimension 3. Les polytopes de Nakajima sont définis récursivement. Un polytope de Nakajima de dimension 0 est un point. Un polytope Δ de dimension d est un polytope de Nakajima s’il existe une fonction affine l : R^{d−1} → R et un polytope de Nakajima Δ^′ ⊂ R^{d−1} de dimension d − 1 tels que l(Z^{d−1}) ⊂ Z, l est positive sur Δ^′ et Δ = {(x, x_d) ∈ Δ^′ × R^+ , x_d ≤ l(x)}.

Théorème 1.2 Soit Δ un polytope de Nakajima de dimension 3 correspondant à une variété torique non singulière X_Δ. Alors, il existe une surface réelle maximale dans RX_Δ ayant Δ comme polytope de Newton.

Soient α un entier positif ou nul et n, m et l des entiers strictement positifs. Notons δ^{m,n}_a l’enveloppe convexe des points (0, 0), (n + ma, 0), (0, m) et (n, m) dans R^2 . Comme corollaire du théorème 1.2, on obtient que le polytope δ^{m,n}_a × [0, l] dans R^3 , est le polytope de Newton d’une surface maximale dans Σ_a × C P^1 , où Σ_a est une surface rationnelle réglée associée à δ^{m,n}_a .

La démonstration du théorème 1.2 est basée sur une relation entre la signature de certaines hypersurfaces obtenues par la T -construction et la caractéristique d’Euler de leur partie réelle. On dit qu’une triangulation à sommets entiers d’un polytope de dimension d est primitive si tous les d-simplexes de la triangulation sont de volume^1_{d!} . Les T -hypersurfaces obtenues à partir d’une triangulation primitive sont appelées T -hypersurfaces primitives. Si Z est une hypersurface non singulière, on pose σ(Z) = ∑ p+q=0[2](−1) ph^{p,q}(Z) où l’on somme pour tous les couples (p, q) tels que p + q = 0 mod 2. Si la dimension de Z est paire, alors σ(Z) est la signature de Z. On note χ(RZ) la caractéristique d’Euler de RZ.

Théorème 1.3 Soit Δ un polytope correspondant à une variété torique non singulière, et soit Z une T -hypersurface primitive de X_Δ. Alors σ(Z) = χ(RZ). Dans le cas de l’espace projectif de dimension 3, le théorème 1.3 est dû a Itenberg (voir [Ite97]).

Pour tout entier d ≥ 3, on donne des exemples de polytopes Δ_d ⊂ (R^+ )^d à sommets entiers tels que les hypersurfaces définissant une intersection complète maximale dans X_{Δd} ne peuvent pas toutes avoir le polytope de Newton Δ_d.

En utilisant la construction de Sturmfels, pour toute variété torique projective X, on prouve l’existence de familles d’intersections complètes dans X qui sont asymptotiquement maximales. Soit Δ ⊂ (R^+ )^d un polytope à sommets entiers de dimension d, et soit {(Z_{1,m}, · · · , Z_{k,m})}_{m∈N}∗ une famille de k-uplets d’hypersurfaces algébriques réelles dans X_Δ telles que le polytope de Newton de Z_{i,m} (pour tout i = 1, . . . , k et tout entier strictement positif m) est un multiple de Δ. Notons λ_{i,m} l’entier tel que λ_{i,m} · Δ est le polytope de Newton de Z_{i,m}. On suppose que,

– pour tout m, la variété Y_m = Z_{1,m} ∩ · · · ∩ Z_{k,m} est une intersection complète, – pour tout i = 1, . . . , k, la suite {λ_{i,m}} tend vers l’infini quand m → +∞.

On dit que la famille {Y_m}_{m∈N}∗ est asymptotiquement maximale si b_∗(RY_m ; Z_2) est équivalent à b_∗(Y_m; Z_2) quand m tend vers l’infini.

Théorème 1.4 Soit Δ un polytope à sommets entiers de dimension d, et X_Δ la variété torique associée à Δ. Soient k un entier strictement positif inférieur ou égal à d et (λ_{1,m}, · · · , λ_{k,m}) une suite de k-uplets telle que chaque λ_{i,m} est un entier strictement positif et, pour tout i = 1, . . . , k, la suite {λ_{i,m}} tend vers l’infini quand m → +∞. Alors, il existe une suite de k-uplets (Z_{1,m}, · · · , Z_{k,m}) d’hypersurfaces algébriques réelles dans X_Δ telle que

– λ_{i,m} · Δ est le polytope de Newton de Z_{i,m}, – pour tout m, la variété Y_m = Z_{1,m} ∩ · · · ∩ Z_{k,m} est est une intersection complète, et la famille {Y_m}_{m∈N}∗ est asymptotiquement maximale.

On construit par la méthode de Sturmfels les intersections complètes décrites dans le théorème ci-dessous. Pour des entiers positifs ou nuls α, m tels que (α, m) ≠ (0, 0) et pour tout entier strictement positif n, considérons le polygone δ^{n,m}_α dans R^2 aux sommets (0, 0), (m+nα, 0), (0, n) et (m, n). Remarquons que tout polygone de Nakajima de dimension 2 est égal à un des polygones δ^{n,m}_α (à permutation des coordonnées près). Si m est non nul, la variété torique associée à δ^{n,m}_α est une surface rationnelle réglée Σ_α. Pour i = 1, 2, notons Δ^{α,mi,ni,li} i l’enveloppe convexe des points (0, 0, 0), (m_i + αn_i, 0, 0), (0, n_i, 0), (m_i, n_i, 0) et (0, 0, l_i) dans R^3 , où α, m_1, m_2 sont des entiers positifs et l_1, n_1,n_2, l_2 sont des entiers strictement positifs. La pyramide Δ^{mi,ni,li}_i est un cône de sommet (0, 0, l_i) sur δ^{ni,mi}_α × {0}. On va supposer que m_i = λl_i et n_i = μl_i, où μ est un entier strictement positif et (λ, α) ≠ (0, 0).

Théorème 1.5 Soient α, m_1, m_2 des entiers positifs ou nuls et n_1, l_1, n_2 et l_2 des entiers strictement positifs qui vérifient les égalités m_i = λl_i et n_i = μl_i pour certains entiers λ et μ tels que (α, λ) ≠ (0, 0). Alors, il existe une intersection complète maximale dans X_Δα,m_1,n_1,l_{11} = X_Δα,m_1,n_1,l_{12} de deux surfaces dont les polytopes de Newton sont Δ^{α,m1,n1,l1} 1 et Δ^{α,m2,n2,l2} 2 , respectivement.

Ce résultat généralise celui de L. Brusotti [Bru28] qui a construit, pour tous entiers strictement positifs d_1 et d_2, une intersection complète maximale dans RP^3 de deux surfaces de degrés d_1 et d_2, respectivement.

Le texte est organisé de la façon suivante. Le chapitre 3 est consacré à la démonstration de la relation σ(Z) = χ(RZ) sous les hypothèses du théorème 1.3. Les constructions de variétés maximales dans des variétés toriques de dimension 3 font l’objet du chapitre 4 pour les hypersurfaces et 8 pour les intersections complètes. Au chapitre 5 (respectivement, 7), on prouve l’existence de familles d’hypersurfaces (respectivement, d’intersections complètes) asymptotiquement maximales dans les variétés toriques projectives. Les exemples de polytopes Δ_d ⊂ (R^+ )^d tels que les hypersurfaces définissant une intersection complète maximale dans X_{Δd} ne peuvent pas toutes avoir le polytope de Newton Δ_d sont présentés dans les chapitres 4 et 6.

8

Chapter 2

Preliminaries

2.1 Toric varieties

We fix here some conventions and notations, and recall briefly the construction of toric varieties following [Ful93].

2.1.1 Cones and affine toric varieties

Fix an orthonormal basis of R^d and thus an inclusion Z^d → R^d . This inclusion defines a lattice N in R^d .

Definition 2.1.1 A cone σ in R^d is the set of positive combinations of a set of points {A_i} in R^d , i.e. σ = {λ_iA_i, λ_i ∈ R^+ }. We say that {A_i} generates σ. A cone σ is called polyhedral if it can be generated by a finite number of points. A cone is called rational if it can be generated by integer points. A cone is strongly convex if it contains no linear subspace.

In what follows we use only polyhedral rational cones, and we will call them cones for simplicity. Denote by M the dual lattice Hom(N, Z) of N.

Definition 2.1.2 Let σ be a (polyhedral rational) cone. The dual cone of σ is the cone σ^∨ = {u ∈ M ⊗ R : ∀x ∈ σ one has < u, x >≥ 0}.

Proposition 2.1 Let σ be a polyhedral rational cone. Then σ^∨ is also a polyhedral rational cone.

Denote by S_σ the semigroup (σ^∨ ∩ M, +). Associate to S_σ its semigroup C -algebra C [S_σ ].

Proposition 2.2 (Gordon Lemma) Let σ be a strongly convex polyhedral rational cone. Then S_σ is a finitely generated semigroup and C [S_σ ] is a finitely generated commutative C -algebra.

Associate to σ the affine algebraic variety U_σ = Spec(C [S_σ ]). The variety U_σ is called an affine toric variety.

2.1.2 Fans and toric varieties

Definition 2.1.3 A fan E in N ⊗ R is a set of strongly convex polyhedral rational cones in N ⊗ R such that

1. any face of a cone in E is a cone in E,

2. the intersection of two cones in E is a face of each.

For two cones σ and τ in E the affine toric variety U_{σ∩τ} is a principal open subset of both U_σ and U_τ .

To a fan E we associate an algebraic variety X(E). First take the disjoint union of the affine toric varieties associated to the cones of E. Then glue each pair (U_σ, U_τ ) along U_{σ∩τ} . The variety X(E) is called the toric variety associated to the fan E.

Definition 2.1.4 A fan in N ⊗ R is called complete if the union of its cones is N ⊗ R.

Proposition 2.3 If E is a complete fan, then X(E) is complete variety.

2.1.3 Polytopes and toric varieties

Here we consider polytopes in M ⊗ R. Unless explicitly specified, polytope will mean convex polytope whose vertices are integer (i.e. belong to the lattice M). Let Δ be a polytope in M ⊗ R.

Definition 2.1.5 Let Γ be a facet of Δ. The minimal inner normal vector of Γ is the smallest vector v in N such that

1. v is nonzero,

2. v is orthogonal to Γ,

3. for any x in Δ, < x, v > is non-positive.

Let p be a vertex of Δ and let Γ_1, · · · , Γ_k be the facets of Δ containing p. To p we associate the cone σ_p generated by the minimal inner normal vectors of Γ_1, · · · , Γ_k.

Definition 2.1.6 The inner normal fan E_Δ is the fan whose d-dimensional cones are the cones σ_p for all vertices p of Δ.

Definition 2.1.7 The toric variety X_Δ associated to Δ is the toric variety X(E).

Proposition 2.4 Let Δ be a d-dimensional polytope, and X_Δ be its associated toric variety. Then the torus (C^∗ )^d acts on X_Δ and has an open dense orbit.

Let a be a vertex of Δ and let A_1, · · · , A_k be the edges of Δ containing a. Let b_i be the nearest integer point to a on A_i and denote v_i the vector ab_i.

Definition 2.1.8 We say that Δ is very simple in a if (v_i)_{i∈{1,··· ,k}} is a basis of M. The polytope δ is very simple if it is very simple in all its vertices.

Definition 2.1.9 A d-dimensional polytope Δ is simple if for each vertex a of Δ, the number of edges of Δ containing a is d.

Proposition 2.5 The toric variety X_Δ is nonsingular if and only if the polytope Δ is very simple.

2.2 Combinatorial patchworking

By a subdivision of a polytope we mean a subdivision in convex polytopes whose vertices have integer coordinates.

Definition 2.2.1 A subdivision τ of a d-dimensional polytope Δ is called convex if there exists a convex piecewise-linear function Φ : Δ → R whose domains of linearity coincide with the d-dimensional polytopes of τ.

A piecewise-linear function ν on a polytope Δ defines a subdivision δ of Δ. The graph of ν has a natural decomposition δ_0 into linear pieces. The decomposition δ is induced by the natural projection of δ_0 on Δ. The procedure described in the following remark is often used in the sequel to construct convex piecewise-linear functions.

Remark 1 Fix a real function ν_0 defined on a set A of integer points of a polytope Δ. We associate to ν_0 the convex piecewise-linear function ν : Δ → R whose graph is the lower part of the convex hull of the graph of ν_0. Note that the vertices of the decomposition δ defined by ν are points in A. However, the set of vertices of δ can be a proper subset of A.

Let us describe the combinatorial patchworking, also called T -construction, which is a particular case of the Viro method. Given a triple (Δ, τ, D), where Δ is a polytope, τ a convex triangulation of Δ, and D a distribution of signs at the vertices of τ, the combinatorial patchworking, produces an algebraic hypersurface Z in X_Δ.

Let Δ be a d-dimensional polytope with integer vertices which belongs to the positive orthant (R^+ )^d = {(x_1, . . . x_d) ∈ R^d | x_1 ≥ 0, . . . , x_d ≥ 0}, and τ be a convex triangulation of Δ. Denote by s_{xi} the reflection with respect to the coordinate hyperplane x_i = 0 in R^d . Consider the union Δ^∗ of all copies of Δ under the compositions of reflections s_{xi} and extend τ to a triangulation τ^∗ of Δ^∗ by means of these reflections. Let D(τ) be a sign distribution at the vertices of the triangulation τ (i.e. each vertex is labelled with + or −). We extend D(τ) to a distribution of signs at the vertices of τ^∗ using the following rule : for a vertex a of τ^∗, one has sign(s_{xi} (a)) = sign(a) if the i-th coordinate of a is even, and sign(s_{xi} (a)) = −sign(a), otherwise.

Let σ be a d-dimensional simplex of τ^∗ with vertices of different sign, and E be the hyperplane piece which is the convex hull of the middle points of the edges of σ with endpoints of opposite signs. We separate vertices of σ labelled with + from vertices labelled with − by E. The union of all these hyperplane pieces forms a piecewise-linear hypersurface H^∗.

Remark 2 Note that we get a natural cell decomposition of H^∗ whose ddimensional pieces are the hyperplane pieces described above.

Definition 2.2.2 Let x be an integer point (resp., a vector) in R^d . We call the parity of x and denote by x̄ the coordinatewise reduction modulo 2 of x.

For any facet Γ of Δ^∗, let N^Γ = (ν^Γ_1 , ν^Γ_2 , . . . , ν^Γ_d ) be a minimal integer vector normal to Γ. Identify Γ with s_{x1}^{νΓ1} ∘ s_{x2}^{νΓ2} · · · ∘ s_{xd}^{νΓd} (Γ) via the map s_{x1}^{νΓ1} ∘ s_{x2}^{νΓ2} · · · ∘ s_{xd}^{νΓd} . Denote by ~Δ the result of the identifications.

Proposition 2.6 (see, for example, [GKZ94]) The variety ~Δ is homeomorphic to the real part RX_Δ of X_Δ.

Denote by ~H the image of H^∗ in ~Δ. Let Q be a polynomial with Newton polytope Δ. It defines a hypersurface Z_0 in the torus (C^∗ )^d contained in X_Δ. The closure of Z_0 in X_Δ is the hypersurface defined by Q in X_Δ.

Definition 2.2.3 Let Q be a polynomial with Newton polytope Δ and Z be the hypersurface defined by Q in X_Δ. We call Δ the Newton polytope of Z. Theorem 2.7 (T-construction, O. Viro) Under the hypotheses made above, there exists a hypersurface Z of X_Δ with Newton polytope Δ and a homeomorphism h : RX_Δ → ~Δ such that h(RZ) = ~H. If Δ is very simple, then Z is nonsingular.

Definition 2.2.4 The hypersurface Z in the above theorem is called a real algebraic T -hypersurface.

Definition 2.2.5 A d-dimensional simplex with integer vertices is called primitive if its volume is equal to^1_{d!} . A triangulation τ of a d-dimensional polytope is primitive if every d-simplex of the triangulation is primitive. A real algebraic T -hypersurface is called primitive if the triangulation τ used in its construction is primitive.

We define here some useful notions related to the combinatorial patchworking.

Definition 2.2.6 With the above notations a simplex of τ^∗ is called nonempty if it has vertices of different signs.

Definition 2.2.7 Let Δ be a d-dimensional polytope. We call lattice volume of Δ and denote by Vol(Δ) the volume normalized so that a primitive d-simplex has volume 1. The usual volume is denoted by vol(δ).

Remark 3 If Δ is a d-dimensional polytope, then Vol(Δ) = d! vol(Δ).

Definition 2.2.8 Let τ be a triangulation with a distribution of signs at its vertices. A vertex v of τ is called isolated, if all the vertices in the star of v except v itself have the sign opposite to the sign of v.

Let p be an isolated vertex of the triangulation τ^∗ of Δ^∗. Assume that p is in the interior of Δ^∗. Then the star of p contains a connected component of H^∗ homeomorphic to a sphere S^d. So, p corresponds to a d-dimensional sphere of the real part of the hypersurface Z obtained by Viro’s theorem.

Definition 2.2.9 A k-dimensional simplex in R^d is called elementary if the reductions modulo 2 of its vertices generate a k-dimensional affine space.

The following proposition is due to Itenberg (see [Ite97] Proposition 3.1).

Proposition 2.8 Let s be an elementary k-simplex of a triangulation τ of a d-dimensional polytope. Assume that s is contained in j coordinate hyperplanes. Then the union of the symmetric copies of s contains exactly (2^d − 2^{d−k})/2^j cells of dimension k − 1 of the cell decomposition of H^∗.

2.3 Sturmfels theorem for complete intersections

In [Stu94b] B. Sturmfels gave a combinatorial way to construct complete intersections. We quote here this theorem in the particular case we need. For the general statement and the proof we refer to [Stu94b].

Let Δ_0 be a d-dimensional polytope. Let λ_1, · · · , λ_k be positive integers, where k ≤ d. Denote by Δ_i the polytope λ_i ·Δ_0 and by Δ the Minkowski sum Δ_1 + · · · + Δ_k. Let ν_i be a piecewise-linear convex function on Δ_i defining a triangulation τ_i. For each Δ_i, choose a distribution of signs D_i at the vertices of τ_i.

The initial data of the procedure of construction of a complete intersection using Sturmfels’ theorem are the polytopes Δ_i, the functions ν_i and the sign distributions D_i. Apply the T -construction for each triple (Δ_i, τ_i, D_i) to construct the hypersurfaces S_i. Let D^∗_i be the sign distribution at the vertices of τ^∗_i .

The functions ν_1, · · · , ν_k define a convex decomposition of Δ in the following way. Let x be an integer point of Δ. Denote by E_x the set of ktuples (x_1, · · · , x_k) such that x_i is a vertex of τ_i and x_1 + · · · + x_k = x. Set ν_0(x) = min_{(x1,··· ,xk)∈Ex} (ν_1(x_1) + · · · + ν_k(x_k)) and extend the function ν_0 to the piecewise-linear convex function ν whose graph is the lower part of the convex hull of the graph of ν_0 (cf. remark 1). The function ν : Δ → R defines a convex subdivision δ of Δ. Sturmfels’ theorem requires the following genericity condition on the functions ν_i.

Definition 2.3.1 With the notation as above, the function ν is called sufficiently generic, if each polytope Γ in δ can be uniquely written as the sum of simplices Γ_i for Γ_i in τ_i, and one has dimΓ = dimΓ_1 + · · · + dim Γ_k.

If δ satisfies the above genericity condition, it is called a mixed subdivision of Δ.

Let δ be a mixed subdivision of Δ. To each vertex v of δ we assign a sign vector ϵ(v) = (ϵ_1, · · · , ϵ_k), where ϵ_i ∈ {+, −} is the sign of the vertex of τ_i corresponding to v.

Extend δ to a subdivision δ^∗ of Δ^∗ by means of the reflections with respect to coordinate hyperplanes. The extension of the sign distribution to δ^∗ is as follows. Let v be a vertex of δ^∗, and let v_1, · · · , v_k be the vertices of τ_1, · · · , τ_k corresponding to v. Then ϵ_j (s_{xi} (v)) = sign(s_{xi} (v_j)). For j ∈ {1 · · · k} construct the hypersurface ~S_j in the following way.

Notice that any polytope in δ^∗ can be uniquely written as the sum of simplices Γ_i for Γ_i in τ^∗_i . Put S^∗_j ∩ Γ = Γ_1 + · · · + S_j ∩ Γ_j + · · · + Γ_k. Let ~S_j be the image of S^∗_j in ~Δ.

Theorem 2.9 (B. Sturmfels) With the above notation, there exist hypersurfaces Z_i with Newton polytopes Δ_i, respectively, and a homeomorphism f : RX_Δ → ~Δ such that the hypersurfaces Z_i define a complete intersection Y in X_Δ, and f sends RZ_i (resp, RY ) onto ~S_i. (resp., ∩_{j=1···k} ~S_j ).

2.3.1 A very simple example

As an example we construct a maximal complete intersection of two curves of given degrees in C P^2 (see Figures 2.1 and 2.2).

Let Δ_0 be the triangle in R^2 with vertices (0, 0), (0, 1)and(1, 0). Let λ_1 and λ_2 be two positive integers. Denote by Δ_i the triangle λ_i · Δ_0 (i = 1, 2). The triangle Δ = (λ_1 + λ_2)Δ_0 is the Minkowski sum of Δ_1 and Δ_2. Take any convex triangulations of Δ_1 and Δ_2 such that any integer point of the

Figure 2.1: T -curve S_1 of degree 2

Figure 2.2: T -curve S_2 of degree 3

Figure 2.3: ~S_1

Figure 2.4: ~S_2

Figure 2.5: ~S_1 and ~S_2 edge [(λ_1, 0), (0, λ_1)] (resp., [(0, 0), (λ_2, 0)]) of Δ_1 (resp., Δ_2) is a vertex of the chosen triangulation of Δ_1 (resp., Δ_2). Let ν_1 and ν_2 be convex functions certifying the convexity of these triangulations. Add to ν_2 a linear function ν_3((x, y)) = C_1y + C_2x with C_1 > C_2. For C_2 large enough the obtained mixed subdivision of Δ is as follows. The triangle ((0, 0), (λ_1, 0), (0, λ_1)) is triangulated as Δ_1. The triangle ((0, λ_1), (0, λ_1 + λ_2), (λ_1, λ_2)) is the image of Δ_2 under the translation t_{λ1} by the vector (0, λ_1). Take the image of the triangulation of Δ_2 by t_{λ1} . The rest of Δ is a parallelogram Γ decomposed into parallelograms of area 1 having two edges parallel to ((1, 0), (0, 1)) and the two other edges parallel to the x-axis. Notice that any parallelogram of area 1 has exactly one symmetric copy, where ~S_1 and ~S_2 intersect (see Figure 2.5). So, the number of intersection points of the real parts of our curves is the area of the parallelogram Γ, i.e. λ_1λ_2. By Sturmfels’ theorem 2.9 we associate to ~S_1 and ~S_2 (see Figures 2.3 and 2.4) two curves of degrees λ_1 and λ_2, respectively, defining a maximal complete intersection in the projective plane.

2.3.2 Cayley trick

Instead of constructing the complete intersection in the Minkowski sum of Newton polytopes, it is convenient to use so-called Cayley trick (see, for example, [Stu94a]).

Let Δ_1, . . ., Δ_k be convex polytopes with integer vertices in R^d (k ≤ d). For any i = 1, . . . , k put

Δ̂_i = {(x_1, . . . , x_{k+d}) ∈ R^{k+d} | x_i = 1; x_j = 0 if j ≤ k and j ≠ i; (x_{k+1}, . . . , x_{k+d}) ∈ Δ_i}. The convex hull of Δ̂_1, . . ., Δ̂_k in R^{k+d} is called Cayley polytope and is denoted by C(Δ_1, . . . , Δ_k). The intersection of C(Δ_1, . . . , Δ_k) with the subspace B ⊂ R^{k+d} defined by x_1 = . . . = x_k = 1/k is naturally identified with the Minkowski sum Δ of Δ_1, . . ., Δ_k multiplied by 1/k. Thus, any triangulation of the Cayley polytope C(Δ_1, . . . , Δ_k) induces a subdivision of the Minkowski sum of Δ_1, . . ., Δ_k.

The following lemma can be found, for example, in [Stu94a].

Lemma 1 The correspondence described above establishes a bijection between the set of convex triangulations with integer vertices of C(Δ_1, . . . , Δ_k) and the set of mixed subdivisions of the Minkowski sum of Δ_1, . . ., Δ_k. □

Denote by C^∗ the union of the symmetric copies of C(Δ_1, . . . , Δ_k) under the reflections s_{(i)}, i = k+1, . . . , k+n, where s_{(i)} is the reflection of R^{k+d} with respect to the hyperplane {x_i = 0}, and compositions of these reflections.

Choose a convex triangulation τ of C(Δ_1, . . . , Δ_k) having integer vertices and a distribution of signs at the vertices of τ. Extend the triangulation τ to a symmetric triangulation τ^∗ of C^∗ and the distribution of signs at the vertices of τ to a distribution at the vertices of the extended triangulation by the same rule as in Section 2.2: passing from a vertex to its mirror image with respect to a coordinate hyperplane we preserve its sign if the distance from the vertex to the plane is even, and change the sign if the distance is odd.

For any (k + d − 1)-dimensional simplex γ of τ^∗ and any j = 1, . . . , k denote by γ_j the maximal face of γ which belongs to a symmetric copy of Δ̂_j . Let K_j(γ) be the convex hull of the middle points of the edges of γ_j having endpoints of opposite signs, and let H(γ) be the intersection of the join K_1(γ) ∗ . . . ∗ K_k(γ) with B. Denote by H^∗ the union of the intersections H(γ), where γ runs over all the (k + d − 1)-dimensional simplices of τ^∗, and denote by ~H the image of H^∗ in ~(^1_k Δ).

The following statement is an immediate corollary of Theorem 2.9.

Proposition 2.10 Assume that all the polytopes Δ_1, . . ., Δ_k are multiples of the same polytope Π with integer vertices. Then, there exist nonsingular real hypersurfaces Z_1, . . ., Z_k in X_Π with Newton polytopes Δ_1, . . ., Δ_k, respectively, and a homeomorphism f : RX_Π → ~(^1_k Δ) such that the hypersurfaces Z_1, . . ., Z_k define a complete intersection Y in X_Π and f maps the set of real points RY of Y onto ~H. □

Definition 2.3.2 A (k + d − 1)-dimensional simplex γ of τ^∗ is said to be nonempty if H(γ) ≠ ∅.

Remark 4 A (k+d−1)-dimensional simplex γ of τ^∗ is nonempty if and only if the simplices γ_j are all nonempty (i.e. have vertices of different signs).

Let us reformulate the construction described in the example presented in the begining of this section (Subsection 2.3.1) using the Cayley polytope. Let Δ_1 be the convex hull of the points (0, 0), (0, λ_1), (λ_1, 0), and Δ_2 be the convex hull of the points (0, 0), (0, λ_2), (λ_2, 0). Consider a convex primitive triangulation τ_1 of Δ_1 and a convex primitive triangulation τ_2 of Δ_2. In the Cayley polytope C(Δ_1, Δ_2) take the cone C_1 (resp., C_2) with the vertex (1, 0, 0, λ_1) (resp., (0, 1, 0, 0)) over Δ̂_2 (resp., Δ̂_1). Let J be the join of the edges [(0, 1, 0, 0), (0, 1, λ_2, 0)] and [(1, 0, λ_1, 0), (1, 0, 0, λ_1)]. The triangulations τ_1 and τ_2 induce primitive triangulations of C_1, C_2 and J which patch into a convex triangulation τ of C(Δ_1, Δ_2). Choose any sign distribution at the vertices of τ apply the construction. Then, any tetrahedron in the triangulation of J has exactly one symmetric copy containing a point of H^∗. Since J has lattice volume λ_1λ_2, the complete intersection constructed is maximal.

2.4 Some facts about triangulations of lattice polytopes

2.4.1 Ehrhart Polynomial

As we saw in section 2.2, the combinatorial patchworking deals with triangulations of lattice polytopes. We sum up here some results that will be used latter on. First, recall the results of E. Ehrhart on the number of integer points in a lattice polytope. Ehrhart showed that the number of integer points in the multiple λ · Δ of a not necessarily convex polytope Δ, where λ is a positive integer, is a polynomial in λ (see [Ehr94]). We denote by l(Δ) and l^∗(Δ) the numbers of integer points in Δ and in the interior of Δ, respectively.

Theorem 2.11 (E. Ehrhart) Let Δ be a polytope with integer vertices. Then, the numbers l(λ · Δ) and l^∗(λ · Δ) are polynomials in λ of degree dim Δ. Denote them respectively by Ehr_Δ(λ) and Ehr^∗_Δ(λ). They satisfy the reciprocity law (−1)^{dimΔ}Ehr_Δ(−λ) = Ehr^∗_Δ(λ). One often considers the Ehrhart series SE_p(t) = ∞∑ λ=0 Ehr_Δ(λ)t^λ. Put Q_Δ(t) = (1 − t)^{d+1}SE_p(t), where d is the dimension of Δ. In fact, Q_Δ(t) is a polynomial of degree d (see [Bri94] or lemma 2), and we define the numbers Ψ_j to be the coefficients of Q_Δ(t) :

Q_Δ(t) = ∞∑ j=0 Ψ_jt^j .

Let a^Δ_i be the coefficient of λ^i in Ehr_Δ(λ). Lemma 2 One has

Ψ_j = d∑ i=0 ( j∑ n=0 (−1)^{j−n}C^{j−n}_{d+1} n^i)a_i, and Ψ_j = 0 for j ≥ d + 1.

We insert here technical lemmas that will be used quite often, mainly in chapter 3.

Lemma 3 (cf. [VLW92] p. 71) Let α be a nonnegative integer such that α + 1 ≤ i .Then one has ∑_i a=0(−1)^aC^a_i (i − a)^α = 0, and equivalently ∑_i a=0(−1)^aC^a_i a^α = 0.

Lemma 4 Let α be a nonnegative integer such that α + 1 ≤ i .Then i∑ a=0 (−1)^aC^a_i (p − a)^α = 0.

Proof . - Write p − a = (i − a) + (p − i) and then,

(p − a)^α = α∑ m=0 C^m_α (i − a)^{α−m}(p − i)^m.

So, i∑ a=0 (−1)^aC^a_i (p − a)^α = i∑ a=0 (−1)^aC^a_i α∑ m=0 C^m_α (i − a)^{α−m}(p − i)^m

= α∑ m=0 C^m_α (p − i)^m (_i ∑ a=0 (−1)^aC^a_i (i − a)^{α−m} )

The last term is zero by lemma 3. □

Proof of lemma 2.

From the definitions we see that

Q_Δ(t) = ( d+1∑ k=0 C^k_{d+1}t^k(−1)^k) · ∞∑ n=0 ( d∑ i=0 a_in^i)t^n, and thus, Ψ_j = ∑_d i=0( ∑_j n=0(−1)^{j−n}C^{j−n}_{d+1} n^i)a^Δ_i .

Let A_j = ∑_j n=0(−1)^{j−n}C^{j−n}_{d+1} n^i. If j ≥ d + 1, then

A_j = d+1∑ k=0 (−1)^kC^k_{d+1}(j − k)^i,

which is zero according to lemma 4. □

2.4.2 Formula for the number of simplices of a primitive triangulation

In order to compute the Euler characteristic of a T -hypersurface RZ we often need to know the number of simplices of any dimension in the triangulation τ of Δ. In the case of a primitive triangulation, these numbers happen not to depend on the primitive triangulation chosen. This statement can be found in [Dai00]. Here we prove the statement for primitive convex triangulations.

Let nbs^Δ_r be the number of r-dimensional simplices in a primitive triangulation of Δ which are contained in the interior of Δ, and let i be the dimension of Δ. Let S_2 be the Stirling number of the second kind defined by S_2(i, j) = 1/(j)! ∑_j k=0(−1)^{j−k}C^k_j k^i.

Proposition 2.12 Under the above hypotheses we have,

nbs^Δ_r = i+1∑ l=r+1 stir(r + 1, l)(−1)^{i−l+1}.a^Δ_{l−1}, where stir(i, j) = (i − 1)!S_2(j, i).

In order to prove this formula we first check that it is true for all primitive simplices.

Formula for a primitive simplex

Let s_i be a primitive simplex of dimension i. Then Ehr_{si} (λ) = 1 i! (λ + 1) . . . (λ + i) = 1 i! i+1∑ j=1 (−1)^{i+1−j} S_1(i + 1, j)λ^{j−1},

where S_1 is the first Stirling number defined by the formula ∑_n m=0 S_1(n, m)x^m = x(x − 1) . . . (x − n + 1) (see [BV97]). Thus a^{si}_{j−1} = (−1)^{i+1−j} i! S_1(i + 1, j).

It remains to show that nbs^{si}_r = r! i! i+1∑ l=r+1 S_2(l, r + 1).S_1(i + 1, l).

We have ∑_{i+1} l=r+1 S2(l, r + 1).S1(i + 1, l) = δr,i (see [VLW92] p. 107), and

thus,^{r!}_{i!} ∑_{i+1} l=r+1 S2(l, r + 1).S1(i + 1, l) = δr,i which is exactly the number of

r-dimensional simplices contained in the interior of s_i.

Proof for a general polytope

Definition 2.4.1 A triangulation τ of a polytope of dimension d is called shellable if there exists a numbering of its d-simplices s_1, s_2, . . . , s_k such that for i ∈ {2, . . . , k} s_i ∩ ∪^{i−1}_{j=1}s_j is a nonempty union of (d−1)-simplices of τ homeomorphic to a (d−1)-ball. This numbering is called a shelling of τ.

Theorem 2.13 (Ziegler ([Zie95], p. 243)) Every convex triangulation of a polytope is shellable.

The formula holds for a point (with the convention that the point is in its interior). We now assume that the formula is true in all dimensions less than d. Let Δ be a d-dimensional polytope, and τ be a primitive triangulation of Δ. Fix s_1, s_2, . . . , s_t a shelling of τ, and put U_j = ∪^j_{i=1}s_j . Note that U_j need not to be convex. Assume that the formula is true for U_j . Note that the formula also holds for U_j ∩ s_{j+1} which is (d − 1)-dimensional, eventhough it is not a polytope. We know that it is also true for s_{j+1}.

Lemma 5 The numbers nbs_r satisfy the relation nbs^{Uj}_r + nbs^{sj+1}_r + nbs^{Uj ∩sj+1}_r = nbs^{Uj+1}_r . Proof . - This follows immediately from the fact that^∘U_j ⊔^∘s_{j+1} ⊔^∘(U_j ∩ s_{j+1})=^∘U_{j+1} where^∘U stands for the interior of U. □

By induction hypothesis,

nbs^{Uj ∩sj+1} r = d∑ l=r+1 stir(r + 1, l)(−1)^{d−l}a^{Uj ∩sj+1}_{l−1} ,

and since a^{Uj ∩sj+1}_d = 0, we can also write

nbs^{Uj ∩sj+1} r = d+1∑ l=r+1 stir(r + 1, l)(−1)^{d−l}a^{Uj ∩sj+1}_{l−1} .

Then nbs^{Uj+1}r = ∑_{d+1} l=r+1 stir(r + 1, l)(−1) d−l+1.(aU^j l−1 + a^{sj+1}_{l−1} − a^{Uj ∩sj+1}_{l−1} ), and a^{Uj}_{l−1} + a^{sj+1}_{l−1} − a^{Uj ∩sj+1}_{l−1} is precisely the coefficient a^{Uj+1}_{l−1} in the Ehrhart polynomial of U_{j+1}. This completes the proof of the formula.

2.5 Danilov and Khovanskii formulae

V. Danilov and A. Khovanskii [DK87] computed the Hodge numbers of a smooth hypersurface in a toric variety X_Δ in terms of the polytope Δ. For a face F of Δ, denote by a^F_i the coefficient of the term of degree i of the Ehrhart polytope of F . Let F_i(Δ) be the set of i-dimensional faces of Δ, and f_i be the cardinality of F_i(Δ).

Theorem 2.14 (V. Danilov, A. Khovanskii) Let Δ be a simple polytope of dimension d, and Z be a smooth or quasismooth algebraic hypersurface in X_Δ. Then, for p ≠^{d−1}_2

h^{p,p}(Z) = (−1)^{p+1} d∑ i=p+1 (−1)^iC^{p+1}_i f_i(Δ)

h^{d−12 , d−12} (Z) = (−1)^{d+12} d∑ i=^{d+1}_2

(−1)^iC^{d+12}_i f_i(Δ) − d∑ i=^{d+1}_2 ∑ F ∈F_i(Δ) (−1)^iΨ d+1_2 (F )

h^{p,d−1−p}(Z) = (−1)^d d∑ i=p+1 ∑ F ∈F_i(Δ) (−1)^iΨ_{p+1}(F ) h^{p,q} = 0 if q ≠ p or p ≠ d − 1 − p, where Ψ_{p+1}(F ) = ∑_{i+1} α=1 ∑_{p+1} a=0(−1)^aC^a_{i+1}(p + 1 − a)^{α−1}a^F_{α−1}.

Let X be a topological space, and K a field. We denote by b_i(X; K) the ith Betti number of X with coefficients in K, i.e. the dimension of H_i(X; K). Put b_∗(X; K) = ∑_∞ i=0 b_i(X; K). Sometimes, we write b_i(X) and b_∗(X) for b_i(X; Z_2) and b_∗(X; Z_2), respectively.

The following lemma is an immediate corollary of theorem 2.14.

Lemma 6 Let Δ be a 3-dimensional simple polytope, and Z be an algebraic hypersurface of X_Δ with Newton polytope Δ. Then b_∗(Z; C ) = l^∗(2Δ) − 2l^∗(Δ) − ∑ Γ∈F_2(Δ)(l

∗(Γ) − 1) − 1.

The following two propositions can be derived from Khovanskii’s results (see [Hov77] and [Hov78]) or can be found in [Mik].

Proposition 2.15 Let Δ be a polytope, and {Z_λ}_{λ∈N} be a family of algebraic hypersurfaces in X_Δ with Newton polytopes λ · Δ. Then b_∗(Z_λ; Z_2) is equivalent to Vol(λ · Δ) when λ tends to infinity.

Denote by Vol(Δ_1, · · · , Δ_k) the mixed volume of the polytopes Δ_1, · · · , Δ_k. We choose a normalization of the mixed volume in such a way that for a primitive simplex σ we have Vol(σ, · · · , σ) = 1.

Proposition 2.16 Let Δ be a d-dimensional polytope, and k be a positive integer satisfying k ≤ d. Assume that for any collection λ_1, · · · , λ_k of positive integers we have a collection of k hypersurfaces Z_{λ1} , · · · , Z_{λk} in X_Δ with Newton polytopes λ_1 ·Δ, . . . , λ_k ·Δ, respectively, such that Z_{λ1} , · · · , Z_{λk} define a complete intersection Y_{λ1,...,λk} in X_Δ. Then b_∗(Y_{λ1,...,λk} ; Z_2) is equivalent to Vol(λ_1 · Δ, · · · , λ_k · Δ) when λ_i tends to infinity for all i.

We also use the following result of Khovanskii on the Euler characteristic of a complete intersection in the torus (C^∗ )^d (see [Hov78]).

Theorem 2.17 (A. Khovanskii) Let Y be a complete intersection in (C^∗ )^d defined by polynomials P_1, · · · , P_k with Newton polytopes Δ_1, · · · , Δ_k, respectively. Then, the Euler characteristic of Y is the homogeneous term of degree d of

Δ_1(1 + Δ_1)^{−1} · · · · · Δ_k(1 + Δ_k)^{−1},

where the product of d polytopes stands for their mixed volume and (1+Δ_i)^{−1} stands for the series ∑_∞ j=0(−1)^j (Δ_i)^j .

In the case of two 3-dimensional polytopes we use the following direct consequence of Theorem 2.17.

Corollary 2.18 Let Δ be a simple 3-dimensional polytope and λ_1 and λ_2 be positive integers. For i = 1, 2 put Δ_i = λ_i · Δ. Let Y be a complete intersection in X_Δ defined by polynomials P_1 and P_2 with Newton polytopes Δ_1 and Δ_2, respectively. Then, b_∗(Y ; C ) = (λ^2_1λ_2 + λ^2λ_1) Vol(Δ) − ∑ Γ∈F_2 (Δ) λ1λ2 Vol(Γ) + 4.

Proof . - By theorem 2.17, the Euler characteristic χ(Y ) of Y is given by χ(Y ) = −(λ^2_1λ_2 + λ^2λ_1) Vol(Δ) + ∑ Γ∈F_2(Δ) λ1λ2 Vol(Γ). Since b∗(Y ; C ) =

−χ(Y ) + 4, we have the desired result. □

Chapter 3

Primitive T -hypersurfaces

3.1 Statement

Let Δ be a d-dimensional polytope such that the toric variety X_Δ associated with P is nonsingular. Let Z be a primitive T -hypersurface with Newton polytope Δ, and τ be the primitive triangulation used in the construction of Z. Let ι : H_{d−1}(Z; Z)/tors × H_{d−1}(Z; Z)/tors → Z be the intersection form of Z. If d is odd, then ι is a symmetric bilinear form, and its signature is called the signature of Z and is denoted σ(Z). One can express σ(Z) in terms of Hodge numbers of Z (see, for example, [GH78]): σ(Z) = ∑ p+q=0 [2] (−1)^ph^{p,q}(Z). If d is even, denote by σ(Z) the number defined by the same formula. We have the following statement.

Theorem 3.1 If Z is a primitive real algebraic T -hypersurface in a nonsingular toric variety X_Δ, then χ(RZ) = σ(Z), where χ(RZ) is the Euler characteristic of the real part RZ of Z.

Recall that l^∗(Δ) is the number of integer points in the interior of Δ.

Corollary 3.2 Assume that Δ is a 3-dimensional polytope, X_Δ is nonsingular, and Z is a primitive T-surface in X_Δ with Newton polytope Δ. If the number b_0(RZ) of connected components of RZ is at least l^∗(Δ)+1, then b_0(RZ) = l^∗(Δ)+1 and Z is maximal.

Proof . - First, note that l^∗(Δ) = h^{2,0}(Z). Then χ(RZ) ≥ 2h^{2,0}(Z) + 2 − b_1(RZ). Now using the equalities χ(RZ) = σ(Z) = 2h^{2,0}(Z) + 2 − h^{1,1}(Z) one gets b_1(RZ) ≥ h^{1,1}(Z). Furthermore h^{1,0}(Z) = h^{0,1}(Z) = 0 (see Theorem 2.14), and thus b_∗(Z; C ) = 2h^{2,0}(Z) + 2 + h^{1,1}(Z). Hence b_∗(RZ; Z_2 ) ≥ b_∗(Z; C ) = b_∗(Z; Z_2). The Smith-Thom inequality implies that b_∗(RZ; Z_2) = b_∗(Z; Z_2), and thus, that b_1(RZ) = h^{1,1}(Z) and b_0(RZ) = h^{2,0}(Z) + 1. □

3.2 Proof of Theorem 3.1

If d is even, the proof of 3.1 is straightforward. Indeed, in this case Z is a (smooth) odd dimensional hypersurface, so χ(RZ) = 0. On the other hand, we have the equality h^{p,q}(Z) = h^{d−1−p,d−1−q}(Z) for any p and q, and d − 1 is odd. Thus, σ(Z) = ∑ p+q=0 [2] (−1) ph^{p,q}(Z) = 0. Assume now that d is odd and denote by F_i(Δ) the set of i-dimensional faces of Δ. The number of i-dimensional faces of Δ is denoted by f_i(Δ).

Lemma 7 We have χ(RZ) = d∑ i=1 ∑ F ∈F_i(Δ) i+1∑ l=2 χ_{l,i+1}a^F_{l−1} and σ(Z) = d∑ i=1 ∑ F ∈F_i(Δ) i+1∑ l=2 σ_{l,i+1}a^F_{l−1},

where a^F_l is the coefficient of the degree l term of the Ehrhart polynomial of F (see Section 2.4.1) and

χ_{l,i+1} = (−1)^{i−l+1} i−1∑ j=0 (2^i − 2^j) i − j + 1 i−j+1∑

k=0 (−1)^kC^k_{i−j+1}k^l,

σ_{l,i+1} = d−1∑ p=0 (−1)^i(−1)^{p+1} p+1∑ q=0 (−1)^qC^q_{i+1}(p + 1 − q)^{l−1}.

Proof . - The triangulation τ^∗ induces a cell decomposition D of ~H. Let ~I_F be the image in ~Δ of the union of the symmetric copies of the interior of a face F and D(~I_F ) be the set of cells of D contained in ~I_F . Put χ_F = ∑ δ∈D(~I_F )(−1) dim(δ). Then χ(RZ) = ∑d i=1 ∑ F ∈F_i(Δ) χF . According to

Proposition 2.8, if Q is a k-simplex of τ contained in j coordinate hyperplanes then the union of the symmetric copies of Q contains exactly (2^d − 2^{d−k})/2^j cells of dimension k − 1. An i-face F of Δ^∗ contained in j coordinate hyperplanes is identified with 2^{d−i−j} − 1 other copies of F when passing from Δ^∗ to ~Δ. Thus, the number of (k − 1)-cells in D(~I_F ) is equal to^{(2d−2d−k)}_{2d−i} nbs^F_k , where nbs^F_k is the number of k-simplices in the interior of F . According to Proposition 2.12 of section 2.4.2

nbs^F_k = i+1∑ l=k+1 k!S_2(l, k + 1)(−1)^{i−l+1}a^F_{l−1},

where S_2 is the Stirling number of the second kind defined by S_2(i, j) = 1/j! ∑_j k=0(−1)^{j−k}C^k_j k^i. It finishes the proof of the formula for χ(RZ).

To compute σ(Z), we use the Danilov and Khovanskii formulae (see Theorem 2.14). One obtains the following expression for σ(Z):

σ(Z) = d−1∑ p=0 d∑ i=p+1 (−1)^i ∑ F ∈Fi(Δ) ( − C^{p+1}_i + (−1)^{p+1} i+1∑ l=1 p+1∑ q=0 (−1)^q C^q_{i+1}(p + 1 − q)^{l−1}a^F_{l−1} ) .

Consider σ(Z) as a polynomial in the variables a^F_l . Denote by σ^{cst} the constant term of σ(Z), and by σ^1 the sum of monomials in variables a^F_0 . We have σ^{cst} = − d−1∑ p=0 d∑ i=p+1 (−1)^iC^{p+1}_i f_i(P ) and σ^1 = d−1∑ p=0 d∑ i=p+1 (−1)^i(−1)^{p+1} ∑ F ∈F_i(P ) p+1∑ a=0 (−1)^aC^a_{i+1}a^F_0 .

Lemma 8 We have σ^{cst} + σ^1 = 0.

Proof . - Since a^0_F = 1, we obtain

σ^1 = d−1∑ p=0 d∑ i=p+1 (−1)^i(−1)^{p+1} ∑ F ∈F_i(P ) p+1∑ a=0 (−1)^aC^a_{i+1}

= d−1∑ p=0 d∑ i=p+1 (−1)^i(−1)^{p+1}f_i(P ) p+1∑ a=0 (−1)^aC^a_{i+1}.

Furthermore, ∑_{p+1} a=0(−1)^aC^a_{i+1} = (−1)^{p+1}C^{p+1}_i , and thus, σ^1 = d−1∑ p=0 d∑ i=p+1 (−1)^iC^{p+1}_i f_i(P ). □ Lemma 9 Let l and i be nonnegative integers. Then, for l + 1 ≤ i, one has ∑_i q=0(−1)^qC^q_i (i − q)^l = 0 (cf. [VLW92] p. 71) and, as a consequence, i∑ q=0 (−1)^qC^q_i (p − q)^l = 0.

Using Lemma 9 one shows that σ_{l,i+1} = i−1∑ p=0 (−1)^i(−1)^{p+1} p+1∑ q=0 (−1)^qC^q_{i+1}(p + 1 − q)^{l−1}.

Then we can prove the following lemma.

Lemma 10 For 2 ≤ l ≤ i + 1, one has the following equalities σ_{l,i+2} = −2σ_{l,i+1}, χ_{l,i+2} = −2χ_{l,i+1}. Proof . - To prove the first equality, write C^q_{i+2} = C^{q−1}_{i+1} + C^q_{i+1} to get σ_{l,i+2} = (−1)^{i+1} i∑ p=0 (−1)^{p+1} p+1∑ q=1 (−1)^qC^{q−1}_{i+1} (p + 1 − q)^{l−1}

+(−1)^{i+1} i∑ p=0 (−1)^{p+1} p+1∑ q=0 (−1)^qC^q_{i+1}(p + 1 − q)^{l−1}.

Notice that

∑_1 q=1(−1)^qC^{q−1}_{i+1} (p + 1 − q)^{l−1} is 0. Similarly, in the second term, ∑_{i+1} q=0(−1)^qC^q_{i+1}(i + 1 − q)^{l−1} makes no contribution, because i+1∑ q=0 (−1)^qC^q_{i+1}(i + 1 − q)^{l−1} = 0

for l ≤ i + 1 by Lemma 9.

Then,

σ_{l,i+2} = (−1)^{i+1} i∑ p=1 (−1)^{p+1} p+1∑ q=1 (−1)^qC^{q−1}_{i+1} (p + 1 − q)^{l−1}

+(−1)^{i+1} i−1∑ p=0 (−1)^{p+1} p+1∑ q=0 (−1)^qC^q_{i+1}(p + 1 − q)^{l−1}.

So, with the changes of indices c = q − 1 and r = p − 1 one gets

σ_{l,i+2} = (−1)^{i+1} i−1∑ r=0 (−1)^r r+1∑ c=0 (−1)^{c+1}C^c_{i+1}(r + 1 − c)^{l−1}

+(−1)^{i+1} i−1∑ p=0 (−1)^{p+1} p+1∑ q=0 (−1)^qC^q_{i+1}(p + 1 − q)^{l−1} = −2σ_{l,i+1}. To prove the second equality stated in the lemma, use Lemma 9 to get rid of the term with j = 0 in the sum ∑_{i−1} j=0 (2^i−2^j ) i−j+1 ∑_{i−j+1} k=0 (−1)^kC^k_{i−j+1}k^l:

χ_{l,i+2} = (−1)^{i−l+2} i∑ j=0 (2^{i+1} − 2^j) i − j + 2 i−j+2∑

k=0 (−1)^kC^k_{i−j+2}k^l

= (−1)^{i−l} (2^{i+1} − 1) i + 2 i+2∑ k=0 (−1)^kC^k_{i+2}k^l

+(−1)^{i−l} i∑ j=1 (2^{i+1} − 2^j) i − j + 2 i−j+2∑

k=0 (−1)^kC^k_{i−j+2}k^l

= (−1)^{i−l} i∑ j=1 (2^{i+1} − 2^j) i − j + 2 i−j+2∑

k=0 (−1)^kC^k_{i−j+2}k^l.

With the change of index m = j − 1 we get

χ_{l,i+2} = (−1)^{i−l} i−1∑ m=0 (2^{i+1} − 2^{m+1}) i − m + 1 i−m+1∑

k=0 (−1)^kC^k_{i−m+1}k^l = −2χ_{l,i+1}. □

Remark 5 One has ∑_p n=0 2^{p−n}C^k_n = ∑_{p+1} l=k+1 C l p+1.

Proof . - We use the fact that ∑_p n=k C^k_n = C^{k+1}_{p+1} and write p∑ n=0 2^{p−n}C^k_n = p∑ n=k 2^{p−n}C^k_n

= p∑ n=k C^k_n + p∑ i=0 (2^i) p−i∑ n=k C^k_n

= C^{k+1}_{p+1} + p−k∑ i=0 (2^i) p−k∑ i=0 C^{k+1}_{p+1−i}

= C^{k+1}_{p+1} + p+1∑ n=k+1 2^{p+1−n}C^{k+1}_n ,

and the result follows by induction. □

Lemma 11 For 2 ≤ l ≤ d + 1, we have χ_{l,l} = σ_{l,l}.

Proof . - By Lemma 10 it is enough to prove the equality χ_{l,l} = σ_{l,l}. Using the fact that ∑_p n=0 2^{p−n}C^k_n = ∑_{p+1} l=k+1 C l p+1, write χ_{l,l} = 2^{l−1} l∑ k=1 (−1)^kC^k_l k^{l−1} − l∑ k=1 (−1)^k l∑ i=k C^i_lk^{l−1} and σ_{l,l} = (−1)^{l−1} l∑ b=1 l∑ j=b (−1)^bC^j_l b^{l−1}.

By Lemma 9, χ_{l,l} = − ∑_l k=1(−1)^k ∑_l i=k C^i_lk^{l−1} and χ_{l,l} = (−1)^lσ_{l,l}. This is the desired equality for l even. For an odd l > 2 we use the symmetry of the expression of σ_{l,l} and write

σ_{l,l} = l−3 2∑ p=0 ((−1)^{p+1} p+1∑ q=0 (−1)^qC^q_l (p + 1 − q)^{l−1}

+(−1)^{l−1−p} l−1−p∑

q=0 (−1)^qC^q_l (l − 1 − p − q)^{l−1}).

Thus, σ_{l,l} =

∑^{l−3}_{2p=0} (−1)^{p+1} ∑_l q=0(−1)^qC^q_l (p + 1 − q)^{l−1}. The right hand side of the last equality is zero by Lemma 9, and thus, σ_{l,l} = χ_{l,l} = 0. □

According to Lemma 11 the coefficients of σ(Z) and χ(RZ) in the expressions of Lemma 7 are equal, and thus, σ(Z) = χ(RZ). □

34

Chapter 4

Nakajima polytopes and M-surfaces

In this chapter we give examples of families of M-surfaces obtained by T - construction as hypersurfaces of 3-dimensional toric varieties. In section 4.3 we show that, in dimension d ≥ 3, there exist polytopes Δ such that no hypersurface in X_Δ with Newton polytope Δ is maximal.

4.1 Nakajima polytopes

Definition 4.1.1 A polytope P in R^d is a Nakajima polytope if either P is 0-dimensional or there exists a Nakajima polytope P̄ in R^{d−1} and a linear function f : R^{d−1} → R, nonnegative on P̄ , such that f(Z^{d−1}) ⊂ Z and P = {(x, x_d) ∈ P̄ × R | 0 ≤ x_d ≤ f(x)}. Definition 4.1.2 A polytope P in R^d is a nondegenerate Nakajima polytope if either P is 0-dimensional or there exists a nondegenerate Nakajima polytope P̄ in R^{d−1} and a linear function f : R^{d−1} → R such that f(Z^{d−1}) ⊂ Z, f is positive on P̄ , and P = {(x, x_d) ∈ P̄ ×R | 0 ≤ x_d ≤ f(x)}.

4.2 Construction of M-surfaces

Theorem 4.1 Let P be a 3-dimensional Nakajima polytope corresponding to a nonsingular toric variety X_P . Then, there exists a maximal surface in X_P with the

Figure 4.1: A 2-dimensional Nakajima polytope.

Figure 4.2: A 3-dimensional Nakajima polytope.

A^0 B^{0,k} A^4

A^5 B^{1,k} A^7

B^{3,k}

A^3

A^1 B^{2,k}

A^2

Figure 4.3: Slicing a nondegenerate Nakajima polytope.

Newton polytope P .

Proof . - Let us first assume that P is nondegenerate.

Decompose P into slices T_k = P ∩ {(x, y, z) ∈ (R^+ )^3, k − 1 ≤ y ≤ k}. Let s_k be the section P ∩ {(x, y, z) ∈ (R^+ )^3, y = k}. Denote by B^{0,k}, B^{1,k}, B^{2,k}, and B^{3,k} the vertices of s_k (see Figure 4.3). We subdivide the slices T_k in two cones and two joins. Take the cones of apex B^{0,2k} and B^{0,2k+2} on s_{2k+1} and the cones of apex B^{3,2k−1} and B^{3,2k+1} on s_{2k}. Take primitive triangulations of the sections s_k. They induce a primitive triangulation of the cones. The joins [B^{0,2k}, B^{1,2k}] ∗ [B^{1,2k+1}, B^{3,2k+1}], [B^{0,2k}, B^{2,2k}] ∗ [B^{2,2k+1}, B^{3,2k+1}], [B^{0,2k+2}, B^{1,2k+2}] ∗ [B^{1,2k+1}, B^{3,2k+1}], [B^{0,2k+2}, B^{2,2k+2}] ∗ [B^{2,2k+1}, B^{3,2k+1}] are also naturally primitively triangulated. Take the following distribution of signs at the integer points of P :

any integer point (i, j, k) gets “-” if j and k are both odd, and it gets “+”, otherwise.

The polytope P is now equipped with a convex primitive triangulation and a sign distribution, so we can apply the T -construction as in chapter 2 section 2.2.

Let p be an integer interior point of P and Star(p) be its star. Assume that p belongs to a section s_l. Then, Star(p) has two vertices c_1 and c_2 outside s_l. They are the apices of the two cones over s_l. Since they have the same parity, with the chosen distribution of signs, in each octant their symmetric copies carry the same sign. Consider an octant where the symmetric copy q_0 of p is isolated in s_l (i.e. all vertices of Star(q_0) ∩ s_l except q_0 carry the sign opposite to the sign of q_0. Then, either in this octant the symmetric copies of c_1 and c_2 carry the sign opposite to the sign of q_0 (and, hence, q_0 is isolated), or r(q_0) is isolated, where r is the reflection with respect to the coordinate plane x = 0. Thus, for each integer interior point p of P , there exists a symmetric copy q of p such that q is surrounded by a sphere S^2(p) = Star(q) ∩ H^∗. Moreover, one can check that at least one component of H^∗ intersects the coordinate planes. Thus, the T -surface constructed has at least l^∗(P ) + 1 connected components, and Corollary 3.2 shows that this surface is maximal.

c_2

c_1 p

Figure 4.4: The star of p.

The degenerate case splits into two subcases. Either the Nakajima polytope is a truncated cylinder over a triangle corresponding to the projective plane, or it is a tetrahedron corresponding to the projective 3-space. The existence of M-surfaces in the latter case is contained in Itenberg-Viro’s theorem. In the former case the Nakajima polytope P is the convex hull of the triangles ((0, 0, 0), (m, 0, 0), (0, m, 0)) and ((0, 0, l), (m, 0, l + me), (0, m, l + mf)) for some integers m, l, e and f (see Figure 4.5).

(0, 0, 0) (m, 0, 0)

(0, m, 0)

(0, m, l + me)

(0, 0, l) (m, 0, l + mf)

Figure 4.5: A degenerate Nakajima polytope.

Decompose P into slices T_k = P ∩ {(x, y, z) ∈ (R^+ )^3, k − 1 ≤ y ≤ k}. Let s_k be the section P ∩{(x, y, z) ∈ (R^+ )^3, y = k}. We triangulate P ∩{(x, y, z) ∈ (R^+ )^3, y ≤ m − 1} using the same triangulation that in the nondegenerate case. Take the cone over s_{m−1} of apex (m, 0, 0) if m is even or (m, 0, l + mf), otherwise. Take in the cone the triangulation induced by the triangulation of s_{m−1}. Subdivide the only one remaining non-primitive tetrahedron into primitive ones in the unique possible way. Take the same distribution of signs that in the nondegenerate case.

Then, as in the nondegenerate case, any interior point has an isolated symmetric copy. There is also a component intersecting the coordinate planes. Thus, the surface is maximal. □

Note that Theorem 4.1 produces, in particular, M-surfaces in Σ_α × C P^1 .

(0, 0)

(0, m) (n, m)

(n + mα, 0)

δm,nα

Figure 4.6: δ^{m,n}_α .

For a non-negative integer α and positive integers m and n denote by δ^{m,n}_α the polygon having the vertices (0, 0), (n + mα, 0), (0, m), and (n, m) in R^2 . The toric variety associated with δ^{m,n}_α is a rational ruled surface Σ_α. Consider now the truncated cylinder P^{l,m,n}_α of base δ^{m,n}_α whose vertices are (0, 0, 0), (n + mα, 0, 0), (0, m, 0), (n, m, 0), (0, 0, l), (n + mα, 0, l), (0, m, l), and (n, m, l), where l is a positive integer. The toric variety X_P l,m,n_α associated with P^{l,m,n}_α is Σ_α × C P^1 . Since P^{l,m,n}_α is a Nakajima polytope, the following statement is a corollary of Theorem 4.1.

Corollary 4.2 For any non-negative integer α and any positive integers m, n, and l, there exists a maximal surface in Σ_α × C P^1 with the Newton polytope P^{l,m,n}_α . □

4.3 Newton polytopes without maximal hypersurfaces

In this section we show that Itenberg-Viro’s theorem of existence of Mhypersurfaces of any degree in the projective spaces of any dimension cannot be generalized straightforwardly to all projective toric varieties. More precisely, we show that there exist polytopes Δ such that no hypersurface in X_Δ

(n + mα, 0, 0) (0, 0, 0)

(0, m, 0) (n, m, 0)

(0, 0, l)

(0, m, l) (n, m, l)

(n + mα, 0, l)

P l,m,n α

Figure 4.7: P^{l,m,n}_α .

with Newton polytope Δ is maximal. Note that this does not mean that the toric variety X_Δ does not admit M-hypersurfaces.

Clearly, if Δ is an interval [a, b] in R, where a and b are nonnegative integers, then there exists a maximal 0-dimensional subvariety in C P^1 = X_Δ with the Newton polygon Δ.

If Δ is a polygon in the first quadrant of R^2 , then again there exists a maximal curve in X_Δ with the Newton polygon Δ. Such a curve can be constructed by the combinatorial patchworking: it suffices to take as initial data a primitive convex triangulation of Δ equipped with the following distribution of signs: an integer point (i, j) of Δ gets the sign “-” if i and j are both even, and gets the sign “+”, otherwise (cf., for example, [Ite95], [IV96], [Haa98]).

However, in dimension 3 there are polytopes Δ such that no hypersurface in X_Δ with the Newton polytope Δ is maximal.

Let k be a positive integer number, and Δ_k be the tetrahedron in R^3 with vertices (0, 0, 0), (1, 0, 0), (0, 1, 0), and (1, 1, k). Note that the only integer points of Δ_k are its vertices.

Proposition 4.3 For any odd k ≥ 3 and any even k ≥ 8, there is no maximal surface in X_{Δk} with the Newton polytope Δ_k.

(0, 0, 0) (1, 0, 0)

(0, 1, 0)

(1, 1, 3)

Figure 4.8: Tetrahedron Δ_3.

Proof . - The proof relies on the estimation of the Betti numbers of the complex and real parts of a real algebraic surface Z_k in X_{Δk} with Newton polytope Δ_k. The Betti numbers b_∗(Z_k; C ) are given by lemma 6. We have b_∗(Z_k; C ) = l^∗(2Δ_k)−2l^∗(Δ_k)− ∑ Γ∈F_2(Δ_k )(l

∗(Γ)−1)−1. Since l^∗(2Δ_k) = k−1 and l^∗(Δ_k) = 0, we get b_∗(Z_k; C ) = k + 2. Thus, b_∗(Z_k; Z_2) ≥ k + 2.

To estimate b_∗(RZ_k ; Z_2) we consider two cases. If k is odd, Δ_k is an elementary tetrahedron, and RZ_k is homeomorphic to the projective plane. Thus, in this case, b_∗(RZ_k ; Z_2) = 3. If k is even, either Δ_k has 8 nonempty symmetric copies, or it has 6 nonempty symmetric copies. Furthermore, the boundary of any symmetric copy of Δ_k is identified with the boundary of another symmetric copy of Δ_k. Hence, we get either three or four connected components of RZ_k homeomorphic to a sphere, and b_∗(RZ_k ; Z_2) ≤ 8.

Thus, for k greater or equal to 7, there is no maximal surface in X_{Δk} with the Newton polytope Δ_k. □

It is easy to generalize the above examples in dimension 3 to higher dimensions.

Proposition 4.4 For any integer d ≥ 3 there exist d-dimensional polytopes Δ such that no hypersurface in X_Δ with the Newton polytope Δ is maximal.

Proof . - Fix an integer d ≥ 3 and consider a family {σ_k}_{k∈N} of ddimensional simplices in R^d such that their vertices are their only integer points and Vol(σ_k) = k. For example, one can take for σ_k the simplex in R^d with vertices (0, 0, . . . , 0, 0), (1, 0, . . . , 0, 0), (0, 1, . . . , 0, 0), . . . , (0, 0, . . . , 1, 0), and (1, 1, . . . , 1, k). Let Z_k be any hypersurface in X_{σk} . By Proposition 2.15 b_∗(Z_k; C ) tends to infinity when k does, and so does b_∗(Z_k; Z_2). Meanwhile, b_∗(RZ_k ; Z_2) is bounded (for example, by the number of simplices in σ^∗_k). So there exists a number k_0 such that for any integer k > k_0 and any hypersurface Z_k in X_{σk} one has b_∗(RZ_k ; Z_2) < b_∗(Z_k; Z_2). □

44

Chapter 5

Asymptotically Maximal Families of Hypersurfaces

The question “does a given family of real algebraic varieties contain maximal elements?” is one of the problems in topology of real algebraic varieties. For the family of the hypersurfaces of a given degree in RP^d a positive answer is obtained in [IV02] using the T -construction. Since this question is, in general, a difficult problem, it is natural to tackle the following weaker question. Let Δ be a polytope d-dimensional polytope in (R^+ )^d, X_Δ the toric variety associated with Δ, and {λ · Δ}_{λ∈N} the family of the multiples of Δ. Suppose that there exists a collection of polynomials {P_λ}_{λ∈N} satisfying the following conditions :

1. the polytope λ · Δ is the Newton polytope of P_λ,

2. let Z_λ be the hypersurface in X_Δ defined by P_λ; the total Betti numbers b_∗(RZ_λ ; Z_2) and b_∗(Z_λ; Z_2) are equivalent when λ tends to infinity.

In this case we say that the family {Z_λ}_{λ∈N} is asymptotically maximal. Given a d-dimensional polytope Δ in (R^+ )^d, does there exist an asymptotically maximal family of hypersurfaces in X_Δ? In this chapter we give a positive answer to this question. From now on by polytope we mean a polytope in (R^+ )^d.

Theorem 5.1 For any polytope Δ there exists an asymptotically maximal family of hypersurfaces {Z_λ}_{λ∈N} in X_Δ such that for any λ the Newton polytope of Z_λ is λ · Δ.

5.1 Auxiliary statements

The proof of the existence of asymptotically maximal families is based on two important results.

In [IV02] I. Itenberg and O. Viro, using the T -construction, proved that there exist M-hypersurfaces of any degree in the projective space of any dimension.

Theorem 5.2 (I. Itenberg and O. Viro) Let d and m be natural numbers, and T^d_1 be a primitive d-dimensional simplex. Put T^d_m = m · T^d_1 . Then, there exists a primitive convex triangulation τ_T d_m of T^d_m and a sign distribution D(τ_T d_m ) at the vertices of τ_T d_m such that the T -hypersurface Z^m_d obtained via the combinatorial patchworking from τ_T d_m and D(τ_T d_m ) is maximal.

In fact, we use only an asymptotical version of 5.2. The proof of this asymptotical version is much simpler than the proof of 5.2. It can be extracted from [IV02] and was communicated to us by the authors. The asymptotical version of 5.2 is reproduced in Section 5.2 below.

The second important result we use is due to F. Knudsen and D. Mumford [KKMSD67].

Theorem 5.3 (F. Knudsen and D. Mumford) Let Δ be a polytope. There exists a positive integer l such that l · Δ admits a convex primitive triangulation.

In the sequel, when there is no ambiguity on the triangulation of a polytope Δ and the sign distribution chosen, we denote by H_Δ the piecewise-linear hypersurface in Δ obtained by T -construction, H^∗_Δ the piecewise-linear hypersurface in Δ_∗, ~H_Δ its image in ~Δ, and Z_Δ the corresponding hypersurface in X_Δ.

5.2 Itenberg-Viro asymptotical construction

Theorem 5.4 For any positive integers m and d such that m ≥ d + 1, there exists a hypersurface X of degree m in RP^d such that b_∗(RX) ≥ (m − 2)(m − 3) . . . (m − d − 1).

5.2.1 Proof of Theorem 5.4

We describe a triangulation τ of the standard simplex T = T^d_m and a distribution of signs at the integer points of T which provide via the combinatorial patchworking theorem a hypersurface with the properties formulated in Theorem 5.4.

To construct the triangulation τ, we use induction on d. If d = 1, the triangulation of [0, m] is formed by m intervals [0, 1], . . . , [m − 1, m] for any m. Assume that for all natural k < d the triangulations of the standard k-dimensional simplices of all sizes are constructed and consider the d-dimensional one of size m.

Denote by x_1, . . . , x_d the coordinates in R^d . Let T^{d−1}_j = T ∩ {x_d = m − j} and T_j be the image of T^{d−1}_j under the orthogonal projection to the coordinate hyperplane {x_d = 0}. Numerate the vertices of each simplex T_1, . . . , T_{m−1}, T_m = T^{d−1}_m as follows: assign 1 to the vertex at the origin and i + 1 to the vertex with nonzero coordinate at the i-th place. Assign to the vertices of T^{d−1}_1 , . . . , T^{d−1}_{m−1} the numbers of their projections. A triangulation of each simplex T_0, . . . , T_{m−1} is constructed. Take the corresponding triangulations in the simplices T^{d−1}_j .

Let l be a nonnegative integer not greater than d − 1. If m − j is even, denote by T^{(l)}_j the l-face of T^{d−1}_j which is the convex hull of the vertices with numbers 1, . . . , l + 1. If m − j is odd denote by T^{(l)}_j the l-face of T^{d−1}_j which is the convex hull of the vertices with numbers d − l, . . . , d.

Now for any integer 0 ≤ j ≤ m − 1 and any integer 0 ≤ l ≤ d − 1, take the join T^{(l)}_{j+1} ∗ T^{(d−1−l)}_j . The triangulations of T^{(l)}_{j+1} and T^{(d−1−l)}_j define a triangulation of T^{(l)}_{j+1} ∗ T^{(d−1−l)}_j . This gives rise to the desired triangulation τ of T . One can see that τ is convex.

The distribution of signs at the vertices of τ is given by the following rule. The vertex gets the sign “+” if the sum of its coordinates is even, and it gets the sign “−” otherwise.

Lemma 12 For the hypersurface X of degree m in RP^d provided according to the combinatorial patchworking theorem by the triangulation τ and the distribution of signs defined above, one has b_∗(RX) ≥ { (m − 2)(m − 3) . . . (m − d − 1), if m ≥ d + 1, 0, otherwise.

To prove Lemma 12 we define a collection of cycles c_i, i ∈ I of ~H (in fact, any c_i is also a cycle of the hypersurface H ⊂ T_∗, and moreover, of the hypersurface H ∩ (R^∗ )^d). The cycles c_i are called narrow.

The collection of narrow cycles c_i is constructed together with a collection of dual cycles b_i. Any dual cycle b_i is a (d−1−p)-cycle in ~T \ ~H (where p is the dimension of c_i) composed by simplices of τ_∗ and representing a homological class such that its linking number with any p-dimensional narrow cycle c_k is δ_{ik}. Let us fix some notations. For any simplex T^{(l)}_j (where 1 ≤ j ≤ m and 0 ≤ l ≤ d − 1), denote by (T^{(l)}_j )_∗ the union of the symmetric copies of T^{(l)}_j under the reflections with respect to coordinate hyperplanes {x_i = 0}, where i = 1, . . . , l, if m − j is even, and i = d − l, . . . , d − 1, if m − j is odd, and compositions of these reflections.

Any simplex T^{(l)}_j is naturally identified with the standard simplex T^l_j in R^l with vertices (0, . . . , 0), (j, 0, . . . , 0), . . . , (0, . . . , 0, j) via the linear map L^l_j : T^{(l)}_j → T^l_j sending

1. the vertex with number i of T^{(l)}_j to the vertex of T^l_j with the same number, if m − j is even,

2. the vertex with number i of T^{(l)}_j to the vertex of T^l_j with the number i − d + l + 1, if m − j is odd.

It is easy to see that L^l_j is simplicial with respect to the chosen triangulations of T^{(l)}_j and T^l_j . The natural extension of L^l_j to (T^{(l)}_j )_∗ identifies (T^{(l)}_j )_∗ with (T^l_j )_∗ and respects the chosen triangulations.

By a symmetry we mean a composition of reflections with respect to coordinate hyperplanes. Let s_{(i)} be the reflection of R^d with respect to the hyperplane {x_i = 0}, i = 1, . . . , d. Denote by s^l_j the symmetry of (T^{l+1}_j )_∗ which is identical if m − j is even, and coincides with the restriction of s_{(d−l−1)} ∘ . . . ∘ s_{(d−1)} on (T^{l+1}_j )_∗ if m − j is odd.

The narrow cycles and their dual cycles are defined below using induction on d. For d = 1 the narrow cycles are the pairs of points (1/2, 3/2), . . . , ((2m − 5)/2, (2m − 3)/2). The dual cycles are pairs of vertices (1, m − 1), (2, m), (3, m + 1), . . . , (m − 2, m), if m is even, and pairs of vertices (1, m), (2, m − 1), (3, m), . . . , (m − 2, m), if m is odd.

Assume that for all natural m and all natural k < d the narrow cycles c_i in the hypersurface ~H ⊂ ~T^k_m and the dual cycles b_i in ~T^k_m \ ~H are constructed. The narrow cycles of the hypersurface in ~T^d_m are divided into 3 families.

Horizontal Cycles. The initial data for constructing a cycle of the first family consist of an integer j satisfying inequality 1 ≤ j ≤ m − 1 and a narrow cycle of the hypersurface in T^{d−1}_∗ constructed at the previous step. In the copy (T^{d−1}_j )_∗ of T^{d−1}_∗ , take the copy c of this cycle and b of its dual cycle.

There exists exactly one symmetric copy of T^0_{j+1} incident to b. It is T^0_{j+1} itself, if m − j is odd, and either T^0_{j+1}, or s_{(d−1)}(T^0_{j+1}), if m − j is even. If the sign of the symmetric copy s(T^0_{j+1}) of T^0_{j+1} incident to b is opposite to the sign of c, we include c in the collection of narrow cycles of ~H. Otherwise take s_{(d)}(c) as a narrow cycle of ~H. The dual cycle of c (resp., s_{(d)}(c)) is the suspension of b (resp., s_{(d)}(b)) with the vertex s(T^0_{j+1}) (resp., s_{(d)}(s(T^0_{j+1}))) and with the vertex s(T^0_{j−1}) (resp., s_{(d)}(s(T^0_{j−1}))).

Co-Horizontal Cycles. The initial data for constructing a cycle of the second family are the same as in the case of the horizontal cycles: the data consist of an integer j satisfying inequality 1 ≤ j ≤ m − 1 and a narrow cycle of the hypersurface in T^{d−1}_∗ .

In the copy (T^{d−1}_j )_∗ of T^{d−1}_∗ , take the copy c of this cycle and b of its dual cycle. If the sign of the symmetric copy s(T^0_{j+1}) of T^0_{j+1} incident to b coincides with the sign of c, take b as dual cycle of a narrow cycle of ~H. Otherwise take s_{(d)}(b). The corresponding narrow cycle is a suspension of c (resp., s_{(d)}(c)).

Join Cycles. The initial data consist of integers j and l satisfying inequalities 1 ≤ j ≤ m − 1, 1 ≤ l ≤ d − 2, the copy c_1 ⊂ (T^l_{j+1})_∗ of a narrow cycle of the hypersurface in (T^l_{j+1})_∗, the copy c_2 ⊂ (T^{d−1−l}_j )_∗ of a narrow cycle of the hypersurface in (T^{d−1−l}_j )_∗ and the copies b_1 ⊂ (T^l_{j+1})_∗ and b_2 ⊂ (T^{d−1−l}_j )_∗ of the dual cycles of these narrow cycles.

One of the joins b_1 ∗ b_2 and s^l_{j+1}(b_1) ∗ s^{d−1−l}_j (b_2), belongs to τ_∗; denote it by J. If the signs of c_1 and c_2 coincide, take J as the dual cycle of a cycle of

~H. Otherwise take s_{(d)}(J). The corresponding narrow cycle is either c_1 ∗ c_2, or s^l_{j+1}(c_1) ∗ s^{d−1−l}_j (c_2), or s_{(d)}(c_1 ∗ c_2), or s_{(d)}(s^l_{j+1}(c_1) ∗ s^{d−1−l}_j (c_2)).

Proof of Lemma 12. Both c_i and b_i with i ∈ I are Z_2-cycles homologous to zero in ~T , which is homeomorphic to the projective space of dimension d. The sum of dimensions of c_i and b_i is d − 1. Thus we can consider the linking number of c_i with i ∈ I and b_k, k ∈ I taking values in Z_2. Each c_i bounds an obvious ball in ~T . This ball meets b_i in a single point transversally and is disjoint with b_k for k ≠ i and i, k ∈ I. Hence the linking number of c_i and b_k is δ_{ik}.

Therefore the collections of homology classes realized in ~T \ ~H and ~H by b_i, i ∈ I and c_i, i ∈ I, respectively, generate subspaces of H_∗( ~T \ ~H; Z_2) and H_∗( ~H; Z_2) and are dual bases of the subspaces with respect to the restriction of the Alexander duality. Hence c_i with i ∈ I realize linearly independent Z_2-homology classes of ~H.

It remains to show that the number of narrow cycles is at least (m − 2)(m − 3) . . . (m − d − 1), if m ≥ d + 1. The statement can be proved by induction on d. The base d = 1 is evident. To prove the induction step notice, first, that the statement is evidently true for m = d + 1. Now, we use the induction on m and obtain the required statement from the inequality

(m − 3)(m − 4) . . . (m − d − 2) + 2(m − 3)(m − 4) . . . (m − d − 1) + d−2∑ k=1 [(m − 2)(m − 3) . . . (m − k − 1)] [(m − 3)(m − 4) . . . (m − d + k − 1)] ≥ (m − 2)(m − 3) . . . (m − d − 1). This finishes the proofs of Lemma 12 and Theorem 5.4. □

Remark 6 The family of hypersurfaces in RP^d constructed in Theorem 5.4 is asymptotically maximal.

Proof . - Indeed, the total Betti number of a nonsingular hypersurface of degree m in C P^d is equal to^{(m−1)d+1 −(−1)d+1}_m + d + (−1)^{d+1}. This number is equivalent to (m−2)(m−3) . . . (m−d−1) when m tends to infinity. □

5.3 Proof of theorem 5.1

For a positive integer λ put Δ_λ = λ · Δ. Let l be a positive integer such that Δ_l admits a primitive convex triangulation τ (see 5.3). Denote by ν a function certifying the convexity of τ. Let τ_λ be the triangulation of Δ_{λl} obtained from τ by multiplication of its simplices by λ.

We can assume that λ > d + 1. Let δ be a d-dimensional simplex of τ. The convex hull of the interior integer points of λ · δ is a d-dimensional simplex (λ − (d + 1)) · δ. Put δ_λ = λ · δ and δ^′_λ = (λ − (d + 1)) · δ. For any d-dimensional simplex δ_λ of τ_λ, apply the construction of Lemma 12 to the convex hull δ^′_λ of the interior integer points of δ_λ. Complete the triangulation of δ^′_λ to a convex triangulation of δ_λ whose only extra vertices are the vertices of δ_λ in the following way. Let ν_{λ−(d+1)} be a convex piecewise-linear function certifying the convexity of the triangulation of δ^′_λ. Define a convex function ν^δ_λ on δ_λ choosing the values of ν_{λ−(d+1)} at the integer points of δ^′_λ and the value v at the vertices of δ_λ, where v is large enough (see Remark 1). Note that ν^δ_λ restricted to δ^′_λ coincides with ν_{λ−(d+1)}. If the decomposition defined by ν^δ_λ is not a triangulation, we slightly perturb ν_{λ−(d+1)} (without changing the triangulation of δ^′_λ) to break the polytopes of the subdivision which are not simplices. Denote by τ^δ_λ the obtained triangulation of δ_λ.

The only vertices of τ^δ_λ in δ_λ \ δ^′_λ are the vertices of δ_λ. One can choose the same value v of the functions ν^δ_λ at the vertices of all the d-dimensional simplices δ of τ_λ. Hence, the functions ν^δ_λ can be glued together to form a piecewise-linear function ν_λ on Δ_{λl} which is, by construction, convex on each d-dimensional simplex of τ_λ. Let ν^′ be a function certifying the convexity of τ_λ. Then, for sufficiently small ϵ > 0 the function ν = ν^′ + ϵν_λ certifies the convexity of the triangulation obtained by gluing the triangulations of the d-dimensional simplices of τ_λ. Thus, one gets a convex triangulation τ^l_λ of Δ_{λl}. Choose a sign distribution D(τ^l_λ) at the vertices of τ^l_λ in such a way that on each simplex δ^′_λ the distribution coincides with the one Lemma 12. Let Z_{Δλl} be the hypersurface obtained via the combinatorial patchworking from τ^l_λ and D(τ^l_λ).

Proposition 5.5 The family of hypersurfaces Z_{Δλl} of X_Δ constructed above is asymptotically maximal.

Proof . - The total Betti number of Z_{Δλl} is equivalent to Vol(Δ_{λl}) when λ tends to infinity (see Proposition 2.15). For each d-dimensional simplex δ of τ_λ consider the narrow cycles of H^∗_{Δλl} ∩ (δ^′_λ)_∗ which are constructed in the proof of Lemma 12. Since the narrow cycles are constructed with the dual cycles, the union of the obtained collections of narrow cycles consists of linearly independent cycles. Thus, b_∗(RZ_{Δλl} ; Z_2) ≥ Vol(Δ_l)n_λ, where n_λ is the number of narrow cycles in each δ^′_λ. Since n_λ ∼ Vol(δ^′_λ), we have n_λ ∼ Vol(δ_λ). So, b_∗(RZ_{Δλl} ; Z_2) is equivalent to Vol(Δ_l) Vol(δ_λ). The latter number is equal to Vol(Δ_{λl}). □

Chapter 6

Newton polytopes without maximal complete intersection

In this chapter we show that for any integer d greater than 2 there exist polytopes Δ^d ⊂ (R^+ )^d of dimension d such that the hypersurfaces defining a maximal complete intersection in X_{Δd} cannot all have the Newton polytope Δ_d.

Let Δ_k be the tetrahedron in R^3 with vertices (0, 0, 0), (1, 0, 0), (0, 1, 0) and (1, 1, k). Note that the only integer points of Δ_k are its vertices.

Proposition 6.1 Let k ≥ 5 be an integer, and Z_1 and Z_2 be real algebraic surfaces in X_{Δk} with Newton polytope Δ_k. Assume that Z_1 and Z_2 define a complete intersection Y_k in X_{Δk} . Then Y_k is not maximal.

The proof relies on the estimation of the Betti numbers of the complex and real parts of the complete intersection Y_k of two surfaces whose Newton polytopes coincide with Δ_k.

Lemma 13 Let Y_k be the complete intersection of two surfaces in X_{Δk} whose Newton polytopes coincide with Δ_k. Then b_∗(Y_k; C ) = 2k.

Proof . - By corollary 2.18, we have

b_∗(Y_k; C ) = 2 Vol(Δ_k) − ∑ Γ∈F_2(Δ_k )

Vol(Γ) + 4.

So, we get b_∗(Y_k; C ) = 2k. □

Proof of Proposition 6.1. According to Lemma 13, we have b_∗(Y_k; C ) = 2k. Thus, b_∗(Y_k; Z_2) ≥ 2k.

Let f_1 and f_2 be the polynomials defining the two surfaces. Then,

f_l(x, y, z) = a_lx + b_ly + c_lz^k + d_l (l = 1, 2)

for some (a_l, b_l, c_l, d_l) in R^4 . The change of variables Λ_k : x → x, Λ_k : y → y, Λ_k : z → z^1k is a diffeomorphism of the first octant (R^∗_+ )^3, where R^∗_+ = {x ∈ R : x > 0}. Let Q_i be another octant, and ϕ_i be the diffeomorphism from Q_i to (R^∗_+ )^3 defined by ϕ_i(x, y, z) = (|x|, |y|, |z|). Then ψ_i = ϕ^{−1}_i ∘ Λ_k ∘ ϕ_i is a diffeomorphism from Q_i to itself. The diffeomorphism ψ_i maps the zeros of f_l to the zeroes of ψ_{i∗}(f_l) and ψ_{i∗}(f_l)(x, y, z) = a_lx + b_ly + c_lz + d_l. Thus, in each octant, Y_k is diffeomorphic to the intersection of two plans. Hence, the number of connected components of Y_k is at most 8. So, Y_k is not maximal for k ≥ 5. □

The example above is to compare with the following result in dimension 2.

Proposition 6.2 Let Δ be a two-dimensional polygon. For any positive integers λ_1 and λ_2 there exist algebraic curves C_1 et C_2 in X_Δ such that

• the Newton polygons of C_1 et C_2 are λ_1 · Δ and λ_2 · Δ, respectively,

• the curves C_1 et C_2 define a 0-dimensional maximal complete intersection in X_Δ.

Proof . - We use here the Cayley trick. Take any primitive convex triangulation τ of Δ. By homothety, τ induces a triangulation τ_i on λ_i · Δ. Put Δ_i = λ_i · Δ. Consider the following subdivision δ_0 of the Cayley polytope C(Δ_1, Δ_2). In the faces of C(Δ_1, Δ_2) corresponding to Δ_1 and Δ_2 take the triangulations τ_1 and τ_2, respectively. Each 3-dimensional polytope of the subdivision δ_0 is the convex hull of a triangle of τ_1 and a triangle of τ_2 which are the multiples of the same triangle of τ. Since τ is convex, δ_0 is also convex. Let ν_0 be a convex function certifying the convexity of δ_0, and let ν_1 be the convex function defined by ν_1(0, 1, x, y) = C_1y + C_2x with C_1 > C_2 > 0 and ν_1(1, 0, x, y) = 0. Put ν_3 = ν_1 + ν_2. If C_1 is sufficiently small, the function ν_3 induces the following refinement δ_1 of δ_0. Each 3-dimensional polytope of δ_0 is subdivided into two cones whose bases are triangles in Δ̂_1 and Δ̂_2, respectively, and a join J of two edges: one in Δ̂_1 and the other one in Δ̂_2. Take any convex primitive triangulations τ^′_1 and τ^′_2 refining τ_1 and τ_2, respectively. They define a convex primitive refinement δ_2 of δ_1. Choose a sign distribution at the vertices of δ_2 and apply the procedure of the combinatorial patchworking. Let J be a join of the decomposition δ_1 described above. It is triangulated into primitive tetrahedra t_i and has lattice volume λ_1λ_2. Each t_i has a symmetric copy containing a point of the T -complete intersection constructed. Thus, the number of intersection points obtained is λ_1λ_2 Vol(Δ) and the complete intersection constructed is maximal. □

Proposition 6.1 can be generalized in the following way.

Proposition 6.3 For any positive integers d and n ≤ d there exists a ddimensional polytope Δ_d such that n hypersurfaces defining a maximal complete intersection in X_{Δd} cannot all have the Newton polytope Δ_d.

Proof . - Consider the simplex σ_k in R^d with the vertices (0, 0, . . . , 0, 0), (1, 0, . . . , 0, 0), (0, 1, . . . , 0, 0), . . . , (0, 0, . . . , 1, 0), and (1, 1, . . . , 1, k). Let Y_k be a complete intersection of hypersurfaces in X_{σk} such that all these hypersurfaces have Newton polytope σ_k. Proposition 2.16 implies that b_∗(Y_k; Z_2) tends to infinity when k tends to infinity.

Let f_1, . . . , f_n be the polynomials defining the hypersurfaces. Then, f_l(x, y, z) = a_{l,0} + d−1∑ i=1 a_{l,i}x_i + a_{l,d}x_d^k (l = 1, · · · , n) for some (a_{l,0}, · · · , a_{l,n}) in R^{n+1} . The change of variables Λ_k : x_i → x_i for i ≠ n, Λ_k : x_n → x_n^1k is a diffeomorphism of the first orthant (R^∗_+ )^d, where R^∗_+ = {x ∈ R : x > 0}. Let Q_j be another orthant, and ϕ_j be the diffeomorphism from Q_j to (R^∗_+ )^d defined by ϕ_j(x_1, · · · , x_d) = (|x_1|, · · · , |x_d|). Then ψ_j = ϕ^{−1}_j ∘ Λ_k ∘ ϕ_j is a diffeomorphism from Q_j to itself. The diffeomorphism ψ_j maps the zeros of f_l to the zeroes of ψ_{j ∗}(f_l) and ψ_{j ∗}(f_l)(x_1, . . . , x_d) = a_{l,0}+ ∑_d i=1 a_{l,i}x_i. Thus, in each orthant, Y_k is diffeomorphic to the intersection of n hyperplanes. Hence, b_∗(RY_i ; Z_2) is bounded.

So, there exists a number k_0 such that for any k ≥ k_0 and any complete intersection Y_k in X_{δk} one has b_∗(RY_k ; Z_2) < b_∗(Y_k; Z_2). □

56

Chapter 7

Asymptotically maximal families of complete intersections

In this chapter we generalize the results of Chapter 5 to complete intersections.

7.1 Statement

Let Δ be a d-dimensional polytope in R^d , and k be an integer such that 1 ≤ k ≤ d. Knudsen-Mumford theorem 5.3 asserts that there exists a positive integer l such that l · Δ admits a convex primitive triangulation. Let λ_1, · · · , λ_k be k positive integers. Denote by Δ_{λi} the polytope λ_il · Δ. Let {(λ_{1,m}, · · · , λ_{k,m})}_{m∈N} be a sequence of k-tuples of positive integers such that λ_{i,m} tends to infinity for any i = 1, . . . , k. Let {(Z_{λ1,m} , · · · , Z_{λk,m} )}_m be a sequence of k-tuples of algebraic hypersurfaces in X_Δ such that Z_{λi,m} has Newton polytope Δ_{λi,m} . Assume that for any natural number m the variety Y_m = Z_{1,m} ∩ · · · ∩ Z_{k,m} is a complete intersection.

Definition 7.1.1 Under the above hypotheses, the family {Y_m}_{m∈N} is called asymptotically maximal, if b_∗(RY_m ; Z_2) is equivalent to b_∗(Y_m; Z_2) when m tends to infinity.

Theorem 7.1 Let Δ be a d-dimensional polytope, and k be an integer number satisfying 1 ≤ k ≤ d. Let {(λ_{1,m}, · · · , λ_{k,m})}_{m∈N} be a sequence of k-tuples of natural numbers such that λ_{i,m} tends to infinity for any i = 1, . . . , k. Then, there exists a sequence of k-tuples {(Z_{λ1,m} , · · · , Z_{λk,m} )}_{m∈N} of algebraic hypersurfaces in X_Δ such that

1. Z_{λi,m} has Newton polytope Δ_{λi,m}

2. for any natural m, the variety Y_m = Z_{1,m} ∩ · · · ∩ Z_{k,m} is a complete intersection,

3. the family {Y_m}_{m∈N} is asymptotically maximal.

The proof is based on the following result of Itenberg and Viro.

Theorem 7.2 (I. Itenberg and O. Viro) Let Δ be a primitive d-dimensional simplex. For any k-tuple λ_1, · · · , λ_k of natural numbers, there exist piecewise-linear convex functions μ_1, . . . , μ_k on λ_1 · Δ, . . . , λ_k · Δ, respectively, and sign distributions at the vertices of the corresponding triangulations of λ_1 · Δ, . . . , λ_k · Δ such that the real complete intersection in X_Δ = C P^d obtained via Sturmfels’ theorem 2.9 from these data is maximal.

In fact, as in Chapter 5, we use only an asymptotical version of 7.2. The proof of this asymptotical version is much simpler than the proof of 7.2. It can be extracted from [IV02] and was communicated to us by the authors. The asymptotical version of 7.2 is reproduced in Section 7.2 below.

7.2 Itenberg-Viro asymptotical statement

Theorem 7.3 For any positive integers k, m_1, . . . , m_k and d such that k ≤ d and m_j ≥ d + 1 (j = 1, . . . , k), there exists a complete intersection X of multi-degree (m_1, . . . , m_k) in RP^d such that b_∗(RX) ≥ ∑ i_1+...+i_k=d (_k ∏ j=1 (m_j − 2)(m_j − 3) . . . (m_j − i_j − 1) )

(the summation is over all possible decompositions i_1 + . . . + i_k = d of d in a sum of k positive integer numbers).

Proof of Theorem 7.3.

The notations used here are those of Section 5.2.1. Take the standard simplices T^d_{m1} , . . . , T^d_{mk} and triangulate the Cayley polytope C(T^d_{m1} , . . . , T^d_{mk} ) (see subsection 2.3.2) in the following way. Let i_1, . . ., i_k be nonnegative integers such that i_1 + . . . + i_k = d, and put i_0 = 0. For any j = 1, . . . , k consider the face of T^d_{mj} with the vertices having the numbers

i_1 + . . . + i_{j−1} + 1, . . . , i_1 + . . . + i_j + 1.

Denote by J_{i1,...ik} the join of the corresponding faces of C(T^d_{m1} , . . . , T^d_{mk} ). The simplices J_{i1,...ik} (for all the possible choices of nonnegative integers such that i_1 + . . . + i_k = d) form a triangulation τ^′ of C(T^d_{m1} , . . . , T^d_{mk} ).

Take for each simplex T^d_{mj} the triangulation and the distribution of signs described in subsection 5.2.1. For the simplices T̂^d_{m1} , . . . , T̂^d_{mk} take the corresponding triangulations and distributions of signs. The triangulations of T̂ d_{m1} , . . . , T̂ d_{mk} induce a refinement τ of τ ′. Notice that τ is a primitive triangulation of C(T^d_{m1} , . . . , T^d_{mk} ).

Lemma 14 For the complete intersection X of multi-degree m_1, . . . , m_k in RP^d provided according to Proposition 2.10 by the triangulation τ and the distribution of signs defined above, one has b_∗(RX) ≥ ∑ i_1+...+i_k=d (_k ∏ j=1 (m_j − 2)(m_j − 3) . . . (m_j − i_j − 1) )

(the summation is over all the possible decompositions i_1 + . . . + i_k = d of d in a sum of k positive integer numbers).

Proof. We define a collection of narrow cycles c_i, i ∈ I of ~H. The families of narrow cycles of ~H are indexed by the decompositions i_1+. . .+i_k = d of d in a sum of k positive integer numbers.

Fix a decomposition I : i_1 + . . . + i_k = d of d, where i_1, . . ., i_k are positive integers. The initial data for constructing a narrow cycle of the corresponding family consist of narrow cycles c_{(j)} ⊂ ~H^I_j , j = 1, . . . , k, constructed in subsection 5.2.1 for the hypersurface ~H^I_j in ~T^{ij}m_j produced via the combinatorial patchworking by the triangulation and distribution of signs described in subsection 5.2.1.

The i_j -dimensional face Δ^{ij} of T^d_{mj} with the vertices having the numbers

i_1 + . . . + i_{j−1} + 1, . . . , i_1 + . . . + i_j + 1 are naturally identified with T^{ij}m_j via the linear map L^{ij} : Δ^{ij} → T^{ij}m_j sending the vertex with number i_1 + . . . + i_{j−1} + r of Δ^{ij} to the vertex with number r of T^{ij}m_j . The map L^{ij} is simplicial with respect to the chosen triangulations of Δ^{ij} and T^{ij}m_j . Denote by Δ^{ij}_∗ the union of the symmetric copies of Δ^{ij} under the reflections with respect to coordinate hyperplanes {x_i = 0} in R^d , where i = i_1 + . . . + i_{j−1} + 2, . . . , i_1 + . . . + i_j + 1, and compositions of these reflections. The natural extension of L^{ij} to Δ^{ij}_∗ identifies Δ^{ij}_∗ with (T^{ij}m_j )_∗ and respects the chosen triangulations. We also denote this extension by L^{ij} . Denote by Δ̂^{ij}_∗ the union of faces of T̂^d_{mj} corresponding to Δ^{ij}_∗ , and by L̂ij the corresponding map from Δ̂^{ij}_∗ to (T^{ij}_{mj} )_∗. Put ĉ_{(j)} = (L̂ij )−1(c_{(j)}).

Let b_{(j)} ⊂ ~T^{ij}m_j \ ~H^I_j be the dual cycle of c_{(j)}. Put b̂_{(j)} = (L̂^{ij} )^{−1}(b_{(j)}). Consider the symmetric copies of b̂_{(1)}, . . . , b̂_{(k)} under the reflections with respect to coordinate hyperplanes {x_i = 0} in R^{k+d} where i = k + 1, . . . , k + d, and compositions of these reflections. Among these symmetric copies there exist copies b̂^′_{(1)}, . . . , b̂^′_{(k)} of b̂_{(1)}, . . . , b̂_{(k)}, respectively, such that

• the join b̂^′_{(1)} ∗ . . . ∗ b̂^′_{(k)} is the union of simplices of τ_∗,

• all the vertices of b̂^′_{(1)} ∗ . . . ∗ b̂^′_{(k)} have the same sign.

Let ĉ^′_{(1)}, . . . , ĉ^′_{(k)} be the corresponding symmetric copies of ĉ_{(1)}, . . . , ĉ_{(k)}, respectively. Then, take the intersection B ∩ (ĉ^′_{(1)} ∗ . . . ∗ ĉ^′_{(k)}) as a narrow cycle of ~H. The number of narrow cycles in the family indexed by I is at least k∏ j=1 (m_j − 2)(m_j − 3) . . . (m_j − i_j − 1).

Thus, the total number of constructed narrow cycles in ~H is at least ∑ i_1+...+i_k=n (_k ∏ j=1 (m_j − 2)(m_j − 3) . . . (m_j − i_j − 1) )

(the summation is over all the possible decompositions i_1 +. . .+i_k = d of d in a sum of k positive integer numbers). The linear independence of the narrow cycles of a hypersurface H^l_{mj} ⊂ T^l_{mj} for any 1 ≤ l ≤ d and any 1 ≤ j ≤ k implies the linear independence of the narrow cycles constructed in ~H. □

Remark 7 Denote by Y^σ_{m1,...,mk} the complete intersection constructed in Lemma 14. Then, the family {Y^σ_{m1,...,mk} }_{m1,...,mk} is asymptotically maximal.

Proof . - Note that ∑ i_1+...+i_k=d (∏_k j=1(m_j − 2)(m_j − 3) . . . (m_j − i_j − 1) ) is equivalent to the mixed volume of T^d_{m1} , . . . , T^d_{mk} . Thus, by Proposition 2.16. b_∗(RY_{m1 ,...,mk} ) is equivalent to b_∗(Y_{m1,...,mk} ), when all m_i’s tend to infinity.

7.3 Proof of Theorem 7.1

Let be a primitive convex triangulation of l · Δ, and (λ_1, · · · , λ_k) be a k-tuple of positive integers. Denote by Δ_{λi} the polytopes λ_il · Δ. We can assume that λ_i is greater than d + 1 for any i.

Let δ be a d-dimensional simplex of τ. Denote by δ̂_1, . . ., δ̂_k the corresponding simplices in Δ̂_{λ1} , . . ., Δ̂_{λk} , respectively. Subdivide the Cayley polytope C(Δ_{λ1} , . . . , Δ_{λk} ) into convex hulls of δ̂_1, . . ., δ̂_k, where δ runs over all d-dimensional simplices of τ. For a d-dimensional simplex δ of τ, put δ_i = λ_i · δ and δ^′_i = (λ_i − (d + 1)) · δ, where i = 1, . . . , k.

For any d-dimensional simplex δ of τ, take the triangulation of C(δ^′_1, . . . , δ^′_k) and the distribution of signs at the vertices of this triangulation described in the proof of Theorem 7.2. Extend the triangulations of the Cayley polytopes C(δ^′_1, . . . , δ^′_k) to a primitive convex triangulation τ̂ of C(Δ_{λ1} , . . . , Δ_{λk} ) in the same way as it was done in Chapter 5, Section 5.3. Extend also the distributions of signs at the integer points of polytopes C(δ^′_1, . . . , δ^′_k) to some distribution of signs D̂ at the vertices of τ̂.

Let Y_{λ1,...,λk} be the complete intersection in X_Δ obtained via Theorem 2.10 from τ̂ and D̂.

Proposition 7.4 The family of complete intersections Y_{λ1,...,λk} constructed above is asymptotically maximal.

Proof . - By the construction, we have b_∗(RY_{λ1 ,...,λk} ) ≥ Vol(Δ_l) · n_{λ1,...,λk} , where n_{λ1,...,λk} is the number of narrow cycles in each C(δ^′_1, . . . , δ^′_k). Note that n_{λ1,...,λk} is equivalent to b_∗(RY^σ_{λ1 ,...,λk} ) when all numbers λ_1, . . . , λ_k tend to infinity. So, by Proposition 2.16 and Remark 7, we obtain that b_∗(RY_{λ1 ,...,λk} ) is equivalent to b_∗(Y_{λ1,...,λk} ) when the numbers λ_1, . . . , λ_k tend to infinity. □

62

Chapter 8

Maximal complete intersections in toric varieties corresponding to pyramids

In this section we describe a construction of maximal complete intersections of two hypersurfaces in X_Δ, where Δ is a pyramid whose basis is a 2-dimensional Nakajima polytope.

Let α and m be non-negative integers such that (α, m) ≠ (0, 0), and n be a natural number. Denote by δ^{n,m}_α the polygon having vertices (0, 0), (m + nα, 0), (0, n), (m, n) in R^2 . Notice that, up to the change of coordinate Λ : (x_1, x_2) → (x_1, x_2), every 2-dimensional Nakajima polytope is equal to one of the polygons δ^{n,m}_α . If m ≠ 0, the toric variety associated with δ^{n,m}_α is a rational ruled surface Σ_α. For i = 1, 2 let Δ^{α,mi,ni,li}_i be the convex hull of the points (0, 0, 0), (m_i + αn_i, 0, 0), (0, n_i, 0), (m_i, n_i, 0) and (0, 0, l_i). The pyramid Δ^{mi,ni,li}_i is a cone of apex (0, 0, l_i) over δ^{n,m}_α × {0}. Assume that m_i = λl_i for some nonnegative integer λ and n_i = μl_i for some positive integer μ.

Theorem 8.1 Let α, m_2, m_1 be nonnegative integers, and n_1, n_2, l_1, l_2 be positive integers. Assume that there exist a non-negative integer λ and a positive integer μ such that m_i = λl_i, n_i = μl_i, and (α, λ) ≠ (0, 0). Then, there exists a maximal complete intersection in X_Δα,m_1,n_1,l_{11} = X_Δα,m_2,n_2,l_{22} of two surfaces with Newton polytopes Δ^{α,m1,n1,l1}_1 and Δ^{α,m2,n2,l2}_2 , respectively.

The construction used in the proof of Theorem 8.1 is inspired by Itenberg- Viro’s construction of maximal complete intersections in the projective spaces (see [IV02]).

8.1 Triangulation Put Δ_i = Δ^{α,mi,ni,li} i . Let A^0_i , A^1_i , A^2_i , A^3_i and A^4_i be the vertices of the pyramid Δ_i (see Figure 8.1). We use here the Cayley trick (see Subsection 2.3.2) and describe a convex triangulation of C(Δ_1, Δ_2). We construct the triangulation step by step to subdivide further and further the Cayley polytope C(Δ_1, Δ_2). On each step the subdivision described is a refinement of the previous one. We describe the construction in the case when δ^{n1,m1}_α and δ^{n2,m2}_α are nondegenerate Nakajima polygons. If δ^{n1,m1}_α and δ^{n2,m2}_α are triangles, the description is the same except that the segments [A^2_i , A^3_i ] are reduced to a point, and the triangles (A^2_i , A^3_i , A^4_i ) are reduced to a segment (see Figure 8.1). All figures are drawn in the case α = 0.

A2i

A4i

A0i

A3i

A1i Figure 8.1: The pyramids Δ_i

To simplify the figures, we represent the pyramids as triangles and their convex hull as a 3-dimensional polytope. More precisely, we use a projection along ((0, 0, 0, 0, 0), (0, 0, 1, 0, 0)) and draw the segments parallel to ((0, 0, 0, 0, 0), (0, 0, 1, 0, 0)) as a point, the plan pieces containing a line parallel to ((0, 0, 0, 0, 0), (0, 0, 1, 0, 0)) as segments, and so on. Figure 8.2 represents C(Δ_1, Δ_2) with the above convention.

At the first step we set the value of ν_1 at A^4_1 to 1 and the values at other vertices of C(Δ_1, Δ_2) to 0. We define ν_1 to be the function whose graph is the

A^4_2

A^4_1 [A^0_1, A^1]

[A^0_2, A^1_2]

[A^2_1, A^3_1]

[A^2, A^3_2]

Δ_2

Δ_1

Figure 8.2: The Cayley polytope C(Δ_1, Δ_2).

lower part of the convex hull of all the points (A^j_i , ν_1(A^j_i )) (see Remark 1). The obtained subdivision δ_1 of C(Δ_1, Δ_2) has two 4-dimensional polytopes. Denote by P_2 the 4-dimensional polytope which is the cone over Δ̂_1, and denote by P_1 the other 4-dimensional polytope of δ_1 (see Figure 8.3).

The second step consists in slicing the two pyramids orthogonally to the direction of (A^0_1, A^4_1) (see Figure 8.4). For that purpose we slightly perturb ν_1 by a piecewise-linear convex function μ_1 whose value at an integer point p of C(Δ_1, Δ_2) with the fifth coordinate x_5 is equal to e^{x5} . The lower part of the convex hull of the points (p, μ_1(x_5)) is the graph of μ_1. We put ν_2 = ν_1 +ϵ_1 ·μ_1 for a positive sufficiently small ϵ_1. The function ν_2 defines a convex refinement δ_2 of δ_1.

Note that P_1 is now subdivided by the convex hulls of each slice of Δ_2 with the convex hull Q_1 of A^0_1, A^1, A^2_1 and A^3_1.

A part P^k of the decomposition of P_1 is the convex hull of three parallel quadrangles T_1, T^k_2 , T^{k−1}_2 for k = l_2, . . . , 2. The only exception is the last part P^1 which is the convex hull of two quadrangles and the point A^4_2. We represent P^k on the figures as a prism.

We subdivide the decomposition δ_2 choosing slopes along the x_4-axis of the integer horizontal sections of the pyramids. Namely, choose positive numbers A, C, and E satisfying the inequalities A > E > C. Let μ_2 be the piecewise-linear function defined by the following values at integer points of C(Δ_1, Δ_2): if an integer point p ∈ C(Δ_1, Δ_2) has coordinates

A^4_2

A^4_1 [A^0_1, A^1]

[A^0_2, A^1_2]

[A^2_1, A^3_1]

[A^2, A^3_2]

P_1

P_2

Figure 8.3: First decomposition of C(Δ_1, Δ_2).

A^2_i

A^0_i

A^4_i

A^3_i

A^1_i

B^{0,k}_i B^{1,k}_i B^{3,k}_i B^{2,k}_i B^{0,k−1}_i

B^{0,k+1}_i

Figure 8.4: Slicing Δ_i

[A^0_2, A^1_2]

[A^2, A^3_2]

[A^0_1, A^1]

[A^2_1, A^3_1]

A^4_2

[B^{0,k+1}_2 , B^{1,k+1}_2 ] [B^{0,k−1}2 , B^{1,k−1}2 ] [B^{0,k}_2 , B^{1,k}_2 ]

[B^{2,k−1}_2 , B^{3,k−1}_2 ]

[B^{2,k}_2 , B^{3,k}_2 ]

[B^{2,k+1}_2 , B^{3,k+1}_2 ]

Figure 8.5: Decomposition of P_1

[A^0_1, A^1] Q1

[B^{0,2k−1} 2 , B^{1,2k−1}_2 ]

[B^{0,2k}_2 , B^{1,2k}_2 ] Q^{2k}_2

[A^2_1, A^3_1]

[B^{2,2k}_2 , B^{3,2k}_2 ]

[B^{2,2k−1} 2 , B^{3,2k−1}_2 ]

Q^{2k−1}_2

Figure 8.6: P^k

[A^0_1, A^1] Q1

[B^{0,2k−1} 2 , B^{1,2k−1}_2 ]

[B^{0,2k}_2 , B^{1,2k}_2 ] Q^{2k}_2

[A^2_1, A^3_1]

[B^{2,2k}_2 , B^{3,2k}_2 ]

[B^{2,2k−1} 2 , B^{3,2k−1}_2 ]

Q^{2k−1}_2

Figure 8.7: Subdivision of P^k

(x_1, x_2, x_3, x_4, x_5), then

μ_2(p) = A · x_4 if (x_1, x_2) = (0, 1) and x_5 = 0[2], μ_2(p) = C · x_4 if (x_1, x_2) = (0, 1) and x_5 = 1[2], μ_2(p) = E · x_4 if (x_1, x_2) = (1, 0) and x_5 = 0[2], μ_2(p) = 0 if (x_1, x_2) = (1, 0) and x_5 = 1[2]

We put ν_3 = ν_2 +ϵ_2 ·μ_2, for sufficiently small positive ϵ_2. Figure 8.8 shows the effect of the small perturbation ϵ · μ_2 on the pyramids Δ_i.

We then subdivide the horizontal sections of the pyramids in a similar way. Of course, this induces a subdivision of the pyramids themselves and also of δ_3. More precisely, first, we slightly perturb ν_3 by a piecewise-linear convex function μ_3 whose value at an integer point p of C(Δ_1, Δ_2) with the third coordinate x_3 is equal to e^{x3} . The lower part of the convex hull of the points (p, μ_3(x_3)) is the graph of μ_3. We put ν_4 = ν_3 + ϵ_3 · μ_3 for a sufficiently small positive ϵ_3, and denote by δ_4 the corresponding refinement of δ_3.

Choose positive numbers a, b, c, d, e, and f satisfying the inequalities c > e > a > d > f > b. Let μ_4 be the piecewise-linear function defined by

B^{2,2k}_i

B^{0,2k}_i

B^{3,2k}_i B^{1,2k}_i

B^{0,2k−1} i B^{2,2k−1} i B^{1,2k−1} i B^{3,2k−1} i

B^{0,2k+1} i B^{2,2k+1} i B^{1,2k+1} i B^{3,2k+1} i

Figure 8.8: Subdivision of slices of pyramids Δ_i into prisms

the following values at integer points of C(Δ_1, Δ_2):

μ_4(p) = a · x_3 if (x_1, x_2) = (0, 1), x_4 = 0[2] and x_5 = 0[2], μ_4(p) = b · x_3 if (x_1, x_2) = (0, 1), x_4 = 1[2] and x_5 = 0[2], μ_4(p) = c · x_3 if (x_1, x_2) = (0, 1), x_4 = n_2 − 1[2] and x_5 = 1[2], μ_4(p) = d · x_3 if (x_1, x_2) = (0, 1), x_4 = n_2[2] and x_5 = 1[2], μ_4(p) = e · x_3 if (x_1, x_2) = (1, 0), x_4 = 0[2] and x_5 = 0[2], μ_4(p) = f · x_3 if (x_1, x_2) = (1, 0), x_4 = 1[2] and x_5 = 0[2], μ_4(p) = 0 if (x_1, x_2) = (1, 0) and x_5 = 1[2]

Put ν_5 = ν_4 + ϵ_4 · μ_4, for a sufficiently small positive ϵ_4, and denote by δ_5 the corresponding refinement of δ_4.

B^{0,k}_2 B^{1,k}_2

D^{1,k,1}_2

D^{1,k,2}_2

B^{3,k}_2 B^{2,k}_2

D^{0,k,2}_2

D^{0,k,1}_2

Figure 8.9: Subdivision of a quadrangle

1 x_3 x_4 x_3x_4 x_5 x_5x_3 x_5x_4 x_5x_3x_4 10000 + + + + + + + + 10010 + + − − + + − − 10001 + + + + − − − − 10011 + + − − − − + + 10100 + − + − + − + − 10110 + − − + + − − + 10101 + − + − − + − + 10111 − + + − + − − + 01000 + + + + + + + + 01010 + + − − + + − − 01100 + − + − + − + − 01110 + − − + + − − +

Table 8.1: Sign distribution D.

The order chosen on a, b, c, d, e, f determines the triangulation of P_1 induced by ν_5 (see Figure 8.9). Finally, we refine the triangulation into a convex primitive one in the unique possible way.

We choose any convex triangulation of P_2 refining the subdivision described and patching with the chosen triangulation of P_1 to obtain a convex triangulation of C(Δ_1, Δ_2). Take the following distribution D of signs at the integer points of C(Δ_1, Δ_2):

any integer point p with coordinates (x_1, x_2, x_3, x_4, x_5) gets “-” if the reduction of p modulo 2 is (1, 0, 1, 1, 1) and it gets “+”, otherwise.

Let Y be the complete intersection obtained applying Theorem 2.9 (more precisely, Proposition 2.10). Here and after the orthants will be named after the symmetry under which they are the image of the first one. For example, the orthant x_3 is the image of (R^+ )^2 × (R^+ )^3 under the symmetry s_{(3)} with respect to the hyperplane x_3 = 0, and so on. Table 8.1 gives in each orthant the sign of the integer points in P^∗_1 according to their parities (see Definition 2.2.2).

8.2 Counting Cycles

The nonempty 4-simplices in this construction are those that

• either have two vertices in Δ̂^∗_1 and three vertices in Δ̂^∗_2, or have three vertices in Δ̂^∗_1 and two vertices in Δ̂^∗_2,

• in each Δ̂^∗_i the vertices of the simplex do not all carry the same sign.

Thus, any nonempty 4-simplex is the convex hull of a triangle and a segment which do not belong to a symmetric copy of the same Δ̂_i, and both the triangle and the segment have vertices of different signs. We are now going to describe 1-cycles of the complete intersection constructed listing the unions of nonempty 4-simplices containing these 1-cycles. A nonempty 4-simplex will be represented by its intersections with Δ̂^∗_1 and Δ̂^∗_2. We describe the signs of the triangle and the segment corresponding to a nonempty 4-simplex up to a complete change of signs in Δ̂^∗_1 and up to a complete change of signs in Δ̂∗_2. In the sequel of the text, we will often refer to a nonempty 4-simplex meaning the edge of the T -complete intersection contained in it.

Remark 8 In the description we always assume that n_1 and n_2 are odd. The other cases are similar, and there is a one-to-one correspondence between the cycles we describe and those that appear in any other case.

To simplify the notations in the description of 1-cycles, we identify integer points of C(Δ_1, Δ_2) with their images under compositions of symmetries s_{(i)} and precise explicitly in what orthant appear the cycles under description. We will often label on the figures the segments parallel to the x_3-axis by their slopes, and will refer to a segment of slope h as h-segment.

8.2.1 Type I cycles

The cycles of type I are composed by 4-simplices having an edge on Δ̂^∗_1 and a triangle on Δ̂^∗_2. The edge on Δ̂^∗_1 can be either on a symmetric copy of [A^0_1, A^1], or on a symmetric copy of [A^2_1, A^3_1]. In the first case we say that the corresponding cycle is of type Ia, and in the second case we say that it is of type Ib.

Cycles of type Ia

A typical edge of a cycle of type Ia is represented on Figure 8.10.

This edge corresponds to a 4-simplex which is a symmetric copy of the convex hull of points E^{0,l}_1 and E^{0,l+1}_1 in Δ̂_1, and points D^{0,2k+1,2j}_2 , B^{1,2k}_2 , and

A^0_1 A^1

A^2_1 A^3_1

+ e - -

+

D^{1,2k+1,2j} 2

D^{1,2k+1,2j+1} 2

B^{1,2k}_2 + B^{0,2k}_2

D^{0,2k+1,2j} 2

D^{0,2k+1,2j+1} 2 d a

c

Figure 8.10: Typical edge of a cycle of type Ia D^{1,2k+1,2j+1} 2 in Δ̂_2. Here, [E^{0,l}_1 , E^{0,l+1}_1 ] is a primitive segment in [A^0_1, A^1]. Let t_{2k,j} be the triangle (D^{0,2k+1,2j}_2 , B^{1,2k}_2 , D^{1,2k+1,2j+1}_2 ). We describe how this edge is completed into a cycle. If [D^{0,2k+1,2j}_2 , D^{1,2k+1,2j}_2 ] is in the interior of Δ̂_2, then the edge [D^{0,2k+1,2j−1} 2 , D^{1,2k+1,2j−1} 2 ] exists. It is called the symmetric edge to [D^{0,2k+1,2j+1} 2 , D^{1,2k+1,2j+1} 2 ] with respect to [D^{0,2k+1,2j}_2 , D^{1,2k+1,2j}_2 ]. Consider the prism (D^{0,2k+1,2j} 2 , D^{1,2k+1,2j} 2 , D^{0,2k+1,2j+1} 2 , D^{1,2k+1,2j+1} 2 , A^0_1, A^1).

It contains the triangle (D^{0,2k+1,2j}_2 , B^{1,2k}_2 , D^{1,2k+1,2j−1}_2 ) which is called the symmetric triangle to t_{2k,j} with respect to [D^{0,2k+1,2j}_2 , D^{1,2k+1,2j}_2 ]. This triangle together with the edge [E^{0,l}_1 , E^{0,l+1}_1 ] form a nonempty 4-simplex (since we have a sign distribution depending only on the parity of coordinates). Notice that the common boundary of this 4-simplex and

(E^{0,l}_1 , E^{0,l+1}_1 , D^{0,2k+1,2j}

2 , B^{1,2k}_2 , D^{1,2k+1,2j+1} 2 ) is nonempty. Thus, the corresponding edges of the T -complete intersection patch together.

Replacing B^{1,2k}_2 by B^{1,2k+2}_2 , when it is possible, we get two other triangles which together with [E^{0,l}_1 , E^{0,l+1}_1 ] form nonempty 4-simplices. We say that these triangles are symmetric to the previous ones with respect to the section (B^{0,2k}_2 , B^{1,2k}_2 , B^{2,2k}_2 , B^{3,2k}_2 ). When there is no ambiguity we call this section the cd-section and denote it by (c, d). The four edges described above patch together to form a 1-cycle.

We say that the 1-cycle described is the orbit of the edge E described on Figure 8.10 under the action of the symmetries with respect to the c-segment and to the cd-section.

Remark 9 The above cycles are in the orthant x_5x_3x_4.

We can also have the sign distribution shown on Figure 8.11. We complete the edge described on Figure 8.11 by taking its orbit under the action of the symmetries with respect to the d-segment and to the cd-section (these symmetries are called d-symmetry and cd-symmetry, respectively).

A^0_1 A^1

A^2_1 A^3_1

+ e - D^{1,2k+1,2j}_2

D^{1,2k+1,2j+1} 2

B^{1,2k}_2 + B^{0,2k}_2

D^{0,2k+1,2j} 2

D^{0,2k+1,2j+1} 2 d a

c

-

+ Figure 8.11: Typical edge of a cycle of type Ia

Remark 10 The above cycles are in the orthant x_3.

Cycles of type Ib

The cycles of type Ib are very similar to the cycles of type Ia. We could use exactly the same description replacing the segment [A^0_1, A^1] by the segment [A^2_1, A^3_1], and the prism whose segments parallel to the x-axis have slopes a, c, and d by the prism whose segments parallel to the x-axis have slopes a, b, and d.

Recall that n_1 is assumed to be odd, so [A^2_1, A^3_1] has slope f. Consider the edge E_1 corresponding to the 4-simplex s shown on Figure 8.12. The 4-simplex s is the convex hull of a primitive segment of [A^2_1, A^3_1] and the triangle (D^{0,2k,2j}_2 , B^{0,2k+1}_2 , D^{1,2k+1,2j+1}

2 ).

We complete the edge E_1 described on Figure 8.12 to a cycle by taking its orbit under the action of the symmetries with respect to the a-segment and to the ab-section.

-

A^0_1 A^1

A^2_1 A^3_1 + f

D^{1,2k,2j} 2

D^{1,2k,2j+1} 2

B^{3,2k}_2

D^{0,2k,2j} 2

D^{0,2k,2j+1} 2 b d

a

+

-

+ B^{2,2k+1} 2

Figure 8.12: Typical edge of a cycle of type Ib

Remark 11 The above cycles are in the orthant x_3x_4.

Consider the edge E_2 described on Figure 8.13. It is completed by taking its orbit under the action of the symmetries with respect to the b-segment and to the ab-section. -

A^0_1 A^1

A^2_1 A^3_1 + f

D^{1,2k,2j} 2

D^{1,2k,2j+1} 2

B^{3,2k}_2

D^{0,2k,2j} 2

D^{0,2k,2j+1} 2 b

a

-

+

B^{2,2k+1} 2 d +

Figure 8.13: Typical edge of a cycle of type Ib

Remark 12 The above cycles are in the orthant x_5x_4.

Proposition 8.2 Let e_1 be a primitive edge of [A^0_1, A^1], and e_2 a segment of slope either c or d in the interior of Δ̂_2. Let e^′_1 be a primitive edge of [A^2_1, A^3_1], and e^′_2 a segment of slope either a or b in the interior of Δ̂_2. Denote by E_1 the set of pairs (e_1, e_2) and (e^′_1, e^′_2). Then, there is a one-to-one correspondence between the elements of E_1 and the cycles of type I. Thus, the number N_1 of cycles of type I is equal to^1_2 m_1(n_2 − 2)(l_2 − 1) + αn_1(μ^1_4 l^2 −^{l2}_2 ), if l_2 is even, and^1_2 m_1(n_2 − 2)(l_2 − 1) + αn_1(μ^1_4 (l_2 − 1)(l_2 + 1) −^{l2−1}_2 ), if l_2 is odd.

Proof . - The first part of the statement follows from the description of the cycles. The number of edges e_2 (resp., e^′_2) is the number of integer points with odd (resp., even) fifth coordinate x_5 in a triangular face of Δ̂_2 whose base has length n_2. □

8.2.2 Type II cycles

The cycles of type II are composed by 4-simplices having an edge on Δ̂^∗_2 and a triangle on (A^0_1, A^1, A^2_1, A^3_1)^∗. As cycles of type I they split into two subtypes.

Cycles of type IIa

First, describe cycles that we call cycles of type IIa. With the chosen distribution of signs these cycles are in the orthant x_5x_3x_4 and x_3. Consider the edge E corresponding to the 4-simplex shown on Figure 8.14. The point p of the ef-section that carries the sign “-” is the vertex of four triangles in this section as shown on Figure 8.15. The point p is isolated in this section. The edges corresponding to the four triangles together with [B^{1,2k}_2 , B^{3,2k+1}_2 ] form the cycle containing E.

Cycles of type IIb

The cycles of type IIb are those containing an edge E corresponding to the 4-simplex shown on Figure 8.16. With the chosen distribution of signs, they appear in the orthants x_3x_4 and x_5x_3. The description of cycles of type IIb is similar to the above one. Let E be the edge shown on Figure 8.16. Let p be the point in the ef-section that carries the sign “-”. The edge E is completed into a cycle by considering the three other triangles in (e, f) containing p.

Proposition 8.3 Let e_1 be a primitive segment of [A^0_2, A^4_2], and p an integer point in the interior of the horizontal section (A^0_1, A^1, A^2_1, A^3_1). There is a oneto-one correspondence between the pairs (e_1, p) and the cycles of type II. The number N_2 of cycles of type II is equal to l_2(m_1 − 1)(n_1 − 1) + α^{l2}_2 n_1(n_1 − 1). □

A^0_1 A^1

A^2_1 A^3_1

f e f

+ - +

B^{0,2k}_2 B^{2,2k+1} 2 - + B^{3,2k+1}2

B^{1,2k}_2 d a

Figure 8.14: Typical edge of a cycle of type IIa

A^0_1 A^1

A^2_1 A^3_1

f e f

+

- + + + B^{0,2k}_2 B^{2,2k+1} 2 - + B^{3,2k+1}2

B^{1,2k}_2 d a

Figure 8.15: complete cycle IIa

A^0_1 A^1

A^2_1 A^3_1

e f e

-

+

+ B^{3,2k+12}

B^{1,2k}_2 d a B^{0,2k}_2 B^{2,2k+1} 2 +

-

Figure 8.16: Typical edge of a cycle of type IIb

8.2.3 Type III cycles

The third type of cycles looks like the second one, except the fact that the roles of (e, f) and (a, d) are exchanged.

Cycles of type IIIa

With the chosen distribution of signs, the cycles of type IIIa below are in the orthants x_4 and x_3x_4. Let E be the edge corresponding to the 4-simplex shown on Figure 8.17. Let p be the point in the part of Δ̂_1 represented on Figure 8.17 that carries the sign “-”. The edge E is completed to a cycle (as in the case of cycles of type II) by considering the three other triangles of the part of Δ̂_1 represented here that contain p.

Cycles of type IIIb

Let E be the edge corresponding to the 4-simplex drawn on Figure 8.18. It can be completed to a cycle exactly as the cycles of type IIIa. These cycles appear in the orthants x_3 and x_3x_4.

Proposition 8.4 Let e_1 be a primitive edge of [A^0_1, A^2_1], and p an integer point in the interior of (A^0_2, A^1_2, A^4_2) (resp., (A^2, A^3_2, A^4_2)) with odd third coordinate (resp., even third coordinate). There is a one-to -one correspondence between the pairs (e_1, p) and the cycles of type III. The number N_3 of cycles

A^0_1 A^1

A^2_1 A^3_1

e f

+

- B^{3,2k+12}

B^{1,2k}_2 a B^{0,2k}_2 B^{2,2k+1} 2 +

+ d -

Figure 8.17: Typical edge of a cycle of type IIIa

A^0_1 A^1

A^2_1 A^3_1

e f

+

- B^{3,2k+12}

B^{1,2k}_2 B^{0,2k}_2 B^{2,2k+1} 2 d

a+

+

-

Figure 8.18: Typical edge of a cycle of type IIIb of type III is equal to (m_2 − 2)^{l2−1}_2 n_1 +^1_4 αμn_1l_2(l_2 − 2) if l_2 is even, and (m_2 − 2)^{l2−1}_2 n_1 +^1_4 αμn_1(l_2 − 1)^2 if l_2 is odd. □

8.2.4 Mixed cycles

The cycles we describe here are called mixed, because each of them is composed by edges of two different types.

Type I-II cycles

Cycles of type I-II split into two subtypes.

Cycles of type I-IIa

We start with an edge E_1 of type IIa corresponding to a 4-simplex that has 2 vertices on [A^0_1, A^1] (see Figure 8.19). The edge E_1 has a common endpoint with the edge E_2 of type Ia drawn on Figure 8.20. Notice that here the d-segment is on the boundary of Δ̂_2.

+ - +

A^0_1 A^1

A^2_1 A^3_1

f e B^{0,2k}_2 B^{2,2k+1} 2 B^{3,2k+1}_2

B^{1,2k}_2 d a + -

Figure 8.19: Type I-IIa : E_1

Consider two cases: either the point D^{0,2k+1,2j}_2 has the sign “+”, or it has the sign “-”. If D^{0,2k+1,2j}_2 has the sign “+”, then the edge E_2 has a common endpoint with the edge E_3 represented on Figure 8.22. The edge E_3

A^0_1 A^1

A^2_1 A^3_1

+ e -

B^{3,2k+1} 2

B^{1,2k}_2 + B^{0,2k}_2

D^{0,2k+1,2j} 2

a

-

D^{1,2k+1,2j} 2

d

c

B^{2,2k+1} 2

Figure 8.20: Type I-IIa : E_2

is obtained from E_2 by the symmetry with respect to the cd-section. Notice that on Figure 8.22, we represented the symmetric prism to the prism of Figure 8.20 by changing the segment of slope a.

In the case when D^{0,2k+1,2j}_2 carries the sign “-”, the edge E_2 has a common endpoint with the edge E_2^′ which is obtained from E_2 by the symmetry with respect to the c-segment. The segment E_2^′ patches with its symmetric image with respect to the d-segment and so on until we reach the boundary of Δ̂_2. Denote by E_2^{′′} the latter edge. It is contained in a 4-simplex having a facet on the boundary of Δ̂_2. Then using the c-symmetry we pass to another symmetric copy s(Δ̂_2) of Δ̂_2 and get the edge E_2^{′′′} . Let p be the point in which the 4-simplex σ corresponding to E_2^{′′′} intersects a d-segment (see Figure 8.21). Then sign(p) = sign(B^{1,2k}_2 ) and we apply the cd-symmetry to E_2^{′′′} to get the edge E_3^{′′′} which patches with it.

We describe the rest of the edges forming the cycle in the case when D^{0,2k+1,2j} 2 carries the sign “+” (the case when D^{0,2k+1,2j}_2 has the sign “-” is similar). The edge E_3 patches with the edge E_4 of type IIa shown on Figure 8.23. Switch now from the triangle on Figure 8.23 to the other triangle containing the point with sign “-”. Then, we see that E_4 patches with the edge E_5 represented on Figure 8.24. Notice that E_5 has a common endpoint with a type Ia edge E_6 shown on Figure 8.25. Using the cd-symmetry we get the edge E_7 (see Figure 8.26). The edge E_7 patches with a type IIa edge E_8 of Figure 8.27 which has a common endpoint with E_1. This completes the cycle.

Remark 13 The only condition for the existence of the above cycles is the

A^0_1 A^1

A^2_1 A^3_1

+ e -

+ B^{0,2k}_2 a

B^{1,2k+1} 2

B^{1,2k}_2 B^{2,2k+1} 2 B^{3,2k+1}_2 d c

c

c d d

B^{0,2k+1} 2

- - -

- - - + Figure 8.21: Type I-IIa : Crossing Δ̂_2.

A^0_1 A^1

A^2_1 A^3_1

+ e -

B^{3,2k+1} 2

+ B^{0,2k+2} 2

D^{0,2k+1,2j} 2

a

-

D^{1,2k+1,2j} 2

d

c

B^{2,2k+1} 2 p

B^{1,2k+2} 2

Figure 8.22: Type I-IIa : E_3

+ - +

A^0_1 A^1

A^2_1 A^3_1

f e B^{0,2k}_2 B^{2,2k+1} 2 B^{3,2k+1}_2 B^{1,2k}_2 d a + - + a B^{1,2k+2}_2 B^{0,2k+2} 2

Figure 8.23: Type I-IIa : E_4

A^0_1 A^1

A^2_1 A^3_1

f e + - +

+

B^{0,2k}_2 B^{2,2k+1} 2 B^{3,2k+1}_2 B^{1,2k}_2 d a + - + a B^{1,2k+2}_2 B^{0,2k+2} 2

Figure 8.24: Type I-IIa : E_5

A^0_1 A^1

A^2_1 A^3_1

+ e - +

B^{3,2k+1} 2

+ B^{0,2k+2} 2

D^{0,2k+1,2j} 2

a

-

D^{1,2k+1,2j} 2

d

c

B^{2,2k+1} 2 p

B^{1,2k+2} 2

Figure 8.25: Type I-IIa : E_6

A^0_1 A^1

A^2_1 A^3_1

+ e - +

B^{3,2k+1} 2

B^{1,2k}_2 + B^{0,2k}_2

D^{0,2k+1,2j} 2

a

-

D^{1,2k+1,2j} 2

d

c

B^{2,2k+1} 2

Figure 8.26: Type I-IIa : E_7 existence of an orthant in which the point p_1 of Proposition 8.5 is isolated in its horizontal section, and the points B^{1,2k}_2 and B^{3,2k+1}_2 are of opposite signs. This is achieved either in orthant x_3, or in orthant x_5x_3x_4.

A^0_1 A^1

A^2_1 A^3_1

f e + - +

+

B^{0,2k}_2 B^{2,2k+1} 2 B^{3,2k+1}_2

B^{1,2k}_2 d a + -

Figure 8.27: Type I-IIa : E_8

Cycles of type I-IIb

The same kind of description can be used in the case of cycles of type I- IIb. Namely, start with the type IIb edge E_1 described on Figure 8.28. In the orthant x_3x_4 the edge E_1 has a common endpoint with the edge E_2 shown on Figure 8.29. In the orthant x_5x_4 the edge E_1 has a common endpoint with the edge E_2′ having the same description as E_2 (except that one has to change the sign of B^{0,2k}_2 shown on Figure 8.29). The cycle can be completed in the same way as it was done for the I-IIa cycles.

Remark 14 The only condition for the existence of the above cycles is the existence of the orthant in which the point p_1 of Proposition 8.5 is isolated in its horizontal section, and the points B^{0,2k}_2 and B^{2,2k+1}_2 are of opposite signs. This is achieved either in orthant x_3x_4, or in orthant x_3x_5.

Proposition 8.5 Let p_1 be an interior integer point of [A^0_1, A^1] (resp., [A^2_1, A^3_1]), and p_2 an interior integer point of [A^0_2, A^4_2] with odd (resp., even ) third coordinate. The pairs (p_1, p_2) are in a one-to-one correspondence with the cycles of

A^0_1 A^1

A^2_1 A^3_1 + -

+ f e

d a B^{0,2k}_2 B^{2,2k+1} 2 + - B^{3,2k+1}2

B^{1,2k}_2

Figure 8.28: Type I-IIb : E_1

-

A^0_1 A^1

A^2_1 A^3_1 + f

B^{1,2k}_2

D^{1,2k,2j+1} 2

B^{3,2k}_2

B^{0,2k}_2

D^{0,2k,2j+1} 2 b d

a

+

+

B^{2,2k+1} 2 -

Figure 8.29: Type I-IIb : E_2 type I-II. The number N_4 of these cycles is equal to (m_1−1)(l_2−1)+n_1α⌊^{l2}_2 ⌋.□

Type II-III cycles

There are four different sorts of cycles of type II-III. They differ by the symmetries that are used to describe them. For the first sort that we describe here, we use the d-symmetry and the f-symmetry. The sorts of cycles are labelled by the symmetries occurring in their description. For example, the first sort is called type II-III df. The three other sorts are type II-III ae, type II-III de, and type II-III af. The cycles of types II-III df, II-III ae, II-III de, and II-III af appear in the orthants x_4, x_3, x_5x_4, and x_5x_3, respectively.

Cycles of type II-III df

A^0_1 A^1

A^2_1 A^3_1

e f

+

- - B^{3,2k+12}

B^{1,2k}_2 a B^{0,2k}_2 + d B^{2,2k+1} 2 +

Figure 8.30: Type II-III df : E_1

We start with the edge E_1 of type IIIa shown on Figure 8.30. It has a common endpoint with the edge E_2 of type IIb described on Figure 8.31. All the points on the f-segment have the same sign.

The edge E_2 has a common endpoint with E_2^′ which corresponds to the neighboring triangle in the ef-section (see Figure 8.32). Continuing to climb down this f-segment we get to an edge corresponding to a 4-simplex having a facet on the boundary of Δ̂_2. We then pass to another symmetric copy

A^0_1 A^1

A^2_1 A^3_1

e

e

+

- f- - d a B^{0,2k}_2 B^{2,2k+1} 2 + - B^{3,2k+1}2

B^{1,2k}_2

Figure 8.31: Type II-III df : E_2

A^0_1 A^1

A^2_1 A^3_1

e

e

+

- f- -- - d a B^{0,2k}_2 B^{2,2k+1} 2 + - B^{3,2k+1}2

B^{1,2k}_2

Figure 8.32: Type II-III df : Travelling along the f-segment.

A^0_1 A^1

A^2_1 A^3_1

e

e

+

f - + - d a B^{0,2k}_2 B^{2,2k+1} 2 + - B^{3,2k+1}2

B^{1,2k}_2

Figure 8.33: Type II-III df : Changing of symmetric copy

of Δ̂_2 (see Figure 8.33), where we apply the f-symmetry and climb up the f-segment to Δ̂_2 in a similar way. Finally, we get an edge which patches with the edge E_3 on Figure 8.34. To pass from E_3 to the edge E_4 shown on Figure 8.35 we use the d-symmetry. Then, we do the same trick backwards to complete the cycle.

The cycles of type II-III ae can be described in the same way replacing the d-symmetry by the a-symmetry and the f-symmetry by the e-symmetry. We start with the edge E_1 of type IIIb described on Figure 8.36. The edge E_1 patches with the edge E_2 of type IIb (see Figure 8.37). Then we continue as for the type II-III df.

We now describe cycles of type II-III de. Start from edge E_1 of Figure 8.38. It patches with edge E_2 shown on Figure 8.39. Then, following the cycle, we have edges E_3 (see Figure 8.40), E_4 (see Figure 8.41), E_5 (see Figure 8.42) and E_6 (see Figure 8.43). Then, we use the e-symmetry to E_6 to get the next edge and continue to follow the cycle to complete it.

The type II-III af cycles can be described in the same way exchanging d and a and also e and f. An edge E_1 to start is described on Figure 8.44.

Proposition 8.6 Let p_1 be an interior integer point of [A^0_1, A^2_1], and p_2 an interior integer point of [A^0_2, A^4_2]. The pairs (p_1, p_2) are in one-to-one correspondence with the cycles of type II-III. The number N_5 of these cycles is equal to (n_1 − 1)(l_2 − 1). □

A^0_1 A^1

A^2_1 A^3_1

e f

+

- + e - B^{3,2k+1}_2

B^{1,2k}_2 a B^{0,2k}_2 + d B^{2,2k+1} 2 +

Figure 8.34: Type II-III df : E_3

A^0_1 A^1

A^2_1 A^3_1

e f

+

- + e - B^{3,2k+1}_2

B^{1,2k}_2 a B^{0,2k}_2 d B^{2,2k+1} 2 + +

+

Figure 8.35: Type II-III df : E_4

A^0_1 A^1

A^2_1 A^3_1

e f

+

- B^{3,2k+12}

B^{1,2k}_2 B^{0,2k}_2 B^{2,2k+1} 2 d

a

+

+ -

Figure 8.36: Type II-III ae : E_1

A^0_1 A^1

A^2_1 A^3_1

e f

+

-

-

B^{0,2k}_2 B^{2,2k+1} 2 - + B^{3,2k+1}2

B^{1,2k}_2 d a

Figure 8.37: Type II-III ae : E_2

A^0_1 A^1

A^2_1 A^3_1

e - f +

- B^{3,2k+1}_2

B^{1,2k}_2 a B^{0,2k}_2 + d B^{2,2k+1} 2 +

Figure 8.38: Type II-III de : E_1

A^0_1 A^1

A^2_1 A^3_1

e - f +

- B^{3,2k+1}_2

B^{1,2k}_2 a B^{0,2k}_2 + d B^{2,2k+1} 2 +

Figure 8.39: Type II-III de : E_2

A^0_1 A^1

A^2_1 A^3_1

e - f +

- B^{3,2k+1}_2

B^{1,2k}_2 B^{0,2k}_2 + d B^{2,2k+1} 2 a +

Figure 8.40: Type II-III de : E_3

A^0_1 A^1

A^2_1 A^3_1

e - f +

- B^{3,2k+1}_2

B^{0,2k}_2 + d B^{2,2k+1} 2 a + + + + + B^{1,2k}_2

Figure 8.41: Type II-III de : E_4

- -

+

- - - - -

A^0_1 A^1

A^2_1 A^3_1

e f

B^{0,2k}_2 B^{2,2k+1} 2 B^{3,2k+1}_2 B^{1,2k}_2 d a + -

Figure 8.42: Type II-III de : E_5

- -

+

- - - - - +

A^0_1 A^1

A^2_1 A^3_1 f e

B^{0,2k}_2 B^{2,2k+1} 2 B^{3,2k+1}_2 B^{1,2k}_2 d a + -

Figure 8.43: Type II-III de : E_6

A^0_1 A^1

A^2_1 A^3_1

e - f +

- - B^{3,2k+1} 2 B^{1,2k}_2 B^{0,2k}_2 + d B^{2,2k+1} 2 a

Figure 8.44: Type II-III af : E_1

8.2.5 Linear cycles

The cycles we describe here are composed by edges of three main types. We call these cycles linear. There are two sorts of linear cycles. The construction of the linear cycles of the first sort uses the cd-symmetry, and the construction of the linear cycles of the second sort uses the ab-symmetry. We describe here only the linear cycles of the first sort. With the chosen distribution of signs, these cycles appear in the orthant x_5x_4. The linear cycles of the second sort can be described in a completely similar way. They appear in the orthant x_5x_3.

Start from E_1 on Figure 8.45 and follow the cycle as described on Figures 8.46, 8.47, and 8.48. Notice that all the points of the e-segment on Figure 8.48 have the same sign. We climb up the e-segment and then switch to another symmetric copy of Δ̂_1. Apply the cd-symmetry to the edge E_5 and complete the cycle using the same trick backwards.

To describe the second sort kind of linear cycles, one can start with an edge described on Figure 8.50 and imitate the description above.

Proposition 8.7 There is a one-to-one correspondence between the interior integer points of [A^0_2, A^4_2] and the linear cycles. The number N_6 of linear cycles is equal to l_2 − 1. □

A^0_1

A^2_1 A^3_1

f +

- A_1 e

- B^{3,2k+1}_2

B^{1,2k}_2 a B^{0,2k}_2 + d B^{2,2k+1} 2 +

Figure 8.45: linear cycle : E_1

A^0_1

A^2_1 A^3_1

f +

- A_1 e

- B^{3,2k+1}_2

B^{1,2k}_2 B^{0,2k}_2 + d B^{2,2k+1} 2 a +

Figure 8.46: linear cycle : E_2

A^0_1

A^2_1 A^3_1

f +

- A_1 e

- B^{3,2k+1}_2

B^{0,2k}_2 + d B^{2,2k+1} 2 a + + + + + B^{1,2k}_2

Figure 8.47: linear cycle : E_3

A^0_1

A^2_1 A^3_1

f +

- A_1 e - - B^{0,2k}_2 B^{2,2k+1} 2 B^{3,2k+1}_2

B^{1,2k}_2 d a + -

Figure 8.48: linear cycle : E_4

B^{3,2k+1} 2

B^{1,2k}_2 + B^{0,2k}_2

D^{0,2k+1,2j} 2

a

-

D^{1,2k+1,2j} 2

d

c

B^{2,2k+1} 2

A^0_1

A^2_1 A^3_1

f e A^1 + -

Figure 8.49: linear cycle : E_5

A^0_1

A^2_1 A^3_1

A^1

f

e + -

- - B^{3,2k+1} 2 B^{1,2k}_2 B^{0,2k}_2 + d B^{2,2k+1} 2 a

Figure 8.50: linear cycle of the second kind : E_1

8.2.6 Proof of Theorem 8.1

Lemma 15 Under the hypotheses of Theorem 8.1, one has

b_∗(Y ) = (2λμ + αμ^2)(l^2_1l_2 + l^2l_1) − (2λμ + αμ^2 + 2λ + 2μ + αμ)l_1l_2 + 4.

Proof . - The statement immediately follows from Theorem 2.18. □

Lemma 16 Under the hypotheses of Theorem 8.1, the total number of cycles described is equal to (λμ+^1_2 αμ^2)(l^2_1l_2 +l^2l_1)−(λμ+^1_2 αμ^2 +λ+μ+^1_2 αμ)l_1l_2 +1.

Proof . - We evaluate the sum

∑_6 i=1 N_i substituting λl_i for m_i and μl_i for n_i, and get the result. □

There exists one cycle more that we did not describe. It contains, for example, the edges of type I intersecting the base of Δ̂_2. Thus, Y is maximal. □

Bibliography

[Bri94] M. Brion. Points entiers dans les polytopes convexes. Astérisque 227 , Séminaire Bourbaki 780, 1994.

[Bru28] L. Brusotti. Sulla curva completa intersezione di due superficie algebraiche reali (italian). Rend. Ist. Lomb., 2:470–476, 1928.

[BV97] Michel Brion and Michele Vergne. Lattice points in simple polytopes. J. Amer. Math. Soc., 10(2):371–392, 1997.

[Dai00] D. Dais. Über unimodulare, kohärente Triangulierungen von Gitterpolytopen. Beispiele und Anwendungen. lecture note of the talk at the Grenoble summer school : Géométrie des variétés toriques 2000. 19 pages, 2000.

[DK87] V. Danilov and A. Khovanskii. Newton polyhedra and an algorithm for computing Hodge-Deligne numbers. Math. USSR Izvestiya vol 29 No 2, pages 279–298, 1987.

[DK00] A. Degtyarev and V. Kharlamov. Topological properties of real algebraic varieties: Rokhlin’s way. Uspekhi Mat. Nauk, 55(4(334)):129–212, 2000.

[Ehr94] E. Ehrhart. Un théorème arithmo-géométrique et ses généralisations. L’ouvert n. 77, pages 33–34, 1994.

[Ful93] W. Fulton. Introduction to toric varieties. Princeton University Press, 1993.

[GH78] P. Griffiths and J. Harris. Principles of algebraic geometry. John Willey and Sons, 1978.

[GKZ94] I. Gelfand, M. Kapranov, and A. Zelevinsky. Discriminent, Resultants and Multidimensional Determinants. Springer-Verlag, 1994.

[Haa98] Bertrand Haas. Ph. D. thesis. 1998.

[Har76] A. Harnack. Uber Vieltheiligkeit der ebenen algebraischen Curven. Math. Ann, 10:189–199, 1876.

[Hov77] A. G. Hovanskiĭ. Newton polyhedra, and toroidal varieties. Funkcional. Anal. i Priložen., 11(4):56–64, 96, 1977.

[Hov78] A. G. Hovanskiĭ. Newton polyhedra, and the genus of complete intersections. Funktsional. Anal. i Prilozhen., 12(1):51– 61, 1978.

[Ite95] Ilia Itenberg. Counter-examples to Ragsdale conjecture and T - curves. In Real algebraic geometry and topology (East Lansing, MI, 1993), volume 182 of Contemp. Math., pages 55–72. Amer. Math. Soc., Providence, RI, 1995.

[Ite97] I. Itenberg. Topology of real algebraic T-surfaces. Revista mathematica univ. complutense de Madrid, 10, no. supp.:131–152, 1997.

[IV96] Ilia Itenberg and Oleg Viro. Patchworking algebraic curves disproves the Ragsdale conjecture. Math. Intelligencer, 18(4):19– 28, 1996.

[IV02] I. Itenberg and O. Viro. Maximal real algebraic hypersurface of projective space. to appear, 2002.

[KKMSD67] G. Kempf, F. Knudsen, D. Mumford, and B. Saint-Donat. Toroidal Embeddings I. Springer-Verlag, 1967.

[Mik] G Mikhalkin. Maximal real algebraic hypersurfaces (in preparation).

[Stu94a] Bernd Sturmfels. On the newton polytope of the resultant. Journal of Algebraic Combinatorics, (3):207 – 236, 1994.

[Stu94b] Bernd Sturmfels. Viro’s theorem for complete intersections. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 21(3):377–386, 1994.

[Vir84] Oleg Viro. Gluing of plane algebraic curves and construction of curves of degree 6 and 7 (lnm 1060). Lecture Notes in Mathematics, pages 187–200, 1984.

[VLW92] J. H. Van Lint and R. M. Wilson. A Course in Combinatorics. Cambridge university press, 1992.

[Wil78] George Wilson. Hilbert’s sixteenth problem. Topology, 17(1):53–73, 1978.

[Zie95] G. Ziegler. Lectures on polytopes. Springer-Verlag, 1995.