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Définition (crochet de Kauffman, polynôme de Jones)
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〈∅〉K = 1
〈

t L
〉
K
= [2]q 〈L〉〈 〉

K
=
〈 〉

K
− q

〈 〉
K

J(L) = (−1)n−qn+−2n− 〈D〉K

〈
•
•

〉
K

=

〈 〉
K

−q

〈 〉
K

− q

〈 〉
K

+ q2

〈 〉
K

J

(
•
•

)
= q6 + q4 + q2 + 1



Homologie de Khovanov
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Décaler le degré homologique par −n−, le q-degré par n+ − 2n−.
Prendre l’homologie.
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Proposition (Bar-Natan, ’02)

L’homologie est strictement plus puissante que le polynôme de
Jones.

51 10132

(source www.colab.sfu.ca/KnotPlot/KnotServer/)

Théorème (Kronheimer–Mrowka, ’10)

L’homologie de Khovanov détecte le nœud trivial.

Conj. de Milnor (Kronheimer–Mrowka, ’93, Rasmussen ’04)

Le genre slice du nœud torique (p, q) est (p−1)(q−1)
2 .
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Entrelacs

Suite de
Z-mod.
gradués

Pol. de
Laurent

homologie de Khovanov

polynôme de Jones (invariant sl2 )

χq

I Une stratégie pour les croisements

I Une TQFT ad-hoc
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L’invariant slN

Proposition (Drinfel’d)

On peut déformer U(slN) en une algèbre de Hopf Uq(slN) sur
C(q) de manière à rendre le tressage non trivial.

k ` id∧k
qV

, id(∧`qV )∗

D1

D2
f1 ◦ f2

D1 D2 f1 ⊗ f2

k ` `k
tressage

k k évaluation

k k co-évaluation

k + `

k`

∧k
qV ⊗∧`qV

−→ ∧k+`
q V

k + `

k`

∧k
qV ⊗∧`qV

∧k+`
q V −→
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Calcul MOY (Murakami–Ohtsuki–Yamada)

Lusztig (’94) :

〈
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=
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〈
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On veut :


F : FoamN −→ Z[X1, . . . ,XN ] − modgr

graphe MOY 7−→ module gradué
mousse 7−→ morphisme de module

Construction universelle
Une évaluation  (Parfois) une TQFT

Théorème (R.–Wagner, ’17)

L’évaluation définie sur le premier slide induit une TQFT ad-hoc
grâce à la Construction universelle .
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Une évaluation  (Parfois) une TQFT
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Construction universelle (Blanchet, Habbeger, Masbaum, Vogel)

Donné τ : {cobordismes fermés ∅→ ∅} −→ R

Γ 7−→ F(Γ) :=
⊕
F∅ Γ

RF

/ ∑
i λiFi = 0 si∑

i λiτ(FiG ) = 0 pour tout GΓ ∅

[

GΓ1 Γ2

]

7−→ F(G ) :

(
F(Γ1) → F(Γ2)

[

F∅ Γ1

]

7→

[

FG∅ Γ2

]

)
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h\i At1 ∩Ab1 At1 ∩Ab2 At2 ∩Ab1 At2 ∩Ab2 B1 B2 C L R X

At1 ∩Ab1

At1 ∩Ab2

At2 ∩Ab1

At2 ∩Ab2

B1

B2

C

L

R

X

Table 1. Colorings of the foam G (the three pictures on the left in each cell) and Fα (the three pictures on the right in each cell) for all values of h and i.
The set X consists of all the colors which so not belong to any facets, hence looking at the last column or the last line of this table, we have the definition of
the colorings of Fα and G. A green cell indicates that both χhi and (θ+hi, θ

−
hi) change, the yellow only (θ+hi, θ

−
hi)

h\i At1 ∩Ab1 At2 ∩Ab2 B1 B2

At1 ∩Ab1 +1 −1
At2 ∩Ab2 +1 −1
B1 −1 +1
B2 −1 +1

Table 2. χhi(G(g))− χhi(Fα(c))

h\i At1 ∩Ab1 At2 ∩Ab2 B1 B2 C
At1 ∩Ab1 0 0
At2 ∩Ab2 ±1 0 ±1
B1 ±1 +1
B2 +1 0 +1
C ±1 +1

Table 3. θ+hi(G, g)− θ+hi(Fα, c)

h\i A1 A2 Bt1 ∩Bb1 Bt1 ∩Bb2 Bt2 ∩Bb1 Bt2 ∩Bb2 C L R X

A1

A2

Bt1 ∩Bb1

Bt1 ∩Bb2

Bt2 ∩Bb1

Bt2 ∩Bb2

C

L

R

X

Table 1. Colorings of the foam E (the three pictures on the left in each cell) and F jtjbαtαb
(the three pictures on the right in each cell) for all values of h and i.

Bhe set X consists of all the colors which so not belong to any facets, hence looking at the last column or the last line of this table, we have the definition of
the colorings of F jtjbαtαb

and E. A green cell indicates that both χhi and (θ+hi, θ
−
hi) change, the yellow only (θ+hi, θ

−
hi)

h\i A1 A2 Bb1 ∩Bt1 Bt2 ∩Bb2
A1 +1 −1
A2 +1 −1

Bt1 ∩Bb1 −1 +1
Bt2 ∩Bb2 −1 +1

χhi(E(e))− χhi(F jtjbαtαb
(c))

h\i A1 A2 Bt1 ∩Bb1 Bb2 ∩Bt2 C
A1 0 0
A2 +1 0 +1

Bt1 ∩Bb1 +1 ±1
Bt2 ∩Bb2 ±1 0 ±1

C +1 ±1

θ+hi(E, e)− θ
+
hi(F

jtjb
αtαb

, c)



Proposition

Le module associé par une TQFT à un graphe MOY symétrique a
une structure d’algèbre de Frobenius.

Proposition (R.–Wagner, ’17)
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a 1
+
a 2

a
1 +

a
2

a 1
+
a 2
+
a 3

a
1 +

a
2 +

a
3

N
−
a k

N
−
a
k

a1
a2 a3 a4 ak−1

Nak

est isomorphe à l’anneau de cohomologie T -équivariante de

Flag(Ca1 ⊂ Ca1+a2 ⊂ · · · ⊂ Ca1+···+ak−1 ⊂ CN).
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k∏
i=1

πλi (Xai+1, . . . ,Xai+1) 7→
a1

πλ1

πλ2 πλ3 πλ4

πλk−1 πλk

a2
a3

a4

ak−1 Nak



Corollaire (R.–Wagner, ’17)

Les coefficients de Littlewood–Richardson peuvent se calculer de la
manière suivante :

cλαβ =(−1)|̂λ|+N(N+1)/2

〈
b

a
παπβ

N

π
λ̂

〉
N

= (−1)N(N+1)/2+|̂λ|
∑

AtB={X1,...,XN }
|A|=a,|B |=b

(−1)|B<A|
aα(A)aβ(A)aλ̂(B)

∆(X1, . . . ,XN)
.



Merci !


