REVISITING THE COMBINATORICS OF THE 2D ISING MODEL
DMITRY CHELKAK, DAVID CIMASONI, AND ADRIEN KASSEL

ABSTRACT. We provide a concise exposition with original proofs of combinatorial formulas
for the 2D Ising model partition function, multi-point fermionic observables, spin and energy
density correlations, for general graphs and interaction constants, using the language of
Kac-Ward matrices. We also give a brief account of the relations between various alternative
formalisms which have been used in the combinatorial study of the planar Ising model: dimers
and Grassmann variables, spin and disorder operators, and, more recently, s-holomorphic
observables. In addition, we point out that these formulas can be extended to the double-
Ising model, defined as a pointwise product of two Ising spin configurations on the same
discrete domain, coupled along the boundary.
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1. INTRODUCTION

1.1. Overview. The two-dimensional Ising model — famous toy-model of magnetic interac-
tion introduced by Lenz and initially studied by Ising [50] in dimension 1 —has been the subject
of extensive activity following the proof of existence of a phase transition by Peierls [87], the
prediction of its critical temperature by Kramers and Wannier [71], and the computation of
its free energy by Onsager [85] and Kaufman [64] [65]. There have been literally thousands
of papers on the subject and a standard gateway to the main developments of the last cen-
tury is the classical text of McCoy and Wu [81), Chapter I]. This book focuses on one of the
mainstream approaches to the study of the Ising model: the combinatorial method, which in
contrast to the algebraic method of Onsager—-Kaufman, is based on combinatorial bijections.
The founding papers of this method include a series of works by Kac, Ward, Potts, Hurst,
Green, Kasteleyn, Montroll, Fisher, and others [58, 02| 47, 62, R3], 37]. Yet an alternative
approach was proposed by Baxter and Enting [5] based on invariance under local star-triangle
transform of the underlying planar graph [4]. These techniques enabled a broad understand-
ing of the (infinite-volume limit of the) model, which by the 1970s was widely considered to
be a successfully closed case in the mathematical physics community.

In more recent times, a deep algebraic structure of (infinite-volume) spin correlations on
regular 2D lattices was found, in particular due to the work of Wu, McCoy, Tracy, and
Barouch [I08] on Painlevé equations, the work of Sato, Miwa, and Jimbo [93 [56] [55] on
isomonodromic deformations and 7-functions, and the related work of Perk [88] (see also [80])
and Palmer [86]. This is surveyed in [81, Chapter XVII]. In the 2000s, the model was re-
vived yet again by Smirnov [99] [101], when Schramm’s invention [94] of SLE curves led
to the emergence of a new field focusing on rigorously proving convergence of 2D lattice
models to their conformally invariant continuum counterparts using discrete complex anal-
ysis techniques. This allowed new developments concerning the fine understanding of the
conformal invariance of the critical Ising model in general planar domains, both from the
geometric (convergence of interfaces to SLE curves) and the analytic (confirming Confor-
mal Field Theory predictions for the scaling limits of correlation functions) viewpoints;
see [100L 36l 2], [46] 43, 44, 19, 18, 66, 17, B3, B4]. A number of related results can be
found in [35], 6, B0, 13, 14, 45, B8] [16] [7]. In parallel, further developments were made on
various algorithmic and algebraic aspects of the model (e.g., see [78] and [70]).
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This paper is about the combinatorics of the 2D nearest-neighbor Ising model on general
finite weighted graphs and one of its main goals is to make the basic methods and formalisms
used in most of the works cited above better known and available in a practical way to
the probability and combinatorics community which has been rather active on this topic re-
cently [10, 1T, 12} 26} 23], [72] 25, [60, (74 [75] [34], 40, 8, [9]. To that end, we focus on presenting
and proving combinatorial formulas for the partition function, multi-point fermionic observ-
ables, and spin and energy density correlations (see Section [2]for the planar case and Section @]
for the extension to surfaces). The preferred language we use throughout the paper is that
of Kac—Ward matrices (see Section [[3]), and although it is hard to claim originality in view
of the rich and overwhelming history and literature on the subject, we do give simple and
general proofs of many results for which we have not been able to find any explicit reference.
A notable example is the famous Kac-Ward formula (LE) for which we provide a very short
proof in Section 2l A motivation for discussing these combinatorial formulas in their full
generality is the many open directions that still remain, including the Ising model in random
media, spin glasses, the Ising model on random maps and non-integrable Ising models. Note
that some progress was made on the last topic a few years ago [39], where the energy density
field of the near-critical Ising model with finite range interactions was shown to be univer-
sal in the limit, following a rigorous application of the renormalization group methods and
taking advantage of the classical Grassmann variables representation of the model. Another
approach to reveal the Pfaffian structure of correlation functions arising in the limit of the
(critical or near-critical) non-integrable Ising model was recently suggested in [1]. It is based
on the so-called random current representation of the model, which also has been the subject
of renewed interest in the nearest-neighbor case, see [15] [79].

Similarly to the fact that all problems on random walks (whether classical, in random
environment, on random graphs, etc.) have the same underlying structure of discrete har-
monic functions, the structure underlying the 2D nearest-neighbor Ising model is that of
s-holomorphic functions, a definition introduced in [2I] to encode a stronger version of dis-
crete Cauchy-Riemann identities for some combinatorial observables arising in the model.
Similar objects (discrete fermions satisfying some local relations aka propagation equations)
go back to the founding papers on the subject, which use several different languages to de-
scribe the same structure. Despite the fact that all these languages are essentially equivalent
to one another, we do not know of a reference providing an explicit exposition of the links
between them (of course, it should be said that such links are part of the folklore surrounding
the Ising model). In view of the recent activity in the field, we believe it useful to provide
such an exposition in one place (intended in particular for combinatorialists and probabilists)
and thus devote Section [ to proving these equivalences, in particular the one between spin-
disorders [59] and Grassmann variables [96], considered on double-covers.

In addition, we provide an extension of these combinatorial formulas to the double-Ising
model; see Section This model, defined as a pointwise product of two Ising spin configura-
tions on the same discrete domain, coupled along the boundary, is related to the bosonization
of the Ising model (e.g., see [27, Chapter 12] or [84] Section 12.4]), a topic which has been
revived and studied from the combinatorial point of view recently [30] 12 26]. The critical
double-Ising model was also studied in the physics literature (see in particular [48, 49] [90])
in the context of the Ashkin—Teller model, a four-state spin model of which it is a special
case. Similarly to the known relation between the scaling limit of interfaces arising in the
Ising model at criticality [I7] and conformal loop ensembles [97], Wilson [107] conjectured a
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relation between the interfaces arising in the double-Ising model at criticality (considered on
the hexagonal lattice) and the set of “level lines” of the Gaussian Free Field [95, 105]. In
Section [5.3] we discuss whether the combinatorial formulas could play a role in understanding
this passage to the scaling limit as they do for the critical (single-) Ising model [17].

The paper is organized as follows. In the remainder of Section [l we give a detailed
presentation of our main results in the case of planar graphs. In Section Bl we prove the
statements concerning the planar Ising model. In Section B we present an overview of the
links between various formalisms that have been used in the study of the Ising model. In
Section M we generalize the results and proofs of Section 2 to the surface case. Finally, in
Section [Bl, we prove the results concerning the double-Ising model.

1.2. Partition function, combinatorial expansions, and embeddings. Let G be a finite
connected graph with vertex set V(G) and set of unoriented edges E(G). The Ising model
on G is defined as follows. A spin configuration o is the assignment of a +1 spin to each
vertex of the graph. For each (unoriented) edge e = {u,v} € E(G), let J. = J,, € R be an
interaction constant and denote by J the collection of all J.. Consider the Hamiltonian

H(U) = - Z{U,U}EE(G) Ju,v OuOvy - (11)

For a fixed nonnegative real 3, called the inverse temperature, the Ising model is the proba-
bility distribution on spin configurations given by

PG(U) = PG,ﬁ,{Je}eeE'(G) (U) = [Zﬁ(G7 J)]il : eXp[_ﬂH(U)] )
where the normalizing factor

Z3(G,J) = Ypeqryvie) exp[=FH(0)]
is called the partition function of the model.

It is convenient to introduce two polynomials encoding the combinatorial structure of the
model. For that matter, we let = = (z.)ccp(q) be a collection of variables and view (G, x) as
a weighted graph. For any subset of edges E C E(G), we define 2(E) := [[.cp 7e-

Let £(G) be the set of all subgraphs with even vertex-degrees, called even subgraphs. The
high-temperature polynomial is defined to be

Zhigh (G, @) =3 peg(q) @(P).

As first observed by van der Waerden [103], the fact that the products of spins is always +1
and some cancellations due to parity yield

25(G,J) = (2VOMepc) cosh[Be]) - Zhig(G, (ze:=tanh[B1])cerc)) - (1.2)

The low-temperature, or domain-walls, expansion is another useful polynomial expansion
which has a straightforward interpretation in terms of spin configurations on the dual graph
to G. It requires the choice of an embedding of G into a surface ¥ possibly with boundary
(given by a disjoint union of topological circles); the embedding is such that each of the
components of ¥\ G is a topological disk. We let G* be the dual graph of G with respect to
the surface ¥ to which we glue a topological disk to each boundary component: this ensures
that there is one vertex in G* per boundary component of G, we denote the set of those
by Vout (G*). For any edge e € E(G) we write e* for its dual edge. If the graph is planar, we
shall write uqy for the unique element of Vo, (G*) corresponding to the unbounded face of G.
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We consider an Ising model on G*. The specification of boundary conditions for this
model consists in assigning a fixed value to each of the spins at vertices from Vg, (G*). In
particular ‘4’ boundary conditions are obtained by fixing all of these values to +1. The set of
spin configurations on G* with ‘4’ boundary conditions, is in bijection with the set of domain
walls between clusters of +1’s and —1’s, i.e. the set

&(G) = {Pe&(G) : [P]=0¢€ Hi(%;Z2)}

of even subgraphs of G that bound a collection of faces. (Although we do not write it
explicitly in the notation, £ (G) implicitly depends on the embedding of G in X.) Given a
spin configuration o on G* with ‘+’ boundary conditions, we let P(0) € £(G) be the even
subgraph representing the domain walls of 0. Let

Zg* (G*’ J) = de{il}V(G*): ou=+1 for all u€Vout(G*) exp[—B*H*(a)]

be the partition function of the Ising model on G* with ‘4’ boundary conditions and the
inverse temperature $*, where the Hamiltonian H*(o) on G* is defined similarly to (L)) via
interaction constants Je«. By defining the low-temperature polynomial to be

ZIOW,E(GVI) = ZPG&)(G’) 'I(P)a

one readily has
25.(G*J) = ([Terepar 08" Jer]) - Ziow s(G, (ze i =exp[=26"Jeseer(c)) - (1.3)
For planar graphs (i.e. when ¥ = C is the plane), we have & (G) = £(G) and simply denote
Z1sing (G, ) = Ziow,c(G, %) = Znigh(G, ) .

Note that this equality relates the partition function of an Ising model on a planar graph G
and another one on G* provided the interaction constants and inverse temperatures satisfy,
for each edge e € F(G) and its dual e* € E(G*), the relation tanh[.J.] = exp[—25*Jex],
which can be rewritten in a symmetric way as

sinh[28J,] sinh[28" J«] = 1.
This is the Kramers-Wannier duality [71] and it has an extension to surface graphs [24].

One can also consider ‘free’ boundary conditions on (some of) the boundary components
of ¥ instead of ‘4’ ones. This can be obtained by setting the corresponding interaction
parameters x. = exp|—28Je+] to 1 in the right-hand side of (L3]) and modifying the prefactor
accordingly. In particular, all results we present below for ‘+’ boundary conditions can be
easily generalized to ‘free’ ones and we shall not comment about this further in the text.

We now briefly explain how the 2D Ising model is naturally associated to the topological
notions of double covers and spin structures, see Sections [[LE, B.2] B3] and [ for more de-
tails. Consider the Ising model on a planar graph G* and fix some faces uq,...,u,, of G. In
order to compute spin correlations IEJ(E* [Ouy - - 0w, |, one may take advantage of the domain
walls expansion and twist the weights x. by changing their signs on cuts linking w1, ..., um,
and ugy; in such a way that all configurations are weighted by oy, ...0y,,. This gives a
polynomial 2}, .,.](G, ) such that EE* [Ouy - Ou] = Zuy,..oum] (G5 T) / Zising (G, ) and the
underlying topological structure is that of a canonical double cover of G branching over all the
faces u1,...,u;,. For planar graphs, this leads to a representation of spin correlations as ratios
of two Pfaffians due to the well-known integrability of the 2D Ising model. There is another
way to treat spin correlations: consider a punctured plane C\ {u1,...,u;} and note that the
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probability of oy, being +1 for all j is simply the ratio Zigw c\{us,...un}(G> ) / Zising(G, 7).
Therefore, Eg* [0y - - 0u,,] can be written as a linear combination of such ratios and, vice
versa, Zlow,(C\{ul,..,um}(G’x) is a linear combination of 2" Pfaffians corresponding to all the
possible double covers of the punctured plane ¥ = C \ {uq,...,un}, which are classified
by Hom(m1(X),Z2) = H'(X;Z3). When one works with graphs embedded in a general sur-
face X, a similar phenomenology comes into play: the polynomial Zjuy »:(G, ) is equal to a
sum of several Pfaffians but one needs a clever topological tool to index them, the so-called
spin structures [82] 22], which form an affine space over H'(X;Z3); see Section @ for details.

Throughout the introduction, Section 2l and Section [3] we assume that the finite weighted
graph (G, z) is embedded in the plane, with edges given by straight line segments. However,
in Section @ we show that most of these results (and proofs) extend to the general case of
finite weighted graphs embedded in surfaces. The main additional tool needed is the notion
of spin structures mentioned above.

1.3. The Kac—Ward matrix and the terminal graph. Let E G) be the set of oriented
edges of G. We shall denote by o(e) € V(G) the origin of e € E(G), by t(e) € V(G) its
terminal vertex, by € € E(G) the oriented edge with the same support as e but the opposite

orientation, and extend z to a symmetric (under change of orientation) function on E(G)
Given two oriented edges e, ¢’ such that t(e) = o(€’) and €’ # €, one can consider the oriented
angle w(e,€') € (—m,m) between e and ¢/, see Fig. [Tal

The Kac—Ward matriz associated to the weighted graph (G, x) is the \B(G)] X \B(G)\
matrix
KW(G,z):=1-T,
where I is the identity matrix and T is defined by
T {exp[% w(e, )] - (zexe ) if t(e) = o(e’) but ¢ # é&;

. (1.4)
0 otherwise.

The famous Kac—Ward formula [58] claims that
det[KW(G, )] = [Z1sing (G, 7)), (1.5)

and it was an intricate story [98], [104] 28], 60, [42] to give a fully rigorous proof of this identity for
general planar graphs; see a recent paper [76] by Lis for a streamlined version of the classical
approach to (). This formula was generalized to graphs embedded in surfaces in [22]. Note
that the classical Kac-Ward matrix KW(G, z) is neither Hermitian nor anti-symmetric but
there is a simple transformation revealing these symmetries. Indeed, denote

K=K(G,z) :=J-KW(G,z), where J.o = ¢ (1.6)

(this multiplication by J barely changes the determinant of KXW(G,x), which simply gets
multiplied by det J = (—1)F(@)I). Then,

1 if e/ =€
Kee = ¢ —expliw(e, )] (zewe)/?  if o(e) = o(e’) but ¢’ # e; (1.7)
0 otherwise;

and it is easy to see that K = K*. Furthermore, for each oriented edge e € ﬁ(G), let us fix
a square root of the direction of the straight segment representing e on the plane and denote
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(a) The angle w(e,e’) for two edges e, e’ satisfy-  (b) The local procedure used to construct the
ing t(e) = o(e’) terminal graph G¥ from G

FIGURE 1

by ne its complex conjugate multiplied by a fixed unimodular factor . The latter factor plays
no role in the most part of the paper (and hence the reader can simply think of { = 1) except
Sections and 5.3 where it is convenient to use the value ¢ = ¢’4. Denote by U the diagonal
matrix with coefficients {ne} 3 @) and set

K :=iU*KU. (1.8)

Because of the above choice of square roots, the matrix K is not canonical, whereas K is (given
the embedded graph). It is easy to see that the matrix K is anti-Hermitian with real entries,
and thus anti-symmetric. Moreover, it has the same determinant as the original Kac-Ward
matrix KW(G,z). The last simple observation is that K can be thought of as a weighted
adjacency matrix of the terminal graph G¥ which was introduced by Kasteleyn [62, Section V]
and initially called the “cluster lattice”. Let us now recall the definition of this graph.

Given a weighted graph (G,z), its terminal graph G¥ is obtained by inserting at each
vertex v of G (of degree d(v)) a clique Kg,), as illustrated in Fig. [l We shall say that an
edge of GX is short if it is part of one of these complete subgraphs, and long otherwise (i.e. if
it comes from an edge of G). Given edge weights 2 = (z¢).cp on G, we shall denote by = the
edge weights on G¥ obtained by assigning weight 1 to all long edges and weight (xexe/)l/ 2 to
the short edge corresponding to the two adjacent edges e, e’ € E(G). Note that the mapping
of an oriented edge of G to the origin vertex of the corresponding long edge in G¥ yields a
natural bijection between the sets B(G) and V(GX), which we use to identify them. Note
that the terminal graph is in general neither planar nor bipartite.

Surprisingly enough, this, almost trivial, link between the two combinatorial techniques:
expansions of the Kac-Ward determinant and the study of dimers on the terminal graph,
seems to have remained almost unknown to date. It is even more astonishing that some
version of the above reduction of KXW(G, x) to K was known as early as 1960 to Hurst and
Green, who worked with the translationally invariant Ising model on the square lattice and

mentioned it to claim the first complete derivation of the Kac—Ward formula in this particular
case [47, p. 1062].

1.4. Pfaffian formulas for the partition function and combinatorial observables.
Recall that K is a real anti-symmetric matrix obtained from the Kac-Ward matrix XW(G, x)
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via (6] and (L]). In particular,
det[KW(G,z)] = detK = (Pf[K])2.
Theorem 1.1. For any planar weighted graph (G, z), one has
Zising (G, ) = £ PE[K],

where the sign in the right-hand side is fized by the condition that the constant (in xz) term
equals +1. As a consequence, the Kac—Ward formula (ILH) holds for any planar graph (G, x).

Remark 1.1. On the square lattice, this theorem provides a standard way to express the
partition function of the Ising model in terms of the so-called Grassmann variables, see further
details in Section For this particular case, its proof can be found in many textbooks
but not in connection with the Kac-Ward formula: the matrix K, corresponding to some
particular choices of 7, for oriented edges of four different types, is introduced per se, as a
clever tool to count the signed partition function of dimers (aka perfect matchings) on the
corresponding non-planar terminal lattice. (Such a partition function can be easily seen to be
equal to Zising (G, ), see Section 2.11) To the best of our knowledge, it does not appear in the
literature in the full generality of finite planar weighted graphs. However, its key ingredients
were known to Kasteleyn and Fisher in the 1960s though presumably not in connection
with the Kac-Ward matrix and the induced orientations of G¥; see [62, Section V] and [37,
Section 1] and note that the descriptions of configurations P € £(G) via dimers on G¥ used
in [62] and [37] differ from one another.

It is well-known [74] 24] that the entries of the inverse Kac-Ward matrix can be represented
as the two-point combinatorial observables proposed by Smirnov [99, [100] as a convenient tool
to study the scaling limit of the critical Ising model in arbitrary planar domains. Since then,
these observables are usually defined in a self-contained way, but it is worth noting that their
definition grew from considerations made by Smirnov jointly with Kenyon [101, Remark 4]
on dimer techniques applied to the so-called Fisher graph; see more details in Section Bl

The next theorem, Theorem [[L2] extends this combinatorial interpretation to the Pfaffian
minors (that is Pfaffian of square submatrices) of the inverse matrix K~!, which correspond to
the 2n-point observables. The latter were recently used [43],[19, 53] in the context of the critical
Ising model but, to the best of our knowledge, Theorem does not appear in the literature
in this generality (e.g., the proofs given in [43, 19, 53] rely upon some particular feature of
the model at criticality, see also a discussion in [45, Section 4.5]). This expansion is also
important to justify the link between the two classical formalisms developed to study the 2D
Ising model: Grassmann variables and disorder insertions; see further details in Section 3.4

We need some notation. Let (G, z) be the weighted graph obtained from (G, z) by adding
a vertex z. in the middle of each edge e of G, and by assigning the weight z.'/? to both result-
ing edges of G¥. Given a collection E = {e1,...,ea,} of oriented edges of G, let C(eq, ..., ea,)
denote the set of subgraphs P of G that do not contain the edges (o(ez), ze, ), do contain the
edges (2, ,t(ex)) provided € ¢ E, and such that each vertex of G¥ different from 2, , . .., ze,,
has an even degree in P. Note that C() is nothing but the set £(G) of even subgraphs of G.

To each configuration P € C(ey,...,ea,), we shall now assign a sign 7(P) € {£1}. In
order to do so, we resolve all its crossings (vertices with degree more than 2 in P) to obtain
a decomposition P = C' U~ U--- U ~,, where C is a collection of disjoint simple loops,
and 71, ...,7, are simple paths matching the half-edges (z¢,,t(€e1)), ..., (Ze,,,t(€2r)); in case
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there are pairs e, € in E, we declare the corresponding v to be empty paths formally matching
such pairs. Let us choose arbitrary orientations of the paths 4 and denote by s a permutation

of {1,...,2n} such that each of v goes from z_,, ,, t0 2, . Following [43], we set
n
7(P) := sign(s)- H (z‘nes(%_l)ﬁes(%) exp[—3 Wind("}/k)]) , (1.9)
k=1

where wind () denotes the total rotation angle of the velocity vector of v when it runs
from ze,,, ) 10 Ze,, ; we formally set wind(yz) := 0 in case egor_1) = €s(2k) and so v, = 0.

The sign 7(P) is obviously independent of the numbering of the paths - and one can
easily see that it also does not depend on their orientations. Moreover, one can check that
it is independent of the smoothing of P, i.e. the way how P is split into C and -y, see
identity (2.5]) in Section 2 for more comments. We are now able to formulate the next result.

Theorem 1.2. For any planar weighted graph (G, x) and any set of oriented edges ey, . . ., €y,
the following combinatorial expansion is fulfilled:

PIK, ., oy = [Zeng(Goo)] ™ Y 7(P)a(P).
PeCleq,...,ean)

Remark 1.2. The case n = 1 leads to the standard combinatorial definition of two-point
observables as sums over the set C(e,e’), while for n > 1 one recovers the combinatorial
definition of multi-point observables as sums over C(ey, ..., eay), cf. [43, 19, 53]. Theorem [[Z]
claims that the latter are Pfaffians of the former, see also Section for the discussion of the
combinatorial definition of complex-valued fermionic observables.

1.5. Spin and energy density correlations. We now move on to combinatorial formulas
for spin correlations. In this section we deal with the (domain walls expansion of the) Ising
model on the dual graph G* or, equivalently, with the Ising model on faces of G with ‘+’
boundary conditions, which means that we fix the spin of the outer face uqyt of G to be +1.
Given faces u1,...,um of G, let us fix some collection » = s, .1 of edge-disjoint paths
on G*, which link uy,...,u,, and, possibly, uy, so that each of uy,...,uy, € V(G*) has an
odd degree in the union of these paths. Further, let I, ,,,) denote the diagonal matrix with
entries
-1 ifee E(G) intersects ;
(Tt i) ) g o = {

+1 otherwise.
We now define the modified Kac—Ward matrix, labeled by oriented edges of G, to be

’CW[ul,..,um] = KW[ul,..,um}(Ga 'I) = I[ul,..,um} - T,
where T is given by (L4]). Similarly to (L6)), (L8], we define
K[ul,--,um} = K[ (G,x) =J- ’CW[u17..7um](G,$) and K[ul,--,um] = iU*K[ul,..,u }U .

Note that all these matrices depend on the choice of the collection of paths 3 = sy, .
linking the faces uq,...,uy and uey, which is implicit in the notation. Let |»| denote the
number of edges in 5. The following result is a simple consequence of Theorem [Tl

Ulv--vum] m

Proposition 1.3. For any planar weighted graph (G, z) and uq, ..., u, € V(G*), we have

P Ky ] det KWy, w112
[ 1.4 m} — i [ 1y--2y m]
Pf[K] det KW ’

Eflow - 0u,) = (=1 (1.10)
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where Eg* denotes the expectation in the Ising model at inverse temperature 3 on the dual
graph G* conditional on oy, = +1, and x. = exp[—28Je+] for all e € E(G).

Remark 1.3. Equation (LI0) can be rewritten as a ratio of determinants of discrete O-type
operators; see Section in particular Remark B.7 and Remark BI0(i). These operators
share many important properties with their continuous counterparts, especially if one starts
with the self-dual Ising model considered on the so-called isoradial graphs (we refer the reader
interested in this subject to [82] [67, 20] and [33]). Identities similar to (II0) also appeared
in [26, 30] in connection with the double-Ising model and dimer techniques for it.

We now focus on the particular case when m = 2n is even and uq,...,u,, are given by n
pairs of neighboring faces ugk_1, uok, each pair being separated by an edge e € E(G). Let

€ep = Ougy_1O0ugy

denote the so-called energy density at the edge ej, and let E = U}_,{ex, €} C E(G) be the
corresponding set of 2n oriented edges (each edge ey is taken along with is reverse éx). In
this case, there is a natural choice of the collection of paths s = [, 4, linking uq,. .., uz,
simply given by taking all the dual edges ej,...,e}. For this choice of s, Proposition [[3
reads

Pf[K — 27 ~ A, ife —=e:
EJ(E* [861 T aen] = (_1)nM ) with (JE)&GI - {Znene ol )

Pf] K ] 0 otherwise.

Note that Jg is a real anti-symmetric matrix with +1 entries depending on the choices of 7., .
Since Jg vanishes on E(G) \ E and —j}% is the identity matrix on E, we have

det[I — Qj\Eﬁfl] = det[I — 2:]\}3}?71 ]e,e/eE = det[jE + 2K71 ]e,e/eE ,

and hence
Ef.lee, - ce,] = £PEJp+2K ! o ecr,
with the £ sign depending on the ordering of E = {e;,€1,...,e,,€,} and the choices of 7, .

Remark 1.4. (i) This Pfaffian formula for multi-point energy density expectations can be also
deduced from Theorem Indeed, if e € E(G) and a spin configuration o € {+1}V(@") is
encoded by domain walls P € £(G), then (. + 1) is the indicator of the event e ¢ P. On
the other hand,

Cler,e1,...,en, ) ={P €&(Q) :e1,...,en & P},

and the sign 7(P) = []};;_; (i1¢,77z, ) is independent of P on this set. Therefore, if one chooses
a proper ordering of the oriented edges of G according to the choices of 7., , Theorem
implies

Ef[3(ee,+1) ... 2(ee, + )] =PHK . rer .- (1.11)
In other words, edges of G carrying the values e, = +1 form a Pfaffian process with the
kernel K—!, and the formula for Eg* [€e; - - e, ] given above easily follows by multilinearity.
This approach was used in [43] to prove the existence of scaling limits for multi-point energy
density correlations in general simply-connected domains at criticality; see more comments
in Section

(#) In a similar manner, one can consider the faces uj, ..., uy, in formula (II0) as variables.
If we then replace u; by one of its neighboring faces u} (or, more generally, move each uy by
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FIGURE 2

several faces to some other face uj) and adjust the collection of cuts Hluy,..oum] accordingly,

m]
then the matrix Ky, . ) is a small rank perturbation of the matrix Ki,, 4, and hence
the ratio
Eg* [Uu’l e ngn] _ in[
Efilou, - 0u,] Pf|

[ttt

ShHl =D

[w1y-eytm)] ]

In particular, this yields a short proof

admits a simple expression in the entries of K_i

[u 7---7um].
of [18, Lemma 2.6] which is a starting point for the analysis of the scaling limit of multi-point
spin correlations in general simply-connected domains at criticality. This observation can be

also used for the systematic study of other spin pattern correlations, cf. [3§].

1.6. The double-Ising model. The aim of this section is to indicate that all the combi-
natorial formulas discussed above admit modifications for the so-called double-Ising model
which is defined as a pointwise product of two independent Ising models on the (faces) of
the same planar weighted graph (G, z), coupled along the boundary in a way which we now
describe. Below we assume that the graph G contains a number of univalent (i.e. degree 1)
vertices incident to the outer face uoyt; note that adding/removing such vertices does not
affect the Ising model defined on faces of G, nor the value Ziging (G, x). We call such vertices
the boundary vertices of G and edges linking them to the bulk of G the boundary edges of G.

Let us add auxiliary edges carrying weights 1, linking the boundary vertices of G inside
of Uyt in a cyclic order, to obtain a weighted graph (é,x); see Figure Zal The faces of G
adjacent to the boundary edges of G are called boundary faces. The states of the associated
double-Ising model (with ‘+’ boundary conditions) are pairs of spin configurations o, ¢’ on
the faces of the new graph G such that

oy = 0y0., = +1 for all boundary faces u.

Similarly to the domain walls representation of the single-Ising model discussed in Section [[.2]

these spin configurations can be encoded by pairs of domain walls P, P’ € £ (é) such that
each boundary edge of G is either occupied by both these walls, or by none. The associated

partition function is given by

Zap1(G,x) = x(P)z(P'),

ZP,P/eg(é) : (PAP)NE5(G)=0
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where Fy(G) C E(G) denotes the set of (unoriented) boundary edges of G and A stands for
the symmetric difference. To compute this partition function, we introduce a modified Kac-
Ward matrix K, indexed by the set of oriented edges of G in the same way as the matrix K
given by (7)), with the entries

~ iz, if ¢ = e is an inward oriented boundary edge:
Ke7e/ :K€7e’ +{ € y g 9

0 otherwise.

Note that K can be understood as the weighted adjacency matrix of the graph obtained
from GX by adding a loop to each vertex corresponding to an inward oriented boundary edge;
see Figure bl The following result is an analog of Theorem [Tl for the double-Ising model.

Theorem 1.4. For any planar weighted graph (G,x), one has
Zap1(G, z) = (—1)‘E(G)| detK .

Note that, contrary to the Kac-Ward formula (L) and Theorem [[T] the determinant of
the modified matrix K cannot be written as the square of a Pfaffian, since the matrix iU*KU
contains non-vanishing diagonal entries and thus is not anti-symmetric. This reflects the fact
that Zqp1.1(G, x) is not the square of any single-Ising model partition function since the two
spin configurations o, 0’ are now coupled along gy .

Similarly to Section [L3l for a given collection of (inner) faces u1, ..., um, let 3 = sy, .
be a collection of paths in the dual graph G* linking these faces to each other and, possibly,
to the outer face uqyyi. Denote

IAi[ul,..,um] = K -J+J- I[ul,..,u

In other words, to construct K[Ul7~~7um] we replace by —1 all the entries IN(&E = +1 of K
that correspond to the edges e intersecting with s, exactly as in the definition of the
matrix Ky, ., in Section

Um]?

Proposition 1.5. Let uy,...,uy be a collection of (inner) faces of G. Then,
det K
Ef . [Gy ...0 = M
dbl-1[0us wm) e

where Ezlrbl-l stands for the expectation in the double-Ising model with ‘4’ boundary conditions.

We now briefly discuss geometric objects arising in the double-Ising model, the so-called
XOR-Ising loops, see [107), 12]. For simplicity, let us assume that the graph G is trivalent
(except at boundary vertices, which have degree 1). Then, given a double-Ising model con-
figuration o = oo’, the set P(c) € £(G) of edges separating the faces u with o, = +1 from
those with o, = —1 is a collection of non-intersecting loops, which can be thought about
as a result of the XOR (exclusive-or) operation applied to the two single-Ising domain walls
configurations P(c) and P(o’).

In [T07], Wilson conjectured that the scaling limits of these XOR-loops in the critical model
(considered in discrete domains drawn on the honeycomb lattice) can be described as the
union of level sets of the Gaussian Free Field with an appropriately tuned spacing. Recently,
this conjecture was strongly supported by the results of Boutillier and de Tiliere [12], who
showed that, at the discrete level, these loops have the same distribution as contour lines of a
single-dimer height function on a related bipartite graph. At the same time, the convergence
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result for these height functions known to date does not allow one to derive enough information
about the behavior of their level lines, so one can wonder if some generalization of Theorem [T.4]
could help for that matter. Let us briefly discuss why this is not straightforward.

Remark 1.5. A natural idea, motivated by the recent works of Kenyon [68]169] and Dubédat [32]
on the double-dimer model, would be to study a twisted partition function of the double-Ising
model in order to track the topology of the loops using some quaternionic version of the ma-
trix K. Unfortunately, the combinatorial expansions of such Q-determinants are no longer
given by weighted sums over double-Ising configurations and additional terms come into play,
similarly to the odd-length cycles in the double-dimer model on a non-bipartite graph, see [69}
p. 482]. Nevertheless, it seems worthwhile to understand the arising expansions better and
in particular one can try to interpret these additional terms as encoding some interaction
between the loops.

One can also try another common strategy and focus on a single interface (domain wall) vq,p
generated by the so-called Dobrushin boundary conditions. The latter are defined as follows:
for a given pair a,b of boundary edges, let us condition the two spin configurations o, ¢’ to
satisfy

G = Ouo, = {—1 for boundary faces u on the arc (ab); (1.12)

+1 for boundary faces u on the arc (ba),

where (ab) (resp. (ba)) denotes the part of the boundary of G from a to b when going coun-
terclockwise (resp. clockwise). In Section we prove an analog of Theorem [[4] for these
boundary conditions and discuss how one can construct the so-called s-holomorphic mar-
tingales, which track the evolution of 7,. This could pave a way to the understanding of
a scaling limit of these interfaces, e.g. following the strategy implemented for the critical
(single-) Ising model in [21], [I7]. Nevertheless, it is also not straightforward, and we expect
some conceptual obstacles when passing to a limit in the arising discrete boundary value
problems for these s-holomorphic functions, see Section [(£.3] and Remark [5.4] for more details.
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Duminil-Copin, Alexander Glazman, Clément Hongler, Konstantin Izyurov, Richard Kenyon
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first-named author was visiting the Forschungsinstitut fiir Mathematik and completed at the
Institut for Theoretical Studies at ETH Ziirich. The support of Dr. Max Rossler, the Walter
Haefner Foundation and the ETH Foundation is gratefully acknowledged. The work of the
second-named author was supported by a grant of the Swiss FNS.

2. THE PLANAR CASE

We start this section with some preliminaries, then prove Theorem [l and then show
how the proof extends to give Theorem We conclude this section with the proof of
Proposition [[3] and a discussion of the corresponding generalization of Theorem
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2.1. Preliminaries. Recall that K is nothing but the signed skew-symmetric adjacency ma-
trix of the weighted terminal graph (GX,zX). Namely, for two adjacent vertices e and e
of G¥ (which are identified with oriented edges of G), we have I/i@e/ = Eepef x?e/ with the
sign g, o = %1 given by 7

o, {iﬁene/ if e and ¢ are linked by a long edge of G¥; (2.1)

—inner exp[2 w(e,€')] if e and €’ are linked by a short edge of GX.

Further, recall that a dimer configuration (aka perfect matching) on a graph I is a collection
of edges of I' (called dimers) such that each vertex of I' is incident to exactly one of these
edges. We shall denote by D(I") the set of dimer configurations on T

For D € D(GX), let 2%(D) denote the product of weights of all dimers in D, and let t(D)

denote the self-intersection number of D, that is, the number of times different edges of D
cross one another (note that this can happen only inside of the cliques Ky,)).

Lemma 2.1. For any planar weighted graph (G, x), the Ising partition function on G can be
expressed as the signed dimer partition function on the terminal graph (G¥,z%) as follows:

Zising(G, ) = Z (1) PND).
DeD(GK)

Proof. Given a dimer configuration D € D(GX), let Dg denote the subgraph of G consisting
of the edges of G corresponding to the long edges of D. Note that G \ D¢ is an even
subgraph of G therefore, the assignment D +— G \ Dg defines a map p: D(GX) — £(G).
Note also that D € D(GX) is mapped to P € £(G) if and only if its short edges match the
vertices of GX corresponding to edges of P. In other words, the set p~!(P) is in bijection
with [[,cy D(Kqw,p)), where d(v, P) = 2n(v, P) is the degree of v in P; here, for any n > 1,
the symbol K3, denotes the complete graph of size 2n. This also shows the identity (D) =
z(p(D)) for all D € D(GX). Hence, for any P € £(G), we have

> 0oy = (T X 0@)) w(p).

Dep=1(P) vEV Dy€Dyy (4, py

Further, it is easy to see that, for any n > 1, one has zDep(K%)(—l)t(D) = 1. Indeed, let
us fix two adjacent vertices of Ky, and consider the involution ¢: D(Ks,) — D(K2,) given by
exchanging them. The set of fixed points Fix() consists of the dimer configurations matching
these two vertices. Since ¢ is a bijection and t(¢(D)) = t(D) 4 1 for all D ¢ Fix(s), we have

Z (_1)t(D) _ Z (_1)t(D) _ Z (_1)t(D/) - .. =1

DeDy,, DEFiX(g) D/'€Doy_o
by induction over n > 1. Therefore, zDep_l(P)(—l)t(D)xK(D) = z(P) for any P € £(G), and
we complete the proof by the summation over all configurations P € £(G). O

In order to handle the signs €, s given by (Z1), we shall also need the following well-known
fact, traditionally attributed to Whitney [106], whose easy proof we include for completeness.

Lemma 2.2. Let C be an oriented piecewise smooth planar closed curve, and let wind(C')
denote the total rotation angle of its velocity vector. If C' is in general position, i.e. if all of
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its self-intersections are transverse double points, then
— exp[% wind(C)] = (—1)t(c)7

where t(C') denotes the number of these self-intersections.

Proof. Consider the union C” of oriented simple closed curves obtained by smoothing out all
of the self-intersection points of C as follows: < = ){. Letting wind(C”) be the sum of the
total rotation angles of these curves and since the total rotation angle of a simple closed curve
is either 27 or —27, we have

exp[% wind(C)] = exp[% wind(C”)] = (-1)™,

where m denotes the number of components of C’. The lemma now follows from the fact
that m has the same parity as t(C') + 1 since each of the smoothing operations used above to
construct C’ changes the number of components in C' by +1. U

2.2. Proofs of Theorem [I.7] and Theorem
Proof of Theorem [l Expanding the Pfaffian of K leads to

Pf[f{] = Z e(D)2"(D), with e(D) = sign(0)-€5(1)0(2) - - - Eo2N-1)o(2N) »  (2:2)
DeD(GK)

where N = |E(G)| and ¢ € S(V(GX)) is any permutation representing the matching D (i.e.
such that given an ordering of the vertices, for all i € {1,..., N}, the dimers in D are the
edges of the form {o(2i — 1),0(2i)}); note that (D) does not depend on the choice of o
provided that some numbering of the set V(G¥) 22 {1,...,2N} is fixed once and for all. Let
Dy € D(GX) be the standard reference matching consisting of long edges only. Comparing
(22) with Lemma 2] we see that the following claim directly implies Theorem [Tl (In the
terminology of Tesler [102], this amounts to checking that the signs e, define a crossing
orientation on the terminal graph GX.)

Claim A. For any D € D(GX), one has (D) = (—1)!P)g(Dy).
Indeed, one easily deduces from Lemma 2.l and Claim A that

Zing(Gow) = Y ()" PND) =e(Dg) Y (D)D) = (Do) PK].  (2.3)
DeD(GK) DeD(GK)

Proof of Claim A. Given two dimer configurations D, Dy € D(GX), their symmetric differ-
ence DADy is a union of £ > 0 vertex disjoint (on G¥) cycles C; of even length. Moreover, due
to the particular choice of Dy, each C; is composed of alternating short and long edges of GX.
Let us choose representatives o, 09 € S(V(G¥)) of D, Dy such that o o 00_1 is the rotation by
one edge of each of these cycles, with respect to some arbitrary but fixed orientation. Using
this particular choice of representatives, we find

l l
e(D)e(Dy) = sign(o) sign(0) - [ [ w(Cy) = [[(~w(Cy)),
i=1 j=1

where w(C};) denotes the product of the coefficients exp[% w(, €')] along the short edges of C;
(the factors of ¢ and —i from (ZII) contribute in total 1 because of the alternation of long



16 DMITRY CHELKAK, DAVID CIMASONI, AND ADRIEN KASSEL

and short edges). Relating this product with the total rotation angle wind(C}) of the velocity
vector of (a smoothed version of) C; and applying Lemma 22| leads to

¢ ¢ ‘
[T« (@) = [T (=explg wind(C)))) = [J(-)"D = (=1,
j=1 j=1 j=1
since all the intersections and self-intersections of C; are produced by short edges, which all
belong to D, and each pair of different cycles intersects an even number of times. O

Proof of Theorem [LZ. Let us write E := {e1,...,e2,} C V(G¥) and denote by G& the sub-
graph of the terminal graph G¥ obtained by removing all vertices e € E C V(GX), together
with adjacent edges. Fix some numberings of the sets V (GX), V(GE), and denote by vg the
permutation of the ordered set V(GX) = {1,...,2N} = V(GX) UE induced by the trivial
identification of V(G¥) and V(G¥X) UE. Using the Pfaffian identity

Pf[ﬁe_,;’ ]E,G'EE = (_1)nSign(VE) ’ Pf[ﬁe,e’ ]e,e’¢E ’ (Pf[ﬁ])il
and (23], we only need to check the equality

(_1)nSign(VE)€(DO) Z T(P)J‘(P) = Pf[ﬁe,e’]e,e/¢Ea
PeC(E)

where the sign e(Dg) of the standard reference matching on G¥ is given by (ZI)) and [2.2)).
We shall do so by generalizing the proof of Theorem [Tl given above. Observe that Lemma 2]
(which deals with the case n = 0, i.e. E = () extends in a straightforward way, yielding the
equation

> mP)(P) = Y T(pr(D)(-1)"P¥(D),

PeC(E) DeD(GE)

where the configuration P = pg(D) € C(E) is obtained from E(GE> ) by removing all edges
corresponding to long dimers of D as well as the half-edges {(o(e), z¢)}ecr . At the same time,

Pf[Ke,e/ ]e,e’géE = Z gE(D)xK(D) )
DeD(GX)

where the sign eg(D) of a dimer configuration on G is defined similarly to (2] according
to the fixed ordering of V(Gg). Thus we are left with the proof of the following claim, which
generalizes Claim A from the proof of Theorem [Tl

Claim B. For any D € D(GE), one has eg(D) = 7(pr(D))(—1)!P) . (=1)"sign(vg)e(Dy).

Proof of Claim B. Given a dimer configuration D € D(Gg), the symmetric difference DA Dy
consists of a union of ¢ vertex disjoint cycles C; of even length, together with n vertex disjoint
paths v, of odd length matching the vertices e € E € V(GX). (Note that the paths 7 start
and end with long edges (e,€) of GX, and if both e,& € E, then one of these paths is
just the single long edge (e,€).) Moreover, one can choose representatives o € S(V(GY))
of D, og € S(V(GX)) of Dy, and s € S(E) of the corresponding matching of E such that the
permutation

-1
V(GK) I V(GK) 2 {1,... 2N} 25 {1,... 2N} 2 V(GE)UE 258 v(GX)
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is the rotation by one edge of each of the cycles C; and of each of the paths v; closed up
by an artificial link oriented from e,(g1_1) to €41, thus v is always oriented in a backward
direction. Since all of these cycles are of even length, the diagram above implies the equality

sign (o) sign(vg) sign(o) sign(s) = (—1)".

Computing the signs eg(D) and £(Dy) using this particular choice of representatives and the
fact that all the C; and 7}, are formed by alternating long and short edges of GX (this is a
consequence of the particular choice of the reference matching Dy), we get

n

14
e5(D)=(Do) = sign(o)sign(o0) - [[w(C)) - [T @ T @ G0)
j=1 k=1

where w(C}) and w(¥#) denote the products of the coefficients exp[% w(e, e')] along the short
edges of C'; and 7, respectively, with the paths v, being traversed from ey to egox—1)-

Let us shorten the extremities of the paths 7y so that they link the points z, € V(G®)
instead of e € E C V(GX). Similarly to the proof of Theorem [T} we have

w(Cj) = explg wind(Cy)] = (~1)1“H,

w(¥k) = exp[ wind(F)] = exp[—§ wind ()]
Denote
PO) 5= e gy Ty @) (2.4)
Combining all the computations given above, we reduce Claim B to the following statement.

Claim C. For any D € D(GE), if DA Dy consists of cycles C;j and paths -y, then

sign(s) - [[ rlm) - (~1)* "m0 = 7(pp(D)). (25)
k=1

Recall that long edges of DA Dy correspond to edges of P = pg(D) € C(E) while short

edges of DA Dy define a decomposition of P into cycles C; and paths 7. In particular, if
all C; and v do not intersect or self-intersect, then t(D) = t(C;) = 0 and (23] coincides
with definition (L9) of 7(P). Essentially, Claim C states that the left-hand side of (2.5 does
not depend on the choice of D € pg'(P), which also implies that the sign 7(P) is well-defined
(i.e. independent of the smoothing of P).
Proof of Claim C. Let P € C(E) and let us fix some non-intersecting smoothing of P into cy-
cles C]Q and paths 79 and compute the sign 7(P) by ([J) using these paths. Note that the
result does not depend on their numbering and orientations. Given D € pg 1(P), we number
72 and choose their orientations (from ego(o;—1) t0 €50(2x)) so that

{s9(1),5°(3),...,5°(2n—1)} U {s(1),5(3),...,5(2n—1)} = E.

We now push each path v slightly to its right and denote the result by ’ylj. If we consider
the union of all 'y,j and all ’y,g and match their endpoints by 2n counterclockwise 180°-turns,
the result is a collection A of m < n oriented closed curves Aj. It is easy to see that

sign(s°) sign(s) = (—=1)™,
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which leads, by (L9) and (24), to

T(P) - sign(s H (k) = H i exp[—% wind(, H i exp[— % wind(vx)])

= (=™ exp[ £ wind(A)].
Applying Lemma to each A;, we are left with the proof of the following fact:
(_1)t(D)—Z§:1 HG5) = (—1)2= tA),
Note that this is equivalent to the equality
t(D) —t(C) =t(A) mod 2, (2.6)
where C' = |_|§:1 C}, since the total number of intersections of the closed curves C; with each

other is even due to topological reasons and the same is true for A;.

We need some additional notation. Similarly to v;, let us push each Cj slightly to its right
and denote the result by C;f. Let

l
vim L, vt = Lgf and O =, CF
It is easy to see that
(yTuC*t) - (yuC)=0 mod 2,

where we denote by « - 3 the number of intersections of (the collections of) curves « and f.
Indeed, as v C' = DADy, all these intersections come from the intersections of short dimers
in D and each pair of such dimers contributes two intersections to (yTUC™)-(yUC). Since the
collection of loops and paths vLIC can be deformed to the configuration P = pg(D) € C(G®)
and then further to its smoothing 7°LI C?, we conclude that

(ytuc™) - (,°uC® =0 mod 2.
As 4140 is essentially a collection of closed curves, we also have

(U4 - (CTuC®) =0 mod 2.
By construction, 4° and C° do not intersect and the number of intersections of C+ and C°
is always even. Therefore, we obtain

yTCT =4T-4% mod 2.
The last two simple observations are
t(D) —t(C) =t(y) ++-C and t(A)=t(y")+~"- 7",

where we used the fact that 40 is non-intersecting. Since t(y) = t(y") and v-C = 4T CT,
the identity (2.6) follows, as well as Claim C and Theorem D

2.3. Proof of Proposition [I.3l In this section we work with the (domain walls expansion
of the) Ising model on the dual graph G* with ‘+’ boundary conditions, which means that
we set the spin of the outer face uqy of G to be +1.

Recall that the matrices KWy, . um]s Kjus,...,um] @nd K[ul,...,um] are defined via some (arbi-
trary but fixed) collection » = s, ,.] of edge-disjoint paths on G* linking 1, ..., un and,
possibly, ugut so that each of uq, ..., u, has an odd degree in the union of these paths. Note
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that if a spin configuration o € {£1}"V(¢")

configuration P € £(G), then

with o, , = +1 corresponds to a domain walls

= (-1)*", (2.7)
where s - P denotes the number of intersections of P with s. Below we assume that the
terminal graph G¥ is drawn in such a way that its long edges intersect s if and only if the
corresponding edge of G does the same, while short edges never intersect these “cuts”. The
following statement generalizes Lemma 2.1

Ouy - Oy

m

Lemma 2.3. For any planar graph (G, z), and any set of edges » C E(G*), one has
Yo ) Pap)y=(-pH Y (1) (=17 PR(D),
Pe&(G) DeD(GK)

where || denotes the total number of edges in the collection of (dual) paths » = g, um] -
Proof. Following the proof of Lemma 2.1l the only additional fact to check is the identity
(=1)7PP) = (=)l (—1)= P

By construction of the mapping p, for each e € E(G) and D € D(GX), we have e € p(D) if
and only if the corresponding long edge of G¥ does not belong to D. Therefore,

%-p(D) + - D =3 E(G) =[],

and the claim is proved. O
We are now able to prove formula (LI0) for multi-point spin expectations.

Proof of Proposition [L.3. Tt follows from (27) and Lemma 23] that
Ef.[o o] = Ypee) (1) a(P) (1) > pep(ary (D" (=1)7PaX(D)
G*Ouy -+ - Ouyy, ZPeg(G) .%'(P) ZDG’D(GK)(_l)t(D)xK(D)

It was shown in the proof of Theorem [[.1] that

Pf[K] = £(Dy) Y pep(ay (1) PzK(D).
Repeating the same proof, we find

Pf[K[uh..,um] ] = 6(-DO) ZDED(GK)(_1)t(D)(_1)%.DxK(D) )

thus arriving at (LI0). O

We conclude this section with one last statement which naturally generalizes Theorem

Proposition 2.4. Let uy,...,u, be some faces of G and the matriz IA([ul,__,um} be defined
using the collection s = sy, ., of edge-disjoint paths on G* linking uy, ..., Uy and Ueus.
For any set of 2n oriented edges E = {ey, .., ea,} C V(GX), one has

Y pec(erean) (1) T (P)z(P)
Eg* [Uul AN Uum] . leing(G, .%')

Above, if some edge er € E intersects »x and e, € E, we do count the corresponding half-
edge (ze,,t(er)) € P in the intersection number » - P.

Pf] (K[:i,..,um])ejvek ]?,7;:1 =



20 DMITRY CHELKAK, DAVID CIMASONI, AND ADRIEN KASSEL

Proof. Mimicking the proof of Lemma 23] for the mapping pg : D(GX) — C(E), one gets
Y. CUFPrPee) = ()Y (=)' Pr(p(D) (-1 PN (D).

PeC(er,...,ean) DE'D(GE)

On the other hand, from the proof of formula (LI0) given above we know that

Ef[ow - 0w Zrsing(Gow) = (D) Y (-1 P)(—1)#PK(D)
DeD(GXK)

= (~1)"e(Do) PHKpuy ]+

which is a proper replacement for (2.3]) in the twisted setup. We now simply follow the proof
of Theorem [[2 with the weights 2¥(D) replaced by (—1)*P2X(D). It is worth noting that
the check of signs performed in Claim B (and further Claim C) does not depend on z¥. [

3. VARIOUS FORMALISMS

This section is devoted to a self-contained exposition of the relations between several clas-
sical approaches designed to study the planar Ising model: dimer representations [62], 37],
Grassmann variables [47, 96], disorder insertions [59], as well as a more recent language of
‘combinatorial” s-holomorphic observables [99] 100, 10I]. Of course, most if not all claims
below are part of the folklore surrounding the Ising model. However, we hope that such an
exposition, intended in particular for combinatorialists and probabilists, will be useful in view
of the renewed activity in the field. We also refer the reader interested in a more advanced
discussion of spin-disorder techniques to the recent papers [31], 30] by Dubédat.

3.1. Dimer representations. In Section[2, one of the main tools used was a dimer represen-
tation of the Ising model on the non-bipartite and, in general, non-planar terminal graph GX.
In a famous variation on this construction, Fisher introduced a planar but non-bipartite graph
such that the Ising configurations were in 1-to—1 correspondence with dimers. His mapping
may be described, paraphrasing his own words [37, p. 1777], as follows: one starts with the
graph G and makes all its vertices trivalent (without changing the probability measure) and
then uses the mapping of the configurations to dimers on the terminal graph of this new
graph, which in virtue of trivalence, is planar and the dimer measure is unsigned. A more
symmetric version of this construction was later proposed in [I1] forcing the mapping from
configurations to dimers to be 2/V(%)|-to-1. Yet another (slighly simpler) variation on Fisher’s
idea was proposed in [30], where long dimers are in direct correspondence with Ising config-
urations, and this is the one we shall use here, calling the corresponding graph the Fisher
graph.

In this section we briefly discuss representations of the Ising model on G via dimers on the
two following graphs: the corner graph G© and the Fisher graph G¥ discussed above, the
latter being planar but also never bipartite, see Fig. Bl It is worth noting that there exist
several combinatorial ways to represent a pair of independent Ising models via single dimers
on some other graph constructed from G, which is both planar and bipartite (see [30} 12, 26]),
but we do not discuss these constructions here.

For a while, assume that G has no vertices of degree 1 (clearly, we do not lose generality by
making this assumption, though it will be convenient to allow such vertices later on). Let G©
denote the corner graph obtained from G as follows: each vertex v of G (of degree d(v)) is
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(a) A portion of a graph G around an edge e, with  (b) The corresponding portion of the corner
decorations at corners (dashed) graph G¢ with the vertices c*(e)

(c) The corresponding portion of the Fisher (d) Special case of a univalent vertex v; = t(e1)
graph G¥ and mapping of its vertex set V(GY¥) (with decoration at the corner dashed) in G, and
to V(GC) UV (G¥) the corresponding corner ¢; in G©

FiGURE 3. The different graphs and the relations between them

replaced by a simple cycle of length d(v), with each pair of cycles corresponding to neighboring
vertices v,v’ € G being cross-linked by four edges of G©, as shown on Fig. Bhl The vertices
of GC are called corners of G; note that |V (G®)| = |V (GX)|. With each corner ¢ € V(G®) we
associate a straight segment on the plane, the so-called decoration of G at ¢, oriented towards
the corresponding vertex of G which we denote by v(c). Given an oriented edge e € V(GX),
we denote by ¢*(e) the two neighboring corners of e satisfying v(c*(e)) = o(e), see Fig. B3Hl

Let the square matrix B = (B¢e)cev (o), ecv(gx) be defined by

(3.1)

)

B, — Joxp [2w(c,e)] -22"?if ¢ is one of the two corners ct(e);
oe 0 otherwise,
where w(c, e) denotes the rotation angle from the decoration of G at ¢ to the oriented edge e.

Note that B has a block-diagonal structure with d(v) x d(v) blocks B(") corresponding to
vertices v € G. It is easy to see that

detB) = ] ldetB®| = [ [2 I xm}/ﬂ: VO] i
veV(G) veV(Q) - vV eGiv~! ecE(G)

Let us now define the matrix
C := BKB*,
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whose entries are labeled by the corners ¢ € V(G®). A straightforward computation gives

exp[s w(c,@)] - 27! if v(c) = o(e) and v(c') = t(e) for some e € V(G¥);
Cew = { —expls w(c, @) if v(c) = v(¢') and ¢ is adjacent to ¢ in G©;

0 otherwise.

Above, w(e, @) denotes the rotation angle from the oriented decoration ¢ to the oppositely
oriented decoration &, measured in a natural way: along the path ¢ ® e ® ¢ in the first line,
and along ¢ @ @ in the second.

Note that C is a weighted adjacency matrix of the graph G€ which is “almost planar”: the
only pairs of intersecting edges go along edges of G. To get a weighted adjacency matrix of a

planar graph, let us introduce a twice bigger matrix F, whose entries are labeled by the set
V(GC) U V(GX), as follows:

P I B Cc o0 I oy (C-BJB* -B
L0 J 0 —J B* J ) —-B* -J /-
Again, a straightforward computation shows that, for ¢, € V(GY),

Fou = (C— BIB)u — {— exp[s w(c,@)] if v(c) = v(c)) and ¢ is adjacent to ¢ in G°;
0 otherwise.

Therefore, F is a weighted adjacency matrix of the graph G¥ with V(GF) = V(G UV (GK),
which is constructed from G as follows: for each v € V(G), the d(v) corners ¢ € V(G©)
satisfying v(c) = v are linked cyclically around v; for each edge of G, the two corresponding
vertices e, & € V(GX) are linked with each other; and, finally, each of the vertices e € V(GX)
is linked with two neighboring corners ¢*(e) € V(G©), see Fig. Bd

As discussed in the introductory paragraph of this section, the planar graph GY is not
Fisher’s original graph [37, Fig. 6] nor its symmetric modification [I1], but we still call it
the Fisher graph, following [30]. We shall denote by z! the edge weights on G obtained by
assigning weights x,~1/? to short edges of G¥ linking vertices e € V(GX) with ¢& € V(G°)
and weight 1 to all other edges.

It is well-known that there exists a simple 2/V (@)l -to-1 correspondence ¢ : D(GF) — £(G)
between perfect matchings of G and even subgraphs of G: given D € D(GY), take all

the edges e € E(G) corresponding to long dimers {e,e} € D. It is easy to check that, for
any P € £(G),

Y. 2f(D) = 2VOL ((B@G)\P))"" = |detB|-2(P),
Deo1(P)
which leads to the equality
Zdimers(GF7 xF) = ’ det B’ . leing(G7 1') .
Similarly to the choice of 7, for e € V(GX), for each ¢ € V(G®) we fix a square root of
the direction of the decoration corresponding to ¢ € V(G®) and denote by 7, its complex

conjugate, multiplied by the same global unimodular factor (. We denote by U the diagonal
matrix with entries {nc}.cy(goy, by Ur the diagonal matrix with entries {n, },cy (gr), and set

B:=U;BUy, C:=iUCU,=BKB'", F:=iUsFUg, (3.2)
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where Uk := U, see (L8). Note that all matrices ]/_5), C and F are real-valued. Moreover, C

and F are anti-symmetric since C and F are self-adjoint, similarly to the symmetries of K
and K. The identities

det F = (—1)/P@ldet C = |det B - (—=1)/F(] det K

imply R ~ ~
IPEF]| = [PHC) = |det Bl - | PF[R ]

Finally, it is easy to check that, for any choice of the square roots in the definition of 7,
and 7, the signs of the matrix entries F, , provide a Kasteleyn orientation [61} [63] of the
planar graph G¥. Therefore,

Zising(G,x) = |det B| ™! - Zgimers(GY,2) = |det B|7!| Pf[F]| = | Pf[K]|,
which gives an alternative proof of Theorem [[.T]in the planar case.

Remark 3.1. In [73, Theorem A.1l], Lieb and Loss gave a new proof (which is canonical in
some sense) of Kasteleyn’s theorem for counting dimers on any planar graph. If we rephrase
their result in the special case of our planar graph GY, it is interesting to note that their
Hermitian matrix 7T is exactly the matrix F we introduced above, thus showing that their
method is related to the symmetries of the Kac—Ward matrix. Indeed, their main theorem is
that the square root of the modulus of the determinant of T counts dimers and that T can be
gauge-transformed (that is, conjugated by a diagonal unitary matrix) to be equal to i times
an antisymmetric matrix (which is therefore a Kasteleyn matrix and Kasteleyn’s theorem is

proved). Our identity F = iULF Uy expresses the same thing (by furthermore specifying the
gauge transform) in the special case of G¥.

In the same spirit, one can use the real anti-symmetric matrix C to obtain another proof of
Theorem [T based on the considerations of the signed dimer model on the corner graph G°.
Similarly to the dimer model on G¥ considered in Section B, in this case one should account
the sign (—1)'?), where t(D) now denotes the number of intersections in a dimer configu-
ration D € D(G), so that the combinatorial correspondence of £(G) with D(G®) and the
expansion of Pf] 6] work properly. Again, this essentially amounts to checking that the signs

o~

of matrix entries C. . provide a crossing orientation of G® in the terminology of Tesler [102].

We conclude this section with a remark on modifications needed to include univalent (i.e.
having degree 1) vertices of G into considerations, this will be useful to discuss boundary
conditions for discrete fermionic observables in Section below.

Remark 3.2. Let v; € V(G) be a degree 1 vertex and e; = ej(vy) € ﬁ(G) be the unique
oriented edge of G satisfying t(e;) = v1. In this case the corner graph G€ contains only one
corner ¢; = c¢1(v1) € V(G®) near vy, and we always draw the corresponding decoration as
pointing in the same direction as the edge €;, see Fig. Bdl The corresponding 1 x 1 block of
the matrix B is then defined as

BchEl = exp[% W(Cl’él)] ’ $;1/2 = x;1/2’

while the mapping ¢ : D(G¥) — £(G) is 1-to-1 near such vy, not 2-to-1: the edge e; never
participates in P € £(G) while the dimer {c;,e;} presents in all D € D(G¥). With these
modifications, the arguments given above remain true in presence of degree 1 vertices.
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3.2. Grassmann variables and double-covers. In this section we discuss the well-known
formalism of Grassmann variables (e.g. see [27, Chapter 2.A]), i.e. anti-commuting vari-
ables ¢1, ..., ¢on associated with a real anti-symmetric matrix A = (Aj,k)?]l\gle , in the context

of the planar Ising model, when the matrix A is equal to K or K[ul,..,um] . In the latter case,
we introduce a double-cover Gy, .1 of G in order to make the formal correlation functions
independent of the choice of collection of cuts s = sy, 4,.]-

For a real anti-symmetric matrix A, let

2, = /exp[—%(bTA(ﬁ] dy .. .dgoy = PE[A]

denote the coefficient of the highest monomial ¢on ...¢1 in the formal Taylor expansion
of exp[—%ngAqb] (note that, since gbi = 0, this expansion contains only a finite number of
terms). Further, for an even subset ki, ..., kg, of indices 1,...,2N, let

Zal6ns -+ s = [ 1, exDl= 16 TAG] don .. dbay

be the coefficient of the highest monomial ¢on ... ¢ in the formal expansion of the expres-
sion ¢, ... (bk%exp[—%(bTAqﬁ]. Note that this coefficient trivially vanishes if some of these ¢y
variables is repeated twice (or more) or if the number of these variables is odd.

Let A = K. Recall that, up to a global +1 sign, Z; = Pf[K] is equal to the Ising model
partition function Ziging(G,x) due to Theorem [Tl The formal correlation function of the
Grassmann variables ¢, with e € E = {e1,...,e2,} C V(GX) is defined as

ZR [gbel s ¢62n]

2R
By definition, this function is anti-symmetric with respect to the ordering of the variables ¢, .
In particular, <¢e, e, =g = — < e, Pe; - - It is an easy exercise to check that

Pi[K]eegn _
Pf[K]
where the sign in the middle depends on the ordering of the sets V(GX) \ E and V(G¥).

<Py« Pegy g =

< ¢e1 s ¢62n>'ﬁ = £ Pf[Ke_jl,ek ]?Z:l = Pf[ =< (bej ¢ek>'f( ]5221 s

Remark 3.3. Working with the Grassmann variables formalism, one can wonder about the com-
binatorial interpretation of the arising formal correlation functions < ¢, ... ¢e,, = . The
answer to this question is the matter of Theorem

Now let A = ﬁ[ul,..,um] . Recall that, for a given collection of faces uq, ..., u, € V(G*) and
a fixed collection of dual paths s = Hlur,. i) linking wy, ..., Uy, and, possibly, ueyt on V(G*),
we have Ky, u,.] = U Ky, u,,)U, where
(=1)= if ¢ =¢;
(K[ul7..7um})e,e/ = —exp[% w(e, e - (:Uexe/)l/Q if o(e) = o(€’) but €’ # ¢;
0 otherwise.

Given a collection of oriented edges E = {ej,...,e2,} C V(GX), we define the “twisted”
correlation functions of Grassmann variables ¢, as

<Py v - ¢62n>'[u1,..,um} = Z}?—l : Zﬁ[u [¢e1 cee ¢62n:| = Pf[K@i,,7um] ]e,e’eE

[wg,.,um] 15-um]
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(in this case, the relevant combinatorial expansions are provided by Proposition 2.4]). As
usual, these formal correlations implicitly depend on the choice of the paths s, ., but
there is a standard way to make the notation more invariant.

Let Cpy,,.. u,, denote the canonical double-branched cover of the complex plane C with

branching points w1, ..., u, € V(G*) C C, which is endowed with an involution z — 2% and
with a projection onto C. Then, any graph G embedded in C \ {uq,...,u,} lifts to the
canonical double-cover G|y, 4, embedded in Cyp,, 1. Now, any cut set s, .. gives
us a particular way to construct this cover as two copies of the plane cut and pasted, and
idem for the embedded graphs. Equivalently, such a set of cuts gives us two sections of this
cover (i.e. the choice of one point above each of the points in the plane). Given s,  4,,]

and e € V(GE

1. um]) lying on one of the corresponding sections, we set

Pet == — e - (3.3)
This notation allows us to speak about formal correlation functions < ¢e, ... @eg, ™ [uy, . um]
with ey, ..., eg, on the canonical double-cover of the terminal graph G¥ and it is easy to see
that these quantities are independent of the choice of s = 5y, 4,,)- Indeed, shifting s across
some vertex v € V(G) amounts to the multiplication by —1 of all the rows and the columns
of the matrix Kp,, ., that are labeled by oriented edges e with o(e) = v. This leads to the
multiplication of all the corresponding variables ¢, by —1 and agrees with ([B.3)).

3.3. Disorder insertions. In this section we briefly discuss the formalism of disorder in-
sertions developed in [59], see also [31]. In this approach, one easily finds combinatorial
expansions of correlation functions similar to Theorem and Proposition 2.4], as shown
in Lemma B.1] and Remark 3.4] below. On the other hand, following this approach then re-
quires additional efforts to reveal the underlying Pfaffian structure of correlation functions.
(Note that this is exactly opposite to the discussion of the Grassmann variables formalism
given above, cf. Remark B.31)

Recall that we prefer to work with the domain walls representations of the Ising model,
thus the spins o are associated with faces of G while disorders u, will be associated to vertices
of G (this is dual to the more common convention which assigns spins to vertices of G and
disorders to its faces). Given an even number of vertices vi,...,ve, € V(G), let us fix a
collection of edge-disjoint paths s = s[V1-+¥2»] © E(G) matching them so that each vertex vy,
has an odd degree in s while all other vertices have even degrees, and let

TR ES vl | A
where €, = +1 denotes the energy density (product of two nearby spins) on an edge e. Using
domain walls representations, this can be written as

- (S

low Z[vlv"vv2n]

“ e — i h = P
<le /’LU2n> Zlow(Ga 1_) wit low (G7 1‘) ZPEC(Ul,..,vzn) 1‘( ) )

where C(vy,...,v9,) = {P: PAxltvnl € £(G)} is the set of subgraphs P of G with all
vertices of G' except vy, ...,v9, having even degrees, and all the v odd. (Above, we use the
subscript low in order to emphasize that these subgraphs should be thought about as domain
walls aka low-temperature expansions of the Ising model defined on faces of G. Note that
the Kramers-Wannier duality allows one to interpret (fi,, ... [y, ) as the high-temperature
expansion of the corresponding spin correlation in the dual model defined on vertices of G.) It
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is clear that the quantity (fiy, ... fl,, ) does not depend on the choice of V12l However,
the notation should not be directly interpreted probabilistically as the expectation of a product
of random variables since the p, themselves cannot be thought of as random variables.

Similarly to Section [3.2] let us consider the canonical double-cover G [v1,--v2n] of the graph G

with the branch set vy, ..., va,, endowed with the involution u — u? acting on its faces. It is
Z[Uly--ﬂ&n}

low
of GlU1--v2n] with the spin-flip symmetry constrain o, = —oy and a fixed spin of the outer

face. From this perspective, the choice of the collection of paths »[1-¥2n] is nothing but a
choice of a section of GIU1--v2nl - Given faces uy, ..., um of the double-cover GP1++v2n] e set

easy to see that (G, x) is the partition function of the Ising model defined on faces

oy s+ Ta) = B o o]ty ) (3.4)

where E[Gvi""vm] stands for the expectation in the Ising model described above. By definition,

this quantity changes sign when one of wy is replaced by ui Note that we allow repeating

faces uy in (B4, in which case the corresponding spins cancel out. By a slight abuse of the
notation, one can also allow repeating disorders p,, with the same cancellation effect.

Let us now consider a special situation when m = 2n and each of the faces u; is incident to
the corresponding vertex vi. More precisely, we consider a collection of 2n pairwise distinct
corners c¢i,...,cs, of G, put vy := v(ck), and denote by wup := u(cg) the face of G that
contains cg. Note that we do allow repetitions of these vertices and faces. Let

Cler, .. com) ={Q=Po&c1® - Pcay, Popel(vr,...,v9)} (3.5)
be the set of subgraphs from C(vy,...,vs,) with decorations ci,...,ca, attached to the ver-
tices vy, ..., v9,. Similarly to the case of oriented edges, we introduce a sign 7(Q) € {£1} by

resolving all the crossings of a configuration @) so that Q = C U~ U ---U~,, where n simple
paths v Tun from cgox_1) to cy2x) and C' is a collection of disjoint simple loops, and setting

n

7(Q) i= sign(s) - [T (e, gyy ey exPI—§ wind()]) -
k=1

Again, it is not hard to see that 7(Q) is well-defined (i.e. independent of the smoothing of Q).

Lemma 3.1. Let cy,...,co, € V(GC) be a collection of 2n pairwise distinct corners of G.
Denote vy, := v(c) and let up, = u(cg) be the face of G that contains c. Then,

(o - Oy - Ou) = [ Zring(@ )] - D0 7(Q)(Po).
Qec(61,---702n)
with the sign depending on the choice of representatives of the faces uy, . .., uay, on G2l

Proof. Using the domain walls representation Pg of the Ising model on Glr-vanl it is easy
to see that the lemma follows from the equality

Ouy o Oy, =70 -7(Q) forall Q€ Clcy,..., con), (3.6)

where the sign 70 € {£1} is independent of Q. To prove this, let us fix a collection of edge-

disjoint paths »¥ = %P matching the faces uy, ..., us, on the dual graph G*. We attach

ul 7~~7u2n]
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decorations ci, ..., co, to the endpoints of these paths and denote the result by 49 ..., 7Y,
without loss of generality we can assume that ’y,g runs from cop_1 to cop. Let

T(%O) = H(_Z‘nCQk,lﬁCQk eXp[_% Wlnd('}’g)]) :
k=1

Note that, for a proper choice of representatives of ui, .. ., us, on the double-cover GlV1»-v2n]
and any configuration @ € C(cy,...,co,), one has

0.
Ouy « - Ouy, = (—1)” Q,

here and below « - 8 denotes the intersection number of @ and . Let us consider a smooth-
ing @ = C'U~, where C' is a collection of closed curves and ~ a collection of n paths 4
running from cyp_1) 10 ¢4(2), which are oriented so that the concatenation v & 2° becomes
a collection A of m oriented cycles A;. Since C' and v do not intersect or self-intersect, one
has
#.Q = L (Cuy) = A-(CUy) = Ay = t(A) =% " mod 2,

where t(A) is the number of self-intersections in A. On the other hand, using the equal-
ity sign(s) = (—1)" and Lemma 2.2] we see that

T(Q)r(5") = (=)™ [ ] exp[—4 wind(A)] = (—1)>5=1 1) = (—1)*&),
j=1

which implies 8) with 70 := (=1)*" 7 (). O

Remark 3.4. Lemma [3.I] can be easily generalized in the following way. In addition to the
collection of 2n corners ¢y, ..., cop, let us consider another m faces uf,...,u, of G and let 5’
be a proper collection of edge-disjoint paths linking v}, ..., u}, and, possibly, u,: on G*. Note
that we do not assume that these new faces are distinct from uq,...,us, and we allow s
and 2" = 5  to share edges of G*. Repeating the proof of Lemma B.I] we obtain

[u1,..u2n

<:U'v1 co M, Ouy - v Ougn Oyl - - - Uu/,n> = % [leing(Ga 1_)]71 ’ Z (_1)%IIQT(Q)1.(PQ)
QEC(c1,..5c2n)

SINCe Oy, - Ouy, Oy - - - Ouyy, = (1) Q. (=1)7 Q.

3.4. Equivalence of the two previous formalisms. The aim of this section is to show
that the two formalisms (Grassmann variables and disorder insertions) discussed above are
essentially equivalent. This fact is quite well-known in the folklore but we do not know of
a reference explaining this correspondence in an explicit manner, especially when working
in presence of additional spin variables in the formal correlation functions. Note that Theo-
rem [[.2] and its generalization provided by Proposition 2.4 are the crucial ingredients needed
to justify this equivalence.

We begin by introducing some additional notation. Let {Xc}.cy(go) be another 2|E(G)|
Grassmann variables assigned to the corners of the graph G, which are related to the “edge”
variables ¢, discussed in Section by the linear transform

Nene exp [5w(e,e)] - 2o ife= ct(e);

o= %ﬁ—rx, where ﬁ;c = { (3.7)

0 otherwise,
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see (B)) and (B:2). Note that this change of variables is local in the following sense: for a given
vertex v € V(G), the variables ¢, with o(e) = v are linear combinations of the variables .
with v(c) = v, and vice versa. Since BKBT = C, the quadratic forms XT({C\J)X and ¢TK¢
coincide. Therefore, one can think about the new variables x. as being associated to the
anti-symmetric matrix A = i@ in a standard way described in Section so that

Cj,Ck

192
<Xecy - - - Xc?">_i6 = Pf[4C ]j,rl;:l .
At the same time, for any cq,...,co,, one has
<Xe; ---Xmﬁ‘%@ = <Xey -+ Xean™

where the right-hand side should be understood as follows: write each of the variables x., as a
linear combination of the old variables ¢. and then compute the arising linear combination of
the terms <@, ... ey, = - This allows us to drop the subscripts K or iC from the notation.
The next lemma provides combinatorial expansions of the quantities <x, - .- Xco, >

Lemma 3.2. Let ci,...,con € V(GC) be a collection of corners of G adjacent to pairwise
distinct vertices vy, = v(cy). Then,
=Xei -+ Xean™ = [ZISng(G7 x)]_l ) Z T(Q)x(PQ) ) (3.8)

QEC(Ch"'vCQn)

where the set of configurations C(cy,...,can) is given by ([B.0).

Proof. Recall that each of the variables x., is a linear combination of the variables ¢,
with o(er) = v(ck), and the inverse transform is given by (8.7]). Thus, in order to prove (B.8)),
it is enough to check that these equalities yield the correct combinatorial expansions of formal
correlations < ¢, ... ¢P¢,, >, which are given by Theorem

According to (B71), we have

¢e = ",/exe_l/2 : % (ﬁc—(e) exp[% W(C_ (6), 6)]Xc— (e) + ﬁc+(e) exp[% W(C+(€), 6)]Xc+(e)) ) (39)

where ¢t (e) are the two decorations attached to the vertex o(e) neighboring e. Given a pair
of configurations Q* € C(c*(ey),ca,...,co,) which differ by the decorations c¢*(e1) only, it
is easy to check that the quantities 7.+ () exp[% w(ct(e), e)]7(QF) coincide if e € Py and
are opposite to each other otherwise. In particular, the two corresponding contributions
t0 < e, - - . ey, cancel out in the latter case. Repeating the same argument for all the other
edges e, ..., ea,, one concludes that (3.8 is equivalent to the following claim:

= ¢e1 s ¢€2n>- = [leing(G’ x)]il : Z T+(Q)$+(Q) s
Q€C+(61,...,62n)
where the sum is taken over the set
Ct(er,...,ea) :={Q €C(ct(e1),...,ct(ean)) : €1,..., 62, € Q},
the modified weight of a configuration @ is given by 27(Q) := z(Pg) - Hk 1 xek ? and the
modified sign 77(Q) is given by

2n

Q) = 7(Q) - [] ey Tt (er) exp[E Wl (er), €)]) -

k=1
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There exists a trivial bijection ¢ : CT(eq,...,e2,) — C(e1,...,e2,): erase all the decora-
tions ¢ and the half-edges (o(ex), z¢, ) from a given configuration @ to get ¢(Q). Clearly, one
has z(s(Q)) = z7(Q) and it is easy to check that 7(s(Q)) = 77(Q) for all Q. Therefore, the
collection of equalities (3.8) is reduced to the claim of Theorem and we are done. 0

Let us now discuss modifications needed to include additional spin variables in the consid-
erations above. For a given collection of faces uf,...,u,,, denote

~

Clus,um] = BKpu, g BT

and, for a given collection of corners ci, ..., co, € V(GC), let

~A—1 2
=Xei + -+ Xean™ [, uly)] "= Pf[4(C[u,l7“7u, })ijck ]j,rllczl .

Similarly to Section [3.2] this notation implicitly depends on the cuts »' = %fu,l ol ] link-
ing u),...,u, and, possibly, usy on G*, but can be made canonical by lifting to the double-
cover G[C;,l ] Using Proposition 4] instead of Theorem [[.2] one obtains the following
combinatorial expansion which generalizes Lemma in the “twisted” setup:

_ ZQEC(cl,...,czn)(_1)%/.QT(Q)1'(PQ)
EE* [Uu/l e Uu/m] . leing(G7 1‘)

=Xey - -+ XC2n>_[u’1,..,u;n} ) (310)

where ¢y, ..., co, are thought about as lying on a section of G[%, ] constructed via .
1

We are now able to justify the equivalence of the two formalisms discussed above: Grass-
mann variables (considered on double-covers) and disorder insertions. The next result claims
that the formal correlation functions introduced in Sections and B3] respectively, are
essentially the same, with the correspondence given by the formal rule x., = fiy, 0u, -

Proposition 3.3. Letcy, ..., co, € V(GC) be a collection of corners of G adjacent to pairwise
distinct vertices vy, = v(cg) and let up, = u(cy) be the face of G that contains c. Then, for
an arbitrary collection of faces uj,...,u,, of G, one has

(Hoy - Hogn Oy« - Oug Oyl -+ Oy ) = < Xey - Xean ™ [ufuty] * (Ow, -+ Oy )
where the sign depends on the choice of representatives of the faces uq, ..., ugn,ul, ... ul, on
the double-cover GIVt»-v2n] and representatives of the corners ci, . .., cap on Gl,uty] - Above,
we do not assume that the faces uy, ..., usp,,ul,...,ul, are pairwise distinct.

Proof. Let us consider the special case m = 0 first. In this case, the equality

(Hoy « - Bog Oug + -+ Ouzy) = F <Xey -+ Xean™

directly follows from Lemma [3.1] and Lemma [3.2] since both sides have identical combinatorial
expansions. In the general situation, one just uses Remark [3.4] and formula (8.I0) instead of
these lemmas. The claim follows since (o ... 0w, ) = Ef.[oy . 0w |- O

Remark 3.5. (i) It is worth noting that Lemma and Proposition B3] fail if one drops the
assumption that the vertices vy = wv(cg) are pairwise distinct. Indeed, if we consider two
edges e1, ey such that ¢t (e;) = ¢ (e2), then the product ¢, ¢, is not equal to the sum of
four terms since X+ (e;)Xe-(ey) = 0. Instead, we have only three terms and the combinatorial
correspondence of configurations used in the proof of Lemma breaks down.
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(7i) One can easily make sense of the notation <¢exe .. . > [ut,..,um]> With the variables labeled
by oriented edges or corners of the canonical double-cover G|y, . ,,]- In order to define these
quantities, just rewrite all participating variables using one of the two sets ¢, or x., and com-
pute the arising linear combination of the terms < geder ... > (w1 ur] OF <Xe'Xe - = [u],..uly] *
the result does not depend on which set of variables was used. Following the proof of
Lemma [B.2] it is easy to obtain combinatorial expansions of such quantities in the situa-
tion when all the corresponding vertices v(cy) are pairwise distinct and do not coincide with
the vertices o(e;) for ¢, involved in the formal correlation function under consideration.

3.5. Three-term relation for correlation functions. It is well-known that the formal
correlation functions (x....) involving any three of the four corners surrounding a given
edge e of G satisfy a linear relation known as the propagation equation for discrete spinors or
the Dotsenko equation. The latter name was suggested in [82] to acknowledge the paper [29]
where this propagation equation was discussed in the “combinatorial” context of the disorder
insertions formalism, though it is worth mentioning that similar relations appeared earlier,
e.g. in the works of Perk [88][89]. Below we start with a short derivation given in [29] and then
discuss this equation from the (equivalent) viewpoint of the Grassmann variables formalism.

Informally speaking, the main idea is to apply the Kramers-Wannier duality locally on a
given edge e. It is convenient to introduce the following parametrization of the edge weights:

2
11—z

1+a2’

2,
1+a2°

0. := 2arctan x, , Pe := cosl, = Qe := sinf, =
By the definition of disorder insertions (see Section B3) and the equality gezsc = 1 — peee
for e, = £1, for any combination O[u, o] of spins and (even number of) disorders, we have

qe - <:U’0(e)lut(e)0[:u’ J]> = (e~ <xie O[,U,, U]>
= <O[M’ J]> — De - <0-u—(e)o-u+(e)0[:u’ J]> ’ (311)

where gc = 0, (¢)0y+(e) and uT(e) = u(c*(e)) are the two faces of G adjacent to the oriented
edge e, with u_(e) being to the right and u™(e) to the left of e. Note that the set of disorders
involved in the left-hand side of this equality differs from that in the right-hand side, so
one should be careful with the signs of the formal correlations even though there is a trivial
correspondence between the faces of these double-covers. Above, the faces u™(e) are assumed
to be adjacent on the double-cover used to define the correlation (O[u, o]).

Let us now replace the collection of spins and disorders O[u, o] by fig(e)0y+(e)Ol1, o] and

recall that any repeating variables in these formal correlations cancel out. Rewriting (B.11])
(note that now O[u, o] must contain an odd number of disorders), one obtains

<ﬂ0(e)au+(e)o[u7 U]> = Pe - <:U'0(e)0'u*(e)0[:u'7 U]> t Qe <ﬂt(e)au+(e)0[ﬂ7 U]> ) (312)

with a proper correspondence between the involved double-covers.

Remark 3.6. There exists a way to make this correspondence of double-covers canonical.
Let GC denote the corner graph G with all the intersecting edges removed. Given O[u, o],

one considers a double-cover @8[ of G€ branching around all the vertices and the faces of G

0]
that are not involved in O[u, o], as well as around all the edges of G. On this double-cover,
the formal correlations (fi,(c)ou()Olp, o)) defined in Section 3.3 obey the sign-flip symmetry

between the sheets and satisfy (8:12]) around all the edges, see [82] pp. 209-210].
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Remark 3.7. The propagation equation ([.12]) can easily be derived using Lemma B.1] (or its
generalization provided in Remark B.4)) and playing with the natural correspondence (given
by adding/removing the edge e) between the sets of subgraphs of G involved in the relevant
combinatorial expansions. This approach is conceptually equivalent to the derivation given
above, but it allows one to change the viewpoint and to use these combinatorial expansions
as (slightly mysterious) ad hoc definitions of the objects of interest, making use of very
elementary concepts only. Such a shortcut was advertised by Smirnov [99] [101] and is very
useful when working with complex-valued fermionic observables, see Section for details.

We now discuss how one can see the three-point relation (3:I2]) using the intrinsic structure
of the Kac-Ward matrices or, more precisely, the matrices Cp,, .- Let us introduce a
matrix Y whose entries are labeled by the corners of G as follows:

Y., {exp[% w(c,@)] if v(c) =v(d) but ¢ # ¢;

0 otherwise.

Note that the matrix Y is Hermitian and has a block-diagonal structure with blocks corre-
sponding to vertices of G. Further, for a given collection of cuts s = s, ,,,] linking the
faces ui, ..., U, and, possibly, uqyt on G*, let
—q if c=¢;
(D ) = pe - expl% w(c, E’)] if c=c"(e) and ¢ = ¢~ (e) for some e;
[utsyum] ) ¢ e/ ge - (—1)*¢exp[s w(c,@)] if c=cT(e) and ¢ = ¢ (€) for some e;
0 otherwise,

where the rotation angle w(c, @) in the third line is measured along the path c®e & .

Remark 3.8. The operator Dy, ,,, can be viewed as the “untwisted” operator D acting on
functions defined on the double-cover G[(En i) and obeying a sign-flip symmetry between the

sheets; such functions are sometimes called spinors. From this viewpoint, the above definition

describes the action of Dy, on a section of G[%l ] given by the cuts s, 4, -

Lemma 3.4. For any collection of faces ui,...,um, of G, the following identity holds:

4C7 1 +Y +il = 2D—1

[w1,..,um] (w1, sum]

(3.13)

Remark 3.9. Before giving a proof of this identity, recall that C = tULCUp and introduce
the real-valued counterparts of the matrices Y and Dy, . defined by

Y :=iULYUs and Dy g = iUeDp,, uUc -
[4C !

oUm] [w1,.sum
and any corner ¢ # ¢t (e), the quantities

Then we have ﬁ[uh. |~ Y+ I] = 2I. In other words, for any oriented edge e

<X Xe 7 [ur,..um) _Yc’,c + Ic’,C7 where ¢ = ci(e) or ¢ =c” (E) )

satisfy a three-term linear relation with coefficients provided by the matrix f)[ul,__,um} , and

one should replace the last term I, by —I. . if ¢ = ¢*(e). The local terms (—? + 1)
compensate the mismatch between the Grassmann variables formalism and disorder insertions
in the situation v(¢’) = v(c), see Remark Modulo this local adjustment of the formal
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correlation functions, equation (8.13)) is equivalent to the propagation equation ([B.12]) for two-
disorders correlations. Its extension to 2n disorders (equivalently, 2n Grassmann variables x.)
is then provided by the Pfaffian identities and linearity.

Proof of Lemma[3.4} Equality (3.13]) is equivalent to the following claim:
Clusom] = Dt 2T+ 2(Y + D) Cluy ] s (3.14)
which can be easily checked in two steps. One begins by computing the matrix
Sur,um] = %(Y + D) Cluy,.. um] 5

whose entries are given by

-1 if c=¢;
—iexp[:w(c, @) if c=c (e) and ¢ = c*(e);
(S[uh-.,um})cc/ = . i — we .—1 o =y, (315)
) iexp[sw(c,@)] - (=1)*¢x;" if c=c"(e) and ¢ = c*(€);
0 otherwise,

where the rotation angles w(c, @) for ¢ = ¢*(€) in the third line are measured along c®e® .
Then, another straightforward computation leads to (3.14]). O

Let the matrix Wiy, ., be defined by

exp[% w(c,@)] if c=c (e) and ¢ = c*(e);
(W[ul,_,um})w, = — exp[% w(c,@)] - (=1)*¢z;! ifc=c(e) and ¢ = ct(e);
0 otherwise,
and note that Wiy, ., Wp,, ., 1 is a diagonal matrix with entries 1 + 272 for c=ct(e). A

straightforward computation shows

3V +D)Ch i) = Wiaroat] Dl
Similarly, one can easily see that
%(Y - Z‘I)C[ul,__,um} = me,..,um]D)[kul,..,um] ’
for instance by checking the identity
Z.C[uly--yum} = W[ulwvum]D[uly--yum] - Ekul,..,um]Druh..,um] :

Remark 3.10. (i) Since Dy, 4,,] can be thought of as some O-type operator acting on the

corresponding double-cover GF identities of this sort are useful when studying the

Ulv--vum]’
links between the Kac-Ward matrices and discrete holomorphic functions, see [24] for the

discussion of general surface graphs.

(ii) Since the matrix WW* is diagonal, the last representation of the quadratic form XTGX
provides an appropriate starting point for the interpretation of the (scaling limit of the) Ising
model defined on a general planar graph G from the “Free Fermionic Field” perspective,
cf. [96, 51, 91] and [27, Section 2.1.2], [84] Section 9.7].
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3.6. Complex-valued fermionic observables and s-holomorphicity. The aim of this
section is to discuss the complex-valued versions of the formal correlation functions (aka
discrete fermionic observables) introduced in Section B:22H3.4l Those can be defined as simple
linear combinations of the real-valued ones, so one should not expect a major difference
between the two viewpoints. Nevertheless, it turns out that the complex-valued observables
are much better adapted to the analysis of boundary value problems arising when studying
the scaling limit of the Ising model in general planar domains. At the same time, they can
be constructed ad hoc in a purely combinatorial way and all the needed local relations follow
easily, cf. Remark B.7l Such a definition was advertised by Smirnov in the 2000s (see [10T]
Section 4] for historical remarks) and then used in a series of recent papers of Chelkak,
Duminil-Copin, Hongler, Izyurov, Kemppainen, Kytola and others devoted to the conformal
invariance of correlation functions and interfaces arising in the scaling limit of the critical
Ising model in bounded planar domains.

For simplicity, below we mostly discuss the “untwisted” situation. As usual, to handle the
general case one should consider a relevant double-cover and work with spinors defined on
this cover instead of functions defined on V(GX) or V(G®), see (B3] and Remark To
simplify the notation, we assume that the global unimodular factor in the definition of 7, and
7c is chosen as ¢ = ¢'T. For the midpoint z. of an edge e € E(G), define

T/J(Ze) = 756 . (neQSe + négbé)’ (316)

where the additional normalizing factor t. := (z. + 2, 1)'/? is added for later convenience;
note that 1 (z.) does not depend on the orientation of e. This allows us to speak about formal
correlation functions of these new variables like < 1(z¢)p, = or <1(ze)x. >. In particular,

for a given oriented edge a € V(GX) and z. # z,, Theorem implies

(_ina) : ZPEC(a,ze) exp[—% Wind(VP)] tex(P)
ZIsing(Ga x) ’

Fa(ze) = <¢(Ze)¢a>' = (3.17)

where C(a, z.) := C(a, e) UC(a,€), the non-self-intersecting curve p is obtained from a con-
figuration P € C(a, z.) by an arbitrary resolution of all its crossings, and wind(vyp) stands for
the total rotation angle of the (velocity vector of this) curve yp when it runs from a to z.
Among other papers, this combinatorial definition can be found:

e In the original work of Smirnov devoted to the understanding of the scaling limit
of interfaces (domain walls) arising in the critical Ising model on the square lattice,
with a being a boundary edge, see [101, Section 4] for references.

e In the paper [2I] devoted to the wniversality of these scaling limits for the critical
Ising models defined on arbitrary isoradial graphs; note that the normalizing factor .
introduced above matches the factor (cos 26,)~! = (1+22)'/2 used in [21], Section 2.2]
since we included the half-weight of the last edge e into z(P).

e In the paper [46] and the PhD thesis [43] of Hongler, which is devoted to the study
of the scaling limit of the energy density field in the critical Ising model in bounded
planar domains (on the square lattice), with a being an internal edge.

e In the paper [19] and the PhD thesis [52] of Izyurov, where the spinor version of (3.17])
was first suggested as a tool to study scaling limits of (ratios of) spin correlations and
interfaces in the critical Ising model considered in multiply-connected domains.
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e In the paper [18] devoted to the study of the scaling limit of the spin field in the critical
Ising model in bounded planar domains (on the square lattice), where the branching
“source-at-corner” observable <t(ze)Xc™[u;,...u.,] Was used, with u; = u(c).

Further, with a slight abuse of notation, let us denote
¥(c) :=nexe for ¢ € V(GY)

and extend definition ([BI7) of the function F,(-) from the set of midedges z. of the graph G
to the set of its corners by defining, for ¢ € V/(G©),

Fa(c) = <¢(C)¢a =€ nR.
These quantities admit combinatorial expansions similar to (BI7]), see Lemma and Re-
mark B.5(ii); note that Fy(-) depends on the choice of the square root in the definition of 7,
but is independent of all other choices. The following notion first appeared in [100, 21] in
the critical planar Ising model context and was recently discussed in [24] for arbitrary surface
graphs. Recall that we use the parametrization x. = tan %6’6 of the edge weights.

Definition 3.5. A complex-valued function F' defined on edge midpoints z. and, simultane-
ously, on corners ¢ of a given weighted graph (G, x) embedded in the complex plane satisfies
a generalized s-holomorphicity condition for a pair z. and ¢ = c*(e) if

F(c) = exMEOFE0)  Proj[ F(z,); e*3 (™0, ], (3.18)

where, as usual, w(c, e) denotes the rotation angle between the decoration ¢ oriented towards
the vertex v(c) = o(e) and the oriented edge e, and Proj[F'; v] := Re[Fp]v = 3[F + v*F],
and thus the choice of the sign of 7, in ([BI8]) is irrelevant.

It is well-known that the complex-valued observables Fy,(-) =<(:)¢, > introduced above,
as well as the “source-at-corner” observables F.(-) =<(-)x. > and their spinor counterparts,
satisfy the generalized s-holomorphicity condition for all pairs (z.,c*(e)) except near the
“source” edge a or the corner ¢, respectively. (Actually, if one uses direct combinatorial
definitions, with a proper treatment of the values F,(z,) or F.(c), instead of the formal
correlations of Grassmann variables, these local relations are satisfied even near the “source”
edge a or the corner ¢, cf. Remark B.9l) A simple combinatorial proof of (3.18]) in the special
situation when w(c*(e),e) = £(m — 6,) can be found in many places (e.g. see [T01], Section 4]
for the square lattice case or a non-optimal version of the same argument [21, Section 2.2] for
isoradial graphs), and these proofs can be trivially adapted to the general situation.

Let us now sketch the proof of another well-known fact saying that the s-holomorphicity
condition is essentially equivalent to the propagation equation (812, see [21, Lemma 3.4], or
the algebraic identity B.I3]), cf. [74] Section 2.1] and [24] Theorem 4.2]. Indeed, using (3.9])
one can rewrite definition (.16 in the following form, independent of the choices of 7. and 7,:

Y(ze) = Stewe 7 |:Zc=ci(e) e 2"y (c) + Zczci(é) e W(C’EW(C)} :

where each of the sums contains two terms. Further, each of the four variables ¢(c) involved
into these sums produces a term <1 (c)¢, = with a prescribed complex phase 7.. Thus one can
use the identity Proj[ar; v] = 3[1 +1v?a@% - ar for r € R and straightforward computations
to get the following form of the right-hand side of [BIS)) for F(z¢) =<1(z¢)pa =:

%e%w(c,e) . [Zc:ci(e) o5 W(ce) <Y(C)pa - F ixe_l Zc:ci(é) o5 W(ce) <(¢)pa >_:| )
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Therefore, the s-holomorphicity condition ([B.I8]) for the function F,(-) =< ()¢, > and a
corner ¢ = ¢~ (e) can be equivalently rewritten as

Seor =U(Npg>== 0, 3.19
Zc,e{ci(e)ﬁci@}, Y(c)o (3.19)

with the coefficients S, given by (B.I5). By definition, ¢, is a (real) linear combination of
the two corner variables x.+(q), S0 it is easy to see that

<P() o == H_C;}C,(a) + /<;+C;716+(a) for any ¢ € V(G©)
with some (complex) coefficients k4. Since SC™1 = (Y + iI), equality (3I9) easily follows
provided v(c) # o(a). The analog of ([BI9) for ¢ = c¢™(e) can be checked in the same way,
this time with coefficients given by the entries of the matrix %(Y —i)C =S —iC.

Remark 3.11. Let us assume that v; € V(G) is a degree 1 vertex and e; € B(G) is the
unique oriented edge of G satisfying t(e;) = v;, cf. Remark Despite the fact that
adding/removing such vertices to the graph G does not affect the Ising model on the dual
graph G*, allowing them is sometimes useful, notably when the outer face wuq,t has a huge
degree. In this case, it is convenient to add such a vertex vy to each of the vertices v € V(G)
incident to wuyy in order to speak about boundary conditions satisfied by complex-valued
observables F,(-). As the only vertex incident to € in the terminal graph GX is e;, one has

Fo(zey) = =U(2e1)a = = teye <beda= € neyR = ine, R (3.20)

for all a # €1, since < ¢e, Pgq == IA{;%G = 0 unless a = €;. Clearly, this property holds for all
versions of complex-valued fermionic observables discussed above, including the spinor ones.
Again, these boundary conditions become even more transparent if one just starts with the

combinatorial descriptions of these observables, e.g. with formula (3.17)) for F,(z.).

We conclude this section by a brief discussion of the general strategy used in the pa-
pers [21), 46, 43, 19, 18] mentioned above to prove the convergence, as 6 — 0, of various
correlation functions in the critical Ising model considered on refining discrete approxima-
tions €5 to a given planar domain 2. As an example for this discussion, we use the energy
density expectations (LIT]) treated in [46, 43]. For these expectations, we need some simple
preliminaries reflecting their algebraic structure. Similarly to (B816), let us define

VY (2e) i=te - (MePe + M)
and let

U(zes2a) = =P(2e)(2a) = = ta- (MaFalze) +maFa(ze))
\II*(Zm Za) = '<¢(Ze)w*(za) - =ty (ﬁaFa(Ze) +ﬁaFfl('ze)) .

Note that U(z,, ze) = =¥ (2e, 20), V*(24, 2¢) = —V*(2e, 24), and all these functions are inde-
pendent of the choices of 1, and n.. Moreover, it is easy to see that

< \11(26720,) \II*(Zeaza) > :t t . < 776 né ) IE;cll IE;% < "7a ﬁa >
\I]*(Zeaza) \I’(Zeaza) e Me Me Kgcll Kg@ Na TNa ’

where IA{gé = < pey >~ due to the definition of these formal correlation functions.

[y

Therefore, in order to understand the scaling limit of the multi-point energy-density ex-
pectation (LII), it is enough to understand the scaling limit of the functions ¥(z,z,)
and U*(z.,z,) or, equivalently, the scaling limit of the complex-valued observables F(z)
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and Fg(ze). The latter satisfy the s-holomorphicity condition (3I8) everywhere in Q5 ex-
cept near the “source” edge a or @ and the condition ([B:20]) at the boundary. Therefore, the
question amounts to the proof of convergence of solutions to such discrete boundary value
problems as § — 0, including the careful analysis of their behavior near the “source” point
and, in the more general setup, near the branching points uy, ..., Uy, cf. Remark [L4](ii).

Remark 3.12. Let us emphasize that the combinatorial formulas discussed in this paper pro-
vide just a starting point for the analysis of scaling limits of various correlation functions in
discrete domains €2s. The boundary value problems for s-holomorphic functions satisfying
boundary conditions (8.20)) are not easy to handle and one needs a lot of technical work in
order to prove the relevant convergence theorems for their solutions, even when considering
the critical Ising model on subgraphs of the square grid. The first breakthrough convergence
results of this type were obtained by Smirnov in [99} 100] and more advanced methods were
later developed in [21], [46, 19, [18], 54]. Away from criticality, a similar analysis does not look
completely out of reach and some important algebraic tricks (notably, the definition of the
discrete antiderivative [ Im[(F(z))2dz]) are available in a fairly general setup, see [24]. Nev-
ertheless, even the near-critical (aka massive) model considered in bounded domains has not
been treated yet.

4. THE SURFACE CASE

The aim of this section is to extend the results and methods of proof of Section[2to arbitrary
finite weighted graphs. This requires the use of a geometrical tool known as a spin structure.
Therefore, we devote a first subsection to reviewing the main properties of spin structures on
surfaces. We then use them to extend the Kac—Ward formula to graphs embedded in surfaces.
In a last subsection, we show how to use this result for the computation of spin correlations
in this more general setting.

4.1. Spin structures, Kac—Ward matrices on surfaces, and quadratic forms. Obvi-
ously, any finite graph can be embedded in a compact orientable surface. However, in order
to define the associated Kac—Ward matrix, one needs to be able to measure rotation angles
along curves. For planar closed curves, there is one natural way to do so: one measures the
rotation angle of the velocity vector of the curve with respect to any constant vector field on
the plane. For curves embedded in an arbitrary surface, there is no preferred way. However,
there is a standard geometrical tool for this, known as a spin structure. We shall not recall
its formal definition (see e.g. [3, p.55]), but only state without proof the properties that we
shall need.

The first of these properties is that any spin structure on a compact orientable surface X
can be given by a vector field on ¥ with isolated zeroes of even index. This already allows us
to extend the definition of Kac—Ward matrices to this setting, as follows. Given a weighted
graph (G,z) C ¥ and a spin structure A on ¥, let us endow ¥ with a Riemannian metric and
fix a vector field X on ¥ with isolated zeroes of even index in ¥ \ G representing the spin
structure A. Finally, let us mark one point inside each edge of G.

Definition 4.1. The Kac-Ward matrix associated to the weighted graph (G, z) embedded
in ¥ and to the spin structure \ is the ]E(G)\ X \B(G)\ matrix KW)(G,z) =1—T), where I
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is the identity matrix and T) is defined by

(T5) {exp (Lwale,€)) (wexe)? if t(e) = o(€’) but ¢’ # &
Aee! =

0 otherwise,

where wy (e, e’) is the rotation angle of the velocity vector field along e followed by e’ with
respect to the vector field X, from the marked point in e to the marked point in ¢’.

Obviously, this matrix depends on the choice of the vector field representing A and of the
marked points in the edges. However, its determinant will turn out only to depend on A
and on (G,x) C X. The precise result is most conveniently stated using the terminology
of homology and quadratic forms, that we now very briefly recall. (We refer the interested
reader to [41] for further details.)

Consider a graph G embedded in a compact connected orientable surface ¥ of genus g in
such a way that 3\ G consists of a disjoint union of topological disks. Let Cy (resp. Cy, C3) de-
note the Zy-vector space with basis the set of vertices (resp. edges, faces) of G C X. Elements
of C}, are called k-chains. Also, let dy: Cy — C1 and 01 : C1 — Cy denote the boundary oper-
ators defined in the obvious way. Since 0 0 d, vanishes, the space of 1-cycles ker(9;) contains
the space 02(C2) of 1-boundaries. The first homology space Hy(X;7Z3) := ker(0:1)/02(Cs)
turns out not to depend on G, but only on ¥: it has dimension 2g if ¥ is closed (i.e.
compact without boundary), and dimension 2¢g + b — 1 if ¥ has b > 1 boundary compo-
nents. Note that the intersection of curves defines a bilinear form on Hj(X;Zs) which is
non-degenerate if ¥ is closed; it will be denoted by («, 3) — «- (3 as usual. Finally, recall that
the space H'(X; Zs) = Hom(H{(X;Zs), Z2) can be understood as the set of (gauge equivalence

classes of) Za-valued flat connections; these are maps ¢: E(G) — Zso such that p(e) = p(€)
for each oriented edge e and 3~ ., ¢(e) = 0 for each face f of G C X.

This leads us to the statement of the second property of spin structures: the set 8(3) of
spin structures on an oriented compact surface ¥ is an affine space over H'(X;Zs). In other
words, there is an action (p, \) = ¢ + X of H'(3;Zs) on 8§(X) such that for any fixed ), the
assignment ¢ ~ ¢ + \ defines a bijection from H'(X;Zy) onto §(¥). This action is easy to
understand at the level of vector fields, and therefore at the level of Kac—Ward matrices: it

is simply given by (T4 )eer = (—1)7(Th)e,er-

Ezxample 4.1. As a first example, consider the case where ¥ is an m-punctured disk in the
plane. A natural spin structure is given by any constant vector field, and the corresponding
Kac-Ward matrix is nothing but the classical one (see Section [[3)). On the other hand,
this surface has genus zero and m + 1 boundary components, so it admits 2™ different spin
structures. They can be obtained from the first one as follows: draw a path (transverse to the
graph) from each of the punctures to the boundary of the disk, fix a subset of the punctures,
and set ¢(e) = 1 whenever e crosses the path corresponding to one of the chosen punctures
(and set p(e) = 0 else). There are 2™ choices of subsets of the punctures, which correspond
to the 2™ different spin structures, and to the 2™ different Kac-Ward matrices KW, (G, z).
Note that, if the punctures are located at faces wq, ..., u,, of a planar graph G, then we have

’CW)\(G’x) = I[ul,..,um} : ’CW[ul,...,um] ) (41)

where KWy, ... u,, are the matrices that appeared in Proposition [L.3] (see Section [L3]).
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Example 4.2. Another easy example is given by the torus ¥ = T?. Here again, it is possible
to consider a constant vector field as a “reference” spin structure. Since Hj(T?;Zs) has
dimension 2, there are 4 distinct spin structures on T?. They can be obtained from the first
one as follows: draw two closed curves (transverse to GG) representing a basis of the homology,
fix a subset of this basis, and set ¢(e) = 1 whenever e crosses one of the chosen curves (and
set ¢(e) = 0 else). There are 4 choices of subsets of this basis, they correspond to the 4
different spin structures, and to the 4 different Kac—Ward matrices.

Let us now turn to quadratic forms. Let H be a finite-dimensional Zs-vector space endowed
with an alternating (i.e., such that o - a = 0 for all « € H) bilinear form (o, ) — - 5. A
quadratic form on (H, -) is a map q: H — Zs such that

g(a+8) = q(a) +q(f) +a- 8 forall a,fc H.

Note that there are exactly |H| quadratic forms on (H, -); more precisely, the set of such
forms is an affine space over Hom(H, Zs). This easily implies the equality

1 if a=0;
§ : Q(a - ’ 4.2
\ H | { 0 otherwise, (42)

where the sum is over all quadratic forms on (H, -). Furthermore, if the alternating bilinear
form («, 8) — «- B is non-degenerate, Arf showed [2] that the corresponding quadratic forms
are classified by the invariant Arf(:) € Zy defined by

( 1)Arf(q

NP

which is now called the Arf invariant (note that in this case the space H is necessarily even-
dimensional). We shall need a single property of this invariant (see e.g. [T7, Lemma 2.10] for
a proof), namely that it satisfies the equality

Arf )+a(e) 1 (4.3)

ST

for any o € H, where the sum is over all quadratic forms on (H, -).

The relationship between spin structures and quadratic forms on Hy(X;Zs) is given by the
following classical result of Johnson [57]. Consider a spin structure A on ¥ represented by a
vector field X on X with zeroes of even index. Given a piecewise smooth closed curve C' in X
avoiding the zeroes of X, let windy(C) € 277Z denote the rotation angle of the velocity vector
of C with respect to X. Then, given a homology class a € H1(X;Z2) represented by a disjoint
union of oriented simple closed curves Cj, the equality (—1)%(®) = [1;(- exp (5 wind,(Cj))
gives a well-defined quadratic form on (H;(X;Zs), - ), where - denotes the intersection form.
This implies in particular that, for any oriented closed curve C' with t(C') transverse self-
intersection points,

— exp (§ wind,(C)) = (—=1) O+ (4.4)

Indeed, this can be checked by smoothing out the intersection points of C' as in the proof of
Lemma [2.2] — which is nothing but the g = 0 case of this equation. Johnson’s theorem asserts
that the mapping A ~ g defines an H'(X;Zs)-equivariant bijection between the set §(X)
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of spin structures on ¥ and the set of quadratic forms on (H;(X;Z2),-). Equation (4.2])
translates into the equality

1 Z (—1) @ = {1 if o =0; (4.5)

I8(X2)] AeBE) 0 otherwise.

Johnson’s theorem also allows us to define the Arf invariant of a spin structure A\ as the
Arf invariant of the associated quadratic form ¢y. In the case of a closed surface of genus g,
equation (A3)) then implies the equality

2_19 Z (_1)Arf(A)+qA(a) -1 (4.6)
AES(T)

for any o € Hy(3;Zo).

4.2. The Kac—Ward formula on surfaces. We are finally ready to state and prove the
main result of this section. Note that the case of genus zero gives back the Kac—Ward formula
(in an extended form actually, since we now allow edges that are not line segments).

Theorem 4.2. Let (G,z) be a finite weighted graph embedded in an orientable compact sur-
face 3. For any spin structure A € 8(X), we have the equality

det(oWy(G,a) = (30 (_1)%([13})90(13))2,
Pe&(G)

where [P] € H1(X;Zy) denotes the homology class of P.

Proof. First note that the set £(G) endowed with the symmetric difference can be identified
with the Zs-vector space of 1-cycles in GG. Therefore, for any fixed spin structure A on ¥, the
associated twisted partition function can be written as

2(G )= 3 ()nPypy = 3 (cup@ 3 wp),
PeE(G) a€H1(X;Z2) P:[Pl=a
where [P] € H{(X;Z2) denotes the homology class of the 1-cycle P. The (weighted) terminal
graph (GX,zX) can be defined exactly as in the planar case, and the same arguments lead to
the equality
Z,\(G,z) = Z (—=1)DG\PaD+ED) KDy
DeD(GK)

As in the planar case, let us consider the Hermitian matrix Ky = J - KW, (G, x). For each
oriented edge e of G, fix a square root of the direction of the velocity vector of e at the marked
point inside e, measured with respect to the vector field representing the spin structure A\, and
denote by 7, its complex conjugate multiplied by a global unimodular factor ¢. This allows
us to define the real skew-symmetric matrix K A = tU*K)\U, where U is the diagonal matrix
with coefficients {ne}eev(GK). Comparing the equation displayed above with the Pfaffian

PfKy]= Y ea(D)X(D),
DeD(GK)
we are left with the proof of the equality
ex(D)er(Dy) = (—1)R[E\Pal)+D)
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for any D € D(GX), where Dy is the dimer configuration given by the set of long edges of
the terminal graph GX. To check this fact, one can use the exact same arguments as in the
planar case replacing Lemma 2.2] with its extension, equation (£4]). This leads to

l
ex(D)ex(Dy) = — exp (% wind, (C H YA (C)FHC)

H::]N

where |_|§:1 C; = DA Dy . Since gy is a quadratic form, we get

4
> (aA(C) +£(C))) = ar([DAD]) + > Cj- C;H—Z

j=1 1<j<k<t
= qA([DADo]) + t(DADQ) .

The theorem now follows from the equality [DADy]| = [G \ Dg| in Hi(X;Z2), together with
the fact that t(DADg) and t(D) coincide. O

The Kac-Ward formula for graphs embedded in surfaces, first derived in [22], is now an
easy corollary.

Corollary 4.3. Let (G,x) be a finite weighted graph embedded in an orientable closed sur-
face ¥ of genus g. Then, the partition function (L2)) of the Ising model on G is equal to

1
Zuign(G ) = o > (DA (det KWA (G, )2,
AES(D)

where Arf(\) € Zy is the Arf invariant of the spin structure X, and (det KWy (G, 2))'/? denotes
the square root with constant coefficient equal to +1.

Proof. By Theorem and the choice of the square root, we have

(det KNG, 2)' 2= Y (—1aPgpy = Y~ (2@ N 2(p). (47

PeE(G) a€H1(X;Z2) P:[Pl=«

The claim now follows from equation (4.0)):

Zpign(Grz) = > Z

O:EHl(E Zg) P: [P

- ¥ [(2_192 (A @) x(p)}

aEHl(E'Zz) AES(T) P:[Pl=a
— 5 X[ S @ S )]
)\68(2 a€H1(3;Z2) P:[Pl=a
- 2—19 (—1)AO) (det KW (G, 2))V2 . 0

AES(E)
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4.3. Spin correlations on surfaces. Similarly to Sections and 23], below we prefer to
work with the Ising model defined on the dual graph G*. Recall that the partition function
of this model is given by (L3]), with the sum taken over the set &(G) = {P € £(G) : [P] = 0}
of possible domain walls configurations and not over the whole set £(G) as in Corollary [4.3]
Also, recall that in case ¥ has a boundary, we impose ‘+’ boundary conditions on all of its
components, and that the ‘free’ boundary conditions on (some of) these components can be
obtained just by setting the corresponding interaction parameters z, = exp[—28Jc+] to 1.

Corollary 4.4. Let G be a finite graph embedded in an orientable compact surface 3, possibly
with boundary. Then, the partition function (L3]) of the Ising model on the dual graph G* is
equal to

Ziows (G, ) = > (det KWA(G, )2,

SO e
where det(KW\ (G, z))Y/? denotes the square root with constant coefficient equal to +1.

Proof. Using equations (L3H]) and (£, one easily gets

Zans@0) = 3 (e 2 C0n) X ar)]

a€H1(X;Z2) AES(X) P:[Pl=a
1
— —1)9r ()
s S| T o S e
AES(X) ~acH 1 (2;Z2) P:[Pl=a
= LS (et KNG )2 0
8(Z)] AES(S)

Ezample 4.3. Let ¥ be an m-punctured disk in the plane with the punctures located at
faces uy,...,up, of a planar graph G, as in Example A1l Recall that spin structures A € §(X)
are in natural 1-to—1 correspondence with subsets U of the set {uj,...,un}, and the corre-
sponding Kac-Ward matrices KW, are related to the matrices KW, from Proposition [L.3]
by ([@J]). Therefore, Corollary [£.4] gives

ZIOWZ(G?'%') _ 1 Z (detKWA(G,x))lﬁ
Ziow(G) [S(B)] (det KW(G, 2))1/2

AES(X)

_ o—m + — Rt [9—m
=2 Zuc{ul,...,um}EG* Hueu"“] = EL[27™(1 +0u)...(1+04,)].

Note that this is consistent with the definition of Zjo (G, x), which is the partition function
of the Ising model on G* with ‘+’ boundary conditions at all the faces u1, ..., u; and Ugyt.

Let us now show how Proposition [.3] extends to the case of a finite graph G embedded in
an orientable compact surface-with-boundary . Fix m faces uq,...,u, of G C 3 and some
collection of edge-disjoint paths » = s, ) in G* linking these faces to the boundary of 3
or to each other. As in the planar case, this induces a diagonal matrix Ij,, ] and, for any
spin structure A € S(X), a modified Kac-Ward matrix

yeenUm

ICW)\"‘[uly---vum} = I[Ulv---vum} - T>‘ :
Note that KWy (u,,....um] can be interpreted as the Kac-Ward matrix associated to a spin
structure on the punctured surface ¥ \ {uy,...,un}. However, this spin structure is not



42 DMITRY CHELKAK, DAVID CIMASONI, AND ADRIEN KASSEL

canonically associated to A and uy, ..., Uy, as it depends on the choice of the (homology class
of the) paths ». More precisely, a straightforward extension of the proof of Theorem leads
to the equality

2
det KWx s, ) = (0 (=12 (1) Pa(p)) (4.8)
PeE(G)

which implies the following result.
Proposition 4.5. Let G be a finite graph embedded in an orientable compact surface-with-

boundary . The correlation of spins at faces u1,...,uy with 4+’ boundary conditions on all
the boundary components of ¥ is given by

ZA@S(E (det ICWA-i—[ul um}(G x))l/z

Eg* [Ouy - Ou,,] =

where x¢ stands for exp(—28Jex).

Proof. The bijection between spin configurations on G* and domain walls in G gives

E&low - ou,] = [Bows(G2)] 7 > (=1 Pa(P).
P:[P]=0

By equation (Z£5]), we get

S Pep) = % [(@ 3 (—1)%<[P]))(—1)”'P:c(P)}

P:[P]=0 Peg(@) es(x)
1
“m T [T o).
18 res(x) L peg(a
The result now follows from equation ([4.8]) and Corollary 44 O

Let us conclude this section by mentioning that Remark [[.4] readily extends to the surface
case, as well as Theorem More precisely, the latter result takes the following form: for
any spin structure A, the Pfaffian of a submatrix of the corresponding matrix ﬁ;l admits a
combinatorial expansion similar to Theorem [[.2], provided definition (L.9]) of the sign 7(P) of
a configuration P € C(ey,. .., ea,) smoothed into C LI+ takes the additional factor (—1)7(¢),
Also, one can easily extend to the surface case the dimer techniques discussed in Section [3.1]
and the formalism of Grassmann variables discussed in Section On the other hand, one
should be more careful when using the disorder insertions discussed in Section [3.3] for graphs
embedded in surfaces, and, especially, when matching the two formalisms in the style of Sec-
tion B4l The subtle point is that the formal correlation functions (fy, . . . fu, Ouy - - - O,y )
now depend on the homology class [»] of the paths » = svv2n] chosen to define the set
of configurations C¥ (v, ... va,) := {P : PAx € &(G)}, and one should sum over [x] to
recover the spin-disorder duality. Further, an appropriate analog of Lemma B.1] for the fixed
homology class [s] involves a summation over §(X) similar to that in the right-hand side of
the equations of Corollary 4] and Proposition .5 and one should keep track of additional
signs (coming from the non-canonical identifications of the double-covers G [”]) when summing
over [x]. These technicalities become even more involved when dealing with general formal
correlations considered in Proposition B3] though, in principle, all the details can be fixed.
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5. THE DOUBLE-ISING MODEL

In this section, we assume the weighted graph (G, z) to be embedded in the plane and

consider the double-Ising model defined on the faces of the modified graph é, see Section
for the definitions and notation. Recall that the partition function of this model is given by

Zaw1(G,z) = 2(P)z(P'), (5.1)

ZP,P/eg(é) : (PAP)NE5(G)=0
where E(G) C E(G) is the set of boundary edges of G, and the modified Kac—Ward matrix K
is defined as

Ke e =

)

~ iz, if € = e is an inward oriented boundary edge;
Keo + { ¢ v (5.2)

0 otherwise.

Below we describe how the combinatorial methods developed for the study of the (single-)
Ising model on faces of G may be extended and used to study the double-Ising model. We
give the proof of Theorem [L4] and Proposition in Section 5.l In Section B2l we prove
an analog of Theorem [[L4] for Dobrushin boundary conditions (ILI2]). The last Section [£.3]is
devoted to a discussion of s-holomorphic observables arising in the double-Ising model context
and discrete boundary value problems for them.

5.1. Proofs of Theorem [I.4 and Proposition The aim of this section is to give
a proof of Theorem [[.4] and Proposition Let us begin by recalling that the Kac—Ward
formula (L5 and Theorem [IT] for the single Ising model can be rewritten as

(Z1sing (G, 2))? = (PI[K])? = detK = (=1)P©@ldet K, (5.3)

where the Hermitian matrix K is given by (L7)). The proof of this theorem discussed in
Section [2] uses the combinatorial expansion of the Pfaffian of the anti-symmetric matrix K.
Alternatively, one could expand the determinant of K for this purpose. The resulting proof of
Theorem [[1]is slightly more cumbersome as we need to compare sums over more complicated
configurations (double-dimers on the terminal graph, instead of single dimers). However, this
approach does have an advantage: it generalizes to a proof of Theorem [[L4l Having this goal
in mind, we start with a direct combinatorial expansion of the determinant of K.

Second proof of Theorem [I1. Squaring the right-hand side of the identity

Zring(Grz) = Y (=1)'P2ND)
DeD(GK)

provided by Lemma 2.1] leads to a sum over pairs of dimer configurations on the terminal
graph GX. Any such pair defines a union C of vertex-disjoint unoriented loops of even
length covering all the vertices of GX, some of length two, called double-edges, and some of
greater length, called cycles. We shall write eyen(GX) for the set of such configurations of
edges of GX. Given a configuration C € Feven(GK), let Cy be the collection of its double-
edges, C1,...,Cy denote the (unoriented) cycles, and let

A
X(C) = T @2 [[5()-

ecCoh 7j=1
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For each of these £ = £(C) cycles there are two ways to split it into two sets of dimers, and
therefore

(leing(Gw%'))Q _ Z (—1)t(D)+t(D,)xK(D).%'K(D/)
D,D’'eD(GK)
— 3 (=1)HEOHD-DUC) G K (o (5.4)
C=DUD’ €T eyen (GK)

Note that we slightly abuse the notation using the intersection number D - D’ in the sum as
this number depends on the particular way how C is split into D and D’. Nevertheless, we
shall see below that the parity of this intersection number depends on C' only.

On the other hand, expanding the determinant of K leads to
_ K
detK = 3" oo (ChaX(0), (5.5)

H
where ?(GK) is the set of all vertex-disjoint unions 8 = Cpy U |_|§:1 C; of double-edges and

oriented cycles of arbitrary length covering all the vertices of GX, the weight 2¥(C) does not
depend on the orientation of these cycles and

VA
7(C) = (-1l T] ~(C))
j=1

is some sign, that we now determine.

— —
Claim A. Let C; denote the cycle C; with the orientation reversed. If the length |C;| of this
%
cycle is odd, then 7'(8]) = —7(Cj). If |C}] is even, then

T(a) — 7.(57]) = (=1)I%il/2 (_1)t(0j)+vf(a) ’ (5.6)

— —
where v_(C}) is the number of vertices of GX visited by C; in such a way that both adjacent
edges are short and this oriented cycle makes a clockwise turn at this vertex.

Before giving a proof of Claim A, note that it has the following consequence: the expan-
sion (5.5]) for the determinant of K simplifies to a sum over elements of Teyen (GX). After that,
the only fact remaining to be proved in order to obtain (B.3]) is the equality of the signs in
the two expansions (5.4]) and (5.5, which is done in the Claim B below.

Proof of Claim A. By definition of the matrix K, and expanding its determinant as in (5.5]),

we have

r(C5) = (~1)/ % (1) (@),

H
where s(C}) denotes the number of short edges in C; and w(C}) is the product of the coeffi-

cients exp[% w(e, e’)] along the oriented cycle C;j. Computing the total rotation angle of (the
velocity vector of) this cycle leads to

H
Cj)

)

3 —
exp [§ wind(Gy)] = w(C)) - i+ (@) (—i)-¢
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D D D ‘D' D D’

(a) A simple deformation of a path on the (b) Each intersection of D with itself (resp. D’ with
graph G¥ into a path following the edges of G: itself, D with D’) induces two (resp. zero, one)
the rotation angle gains exactly £ at vertices transverse intersections between (DA D’)_ and D

where both adjacent edges are short

F1GURE 4. Topological arguments used in the proofs of Claim A and Claim B

— —
with v4(C}) defined as v_(C}) but counting counterclockwise turns instead of clockwise ones,
— —
see Fig. dal Therefore, Lemma 2.2l and the equality 2s(C;) = |C;| + v—(C}) + v4(Cj) imply

_)
7(5;) = (—1)HCHICsI+s(Cy) - (@)= (@)

= (_1)t(0j)+v7(6_”;) . (_i)lcjl.

The claim follows easily since the two numbers v_(C}) and v_ 8] Cj) have the opposite
parity if |C}| is odd and the same parity if \Cj\ is even

Note that we have |Cy| + Z§:1 |Cj]/2 = |E(G)| for any C € Deyen(G¥). Thus, to deduce
formula (B.3]) from expansions (5.4]) and (5.5, it is enough to prove the following claim.

Claim B. For any D, D’ € D(GX), the number D - D’ has the same parity as v_ (DA D’)
defined as the sum of v,(ﬁ) over all components C of DA D’ oriented arbitrarily.

Proof of Claim B. Let us denote by (DA D’)_ the collection of disjoint, arbitrarily oriented,
loops DAD’ pushed slightly to their left, so that they intersect the edges of G¥ transversally.
Further, if Do denotes the set of all long edges of G¥, then DAD is also a collection of loops,
which gives

(DAD")_ - (DADy)=0 mod 2.

Now observe that the number of intersections of (DAD’)_ with short edges of D has the same
parity as D- D', see Fig. [4bl At the same time, the number of intersections of (DAD’)_ with
(long) edges of Dy \ D is exactly v_(DAD'), since such intersections happen only in vicinities
of the vertices, where both adjacent edges of DAD’ are short and it makes a clockwise turn so
that (DAD')_ is pushed “towards” the long dimer from Dy \ D. Thus the claim follows. [J

We now move on to the proof of Theorem [[.4l Let ﬁa(G) denote the set of inward oriented
boundary edges. Recall that we denote by (G, z) the weighted graph obtained from (G, )
by adding a vertex z, in the middle of each edge e of G, and by assigning the weight xflz/Q to
both resulting edges of G®. For a subset E = {e1,...,e2,} C E5(G), we denote by C(E) the
set of subgraphs P of G¥ that contain the edges (z¢,,t(ex)), and such that each vertex of G
different from z.,,..., ze,, has an even degree in P, see Section [[L4l Note that C(E) is empty
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if |[E| is odd and (5.I)) can be written as

2
Zap(Grz) = Y x(E)[ > x(P)} (5.7)

ECEs(G) PeC(E)

since, by definition, each boundary edge e € E contributes only xé/ ? %o the weight z(P).

Proof of Theorem [17] For a subset of boundary edges E C BQ(G) C ﬁ(G) =~ V(GK), let KF
denote the matrix K with all the rows and the columns that are indexed by E removed. It
immediately follows from definition (5.2]) of the matrix K that

(—1)IF@I et K = (_1)|E(G)\ZECE>8(G)z"E‘x(E) det K¥,

thus we need to show that this expansion coincides with (5.7)). Note that the case E = () was
already treated in the second proof of Theorem [I1] given above, which we now generalize.

As in the proof of Theorem [[2] let GE be the graph obtained by removing from G all
the boundary (univalent) vertices corresponding to E. A straightforward generalization of
Lemma 2.7] gives

2 2
T ) = T o)
PeC(E) DeD(GE)
_ Z (_1)t(C)+D-D/2€(C)xK(C) ,
C=DUD’ €T eyen (GX)
where we use the same notation as in the second proof of Theorem [Tl On the other hand,
similarly to (B5]) we have

det KE = 286?@%) 7(ChaX(0), (5.8)

with the signs 7(8) given by (5.6). Using this expansion and Claim A, it is easy to see
that det K® vanishes unless |E| is even: when |E| is odd, each configuration C' € TI'(GK)
contains an odd length cycle, whose two orientations yield a cancellation. Theorem [[L4] now
follows from the equality |V (GX)| = 2|E(G)| — |E| and a proper generalization of Claim B
from the second proof of Theorem [Tl which we formulate below for completeness.

Claim B’. For any D, D’ € D(GX), the number D - D' has the same parity as v_(DAD’)
defined as the sum of 07(7) over all components v of DA D’ oriented arbitrarily.

Proof of Claim B’. The proof repeats the proof of Claim B given above. The only difference
is that DA Dg is not a collection of closed loops anymore: if the set E is non-empty, DA Dy
also contains |E|/2 paths linking the boundary edges e € E. Nevertheless, the equality

(DAD")_ - (DADy) =0 mod 2
remains correct and the claim follows due to the same arguments. O

Remark 5.1. It is worth noting that one can use Theorem in the proof given above to
handle the case |E| even. Indeed, if E is a collection of boundary edges, then it is not hard to
check that the sign 7(P) defined by (L.9) is independent of P € C(E), so the equality

2_ >E1\2 >E |V(GK)‘/2 E
[ZPEC(E)x(P)] = (Pf[K”])" = detK® = (=1)"""e)/“detK
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follows easily. Nevertheless, one still needs some additional arguments in the spirit of Claim A
to see that det K¥ vanishes if |E| is odd.

We now prove Proposition

Proof of Proposition [ It easily follows from the domain walls representation (5.1) that

B e 5 | = SRPEE) ey (1 HP) ()T (P)

Similarly to Proposition [[L3] repeating the proof of Theorem EWIth additional signs (—1)*%
]

one concludes that the numerator is equal to (— )|E (@l det K[uh“’um} .
5.2. Dobrushin boundary conditions. In this section, we prove a version of Theorem [T.4]
for the double-Ising model with Dobrushin boundary conditions (I.12]). For this purpose, let
us introduce a matrix

K[a b} [K[ec,teb} ] e;ﬁa el#b

(for definiteness with signs of determinants, below we always assume that the column of K%
labeled by a corresponds to the row labeled by b) with the entries

ize  if ¢ = e is an inward oriented boundary edge on (ab);
KLa eb] =Kee +{ —ize if € = e is an inward oriented boundary edge on (ba); (5.9)
0 otherwise.

Theorem 5.1. The partition function Zc[fllo’lli]l(G,x) of the double-Ising model with Dobrushin
boundary conditions ([IL12]) is given by

Yawawo) 2 Z5(Gox) = Wiz - (-D)FO det Kl

where the prefactor wyg is defined as follows: wyg = exp[ wind(vsg)] for any non-self-
intersecting path vy running from b to @ along edges of G (note that the total rotation
angle wind(vyy ) does not depend on the choice of this path).

Proof. The proof goes along the same lines as the proof of Theorem [[L4l Using domain walls
representations of spin configurations o, o’ satisfying (L.I2]), one easily obtains

l _1/2 [a7b} _ ,
(@) 2D = D o0 b}[ )2 peeiy * ) 2 precqanyon *F )]
/
+ ZECE G)\{a,b} |: (E) ZPEC({a}UE) QT(P) ZP’EC({b}UE) x(P ):| )

where even subsets E contribute only to the first sum while odd ones only to the second.
Passing from P, P’ to dimer configurations D, D’ on the graphs GE, Ggu{a b} OF Ggu{a}’ Ggu{b}
and considering their union exactly as in the proof of Theorem [[.4] one gets

1 —1/2 Zla,b] _ t(C)+D-D' 54(C), K
z(ﬂjaﬂjb) Zdbl—I(G’l‘) - ZECEQ(G)\{G,I)} ZC DUD/GF[?‘/ebr]I(GK)( 1) 2 x (C)?

where FL%;’A(GK) denotes the set of all covers of the graph V(GX) by a vertex-disjoint union

of a collection of double-edges Cy, even length cycles C,...,C, and a path ~ linking a and b.
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At the same time, the following expansion holds:

clab] _ JEN(ab)|(_\[EN(ba)| {a}UE,{b}UE]
det K ZEcﬁa(G)\{a,b} i (—1) z(E)det K )

where KHAUEADUE] denotes the matrix K with all the rows indexed by {a} UE and the
columns indexed by {b} UE removed. A straightforward expansion of the determinant of this
matrix similar to (5.5]) and (5.8]), together with Claim A from the second proof of Theorem [I.1]

leads to
a}UE {b}UE 2 :
detK[{} {b}UE] cerlo

even (GE)

T(C)24 K (0, (5.10)

where
7(C) = (_1)|Co| .Hjﬂ [(_1)|CJ‘\/2(_1)t(0j)+v7(0j)] -7(%)

(recall that the parity of the number v_(C}) does not depend on the orientation of a cycle C;
provided it has an even length) and 7(7) is the additional contribution of the path ~, which
we now determine. Similarly to the proof of Claim A, we have

7(7) = ()" (=1)Dw(y),
where |y| denotes the number of edges in the path v and w(y) is the product of the coeffi-

cients exp[% w(e, e')] along this path, when explored from b to a. Comparing w(v) with the
total rotation angle of v leads to

explg wind(7)] = w(y)i* (=)=
Using Lemma [Z2] it is easy to conclude that exp[$ wind(y)] = wjz(—1)!). Putting these
two equalities together, we arrive at
T(y) = wpa - (1) FHIFI+s() () —vr ()
= wyg - (=1)OF-0) (b=t

where we also used the equality 2s(y) = |y| — 1 + v_(y) + v4(7) to pass to the second line.
Noting that

4
21Col + 0, 1G5+ Il — 1= IV(GE ) = 21E(G)| - [E] - 2,
one can rewrite expansion (5.10)) as

Wiz - (—1)E@)I-1 ey RIBUHBUOH — 4IE1 5™

)

Cergﬁ]‘(GE) (_1)t(C)+U7 (@) QK(C) -%'K(C)

and Theorem [5.1] is now reduced to the following analog of Claim B and Claim B’.

Claim B”. For any D € D(GX) and D’ € D(Ggu{a p)or D€ D(Ggu{a}) and D' € D(Ggu{b}),

depending on the parity of |[E|, one has
D-D" = v_(DAD')+|EN(ab)| mod 2,
provided the path v linking a and b in DA D’ is oriented from b to a.

Proof of Claim B”. Similarly to the proofs of Claim B and Claim B’, the result follows from
the equality

(DAD")_ - (DADg) = |EN (ab)] mod 2,
where (DA D')_ is a collection of loops and a path v_ running from b to a pushed slightly
closer to the arc (ab), while (DA Dy) is a collection of loops and paths linking the boundary
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edges E, possibly together with a. The number of intersections of v_ with the latter paths
has the same parity as |E N (ab)| due to topological reasons. O

5.3. S-holomorphic functions in the double-Ising model. The aim of this section is to
discuss s-holomorphic functions appearing in the double-Ising model context, see Section
for the terminology. These functions have some potential for the study of the (critical) double-
Ising model in bounded planar domains though one needs to develop new tools in order to
handle the arising boundary conditions and at the moment it is not clear if one can obtain
meaningful convergence results using this approach, see Remark 5.3l and Remark 5.4] below.

Recall that, given a “source” edge a € f(G), the basic s-holomorphic observable in the
single-Ising model can be defined as

Fo(ze) = te- (WeKe_,é + %Kg,é) = te- (_ina)(Ke_,é + Kg,;) )

where K = {U*KU is a real (anti-symmetric) matrix, 7., 7z and 7, denote complex conjugates
of the square roots of the directions of the corresponding oriented edges multiplied by ¢ = ¢l
for the notational convenience, t, = (. + ﬂ:e_l)l/z and z. is the midpoint of an edge e. In the
double-Ising model context, one can use the same definition with the Kac-Ward matrix K
replaced by its appropriate modification K:

Fu(ze) = te- (—ina)(Kop + K 1)

It is easy to check that the matrix {U*KU is real-valued and hence ﬁe_i, € iMeN R, similarly

to the entries of the matrix K—!. Further, it is not hard to argue that the functions ﬁa()
introduced above satisfy the (generalized) s-holomorphicity condition given by Definition [3.5]
for properly defined values ﬁa(c) at corners ¢ € V(G®). Such values can be constructed, for
instance, using the same linear combinations

Fa(e) = (=2ina)- 3 o (B - K]

as in the single-Ising model context (where this linear relation is nothing but the expres-
sion ([B.7) of the “corner” variable x. in terms of the nearby “edge” variables ¢.). The reason
why F,(-) satisfies the s-holomorphicity condition away from the “source” edge a is as follows:
the collection of equalities for all pairs (e, ¢) around a fixed vertex v = o(e) = v(c) € V(G) is
equivalent to the collection of equalities
—1 —1 .
Koo =-— Ze’:o(e’):v K, Kcq forall e with o(e) = v,

provided K;é € nen,R, e.g. see [74, Section 2.1]. Since I~(e7e/ =K. unlesse=¢' € Ea(G),
the latter local relations hold true with the entries K ! replaced by K-1 whose complex

e,a e,a
phases coincide with those of K;é

Remark 5.2. Of course, expanding the corresponding minors of ﬁ, it is also possible to give a
purely combinatorial definition of all the values Fy(-) in the style of definition (3I7) but with
a more involved set of “double-Ising domain walls” configurations to sum over, and to check
the s-holomorphicity relations directly in the style of [L0I, Section 4] or [2I), Section 2.2].



50 DMITRY CHELKAK, DAVID CIMASONI, AND ADRIEN KASSEL

Let us now briefly discuss the boundary conditions for s-holomorphic functions which nat-
urally replace ([3.20) in the double-Ising model context. If e # @ is an outward oriented
boundary edge of G, then

v -l el
KE,E ’ Ké,a + KE,e ’ Ke,a = 0,
which leads to

Fo(ze) = te- (—ma)(f(g_,i + K;aln) = te(l —ize) - (—iﬁa)f(a_,i-
As (1 —ize) = (1 + xg)e_%ee and naf(g; € ineR = n.R, we arrive at the following claim:
ﬁa(ze) € je b neR for all outward oriented boundary edges ¢ # a. (5.11)

(Note that the factor ¢~ 50 appeared as a result of adjusting the entry Kag and would disap-
pear, leading back to ([3.20)), if one works with the original matrix K instead of K.)

Remark 5.3. The s-holomorphic functions ﬁa() discussed above (or their spinor analogs con-
—1

[u1,..,um
(the scaling limits of) correlation functions in the critical double-Ising model, cf. Remark [[.4]
and Remark 312l Nevertheless, let us emphasize that the additional factor e~ 2% in EII) is
lattice dependent on the one hand, and the s-holomorphicity condition is not complex-linear

on the other (thus, even when working on regular lattices with constant weights z. = Zeit,

one cannot just multiply the function F,(-) by e3% to pass from (EII) to (B20)). Interest-
ingly enough, boundary conditions (B.11]) admit a lattice independent reformulation in terms

structed via the matrices K ] instead of K, see Proposition [L5]) can be used to study

of the discrete primitive [Im[(F,(z))2dz] but it is still not clear how to pass to the limit of
such s-holomorphic functions even in general smooth planar domains, cf. Remark [3.12]

We conclude this section with a brief informal discussion of s-holomorphic functions that
appear when considering the double-Ising model with Dobrushin boundary conditions (LI2])
instead of ‘+’ ones. For a fixed pair of inward oriented boundary edges a and b, let us slightly
modify definition (5.9]) and introduce a matrix IN(: » Whose entries are still given by (5.9) but
the row a and the column b are not removed this time (also, note that we do not adjust the
values K4, = Kpp, = 0 when defining Ki) Further, let

Fy(ze) = te - (—ima) (KF)oo + (K¥)5)  and  Meap(z) = Fy(z) [ Fy (=) -

Similarly to [2I, Section 2.2], one can work out combinatorial expansions of F(z.) and
show that the quantities M¢ q4(2.) are discrete martingales in the double-Ising model with
respect to the interface v, (domain wall separating double-Ising spins o, = £1) generated
by Dobrushin boundary conditions (L.I2]). Note that the key observation leading to this
martingale property is given by Theorem [l which relates the denominator of Mg 4 5(:)
with the partition function of the double-Ising model with Dobrushin boundary conditions.
Having such a collection of discrete martingales, one could try to implement the same strategy
as in [21] I7] for the critical double-Ising model, first proving the convergence of these s-
holomorphic observables to some scaling limits and then analyzing the putative limit of the
interfaces 7,4 using the limits of discrete martingales Mg 45(:).

Remark 5.4. Though the above strategy of studying the single interface v, ; generated by Do-
brushin boundary conditions (ILI2]) in the critical double-Ising model looks rather promising
at first sight, we expect conceptual obstacles along the way. The reason is that the critical
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double-Ising model with Dobrushin boundary conditions is (rather surprisingly) conjectured
to lose the domain Markov property when passing from discrete to continuum, see [107) p. 3].
At the level of convergence of solutions to the relevant discrete boundary value problems,
this should mean that the boundary conditions (5.I1]) have different limits on the smooth
boundary and on the fractal one, generated by the (first part of the) interface v, itself. In

fact,

it is even not easy to guess what the latter limit should be, not speaking about proving

the relevant convergence theorem for discrete martingales Mg 4 4(-) discussed above.
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