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Poisson algebras

Let A be a commutative C-algebra with a Z≥0 grading given by

A =
⊕
d≥0

Ad ,

A0 = C, dimAd <∞.

Let { , } be a Poisson bracket of degree −2 on A; namely,

{ , } : An ⊗ Am → An+m−2.

Example

A = SV , the symmetric algebra of a symplectic vector space V
with the Poisson bracket defined by the Poisson bivector π ∈ ∧2V :

{f , g} = (df ⊗ dg)(π), f , g ∈ A.

E.g., if V = C2 then A = C[x , y ] with {f , g} = fygx − fxgy .
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Short star-products

Definition

A (Z/2-equivariant) star-product on A quantizing {, } is an
associative multiplication ∗ : A⊗ A→ A such that for a ∈ An and
b ∈ Am,

a ∗ b =

b n+m
2
c∑

k=0

Ck(a, b),

where Ck : An ⊗ Am → An+m−2k are bilinear maps such that
C0(a, b) = ab and C1(a, b)− C1(b, a) = {a, b}.

Definition (Beem, Peelaers, Rastelli, 2016)

A star-product ∗ on A is short if for any m, n ∈ Z≥0 and any
a ∈ An, b ∈ Am one has

Ck(a, b) = 0, k > min(n,m).

In other words, a ∗ b has no terms in Ad for d < |n −m|.
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Nondegenerate star-products

We define the following (in general, non-symmetric) inner
product on A induced by the star-product.

Definition

Let a ∈ An and b ∈ Am. Then

〈a, b〉 := CT(a ∗ b),

where CT : A→ A0 is the constant term map, taking the term of
degree zero.

Note that if ∗ is short, then 〈a, b〉 = 0 if n 6= m, i.e., the
decomposition A = ⊕d≥0Ad is orthogonal.

Definition

A short star-product * on A is said to be nondegenerate if the
corresponding inner product 〈, 〉 is nondegenerate in each degree i .
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Filtered quantizations

Let A be a commutative graded algebra. Fix a filtered
associative algebra A =

⋃
d≥0 FdA such that its associated graded

algebra is identified with the graded algebra A; namely,

grA =
⊕
d≥0

FdA/Fd−1A

and FdA/Fd−1A ∼= Ad for d ≥ 0 (compatibly with multiplication)
with F−1A := 0.

Assume that we have a filtration preserving Z/2-action
s : A→ A such that the corresponding associated graded map
s : A→ A is given by s = (−1)d , where d : A→ A is the degree
operator.

Then [FnA,FmA] ⊂ Fn+m−2A, so we have the leading
coefficient map {, } : An ⊗ Am → An+m−2.

It is easy to check that {, } is a Poisson bracket on A, and A is
a Z/2-equivariant filtered quantization of (A, {, }).
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Quantization maps

Definition

A quantization map is a Z/2-equivariant isomorphism of vector
spaces

φ : A→ A

such that φ(Ad) ⊆ FdA for d ≥ 0 and grφ : A→ A is the identity
map, where

grφ =
⊕
d≥0

grφd , grφd : Ad → FdA/Fd−1A = Ad .

Note that in general φ cannot be an algebra homomorphism,
since the algebra A is commutative but A is not.

In physics literature, φ(a) is often denoted by â (quantization of
the classical observable a).
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Bijection between star-products and quantization maps

Given a quantization map φ : A→ A, we can define the
star-product on A by

a ∗ b := φ−1(φ(a)φ(b)).

Conversely, given a star-product on A, we can set A := (A, ∗)
with the filtration induced by the grading, and φ := Id.

Lemma

This defines a pair of mutually inverse bijections between
star-products on A and Z/2-equivariant quantizations of A
equipped with a quantization map.
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The Moyal-Weyl product

Let A = C[x , y ] with the Poisson bracket defined by {y , x} = 1.

Let A be the Weyl algebra generated by X ,Y with the defining
relation YX − XY = 1.This is a Z/2-equivariant filtered
quantization of A with filtration given by deg(X ) = deg(Y ) = 1.

Define the map φ : A→ A which sends x iy j to the average of
all the orderings of the monomial X iY j :
φ((px + qy)n) = (pX + qY )n for any p, q ∈ C.

Examples: φ(1) = 1, φ(x) = X , φ(y) = Y ,
φ(xy) = XY+YX

2 = XY + 1
2 .

This map gives rise to the symmetric Moyal-Weyl star-product

a ∗ b = µ

(
exp

(
∂y ⊗ ∂x − ∂x ⊗ ∂y

2

)
(a⊗ b)

)
,

where µ : A⊗ A→ A is the commutative multiplication.
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The Moyal-Weyl product, continued

For example,

x ∗ y = φ−1(XY ) = xy − 1

2
.

Lemma

This star-product is short and nondegenerate.

The same statement holds in several variables, on a symplectic
vector space V (i.e., for A = SV ), and the symmetric Moyal-Weyl
star-product has the form

a ∗ b = µ(exp(π/2)(a⊗ b)).

where π ∈ ∧2V is the Poisson bivector.
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The Moyal-Weyl product

More generally, given an element η ∈ S2V , we may consider the
short star-product

a ∗ b = µ(exp((η + π)/2)(a⊗ b)),

(the non-symmetric Moyal-Weyl star-product).

Let B : V → V be the linear operator such that η = (B ⊗ 1)π,
i.e.,

a ∗ b = µ
(

exp
(

((B + 1)⊗ 1)
π

2

)
(a⊗ b)

)
; (1)

then B ∈ sp(V ).

Lemma

This star-product is nondegenerate if and only if the operator
B + 1 (or, equivalently, B − 1) is invertible.
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Quantization of the nilpotent cone of sl2

Let A = Dλ := U(sl2)/Iλ, where Iλ is the ideal generated by

C − λ(λ+2)
2 , and C = ef + fe + h2/2 is the Casimir.

Then A is the algebra of regular functions on the quadratic
cone X ⊂ C3, A = C[x , y , z ]/(xy − z2), with variables of degree 2.

We have A = ⊕m≥0V2m, where Vk is the irreducible
representation of sl2 with highest weight k ; thus, A2m = V2m.

Since this decomposition is multiplicity one, there is a unique
sl2-invariant quantization map φ : A→ A.

Lemma

The star-product defined by φ is short. It is non-degenerate iff
λ /∈ Z \ {−1}.

Proof.

Shortness follows from the Clebsch-Gordan rule:
Vi ⊗ Vj = V|i−j | + higher terms.
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Quantization of the minimal orbit

Here is a generalization of the previous example. Let g be a
simple Lie algebra, X ⊂ g∗ the minimal nilpotent orbit closure, and
A = O(X ) the algebra of regular functions on X (again with g in
degree 2).

Let A be the quantization of A, which is the quotient of U(g)
by the Joseph ideal (it depends on one parameter if g = sln and
has no parameters otherwise).

We have A = ⊕m≥0Vmθ, where θ is the highest root (i.e.,
Vθ = g); i.e., A2m = Vmθ. So again we have

Lemma

There is a unique g-invariant quantization map φ : A→ A, and it
defines a short star-product. Moreover, this star-product is
nondegenerate (for non-integer parameter in the case of sln).

Indeed, if Vmθ ⊂ Viθ ⊗ Vjθ then m ≥ |i − j |.
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Hyperkähler cones

Definition

A hyperKähler cone is a normal conical Poisson variety with
Poisson bracket of degree −2 and a compatible hyperKähler
structure on the smooth part.

Example

Here are examples of hyperKähler cones.
1. Quotient singularities V /Γ, where Γ ⊂ Sp(V ) a finite subgroup.
2. Nilpotent orbit closures for a simple Lie algebras and their
Slodowy slices.
3. Higgs branches of 3d SCFT: Hamiltonian reductions V //G ,
where G ⊂ Sp(V ) is a reductive group. In particular, Nakajima
quiver varieties.
4. (conjecturally) Coulomb branches of 3d SCFT.
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Definition

(Beauville) A conical symplectic singularity is a normal affine cone
X with a generically symplectic Poisson bracket of negative degree,
such that the symplectic form lifts to a regular 2-form on a
resolution of singularities of X .

It is believed that under mild assumptions hyperKähler cones
should be conical symplectic singularities. Moreover, this is known
in many of the above examples (quotient singularities, orbit
closures and slices, Higgs branches in many cases, including
Nakajima varieties). Thus, from the point of view of algebraic
geometry, we may often think of hyperKähler cones as conical
symplectic singularities.

However, hyperKähler cones have a non-holomorphic
SU(2)-symmetry which is not easily seen in the setting of algebraic
geometry.

It turns out that short star-products are the algebraic
incarnation of this symmetry. This gave rise to the following
conjecture.
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Beem-Peelaers-Rastelli conjecture and main theorem

Conjecture (BPR, 2016)

Let A = O(X ) where X is a hyperKähler cone. Then

1. A admits nondegenerate short star-products.
2. These star-products are parametrized by finitely many
parameters.

Our main result is

Theorem

(i) Part (1) holds in many cases (including Richardson orbits of Lie
algebras, quotient singularities, Higgs branches with Hamiltonian
torus actions with finitely many fixed points).
(ii) Part (2) holds (for conical symplectic singularities).
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Twisted traces

To prove part (2), we will use an approach suggested by
Kontsevich.

Let g : A→ A be a filtration-preserving invertible
linear map.

Definition

We say that a linear function T : A→ C is a g -twisted trace if
T (ab) = T (bg(a)) for all a,b ∈ A.
Moreover, we say that T is nondegenerate if the bilinear form
(a,b)T := T (ab) is nondegenerate on FiA for each i .

Lemma

If T is nondegenerate then g is an algebra automorphism.
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Twisted traces and short star-products

Suppose that T is nondegenerate and s-invariant(in this case g
commutes with s).

Then the bilinear form (, )T defines a canonical
orthogonal complement AT

i to Fi−1A in FiA. Note that the right
and left orthogonal complement coincide since g is filtration
preserving.

We have a natural isomorphism θTi : AT
i → Ai . Define the

quantization map φT : A→ A by φT |Ai
:= (θTi )−1. Clearly, φT is

s-invariant. Thus, φT defines a star-product ∗ on A.
Clearly, this star-product does not depend on the normalization

of T , so we will always normalize T so that T (1) = 1 (which is
possible since for a nondegenerate T , one has T (1) 6= 0).
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Twisted traces and short star-products, ctd.

Proposition

(i) The star-product * is short and nondegenerate.

(ii) Any nondegenerate short star-product on A is obtained in this
way from a unique nondegenerate T such that T (1) = 1. In other
words, this correspondence is a bijection between short
nondegenerate star-products on A and filtered quantizations A of
A equipped with a filtration-preserving automorphism g
commuting with s and a nondegenerate s-invariant g -twisted trace
T such that T (1) = 1.

Proof.

If A is equipped with a nondegenerate short ∗-product then we set
A = (A, ∗) and T (a) := CT (a) = a0, the degree 0 term of a. Then
T is a nondegenerate g -twisted trace for some uniquely determined
g .
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Parameters for short star-products and twisted traces

Now we can prove part (2) of the conjecture by describing the
parameters for nondegenerate twisted traces, which are much more
familiar objects.

First we describe the parameters for quantization
when X is a conical symplectic singularity.

Let X̃ be the Q-terminalization of X (a certain partial
resolution of singularities, e.g., a symplectic resolution if it exists).
The space h := H2(X̃ ,C) carries an action of a reflection group W
called the Namikawa Weyl group.

Theorem (Namikawa, Losev)

Filtered quantizations Aλ of A = O(X ) are parametrized by
λ ∈ h/W .

Now it remains to classify nondegenerate twisted traces for
each Aλ.
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Filtered quantizations Aλ of A = O(X ) are parametrized by
λ ∈ h/W .

Now it remains to classify nondegenerate twisted traces for
each Aλ.
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Parameters for short star-products and twisted traces, ctd.

Recall that any nondegenerate twisted trace T defines a
filtration preserving automorphism g ∈ G = Auts(Aλ).

Since A is
finitely generated, G is an algebraic group. Moreover, if X is a
hyperKähler cone with 0 being a symplectic leaf then G is
reductive.

Now for any λ, g we need to describe the parameters for T . We
have T ∈ HH0(Aλ,Aλg)s∗, the s-invariant part of the dual zeroth
Hochschild homology (here HH0(A,M) := M/[A,M] for an
A-bimodule M). So it remains to show that this space is finite
dimensional. Let us do this for g = 1 (the general proof is similar).
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Finie dimensionality of HH0

In fact, we will show that dimHH0(Aλ,Aλ) <∞.

The space
grHH0(Aλ,Aλ) is a quotient of the zeroth Poisson homology
HP0(A,A) = A/{A,A}, so it suffices to show that HP0 is finite
dimensional. This follows from the next two theorems.

Theorem (Kaledin)

A conical symplectic singularity has finitely many symplectic
leaves.

Theorem (E.-Schedler)

If X has finitely many symplectic leaves then A/{A,A} is finite
dimensional.
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Existence of nondegenerate twisted traces

Finally, let us review the proof of existence of twisted traces.

We have to show that HH0(Aλ,Aλg)s∗ 6= 0, and moreover that it
contains nondegenerate elements (then the generic element will be
nondegenerate).

In fact, we show that nondegenerate twisted traces exist for
generic quantization parameters. There are at least three
approaches to this.

1. Explicit construction of traces. Suppose we can define
category O for Aλ. This happens, for example, in the following
cases:

(i) X = V /Γ for V = Y ⊕ Y ∗, Γ ⊂ GL(Y ), Aλ is the spherical
rational Cherednik algebra;

(ii) X is the nilpotent cone of a simple Lie algebra g, Aλ is the
quotient of U(g) by a central character;

(iii) X = V //G is a Higgs branch, and the maximal torus
T ⊂ G acts on X̃ with finitely many fixed points.
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Existence of nondegenerate twisted traces, ctd.

One can show that all filtration preserving derivations of Aλ are
inner.

Therefore for M ∈ O (say, indecomposable) we can define a
g -twisted trace by

T (a) := Tr|M(ag), a ∈ Aλ

More precisely, it is in general an infinite series but it converges (as
it satisfies a holonomic system of differential equations) and gives
an analytic function of g in the domain of convergence, which in
fact turns our to be a rational function. Often one can show that
T is nondegenerate.

2. Deformation arguments. Let X = V /Γ, so Aλ is the the
spherical symplectic reflection algebra of E.-Ginzburg. Then for
λ = 0 we have Aλ = Weyl(V )Γ, so the Moyal-Weyl products give
rise to a nondegenerate traces. This implies the existence of such
traces for generic λ.
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Existence of nondegenerate twisted traces, ctd.

3. Positivity Let X be the nilpotent cone of g, g = 1.

Then
HH0(Aλ,Aλ) = C, so there is a unique trace T up to scaling.
Namely, T is the interpolation of Tr|Lλ(a) where Lλ is the
irreducible finite dimensional g-module with highest weight λ. So
(a, b)T = Tr|Lλ(ab). Taking b = a†, we see that for fixed i we
have (a, a†)T > 0 for large enough dominant integral λ. This
means that for generic λ, (, )T is nondegenerate on all Fi .
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