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Simplicity of the Reduced C*-Algebra of PSL(n, Z)

M. Bekka, M. Cowling, and P. de la Harpe

Let I" be a discrete group. We denote by Ar the left regular representation of I on the
Hilbert space €2(I) and by C#(I) the reduced C*-algebra of T, generated by Ar(I) in the
C*-algebra of all bounded operators on (2('). In the case where I' is a nonabelian free
group, R. Powers [Pow] has shown that C}(I') is a simple algebra. Equivalently (see, e.g.,
[Dix], 3.4.4 and 18.1.4), any unitary representation 7t of I' which is weakly contained in
Ar is weakly equivalent to Ar. After Powers's result, the simplicity of C#(I') was shown
in various cases, such as appropriate free products [PaS], Fuchsian groups [Ake], and
Gromov-hyperbolic groups (see the review in [Har]). Our main result solves a well-known

conjecture.

Theorem. Let G be aconnected real semisimple Lie group without compact factors and
with trivial centre. Let I' be a Zariski-dense subgroup of G. If I' is viewed as a discrete

group, then the reduced C*-algebra C#(I') is simple.

The Borel density theorem shows that this applies to a lattice I' of G. The purpose
of this paper is to give a proof of this result when G = PSL(n,R) and I' = PSL(n,Z) for
some n > 2. The proof of the general case as well as other results may be found in [BCH].

Given a locally compact group G, a closed subgroup H of G with compact quotient
B = G/H, and a discrete subgroup I' of G, we introduce the following combinatorial-

geometric property.

Definition 1. The action of I' on B is said to have Property (P,) if, for any finite subset F
of '\ {1}, there exist yg € I and Borel subsets V,By,..., B, of B such that

() B=VUB,U---UBy,

i) xVNV =¢forallx eF,

(iii) y, 'Bs N B = ¢ for all integers j > 1 and s € {1,...,n}.
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Proposition 1. The canonical action of ' = PSL(n,Z) on the homogeneous space B =
P"!(R) of the group G = PSL(n,R) has Property (P.,).

Proof. Let F be a finite subset of "\ {1}. It is easy to find y}| € I' with eigenvalues

AL > Az > - > Ay >0.Let b}, b,,..., b}, € B be the corresponding eigendirections. Let us
check that there exists a conjugate y; of y] in I' with eigendirections b;,...,bz € B such
that

x{b1,...,ba} N {by,....bn} =@

forall x e F

Givens,t € {1,...,n} and x € F, the set Gy of those y € G such that yxy~'b, # b;
is clearly Zariski-open in G. Suppose, by contradiction, that it is empty. Then xb, = b}, so
xy~'b, = y~'xb, for ally € G; thus b, and b} have the same stabilizer in G. As stabilizers
in G of points in B are their own normalizers, this implies that s = t. Therefore, xy‘lb/S =
y~!b, forally € G. This means that x fixes every point in B . Hence x = 1, a contradiction.

Now the intersection of the finite collection of the Zariski-dense sets G+ is still
Zariski-dense. We thus find y € ' such that xy~'b, # y~'b} forall x € Fand s, t € {1,...,n}.
Finally, we sety; =y~ 'yjy eI

Denote by [£; : --- : &,] homogeneous coordinates on B = P"!(R) such that b, =
[0:---:0:1:0:---:0], with 1 in the sth place (1 <s <n). For ¢ > 0, set

&

Vs={[Elzmzén]eB:as;«éOand

<swhent7és}

S

forsel,...,n,and let V=V, U---UV,. Then, for ¢ small enough, the following holds:
(i) B =U2u; 'V,
(i) xVs NV, =@ forall x e Fand s,t € {1,...,n},
(iii) if s € {1,...,n}, j > 1 and b € V; are such that y) ¢ V,, theny)™" ¢ V..
Forse{l,...,n}and j>1, set

ji—1

Boj=vr Ve \ [Jur*Ve.
k=0
By the compactness of B, there exists an integer Q > 0 such that

Q
B\VcC

C:=

Bs ;.

1s=1

Property (P.g) holds with yo = y?, with V as above, and with B, = U)Q:lBs,j for all s,

1<s<n. [ |
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Proposition 1 holds in the more general situation of the theorem above, with the
Furstenberg boundary of G for B (see [BCHI).

Next, we define the following analytical property of a group I Let Z* denote
the set of strictly positive integers, |||, the Hilbert norm in ¢*(Z"), and ||-|| the norm of

operators on £2(I).

Definition 2. A group T is said to have Property (P,) if, for any finite subset F of T"\ {1},

there exist yo € ' and a constant C > 0 such that

oo
> @Aty 'xyg)| < Cllall,

for all sequences a = (aj)j>; € (*(Z*) and x € F.

Proposition 2. If the action of ' on B has Property (P.4) of Definition 1, then I' has
Property (Pg).

Proof. Fixing a quasi-invariant measure on B, we consider the corresponding space
[2(B), with Hilbert norm denoted by ||-||, and the quasi-regular representation p of G on
L2(B). Let Fbe a finite subset of T\ {1}. Letyo € "'and V, By, ..., B, C B satisfy the conditions
of Definition 1. We claim first that

oo

Z a;plyg 'xu))| < 2nlall,

for all a e (3(Z*).
Indeed, denoting by x,, the characteristic function of a subset U of B, one has for
allf,geL?B)andx e F

[(p)f, 9)| < o)Xy F, 91 + [(pXK)Xg, T 9)]
= (X P, g} + H{p(X)Xp,\ F, 9)1
= (X PO, X5, O + (P (X5, F, 9)
< Il X 0] + X f] Nal

-y (160 s, o + s, 1 gl )

(where we used conditions (i) and (ii) of Definition 1). Hence, for all j > 1,

B}

{otuo xud)f o] = 3= (11 x5, 9] + ;1. ] N0l

s=1
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and, for all a = (q;)j>1 € 3(Z"),

<Z ajplyy xup)T, g> =33 Jal (i [xo,9] + x5, ] 100)

=1 j=1 s=1
1/2 1/2

= Y lalz {1 { 3 [x, 0] | {2 |xomf| ] vl
s=1 =1 =1

n
<> lal {21fllgll} = 2nlall; If] gl

s=1

(where we used the Cauchy-Schwarz inequality and condition (iii) of Definition 1). This
proves the claim.

Now, Herz's principle of majoration states that ||Ag(w)|| < ||p(w)| for any bounded
positive measure p on G (see, e.g., [EyL], page 186). As I is closed in G, one has || Ar(w)] =
Ag(W) || for any bounded measure p supported on I'. Hence, if a = (a;);>; € ¢2(Z*) has finite
support, the above majoration, applied to the measure 1 which assigns mass |a,-| to each

point yajxy(j), implies that

o0 . . o0
> aidrlyg xyg)| < Z!ajlpyo xy)| < 2nlall,.

This inequality extends to any a € {?(Z"), so that I" has Property (P,). ]
Proposition 3. If the group I' has Property (P,), then the C*-algebra C}(I') is simple.

Proof. Let]be atwo-sided ideal in C#(I') different from{0}. Choose Y = der 1J,)\r(y) e J,
Y # 0. Set

Y] vv=14 ) zael],

yel’ xel\{1}

and choose a finite subset F C '\ {1} such that the element

X'=1+) zMel) e CiI)

xeF

satisfies | X' — X| < 1/3. Using Property (P,), we find yo € I and C > 0 such that

N
1 L
N 2 Arlyo xug) | = €

j=1

5~
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forallx e Fand N > 1. Forall N > 1, set

N
XN = — ZN(U XArlyg) €

N
Xy Z Arlyg IX'Arlyd) € CED).

Then || X, — Xn| < [|[X' = X| <1/3 and

N
X =1 = 3|5 2 Arlyg xu)| < (Z |u|>
j=1

1
3)

ﬁ\

xeF xeF

where the last inequality holds for N large enough. Hence, for N large enough,
! !/ 2
=10 = X =Xl + X -1 < 2 <
and Xy € ] is invertible. It follows that ] = C(I"). [ |

In order to deal with nondiscrete subgroups of G, such as PSL(n,Q), one has to
use slightly more refined methods. As a consequence, one obtains the following result,
which is related to those in [HoR].

Corollary. Let k be a field of characteristic 0, and let G be a connected, semisimple
algebraic group defined over k, with trivial centre. Let I" be G(k), the group of the k-rational
points of G, equipped with the discrete topology. Then C#(I') is a simple C*-algebra.

By way of contrast, we now present a result for which we cannot give a reference,

but which is surely known.

Proposition 4. Let G be a connected locally compact group, G # {1}. Then the reduced

C*-algebra of G contains a nontrivial closed two-sided ideal.
The proof is based on the following simple lemma.

Lemma. Let G be alocally compact group containing an amenable closed normal sub-
group N # {1}.Then the reduced C*-algebra of G contains a nontrivial closed two-sided
ideal.

Proof. LetAg/n denote theleft regularrepresentation of G/N, viewed as a representation
of G. Since N is amenable, the trivial representation 1y is weakly contained in the regular
representation Ay of N. Hence, Ag/n = Indﬁ(lN) is weakly contained in Ag = Indﬁ,()\N),

where Ind denotes the induced representation.
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On the other hand, the coefficients of Ag separate the points of G, while those
of Ag/n are constant on N. Hence, Ag is not weakly contained in Ag/n. It follows that
C* Ker(Ag,n)/C* Ker(Ag) is a nontrivial closed two-sided ideal of C3(G). [ |

Proof of Proposition 4. In view of the above lemma, we may assume that G contains
no nontrivial amenable closed normal subgroup. Using the standard structure theory
of connected locally compact groups and of Lie groups, it is easy to see that G is a
noncompact semisimple Lie group with trivial centre.

Let 7t, @ be two nonequivalent irreducible principal series representations of G.
Then 7 and 7' are weakly contained in Ag, since they are induced from an amenable
parabolic subgroup of G. Because G is liminal, 7’ is not weakly contained in 7 and vice
versa (see [Dix], 15.5.6 and 9.1). This implies that Ag is not weakly contained in 7t. Hence,
C* Ker(m)/C* Ker(Ag) is a nontrivial closed two-sided ideal of C}(G). |
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