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Abstract. We study cocycles taking values in the mapping class group of closed surfaces
and investigate their leading topological Lyapunov exponent. Under a natural closing
property, we show that the top topological Lyapunov exponent can be approximated by
periodic orbits. We also extend the notion of the joint spectral radius to this setting,
interpreting it via the exponential growth of curves under iterated mapping classes. Our
approach connects ideas from ergodic theory, Teichmüller geometry, and spectral theory,
and suggests a broader framework for similar results.

1. Introduction

The subject of ergodic cocycles of linear transformations is a very developed and ad-
vanced one [1, 2, 3, 18, 56]. Oseledec’s multiplicative ergodic theorem can be said to be a
fundamental theorem in this context establishing the a.e. existence of Lyapunov exponents.
This is a foundational result for smooth dynamics since the derivative of the iterates of a
diffeomorphism of a compact manifold gives rise to such a cocycle.

Since invertible matrices act by isometry on the associated symmetric space, Oseledec’s
theorem is a special case of an ergodic theorem for random products in a general metric
space setting [37, 36, 22, 21]. Another example of the metric setting is ergodic cocycles
of surface homeomorphisms, or more precisely mapping class elements, considered in [33],
which used Thurston’s asymmetric metric on Teichmuller spaces. Horbez [28] extended
this for i.i.d. products with a theorem that reads as an analog of Oseledec’ theorem and
an extension of the spectral theorem of Thurston [53]:

Theorem 1.1 ([53, 33, 28]). Let v(n, g) = gngn−1 . . . g1 be a product of random homeo-
morphisms where gi are chosen independently and distributed with a probability measure of
finite first moment. Then there is (random) filtration of subsurfaces Y1 ⊂ Y2 ⊂ ... ⊂ Yk = Σ
and (deterministic) topological Lyapunov exponents λ1 < λ2 < .. < λk such that

lim
n→∞

1
n

log lh(v(n, g))α) = λi
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whenever the simple closed curve α can be isotoped to a curve contained in Yi but not in
Yi−1. Here lh is the minimal length in the isotopy class in some fixed Riemannian metric
h.

Such cocycles, also called random walks, on mapping class groups were also studied
in [30, 35, 54]. These papers prove sublinearity of distance from the random walk to
Teichmüller or Weil-Peterson geodesics rays (similar to [37]). Note that Theorem 1.1 is
more easily interpretable, since it does not refer to an auxiliary Teichmüller space.

In view of this, it makes sense to wonder what results for linear cocycles extend to the
setting of the mapping class groups (MCGs). In this article, we establish a few such results.
The results can probably be generalized to other contexts.

One well-known result in the linear cocycles setting is a breakthrough result by Kalinin
[31], which states that under some conditions, the Lyapunov exponents of linear cocycles
can be approximated by the Lyapunov exponents at periodic points. In Theorem 2.1, we
obtain an approximation result in the MCG setting similar to [32, Theorem 1.4].

Let A be a norm-bounded non-empty set of complex matrices d × d. Rota and Strang
[51] introduced the joint spectral radius of A, is defined to be the quantity

ϱ(A) := lim
n→∞

sup{∥An . . . A1∥1/n : Ai ∈ A},

where ∥ · ∥ denotes any norm on Cd. Berger and Wang [5] proved the following formula

ϱ(A) = lim sup
n→∞

sup
{

ρ (An · · · A1)1/n : Ai ∈ A
}

,

where ρ(A) denotes the ordinary spectral radius of a matrix A.
The joint spectral radius naturally emerges in various areas such as control theory and

stability theory [4, 27] coding theory [45], wavelet regularity [16, 17], numerical solutions
of ordinary differential equations [26], and combinatorics [19]. Consequently, the problem
of determining the joint spectral radius for a finite set of matrices has attracted significant
research attention [6, 24, 40, 49, 55, 57, 12, 47, 46]. Moreover, the joint spectral radius is
strongly related to the ergodic optimization of linear cocycles and zero-temperature limits
[7, 8, 9, 29, 11, 43, 14, 42, 44].

Recently, Breuillard and Fujiwara [10] extended the concept of the joint spectral radius
to groups acting by isometries on nonpositively curved spaces, providing geometric versions
of Berger–Wang results that are applicable to δ-hyperbolic spaces and symmetric spaces of
noncompact type. In Theorem 2.2, we establish a formula for the joint spectral radius of
mapping class groups (MCG) and explore its connection to Lyapunov exponents through
the framework of ergodic optimization of Lyapunov exponents.

2. Statement of the main results

Let M be an oriented closed surface of genus g ⩾ 2. Let S denote the isotopy classes
of simple closed curves on M not isotopically trivial. For a Riemannian metric h on M
and a closed curve β, let lh(β) be the infimum of the length of curves isotopic to β. Let
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T := T (M) be the Teichmüller space of M and, for w ∈ T , the corresponding hyperbolic
length of α ∈ S is denoted by lw(α).

A point w ∈ T is called ϵ-thick (or ϵ-thin) if the length of the shortest curve in w is
greater than or equal to ϵ (or less than ϵ). When we simply say ‘the thick part’, we mean
that it is the ε-thick part for some ε.

We denote by Homeo(M) the group of all homeomorphisms of the manifold M . Also, we
denote by the Homeo+(M) the subgroup of Homeo(M) consisting only of the orientation-
preserving homeomorphisms and by Homeo0(M) the subgroup of Homeo(M) consisting
of those homeomorphisms that are isotopic to the identity map on M , respectively. The
mapping class group MCG (M) is the group of isotopy classes of orientation-preserving
homeomorphisms of M :

(2.1) MCG(M) = Homeo+(M)/ Homeo0(M),

which acts by automorphisms of T (M). Thus, every product of homeomorphism gives rise
to a product of mapping classes and acts on T . Note that MCG(M) is a countable discrete
group.

Let X be a compact metric space and let T : X → X be a homeomorphism. We
denote by M(X, T ) the space of all T -invariant Borel probability measures on X with the
weak∗ topology, and we also denote by E(X, T ) the set of ergodic measures. Assume that
g : X → MCG(M) is a measurable map and let

Zn(x) := g(x)g(T (x)) . . . g
(
T n−1(x)

)
,

which is called a cocycle. Let fn = Z−1
n and the gi = g

(
T i−1x

)
. We denote f := f1. A

random walk on MCG can be seen as a special case in which the increments g
(
T ix

)
are

independent and identically distributed. This corresponds to when X is a product space
of infinite copies of a fixed probability space, and T represents the shift operator. This is
called the full shift. In this paper, we are interested in cases beyond the full shift.

For w ∈ T denote by lw(α) the minimal length in its isotopy class in the hyperbolic
metric w. Let us recall Thurston’s asymmetric Lipschitz metric [52, 48],

L(w, y) = log sup
α∈S

ly(α)
lw(α) .

It is easy to see that L verifies the triangle inequality, and it also true that it separates
points although this is non-trivial. Therefore, L satisfies all the axioms for a metric except
the symmetry, which indeed fails except in very special cases of surfaces with symmetries.
The triangle inequality reads

L(w, z) ⩽ L(w, y) + L(y, z).

Let µ be an invariant measure on X. Fix a base point o ∈ T . We say that f is an
integrable cocycle if ∫

X
(L (f(x)o, o) + L (o, f(x)o)) dµ(x) < ∞.
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Note that we have the following subadditivity property:
L (fn+m(x)o, o) ⩽ L (fm (T n(x)) fn(x)o, fm (T n(x)) o) + L(fm((T n(x))o, o)

= L (fn(x)o, o) + L (fm (T n(x)) o, o) .

For any ergodic measure-preserving transformation T of a probability space (X, µ), by
the subadditive ergodic theorem of Kingman, one knows that, for µ-a.e. x, the following
limit exists:

(2.2) λL(µ, f) = lim
n→∞

1
n

L (fn(x)o, o) = lim
n→∞

1
n

L (o, Zn(x)o) .

Another metric on T is the Teichmüller metric given by the following formula of Kerck-
hoff [39]:

dT (w, y) := sup
α∈S

1
2 log Extw(α)

Exty(α) .

This is an acutal (symmetric) metric. We refer the reader to [48] for more information on
Teichmüller theory. Since the metric is invariant under the action of MCG, cocycles have
the corresponding subadditive property for the same reason as above. Therefore, one can
also define the Lyapunov exponent for dT (fn(x)o, o), similar to the Thurston metric as
follows. Let µ be an ergodic invariant measure, then for µ-a.e. x, the following limit exists:

λT (µ, f) = lim
n→∞

1
n

dT (fn(x)o, o) = lim
n→∞

1
n

dT (o, Zn(x)o) .

We denote
(2.3) Λ := {x ∈ X : (2.2) holds}.

and correspondingly for the Teichmüller metric.
We say that a homeomorphism T of a metric space (X, d) satisfies the (Anosov) closing

property if there exist constants C, γ, δ0 > 0 such that for any x ∈ X and k ∈ N with
d

(
x, T k(x)

)
< δ0, there exists a point p ∈ X with T k(p) = p such that the orbit segments

x, T (x), . . . , T k(x) and p, T (p), . . . , T k(p) are exponentially close. More precisely,

d
(
T i(x), T i(p)

)
≤ Cd

(
x, T k(x)

)
e−γ min{i,k−i} for every i = 0, . . . , k.

Notice that shifts of finite type (for example i.i.d. random products), basic pieces of
Axiom Diffeomorphisms and more generally, hyperbolic homeomorphisms are particular
examples of maps satisfying the closing property (see [38]).

Our first result concerns the approximation of Lyapunov exponents by periodic points.

Theorem 2.1. Let X be a compact metric space and let T be a homeomorphism of X
satisfying the closing property. Let µ be an T -invariant ergodic Borel probability measure
on X. Assume that g is a locally constant MCG-cocycle over T with respect to the metric
D either being the Thurston or Teichmüller metric. Then for each ϵ > 0 there exists a
periodic point p = T k(p) in X such that∣∣∣∣λD(µ, f) − 1

k
D(fk(p)o, o)

∣∣∣∣ < ϵ.
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We will consider the following analog of the joint spectral radius. Let T : X → X
be a homeomorphism of a compact metric space X. Assume that g is a locally constant
MCG-cocycle over T . Let

ρ = sup
x∈X

lim sup
n→∞

sup
α∈S

(
lh(Zn(x)α)

lh(α)

)1/n

.

Since the surface is compact this is independent of the choice of Riemmanian metric h.
The following is now true:

Theorem 2.2. Let T : X → X be a homeomorphism of a compact metric space X.
Assume that g is a locally constant MCG-cocycle over T , and denote by ρ the associated
joint spectral radius. Then, there is an ergodic measure µ such that for µ-almost every ω,
there is η ∈ S such that

lim
n→∞

lh(Zn(ω)η)
1
n = ρ.

Remark 2.3. Note that since η is fixed and we are only considering the exponential growth
rate, there is no need to divide by lh(η) in the above statement. One can also replace
lh(fn(x)η)

1
n with Exth(fn(x)η)

1
n . This has to do with that when we deal with an orbit in

MCG, we stay still in the moduli space so we stay in some thick part as we started in.
Therefore, by [15, Theorem B] and [41, Theorem E], Thurston metric L and Teichmüller
metric dT are the same up to an additive error. In particular the corresponding Lyapunov
exponents are the same.

Alternatively, we could formulate the theorem in terms of distances in the Teichmüller
spaces. Here is one special case of particular interest. Let g : X → MCG(M) be a
locally constant MCG-cocycle over (X, T ). Since g is a locally constant MCG-cocycle of a
compact metric space X and MCG(M) is a discrete group, there exists a finite set of maps
G := {g1, g2, . . . , gk} that generates the map g. G is called the generator of the cocycle g.

Define the following metric joint spectral radius

ϱ = sup
x∈X

lim sup
n→∞

1
n

L(o, Zn(x)o).

It is easy to see that ϱ = log ρ. Note that we could also have used Teichmüller metric
since they differ by constants in a fixed thick part, and applying mapping class elements
we stand still in the moduli space.

In the special case of the full shift we can write

ϱ = lim sup
n→∞

1
n

max{L(o, g1g2...gno) : gi ∈ G}.

A special case of the theorem can now be formulated:

Corollary 2.4. Let T : {1, . . . , k}Z → {1, . . . , k}Z be a full shift. Assume that G =
{g1, g2, . . . , gk} generates a locally constant MCG-cocycle g : {1, . . . , k}Z → MCG(M) with
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respect to the metric D either being the Thurston or Teichmüller metric. Denote by ϱ the
associated metric joint spectral radius. Then, there is an ergodic measure µ such that for
µ-almost every ω,

lim
n→∞

1
n

D(o, Zn(ω)o) = ϱ

and there is η ∈ S depending on ω such that

lim
n→∞

1
n

log lh(Zn(ω)η) = ϱ.

3. Proofs of main results

We will use the following result in the proof of Theorem 2.1.

Lemma 3.1 ([23, Lemma 8]). Let T : X → X be a homomorphism of a compact metric
space X preserving an ergodic Borel probability measure µ. Then there exists a set P with
µ(P ) = 1 such that for each x ∈ P and ϵ, δ > 0 there exists an integer N = N(x, ϵ, δ) such
that if n > N then there is an integer k with

n(1 + ϵ) < k < n(1 + 2ϵ) and d
(
x, T k(x)

)
< δ.

We are now in a position to complete the proof of Theorem 2.1. Recall that Λ is the set
of points where the Lyapunov exponents exist (see 2.3) in either metric, µ is an ergodic
invariant measure, and λ = λD(µ, f) represents the Lyapunov exponent.

Proof of Theorem 2.1. Fix ϵ > 0 and a point x in Λ ∩ P , where P is given by Lemma 3.1
(this intersection has a full measure). There is an n0 such that for all n ≥ n0 we have:∣∣∣∣λD(µ, f) − 1

n
D(fn(x)o, o)

∣∣∣∣ < ϵ.

Take δ > 0 such that f(x) = f(x′) whenever d(x, x′) < δ. This is possible since X is
compact and the cocycle is locally constant.

We fix N = N (x, ϵ, δ/C) given by Lemma 3.1, where C is as in the closing property. We
take n greater than N and n0. Then by Lemma 3.1, there exists k such that n (1 + ϵ) <

k < n (1 + 2ϵ) and d
(
x, T k(x)

)
< δ/C. By the closing property, there exists a periodic

point p = T k(p) such that

(3.1) d
(
T i(x), T i(p)

)
≤ δe−γ min{i,k−i} ≤ δ for every i = 0, . . . , k.

This means that
f(T i(x)) = f(T i(p))

for all i = 0, . . . , k. Therefore also fk(x) = fk(p) and since k ≥ n0 we can conclude that∣∣∣∣λD(µ, f) − 1
k

D(fk(p)o, o)
∣∣∣∣ < ϵ.

□

Now, we prove Theorem 2.2.
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Proof of Theorem 2.2. In either invariant distance D on Tecihmüller space, note that
D(o, Zn(x)0) is subadditive:

D (o, Zn+m(x)o) ⩽ D (o, Zn(x)o) + D (Zn(x)o, Zn(x)Zm (T nx) o)
= D (o, Zn(x)o) + D (o, Zm (T n(x)) o) .

Hence, by [47, Theorem A.3] due to Schreiber, Sturman, Stark and Morris, we have

β(D, g) := lim
n→∞

1
n

sup
x∈X

D(o, Zn(x)o)

= sup
µ∈E(X,T )

lim
n→∞

1
n

∫
D(o, Zno)dµ

= lim
n→∞

sup
µ∈M(X,T )

1
n

∫
D(o, Zno)dµ

= sup
x∈X

lim
n→∞

1
n

D(o, Zn(x)o).

By the compactness and the upper semi-continuity of Lyapunov exponents, which follows
from Kingman’s subadditive ergodic theorem (see [56]), there is in view of the above an
ergodic measure µ such that

β(D, g) = lim
n→∞

1
n

L(o, Zn(ω)o)

for µ-a.e. ω.
We denote a(n, ω) := D (o, Zn(ω)o) and now follow an argument in [34]. By [37, Propo-

sition 4.2], given a sequence of ϵi tending to 0, and µ-a.e ω, there is an infinite sequence of
ni and numbers Ki such that

a (ni, ω) − a
(
ni − k, T k(ω)

)
≥ (β(D, g) − ϵi) k

for all Ki ≤ k ≤ ni.
Furthermore, one may assume that

(β(D, g) − ϵi) ni ≤ a (ni, ω) ≤ (β(D, g) + ϵi) ni for all i.

By [41, Theorem E], there is a finite set of curves Y = Yo such that

L (o, y) = log sup
α∈S

ly(α)
lo(α) ≍ log max

α∈Y

ly(α)
lo(α)

up to an additive error.
Now, by the pigeonhole principle, refine ni so that there exists a curve η in Y that

realizes the maximum for each y = Zni(ω)o, in other words

lZni (ω)o (η) ≍ exp (ni(β(D, g) ± ϵi) .
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Given the way ni was selected, we have

− log sup
α∈S

lZn(ω)o(η)
lZk(ω)o(η) ≥ −a

(
ni − k, T k(ω)

)
≥ (β(D, g) − ϵi) k − a (ni, ω) .

Then,
sup
x∈X

lZk(x)o (η) ≥ lZk(ω)o (η)

≥ lZni (ω)o (η) e−a(ni,ω)e(β(D,g)−ϵi)k.

By taking the limit,

β(D, g) ≤ lim inf
k→∞

log lZk(ω)o (η)
1
k

≤ lim inf
k→∞

log sup
x∈X

lZk(x)o(η)
1
k .

We also have the upper bound since, for all sufficiently large n,

log
lZn(ω)o(η)

lo(η) ≤ log sup
x∈X

lZn(x)o(η)
lo(η)

≤ sup
x∈X

log
lZn(x)o(η)

lo(η)
≤ sup

x∈X
L(o, Zn(x)o)

≤ (β(D, g) + ϵ)n.

By combining the last two inequalities, letting n tend to infinity, we have

(3.2) lim
n→∞

lZn(ω)o(η)
1
n = ρ.

Since X is compact from the point of view of exponential growth, any Riemannian metric
is equivalent, so we can replace o with an arbitrary metric h. So, lZn(x)o(η) = lh(fn(x)η).
This completes the proof. □

3.1. Thermodynamic formalism. Let T : X → X be a homeomorphism of a compact
metric space X. Assume that g : X → MCG(M) is a locally constant MCG-cocycle over T
with respect to the metric D either being the Thurston or Teichmüller metric. For q > 0,
we denote by qΦD := {qD(fno, o)}n∈N a subadditive potential.

In [13], Cao, Feng and Huang established a variational principle for the topological
pressure of subadditive families of continuous potentials:

(3.3) P (T, qΦD) = sup
{

hµ(T ) + qλD(µ, f) : µ ∈ M(X, T )
}

,

where hµ(T ) is the measure-theoretic entropy (see [50]).
Any invariant measure µq ∈ M(X, T ) that attains the supremum in (3.3) is called an

equilibrium state of qΦD.
For q ∈ R+, we denote by Eq(q) the collection of equilibrium states of qΦD. Since

the Lyapunov exponent is upper semi-continuous, an equilibrium measure always exists if
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the entropy map µ 7→ hµ(T ) is upper semi-continuous. For example, the entropy map is
upper semi-continuous if a continuous map T : X → X of a compact metric space X is
expansive, such as the full shift (see [50] for more details). If the entropy map is upper
semi-continuous, then Eq(q) is a non-empty compact convex subset of M(X, T ) (see [20,
Theorem 3.3]).

Corollary 3.2. Let T : {1, . . . , k}Z → {1, . . . , k}Z be a full shift. Assume that g :
{1, . . . , k}Z → MCG(M) is a locally constant MCG-cocycle over T with respect to the
metric D either being the Thurston or Teichmüller metric. Then, for any q > 0, any
weak* accumulation point µ of a family of equilibrium states (µq) of potentials qΦD is an
invariant measure such that

λD(µ, f) = lim
n→∞

log sup
x∈X

lh(fn(x)η)
1
n

for some η ∈ S and any Riemannian metric h.

Proof. It follows from the combination [42, Theorem 1.1] and Corollary 2.4. □

3.2. Potential Extensions. We believe that the techniques developed in this work can
be extended to a broader class of metrics leading to analogous results for other types
of transformations. Examples of such settings include the Kobayashi pseudo-metric and
holomorphic maps, Hofer’s metric and symplectomorphisms [25] and metrics on the outer
space and automorphisms of free groups.
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