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ABSTRACT. We consider a variety of lattice spin systems (including Ising, Potts and
XY models) on Z% with long-range interactions of the form J, = 1 (x)e~!*! where
Y(x) = e°U2D and | - | is an arbitrary norm.

We characterize explicitly the prefactors 1 that give rise to a correlation length
that is not analytic in the relevant external parameter(s) (inverse temperature [3,
magnetic field h, etc). Our results apply in any dimension.

As an interesting particular case, we prove that, in one-dimensional systems, the
correlation length is non-analytic whenever 1 is summable, in sharp contrast to the
well-known analytic behavior of all standard thermodynamic quantities.

We also point out that this non-analyticity, when present, also manifests itself in
a qualitative change of behavior of the 2-point function. In particular, we relate the
lack of analyticity of the correlation length to the failure of the mass gap condition
in the Ornstein—Zernike theory of correlations.

1. INTRODUCTION AND RESULTS

1.1. Introduction. The correlation length plays a fundamental role in our under-
standing of the properties of a statistical mechanical system. It measures the typical
distance over which the microscopic degrees of freedom are strongly correlated. The
usual way of defining it precisely is as the inverse of the rate of exponential decay of
the 2-point function. In systems in which the interactions have an infinite range, the
correlation length can only be finite if these interactions decay at least exponentially
fast with the distance. Such a system is then said to have short-range interactions.

It is often expected that systems with short-range interactions all give rise to qual-
itatively similar behavior. This then serves as a justification for considering mainly
systems with nearest-neighbor interactions as a (hopefully generic) representant of this
class.

As a specific example, let us briefly discuss one-dimensional systems with short-
range interactions. For those systems, the pressure as well as all correlation functions
are always analytic functions of the interaction parameters. A proof for interactions
decaying at least exponentially fast was given by Ruelle 21|, while the general case
of interactions with a finite first moment was settled by Dobrushin [8] (see also [7]).
This is known not to be the case, at least for some systems, for interactions decaying
even slower with the distance [10, 12].
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'While the terminology “short-range” vs. “long-range” appears to be rather unprecise, different
authors meaning quite different things by these terms, there is agreement on the fact that interactions
decreasing exponentially fast with the distance are short-range.
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In the present work, we consider a variety of lattice systems with exponentially
decaying interactions. We show that, in contrast to the expectation above, such sys-
tems can display qualitatively different behavior depending on the properties of the
sub-exponential corrections.

Under weak assumptions, the correlation length associated with systems whose in-
teractions decay faster than any exponential tends to zero as the temperature tends
to infinity. In systems with exponentially decaying interactions, however, this cannot
happen: indeed, the rate of exponential decay of the 2-point function can never be
larger than the rate of decay of the interaction. This suggests that, as the tempera-
ture becomes very large, one of the two following scenarii should occur: either there
is a temperature Ty, above which the correlation length becomes constant, or the
correlation length asymptotically converges, as T — oo, to the inverse of the rate of
exponential decay of the interaction. Notice that when the first alternative happens,
the correlation length cannot be an analytic function of the temperature.

It turns out that both scenarii described above are possible. In fact, both can be
realized in the same system by considering the 2-point function in different direc-
tions. What determines whether saturation (and thus non-analyticity) occurs is the
correction to the exponential decay of the interactions. We characterize explicitly
the prefactors that give rise to saturation of the correlation length as a function of
the relevant parameter (inverse temperature 3, magnetic field h, etc). Our analysis
also applies to one-dimensional systems, thereby showing that the correlation length
of one-dimensional systems with short-range interactions can exhibit a non-analytic
behavior, in sharp contrast with the standard analyticity results mentioned above.

We also relate the change of behavior of the correlation length to a violation of the
mass gap condition in the theory of correlations developed in the early 20th Century
by Ornstein and Zernike, and explain how this affects the behavior of the prefactor to
the exponential decay of the 2-point function.

1.2. Convention and notation. In this paper, | - | denotes some arbitrary norm on

R¢, while we reserve || - || for the Euclidean norm. The unit sphere in the Euclidean

norm is denoted S¢~1. Given x € R% [z] denotes the (unique) point in Z¢ such that
11

z € [z] + [—3,3)% To lighten notations, when an element z € R? is treated as an

element of Z¢, it means that [z] is considered instead.

1.3. Framework and models. For simplicity, we shall always work on Z?, but the
methods developed in this paper should extend in a straightforward manner to more
general settings. We consider the case where the interaction strength between two
lattice sites i, j is given by J;; = Ji_; = (i — j)e I, where | - | is some norm on
R? and i — J; is invariant under lattice symmetries. We will suppose 1 (y) > 0 for
all y # 0 to avoid technical issues. We moreover require that v is a sub-exponential
correction, that is,

log(¢(y)) = 0. (1)

) 1

lim —

lyl=oo [yl

The approach developed in this work is rather general and will be illustrated on

various lattice spin systems and percolation models. We will focus on suitably defined

2-point functions G(x,y) (sometimes truncated), where A is some external parameter.

We define now the various models that will be considered and give, in each case, the
corresponding definition of G, and of the parameter \.
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The following notations will occur regularly:

T=Jow P(x)=Jo/J.

x€Z4

By convention, we set J = 1 (and thus P(z) = Jy,), since the normalization can
usually be absorbed into the inverse temperature or in a global scaling of the field,
and assume that Jyo = 0 (so J = erzd\{o} Joz = 1). All models will come with
a parameter (generically denoted \). They also all have a natural transition point
Ae (possibly at infinity) where the model ceases to be defined or undergoes a drastic
change of behavior.

We will always work in a regime A\ € [0, Aexp) Where Aexpy < Ac is the point at
which (quasi-)long range order occurs (see (5)) for the model. For all models under
consideration, it is conjectured that Aexp = Ac.

1.3.1. KRW model. A walk is a finite sequence of vertices (7o, . .., 7,) in Z%. The length
of vis |y| = n. Let W(x,y) be the set of (variable length) walks with vy = x, 7}, = v.
The 2-point function of the killed random walk (KRW) is defined by

vl

GE\{RW(*T’ y) = Z H Ay

YEW(z,y) 1=1
¢ is defined by
Ae = sup{)\ >0 : Z GXEWV(0,2) < oo}.
T€Z

Our choice of normalization for J implies that A. = 1.

1.3.2. SAW model. Self-Avoiding Walks are finite sequences of vertices (7o, ...,7,) in
Z* with at most one instance of each vertex (that is, i # j = v # ;). Denote
|7] = n the length of the walk. Let SAW(z,y) be the set of (variable length) SAW

with vo =z, = y. We then let

vl

G?\AW (z,y) = Z H A1

VESAW (z,y) i=1
¢ is defined by
Ae = sup{)\ >0 : Z GYW(0,2) < oo}.

z€Z4
Since G3AW (z,y) < GKEWV(z,y), it follows that ASAW > \KRW — 1.

1.3.3. Ising model. The Ising model at inverse temperature § > 0 and magnetic field
h € R on Z is the probability measure on {—1, +1}Zd given by the weak limit of the
finite-volume measures (for o € {—1,+1}*~ and Ay = [N, N]%)

] 1 240
Ising o — B
'LLANLBJL(O-) - ZIsing € N(U)’

with Hamiltonian

%N<O'>:— Z Jijaiaj_hz g;

{i,j}CAN i€AN
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and partition function Z ISIH% p- The limit p1 Isi D8 = limpy 00 ukfflgﬁ , 1s always well defined

and agrees with the unique infinite- volume measure whenever h # 0 or f < [, the
critical point of the model.

For this model, we will consider two different situations, depending on which pa-
rameter we choose to vary:

- When h = 0, we consider
G};ing(x, y) = uglélg(axay) and )\ =f.
In this case, \. = f.(d) marks the boundary of the high-temperature regime.

- When h > 0, we allow arbitrary values of § > 0 and consider

G (w,y) = n55(0,0,) — 1ERE (o) (o) and A =e™

Of course, here A\. = 1. The superscript IPF stands for “Ising with a Positive
Field”.

1.3.4. Lattice GFF. The lattice Gaussian Free Field with mass m > 0 on Z? is the
probability measure on RZ given by the weak limit of the finite-volume measures (for
o € RMW)

Aftiny (0) = ZGlFF e NI Sieax % dg,
m,AN
with Hamiltonian
Z Jij(o
{i.7}CAN

and partition function Z GFF . Above, do denotes the Lebesgue measure on R~ . The

GEFF rY exists and is unique for any m > 0. When considering

GFF

limit g2 = limpy o0 ,uGF
the measure at m = 0, we mean the measure p
exists when d > 3, but not in dimensions 1 and 2.

For this model, we define

= lim,, o uGFF. The latter limit

1

G G
G lif‘n? (I7 y) MmFF(Uny)> A= 1+ m2’

The 2-point function of the GFF has a nice probabilistic interpretation: let P be the
probability measure on Z? given by P(x) = Jo,. Let P;* = P}’ denote the law of the
random walk started at x with killing 1_’[‘% and a priori i.i.d. steps of law P and let £
be the corresponding expectation. Let X; be the ith step and Sy = z, S = Sp_1+ Xk
be the position of the walk at time k. Denote by T' the time of death of the walk. One
has P™(T = k) = (1 +m?)~*m?. The 2-point function can then be expressed as

1 T—1
B D sea)- 2
k=0

Thanks to the normalization J = 1, it is thus directly related to the KRW via the
identity

GS™ (2, 2) = -

Gy (x,2) = AGY™ (x, 2). (3)

In particular, A\ = 1 (which corresponds to m = 0) and sup,cz« GSFF(0,2) < oo for
all A € [0, \¢) in any dimension.
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1.3.5. Potts model and F'K percolation. The g-state Potts model at inverse temperature
B > 0 on Z* with free boundary condition is the probability measure on {1,2, ..., q}Zd
(q > 2) given by the weak limit of the finite-volume measures (for o € {1,...,¢}*¥)

1 —BIN (o
Mi?vt,tz’q( ) ZPotts 6%]\7( )
AN7ﬁ7
with Hamiltonian
> Jilioay
{i,5}CAN

and partition function Z}°%5 . We write pp%* = limy_ o ,ui‘;vttg ,; this limit can be

shown to exist. From now on, we omit ¢ from the notation, as in our study ¢ remains
fixed, while g varies.
For this model, we consider

Ggotts(xjy) Potts(l{ax Uy}) /¢ and X=p0.

As in the Ising model, we are interested in the regime 5 < 3., where [, is the inverse
temperature above which long-range order occurs (that is, inf, Gg‘ms((), x) > 0 for all
B > B, see below). We thus again have A\. = 5.(q, d).

One easily checks that the Ising model (with h = 0) at inverse temperature 2/
corresponds to the 2-state Potts model at inverse temperature f3.

Intimately related to the Potts model is the FK percolation model. The latter is
a measure on edge sub-graphs of (Z%, E;), where E; = {{i,j} C Z?}, depending on
two parameters 3 € R>y and ¢ € R. g, obtained as the weak limit of the finite-volume

measures 1
QRE,Bq< ) = ZT H (eﬁJij _ 1)qn(w)7
ANiB (i ew

Potts

where k(w) is the number of connected components in the graph with vertex set Ay
and edge set w and ZFX Ax:3,q 18 the partition function. In this paper, we always assume
that ¢ > 1. We use the superscript Bern for the case ¢ = 1 (Bernoulli percolation).
When ¢ € N with ¢ > 2, one has the correspondence

1 g—1 1
10 (Lo —oyy) — Pl N (z ). (4)

For the FK percolation model, we consider
GEK( y) = @Bq(IHy) and )\ =f,

where {z <> y} is the event that x and y belong to the same connected component.
As for the Potts model, \. = 5.(g, d); here, this corresponds to the value at which the
percolation transition occurs.

1.3.6. XY model. The XY model at inverse temperature 5 > 0 on Z is the probability

measure on (S')%" given by the weak limit of the finite-volume measures (for § €
[0, 27)A)

1
dpitys(0) = sy e P 4
An;B
with Hamiltonian
Z Ji;j cos(0; — 6;)
{i,j}CAN

and partition function Z3Y ;.
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In this case, we consider
Gy (z,y) = py (cos(f, —6,)) and A=

In dimension 1 and 2, A is the point at which quasi-long-range order occurs (failure
of exponential decay; in particular, \. = oo when d = 1). In dimension d > 3,
we set \e = BXY(d) the inverse temperature above which long-range order occurs
(spontaneous symmetry breaking).

1.4. Inverse correlation length. To each model introduced in the previous subsec-
tion, we have associated a suitable 2-point function G, depending on a parameter A
(for instance, A = (1 + m?)~! for the GFF and A\ = § for the Potts model). Each
of these 2-point functions gives rise to an inverse correlation length associated to a
direction s € S ! via
1
vs(A) = —Jl_{goﬁlogG,\(O,ns).
This limit can be shown to exist in all the models considered above in the regime
A € [0,A:). When highlighting the model under consideration, we shall write, for
example, v ()).
We also define Aoy, as

Aexp = min()\c, inf{A >0 : infr,(\) = 0}) (5)

(Let us note that the infimum over s is actually not required in this definition, as
follows from Lemma 2.2 below.)

The dependence of v4(A) in the parameter A is the central topic of this paper.

1.5. Mass gap, a comment on the Ornstein—Zernike theory. For off-critical
models, the Ornstein—Zernike (OZ) equation is an identity satisfied by G, first pos-
tulated by Ornstein and Zernike (initially, for high-temperature gases):

GA(0,2) = DA(0,2) + > Gay,z)Dx(0, ), (6)

Y

where D, is the direct correlation function (this equation can be seen as defining
D, ), which is supposed to behave like the interaction: Dy(x,y) ~ J,,. On the basis
of (6), Ornstein and Zernike were able to predict the sharp asymptotic behavior of G|,
provided that the following mass gap hypothesis holds: there exists ¢ = ¢(\) > 0 such
that

D)\(Oa ZE) < e_c‘x|G)\(Oa IL')

This hypothesis is supposed to hold in a vast class of high-temperature systems with
finite correlation length. One of the goals of the present work is to show that this
hypothesis is doomed to fail in certain simple models of this type at very high tem-
perature and to provide some necessary conditions for the presence of the mass gap.

To be more explicit, in all models considered, we have an inequality of the form
GA(0,2) > CJy, = Cyp(x)e”1*l. In particular, this implies that v, < |s| for all s € S*1.
We will study conditions on ¢ and A under which the inequality is either strict (“mass
gap”) or an equality (saturation). We will also be concerned with the asymptotic
behavior of GG) in the latter case, while the “mass gap” pendant of the question will
only be discussed for the simplest case of KRW, the treatment of more general systems
being postponed to a forthcoming paper.
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A useful consequence of the OZ-equation (6), which is at the heart of the derivation
of the OZ prefactor, is the following (formal) identity

11

GA(0,2) Z HD,\ (Vi1 7i)-

~EW(0,2) k=1

One can see Simon-Lieb type inequalities

GA(0,2) < DA(0,2) + ) Galy, ) DA(0,y),

Y

as approaching the OZ equation. In particular, this inequality with D,(0,y) ~ J,, is
directly related to our assumption [Az] below.

1.6. A link with condensation phenomena. Recall that the (probabilistic version
of) condensation phenomena can be summarized as follows: take a family of real ran-
dom variables Xi,..., Xy (With N possibly random) and constrain their sum to take
a value much larger than E [Zk 1 X;]. Condensation occurs if most of the deviation
is realized by a single one of the X;s. In the case of condensation, large deviation
properties of the sum are “equivalent” to those of the maximum (see, for instance, [14]
and references therein for additional information).

In our case, one can see the failure of the mass gap condition as a condensation
transition: suppose the OZ equation holds. G(0, ) is then represented as a sum over
paths of some path weights. The exponential cost of a path going from 0 to x is always
at least of the order |z|. Once restricted to paths with exponential contribution of this
order, the geometry of typical paths will be governed by a competition between entropy
(combinatorics) and the sub-exponential part ¢ of the steps weight. In the mass gap
regime, typical paths are constituted of a number of microscopic steps growing linearly
with ||z||: in this situation, entropy wins over energy and the global exponential cost
per unit length is decreased from |s| to some v; < |s|. One recovers then the behavior
of G predicted by Ornstein and Zernike. In contrast, in the saturated regime, typical
paths will have one giant step (a condensation phenomenon) and the behavior of G is
governed by this kind of paths, which leads to G(0,z) ~ D(0,z) ~ Jy,.

1.7. Assumptions. To avoid repeating the same argument multiple times, we shall
make some assumptions on (G, and prove the desired results based on those assump-
tions only (basically, we will prove the relevant claims for either KRW or SAW and the
assumptions allow a comparison with those models). Proofs (or reference to proofs)
that the required properties hold for the different models we consider are collected in
Appendix A.

[Ag] For any A € [0, \.), Ga(z,y) > 0 for any z,y € Z¢ and sup, ;. G,\(O x) < 00.
[A;] For any A € [0, \.), there exists ay > 0 such that, for any z,y, z € Z¢,

Gi(z,y) > axGi(z, 2)GA(2,y).

This property holds at A, if sup, G (0, ) < oco.
[As] For any z,y € Z% X\ — Gi(z,y) is non-decreasing and left-continuous on
[0, \c). This continuity extends to [0, \.] if Gy (x,y) is well defined.
[A3] There exists o > 0 such that, for any 0 < A < A, there exists C' > 0 such that
for any z,y € Z¢,
Galw,y) < CGLM (2, y). (7)
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[A4] For any A € [0, \;), there exist ¢y > 0 and C) > 0 such that, for any collection
[' C SAW(z,y), one has

vl

G/\(aj? y) O\ Z(CA)M H J’Yk—l'ﬂc’
k=1

vyel

where || is the number of steps in 7.

Our choice of A. and of G, ensures that [Ag] is always satisfied. Assumption [A,]
holds as soon as the model enjoys some GKS or FKG type inequalities. Assump-
tion [Ag] is often a consequence of the monotonicity of the Gibbs state with respect
to A\. The existence of a well-defined high-temperature regime (or rather the proof of
its existence) depends on this monotonicity. Assumption [As] is directly related to the
Ornstein—Zernike equation (6) in the form given in (1.5). It is easily deduced from a
weak form of Simon-Lieb type inequality, see Section 1.5. Assumption [A4] may seem
to be a strong requirement but is usually a consequence of a path representation of
correlation functions, some form of which is available for vast classes of systems.

Part of our results will also require the following additional regularity assumption
on the prefactor U:

[Ho] There exist C}f,C;; > 0 and ¢ : N5 — R such that, for all y € Z4\ {0},
Cyolllyll,) < ¥(y) < Clvo(llyll,)-

1.8. Surcharge function. Our study has two “parameters™ the prefactor ¢, and the
norm | - |. It will be convenient to introduce a few quantities associated to the latter.

First, two convex sets are important: the unit ball % C R? associated to the norm
| - | and the corresponding Wulff shape

W ={tcR? : VoeR: t x<|z|}.

Given a direction s € S%~!, we say that the vector ¢t € R? is dual to s if t € 9% and
t-s=|s|. A direction s possesses a unique dual vector ¢ if and only if #  does not
possess a facet with normal s. Equivalently, there is a unique dual vector when the unit
ball % has a unique supporting hyperplane at s/|s|. (See Fig. 1 for an illustration.)

5
t
(s |
>
()
v /4
FIGURE 1. Left: The unit ball for the norm |-| = ||-||,. Middle: the corre-

sponding Wulff shape # with two vectors ¢; and t3 dual to s = (1,0). Right:
the set # with the unique vector ¢ dual to s = %(2, 1).

The surcharge function associated to a dual vector t € 9% is then defined by
si(z) = |z| —x - L.

It immediately follows from the definition that s,(x) > 0 for all # € Z? and s,(s) = 0
if ¢ is a vector dual to s.
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- 15 T, %
So 50

f(TU);C i >

FIGURE 2. The local parametrization of 0% in a neighborhood of sg.

The surcharge function plays a major role in the Ornstein—Zernike theory as devel-
oped in [4, 5, 6]. Informally, s;(s") measures the additional cost (per unit length) that
a step in direction s’ incurs when your goal is to move in direction s. As far as we
know, it first appeared, albeit in a somewhat different form, in [1].

1.9. Quasi-isotropy. Some of our results hinge on a further regularity property of
the norm | - |.

Let s € S*! and t be a dual vector. Write sy = s/|s| € 0% and t = t/||t|| €
S, Let T,,% be the tangent hyperplane to % at s, with normal . It is always
possible to choose the dual vector ¢ such that the following holds (we shall call such
a t admissible?). There exist ¢ > 0 and a neighborhood .4 of sy such that 9% N A
can be parametrized as (see Fig. 2)

OU NN ={sg+71v— flrv)t : veT,, % NS |7| <&},
for some convex nonnegative function f : Ty, — R satisfying f(0) = 0.

We will say that 0% is quasi-isotropic in direction s if the qualitative behavior of
f is the same in all directions v: there exist ¢, > ¢_ > 0 and an non-decreasing
non-negative convex function g such that, for all v € T,, % NS* ! and all T € (0,¢),

cg(7) = f(T0) = c_g(7).
Taking .#" and e smaller if necessary, we can further assume that either g(7) > 0 for

all 7 € (0,¢), or g(1) = 0 on (0,¢) (the latter occurs when sq is in the “interior” of a
facet of 0% ).

A sufficient, but by no means necessary, condition ensuring that quasi-isotropy is
satisfied in all directions s is that the unit ball %7 has a C? boundary with everywhere
positive curvature. Other examples include, for instance, all /P-norms, 1 < p < oo.

1.10. Main results: discussion. We first informally discuss our results. Precise
statements can be found in Theorem 1.1 below.
It immediately follows from [A4] that

vs(A) <sl.

We say that there is saturation at A in the direction s if v5(A\) = |s|.
The function A +— v4(\) is non-increasing (see (10)) and limy\ovs(A) = |s| (see
Lemma 2.1). We can thus define

Asat (8) = sup{\ : vs(\) =|s|}.
In several cases, we will be able to prove that A\gi(s) < Aexp- The main question we

address in the present work is whether Ag¢(s) > 0. Note that, when g € (0, Aexp),
the function A — vs(\) is not analytic in A.

2When there are multiple tangent hyperplanes to 9% at s, convexity and symmetry imply that
all non-extremal elements of the normal cone are admissible.
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Our main result can then be stated as follows: provided that suitable subsets of
[Ag]-[A4] and [Ho] hold and 0% is quasi-isotropic in direction s € S¢1,

Aaat($) >0 & Z zﬁ(y)e‘st(y) < 00,

yeZa
where t is an arbitrary vector dual to s.

What happens when quasi-isotropy fails in direction s is still mostly open; a discus-
sion can be found in Section 1.14.

Remark 1.1. In a sense, exponentially decaying interactions are “critical” regarding
the presence of a mass gap regime/condensation phenomenon. Indeed, on the one hand,
any interaction decaying slower than exponential will lead to absence of exponential
decay (e.g., GA(0,2) > CyrJo, by [A4] in all the models considered here). This is a
“trivial” failure of mass gap, as the model is not massive. Moreover, the behavior
GA(0, ) < Jo, al any values of X was proven in some cases: see [17| for results on the
Ising model and (2| for the Potts model. On the other hand, interactions decaying faster
(that is, such that sup,cya JozeC1?l < 00 for all C > 0) always lead to the presence of
a mass gap (finite-range type behavior). Changing the prefactor to exponential decay
15 thus akin to exploring the “near-critical” regime.

1.11. Main Theorems. We gather here the results that are proved in the remainder

of the paper. Given a norm |- | and s € S1, fix a vector ¢ dual to s and define
E(l Lty = ), dla)e ™.
zeZN\{0}

Our first result provides criteria to determine whether Ag;; > 0.

Theorem 1.1. Suppose [Ao], [A1], [As], [As], [A4] are satisfied. Let s € S*1. Then,

- If there exists t dual to s with Z(|-|,1),t) < oo, there exists 0 < Ny < Aexp Such
that vs(\) = |s| for any X\ < X.
- Assume [Hy|. If there exists an admissible t dual to s such that O% is quasi-
isotropic in direction s and Z(| - |,1,t) = oo, then vy(\) < |s| for any X €
(0, Aexp)-
In particular, when =(| - |,1b,t) < oo for some t dual to s, there exists Ay € (0, Aexp)
such that vg(X) = |s| when A < sy and vs(X) < |s| when A > Agt.

Corollary 1.2. The claim in Theorem 1.1 applies to all the models considered in this
paper (that is, KRW, SAW, Ising, IPF, FK, Potts, GFF, XY ).

Remark 1.2. Whether \s(s) > 0 depends in general on the direction s. To see this,
consider the case | - | = ||-||, on Z* with Y(x) = |||~ with 7/4 > o > 3/2.

In order to determine whether Ag(s) > 0, it will be convenient to use the more
explicit criterion derived in (19). The latter relies on the local parametrization of OU ,
as described in Section 1.9. Below, we use the notation introduced in the latter section.
In particular, Asai(s) > 0 if and only if

> w0t (1/0)" < oo,

>1

where we can take o(£) = €~ (remember condition [Ho) ).
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On the one hand, let us first consider the direction s = (0,1). The corresponding
dual vector ist =s. In this case, one finds that f(1) = 374+ O(7®). We can thus take

g(t) = 7. In particular,

> do(O)(LgT (1 0)T =D = oo,

>1 >1

50 that Asat(s) = 0.

On the other hand, let us consider the direction s' = 272(1,1). The dual vector is
t' =273/4(1,1). In this case, one finds that f(7) =3-275/*.72 + O(r*). We can thus
take g(1) = 72. In particular,

> do(O)(LgTH(1/0) T =D 0P < oo,

>1 >1
s0 that Agi(s) > 0.

The next theorem lists some cases in which we were able to establish the inequality
/\sat < )\exp-

Theorem 1.3. The inequality X, < \: holds whenever one of the following is true:

- d=1 and x € {Ising, FK, Potts, GFF, XY, KRW};
- d > 2, x € {Ising, Bern} and \! = X!

exp’

- d >3, x € {GFF,KRW} and X\ = \}

exp”

Finally, the next theorem establishes a form of condensation in part of the saturation
regime.

Theorem 1.4. Suppose x € {SAW, Ising, IPF, FK, Potts, GFF, XY}. Suppose
moreover that v is one of the following:

() oc ]| ™, o> 0,

cp(x) ocem g >00<a< 1.
Then, if s € S% 1 is such that Z(|-|,1,t) < oo for some t dual to s, there exists \; > 0
such that, for any A < Ay, there exist cx = c+(\) > 0 such that

c—(N)Jons < G (0,n8) < e (N)Jons-

1.12. “Proof” of Theorem 1.1: organization of the paper. We collect here all
pieces leading to the proof of Theorem 1.1 and its corollary. First, we have that any
model x € {SAW, Ising, IPF, FK, Potts, GFF, XY} satisfies [Ag], [A1], [A2], [As],
and [A4] (see Appendix A). We omit the explicit model dependence from the notation.
We therefore obtain from Claims 1, 2, and 3 and Lemma 2.1 that, for any s € S%!,

vs(A) is well defined for A € [0, \.),
- A — v4(\) is non-increasing,
- limy o vs(A) = |s].
In particular, setting

Asat = Asat(8) = sup{A >0 : vs(\) = |s|},

it follows from monotonicity that

- for any A € (0, Asat), vs(A) = |s],
- for any A € (Aat, Aexp)s 0 < vs(A) < s].



12 YACINE AOUN, DMITRY IOFFE, SEBASTIEN OTT, AND YVAN VELENIK
Via a comparison with the KRW given by [A3], Lemmas 3.1, and 3.2 establish that
(||, t) < 0o = Agu(s) >0,

while Lemma 4.1 implies that, when 0% is quasi-isotropic in direction s (with an
admissible t),

é(] b t) =00 = Aaa(s) =0,

via a comparison with a suitable SAW model, allowed by [Ay].

These results are complemented in Section 3.4 by the inequality Asa; < Aexp for some
particular cases (as stated in Theorem 1.3), using “continuity” properties of the models
at Ac and the conjectured equality A\; = Aexp. Whether Mgy < Aeyxp always holds or not
is an open problem (see Section 1.13).

A proof that a condensation phenomenon (Theorem 1.4) indeed occurs is presented
in Section 3.2. It is carried out for a more restricted family of ¢ than our main
saturation result and only proves condensation in a restricted regime (see Section 1.13
for more details).

1.13. Open problems and conjectures. The issues raised in the present work leave
a number of interesting avenues open. We list some of them here, but defer the
discussion of the issues related to quasi-isotropy to the next section.

1.13.1. Is Aaay always smaller than Aexp ¢ While this work provides precise criteria to
decide whether A (s) > 0, we were only able to obtain an upper bound in a limited
number of cases. It would in particular be very interesting to determine whether it
is possible that Ay coincides with Aexp, that is, that the correlation length remains
constant in the whole high-temperature regime. Let us summarize that in the following

Open problem 1.5. Is it always the case that Asi(s) < Aexp?

One model from which insight might be gained is the ¢g-state Potts model with large
q. In particular, one might try to analyze the behavior of v4(\) for very large values
of g, using the perturbative tools available in this regime.

1.13.2. What can be said about the regularity of A — v4(\)? In several cases, we have
established that, under suitable conditions, Aexp > Asat(s) > 0. In particular, this
implies that v, is not analytic in A at A (s). We believe however that this is the only
point at which v, fails to be analytic in \.

Conjecture 1.6. The inverse correlation length v, is always an analytic function of
A 0n (Asat(8), Aexp) -

(Of course, the inverse correlation length is trivially analytic in A on [0, Asat(s)) when
/\SB‘t(s) > 0)

Conjecture 1.7. Assume that Mgt (s) > 0. Then, the inverse correlation length v is
a continuous function of X at Asat(s)).

Once this is settled, one should ask more refined questions, including a description
of the qualitative behavior of vs(\) close to A (s), similarly to what was done in [19]
in a case where a similar saturation phenomenon was analyzed in the context of a
Potts model /FK percolation with a defect line.
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1.13.3. Sharp asymptotics for G(0,z). As we explain in Section 3.2, the transition
from the saturation regime [0, Asat(s)) to the regime (Ast(S), Aexp) manifests itself in
a change of behavior of the prefactor to the exponential decay of the 2-point function
GA(0,mns). Namely, in the former regime, the prefactor is expected to always behave
like ¢(ns), while in the latter regime, it should follow the usual OZ decay, that is,
be of order n=(*~1/2_ This change is due to the failure of the mass gap condition of
the Ornstein—Zernike theory when A\ < Ag,¢(s). It would be interesting to obtain more
detailed information.

Conjecture 1.8. For all A € (Asat(5), Aexp), GA(0,ns) exhibits OZ behavior: there
exists C' = C(s,\) > 0 such that

GA(0,ns) = Cn~@=1D/2 g=vsQIn (1 4 o(1).

This type of asymptotic behavior has only been established for finite-range interac-
tions: see 5] for the Ising model at 5 < 5., [6] for the Potts model (and, more generally
FK percolation) at § < f. and [18| for the Ising model in a nonzero magnetic field
(see also [20] for a review). We shall come back to this problem in a future work. In
the present paper, we only provide a proof in the simplest setting, the killed random
walk (see Section 3.3).

One should also be able to obtain sharp asymptotics in the saturation regime, refin-
ing the results in Section 3.2. Let ¢ be a dual vector to s. We conjecture the following
to hold true.

Conjecture 1.9. There exists C > 0 such that for all X € [0, Asat(s)), GA(0,ns)
exhibits the following behavior:

Gx(0,ns) = Cx(A, 8) p(ns) e *I"(1 + o(1)),
where
XA, 8) = A Z G\ (0, yl)et'yle—ﬁt(y2—y1)G)\(y2’ ns)et'(ns_”)
ylvaGZd
(In this statement, C' depends only on the model considered; in particular, it does
not depend on \.) We plan to address this conjecture in a future work.
Similar asymptotics have been obtained for models with interactions decaying slower

than exponential: see [17] for the Ising model and [2| for the g-state Potts model. In
those cases, the constant x (A, s) is replaced by the susceptibility and C' = 1/q.

Finally, the following problem remains completely open.
Open problem 1.10. Determine the asymptotic behavior of G(0,ns) at A (S).

1.13.4. Sharpness. In its current formulation, Theorem 1.3 partially relies on the
equality between A\, and Aeyp. As already mentioned, we expect this to be true for all
models considered in the present work.

Conjecture 1.11. For all models considered in this work, e = Aexp.

We plan to come back to this issue in a future work.

1.14. Behavior when quasi-isotropy fails. In this section, we briefly discuss what
we know about the case of a direction s € S¥~! in which the quasi-isotropy condition
fails. As this remains mostly an open problem, our discussion will essentially be limited
to one particular example. What remains valid more generally is discussed afterwards.



14 YACINE AOUN, DMITRY IOFFE, SEBASTIEN OTT, AND YVAN VELENIK

FIGURE 3. Left: the unit ball associated to the norm | - | in the example of
Section 1.14. Middle: the corresponding Wulff shape. Right: polar plot of
the surcharge function associated to the direction s = %(2, 1).

We restrict our attention to d = 2. Let us consider the norm |- | whose unit ball
consists of four quarter-circles of (Euclidean) radius 1 and centers at (£3, £3), joined
by 4 straight line segments; see Fig. 3, left. (The associated Wulff shape is depicted
in the same figure, middle.)

We are interested in the direction s = \%(2, 1), in which 0% is not quasi-isotropic.
The corresponding dual vector is ¢ = (1,0). The associated surcharge function s, is
plotted on Fig. 3, right. Observe how the presence of a facet with normal t in 0%
makes the surcharge function degenerate: the surcharge associated to any increment
in the cone {(z,y) € Z* : 0 <z <|y|/2} vanishes. The direction s falls right at the
boundary of this cone of zero-surcharge increments.

A priori, our criteria do not allow us to decide whether A (s) > 0, since 0% (and
thus the surcharge function) displays qualitatively different behaviors on each side of
s. However, it turns out that, in this particular example, one can determine what is
happening, using a few observations.

First, the argument in Lemma 4.1 still applies provided that the sums corresponding
to both halves of the cone located on each side of s diverge. The corresponding
conditions ensuring that As(s) = 0 as given in (19), reduce to

> () = o0
>1
for the cone on the side of the facet, and
251/2%(5) = o0
>1

on the side where the curvature is positive. Obviously, both sums diverge as soon as
the second one does, while both are finite whenever the first one is. We conclude from
this that Asi(s) > 0 when

Z liho(£) < oo,
>1
while A\ga¢(s) = 0 when
D 02(0) = o0
>1
Of course, this leaves undetermined the behavior when both

D () =co and Y £ (0) < oo (8)

>1 >1
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However, the following simple argument allows one to determine what actually occurs
in such a case. First, observe that, since vy < |s/| for all s € R?, the unit ball %,
associated to the norm v. always satisfies %, D % . We now claim that this implies
Asat(s) > 0 if and only if > ,o, f¥(¢) < oco. Indeed, suppose Asi(s) > 0. Then, for
small enough values of ), the boundaries of %, and % coincide along the 4 circular
arcs (including the points between the arcs and the facets). But convexity of %, then
implies that they must coincide everywhere, so that A (s’) > 0 in every direction
s’ pointing inside the facets. But the latter can only occur if ), , ¢ (f) < co. In
particular, the case (8) implies Agt(s) = 0. -

As long as we consider a two-dimensional setting, the first part of the above argument
applies generally, that is, whenever quasi-isotropy fails. The second part, however,
makes crucial use of the fact that s is in the boundary of a facet of 0%. We don’t
know how to conclude the analysis when this is not the case.

In higher dimensions, the situation is even less clear.

Open problem 1.12. Provide a necessary and sufficient condition ensuring that
Asat(8) > 0 in a direction s € S in which O% fails to be quasi-isotropic.

2. SOME BASIC PROPERTIES

2.1. Basic properties of the inverse correlation length. A first observation is

Claim 1. Suppose [Ai] holds. Then, v,(\) exists for any A € [0,\.) and s € ST 1.
Moreover

Gr(0,n5) < ayte =M, 9)

The proof is omitted, as it is a simple variation of the classical subadditive argument.
Our second and third (trivial) observations are

Claim 2. Suppose [Ay] holds. Then, for any s € S, any x,y € Z¢ and any 0 < X\ <
N <A,

Ga(z,y) < Gy(x,y) and vg(N) > vg(N). (10)

Claim 3. Let s € S¥1. Suppose v,(\) is well defined and that [A4) holds. Then,
vs < |s].

Finally, we look at the behavior of ¥ when A “\ 0.
Lemma 2.1. Suppose [As] and [A4] hold. Then, for any s € ST, limy o vs(\) = |s].

Proof. Fix s € S¥1. By [A4], vs < |s]. Let a be given by [As]. Fix any ¢ > 0. Then,
let A < (« > 0 @D(y)e**:'y‘)_l. We claim that G (0,ns) < ¢(), e)e”1797lsl which gives
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the desired claim. Indeed,

G (0,n5) < CGEMY(0, ns)

—(1—e)n|s \Z Z Ho&\w e il
~(1=2nls 3 <AZ (w(y)e—aw)’f .

k>1 y#0

2.2. Weak equivalence of directions. Let us introduce

vi(A) = max vs(A) and v_(\) = min v(N).
ESS

seSd—1
Lemma 2.2. Suppose [A;] holds. Then, d-v_(f) > vi(8) > v_(5).
Proof. The second inequality holds by definition. To obtain the first one, set s* to be

a direction realizing the minimum. By lattice symmetries, all its /2 rotations around
a coordinate axis also achieve the minimum. For a fixed direction s, denote s7, ..., s}

a basis of R? formed of rotated versions of s* such that s = 2?21 Ais; with 1 > X\, > 0.
Then, for any n, ns = Z?zl nA;si. So (integer parts are implicitly taken), by [A],

d
—log G\ (0,ns) < —ZlogGA(O,n/\is-) dlog(ay) Zn)\ v_(1+0,(1)).
i=1

In particular, lim,,_,,, —log G5(0,ns)/n < d-v_. O
2.3. Left-continuity of A — v,(\).

Lemma 2.3. Suppose [A1] and [Ay] hold. Let s € ST, Let N € (0, \.] be such that

- Gy is well defined.
- There exists 6 > 0 such that infyeov_snjar > 0 (where ay is given by [Aq]).

Then, the function X\ — vg(X) is left-continuous at N

Proof. Fix X' € (0, \.] such that G is well defined and s € S*!. Let § be given by
our hypotheses and let I = (N — 4, V'], and C' = —log(infycsay). Set

Jn(A) = —log G(0,ns).

Then, for any A € [ and n,m € Z~q, form(A) < fu(A) + firn(X) + C. In particular, for
any n > 1and any \ € [,

V) — tim Jm) B C

+

g—oo  qn n

Fix ¢ > 0. Choose ny such that C/ng < ¢/3 and ||f"21—f;\,) —vs(N)]| < ¢/3. By left-
continuity of G(0,n9s) at X', one can choose ¢, > 0 such that

” fm)()‘, — 5/) . fn()()‘,)
o

o

I <e/3
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for any ¢’ < gf,. In particular, for any &’ < ¢,

fao N =€) C

0<v(N—¢€)—v,(\N) < + — —vs(\N)
Un) Un
f'n ()\/ _ 8/ fn ()\/ fn )\/
< =) Il £l )
No Mo o
<e,
where we used (10) in the first line. O

3. “SUMMABLE” CASE

In this section, we consider directions s € S*~! for which
Z¢(y)e_5t(y) < 00, (11)
y#0

where t is any vector dual to s. In this case, we first prove that saturation occurs in
direction s at small enough values of A, whenever the model at hand satisfies [As].
Then, we complement this result by showing, in some models, that saturation does
not occur for values of A close enough to Aexp)-

3.1. Saturation at small ).

Lemma 3.1. Let s € Sd_j and fix some vector t dual to s. Assume that (11) holds.
Then, one can define 0 < X = \X®W < X\ (given by (12)) such that, for any X € (0, ),

VERW(\Y = |s|. Moreover, when d = 1, NKEW — \KRW,

Proof. Fix s € S and a dual vector ¢. Assume that (11) holds. Let G, = GK®W.

Set
mm{(ZIp e~5tW ) B 1} > 0. (12)

(Recall that A\, = 1 for the KRW.) Suppose A < A. Let us introduce

Ay = Y [

Y1,y €Z4\{0} =1

Zleyz:ns
d k
bl ST [[ew)e ) < e '(AZ@Z’ Y ) '
Y1, ye €ZN\{0} =1 y#0
SF yi=ns

Since A, 20 Y(y)e W) < 1 for all A € [0, ), the first part of the result follows from

A(0,ms) ZAk

which is a decomposition according to the length of the walk.

To get the second part of the d = 1 case, one can assume A< 1=\ (the claim
being empty otherwise). Without loss of generality, we consider s = 1. The unique
dual vector is ¢ = |1]. Let A € (A, A). As A < Ao, 14()\) is the radius of conver-
gence of Gy(z) = Y, o, €"GA(0,n). It is therefore sufficient to find € > 0 such that
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GA((1 —¢)|1]) = co. The summability of G,((1 — £)|1]) is equivalent to the summa-
bility of

Zel a)|1|nG On Zel atnz Z H}\w =yl

n>1 n>1 k>1 g1, ykGZ\{O}l 1

k
Zz 1Y%=

_ Z Z H M) (y —lyi|+(1—¢)ty;

k=1 y1,...yn€Z\{0} i=1
=30 % v >
k>1 - yez\{o}

Now, f(e) =AY ez oy Y(y)e = We =¥ is analytic in ¢ in a neighborhood of 0 and
f(0) > 1 by choice of A. So, it is still > 1 for some £ > 0, implying the claim. O

Remark 3.1. The statement of Lemma 3.1 obviously extends to the Gaussian Free
Field via (3).

We can now push the result to other models.

Lemma 3.2. Suppose [Ag] holds. Let s € S*" and t dual to s. Assume that (11)
holds. Then, there exists A > 0 such that, for any X € [0, ), vs(A) = |s].

Proof. Let « be given by [A3]. Set

3 — l;\KRW
«

> 0.

By [As] and Lemma 3.1, for A < X,
GA(0,ns) < CGEIW(0, ns) < ce™"l*!
for some A-dependent constant ¢, as o < NKRW. 0

3.2. Prefactor for KRW when \ < \,,;. We first show the condensation phenome-
non mentioned in the introduction for polynomial prefactors. Namely, we prove

Lemma 3.3. Let s € S! and t dual to 5. Assume that (11) holds. Suppose that
Y(x) = [|z]|7* with o > 1. There exists A > 0 (the same as in Lemma 3.2) such that,
for any A < A, there exists ¢, = c1(X) > 0 such that

Gf\ﬂ%W(Oa TLS) S C+J0,ns-

Proof. Fix s € ! and a dual vector . Assume that (11) holds. Denote G = GY™.
Let A be given by (12) and fix A < \. Start as in the proof of Lemma 3.1. Define

Z H)\J% = o8l Z H}\d} yi)e D) < e_n‘s‘()\j\_l)k,

~yeW(O,ns) i=1 oy, yr#£0 i=1
lv|=k Zyi=ns

Since A < 5\, the inequality above implies that there exist C,Cy > 0 such that

Z > A’fHJ7 i < Codoms

k=C1 log( )'yGWOns) =1
Ivl=
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Therefore, we can assume that & < Clog(n). Let v € W(0,ns) with |y| = k. Since
k < n, there exists j such that ||y; —v;_1|| > n/k. Then, we can write

ek Y wwe Y M [hen

y:llyll>n/k yEW(O,ns—y)  i=1
Iyl=k-1
< ke_”|s|¢(n/k;) Z H M) (y _5t(yz
IS piemelonk
< Eltee *”|S|d} <Z A(y *ﬁt(yl > ket
Y170

= Jomsk FONANTHE,

where we used |y|| > n/k and s, > 0 in the second line, the polynomial form of ¢ in
the third one, and the definition of A in the last one. This yields

C1 log(n oo
Z Ak ) < JonsA Y KOTHANTHE
k=1
Since A < A, the last sum converges, which concludes the proof. [

We now show the same condensation phenomenon for a class of fast decaying pref-
actors in a perturbative regime of A\. Namely, we assume that the function ¢ satisfies

[Hy] 9(y) depends only on ||y|| and is decreasing in ||y||.
[Hy| there exist ¢ > 0 and 0 < o < 1 such that

> w(y)re W < oo,
y7#0

and for every n,m € R, with m <n

P(n)ip(m) < cp(n+m)p(m)®. (13)

These assumptions are in particular true for prefactors exhibiting stretched expo-
nential decay, ¥(x) = exp(—al|lz||”) with @ > 0 and 0 < v < 1, as well as for power-law
decaying prefactors ¢ (z) = ||z||~* with a > 1.

Lemma 3.4. Fir s € S*! and a dual vector t. Assume that v is such that [Hi]
and [Ha] hold (in particular, (11) holds fort). Then, there exists Ao > 0 such that, for
any A < Ag, one can find ¢, > 0 such that

GERW(Ov TLS) < C+J0,ns~

Proof. Fix s € S™! and a dual vector ¢ and let ) be as in the statement. Write
Gy = GX®W. Let ¢, a be given by [Hy]. Let A\ be given by

1

— (czw(y)ae_st(y))_ > 0.

y#0
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We can rewrite Gy, as

n|s|G>\ 0, ns Z)\k Z Hw 5t(yz

Y1, Yk i=1

i1 yi=ns
00 -1 k—1
< Z Aok Z w(ns - ?Jz’) H P(ys)e W),
k=1 yl) SYk—1 =1 =1

l[rs—> 51 ya|>max; [|ys]|

where we used s, > 0. Now, iterating (13) k times yields that, for any k£ > 1 and any
Y1, -, Yk—1 # 0 such that ||ns — Zf__ll yill > max; [yl
-1 k-1 k—
o(ns =Y w) [Tww) < dvins Hw )"
i=1 =
This gives
k—1

GA(0,ns) <e n|\¢nsAcZk<Acz¢ ap—si(y >

y70
The result follows since A < ). O

As for the saturation result, one can use [A3] to push the result to other models.

Corollary 3.5. Assume that [As] and [A4] hold. Let s € S*! and t be a dual vector.
Suppose that 1 fulfill the hypotheses of either Lemma 3.3 or Lemma 3.4. Then, there
exists A\g > 0 such that, for any A < Ao,

c—(N)Jons < GA(0,n5) < e (N)Jons,
for some c(X),c—(A\) > 0.

The use of [A4] to obtain the lower bound is obviously an overkill and the inequality
follows from less restrictive versions of the arguments we use in Appendix A.

3.3. Prefactor for KRW when A\ > )\ ;. In this section, we establish Ornstein—
Zernike asymptotics for KRW whenever there is mass gap (that is, when saturation
does not occur). We expect similar results for general models, but the proofs would
be much more intricate. We will come back to this issue in another paper.

Lemma 3.6. Let s € ST and X\ € (A, Aexp)- There exists Cy = C(\) > 0 such that

C

KRW
G (0,ns) = PICEYE

_Vs(n)(l + 0 (1))
Proof. We follow the ideas developed in [5]. We first express ¢”"G(0,ns) as sum of
probabilities for a certain random walk. We then use the usual local limit theorems
on this random walk to deduce the sharp prefactor.

Let G = GR®W po = 1 (X). Since A < Aexp, it is straightforward to see that v defines
a norm on R%. Let ¢, be a dual vector to s with respect to the norm v. We can rewrite
e”"G(0,ns) in the following way:

e”"G(0,ns) = Z Z Hw vi),

N=1Y1,-YN =1
Yi=ns
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with w(y;) = el ¥~wily)(y;). Remark that w(y;) has an exponential tail, since v, < |s|.
Moreover, w(y) defines a probability measure on Z?\ {0}. Indeed, let t, be a dual

vector to s with respect to the norm |- |. Notice that, for z € R,
S G0k -3 Y [Te vt
k>1 N>1k>1 Y1yn i=1

yi=ks
N
< (St
N>1 “My#0
Zy;é() xts.yw(y)

=Xt w(y)

The radius of convergence of the series in the left-hand side is equal to 1, whereas the
radius of convergence of the series in the right-hand side is strictly larger than 1, since
w(y) has an exponential tail. It follows that, for x = 1, we must have

> wly) =1.

y#0

We denote by Py the law of the directed random walk (S,,),>1 on 74, starting at
0 € Z¢ and with increments of law w, and by Fj the corresponding expectation. We
can rewrite
e”"G(0,ns) Z Py(Sy = ns) (14)
N>1

Remark that Ey(S;) = ps for some g € R. Indeed, were it not the case, rough
large deviation bounds would imply the existence of ¢ > 0 such that Py(Sy = ns) <
eemax{nN} for all N. Using (14), this would imply e*"G(0,ns) < e~°™, for some
¢ > 0, contradicting the fact that e”"G(0,ns) = ™.

Fix § > 0 small. On the one hand, uniformly in y such that |y — nus| <n
have, by the local limit theorem,

1/2-5 e
Cy
Z Py(Sy =y) = W(l +on(1)),

N:|N—n|<nl/2+8

where C, > 0 can be computed explicitely. On the other hand, since w has exponential
tail, a standard large deviation upper bound shows that

> RSy=y <,
N:|N—n|>nl/2+8
for some small ' > 0. Therefore, it follows from (14) that

Ci
ns|@D/2 (1+o0a(1)),

e”"G(0,ns) =
with C) = Cw/\,u(dfl)ﬂ. ]

3.4. Absence of saturation at large \.

Lemma 3.7. Suppose d = 1 and x € {Ising, Potts, FK,XY}. Then, there exists
Ao € (0,00) such that 0 < v*(\) < |1| when A > X.
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Proof. In all the models {Ising, Potts, FK, XY}, v(A) > 0 for any A > 0 when d = 1.
The claim is thus an easy consequence of the finite-energy property for FK percolation:
bound ®¥(0 <+ ) from below by the probability that a given minimal-length nearest-
neighbor path v is open, the probability of which is seen to be at least pg,xul with
limg oo ps = 1. A similar argument is available for the XY model: set all coupling
constants not belonging to « to 0 by Ginibre inequalities and explicitly integrate the
remaining one-dimensional nearest-neighbor model to obtain a similar bound. O

Lemma 3.8. Suppose x € {GFF, KRW}. Suppose either d =1 or d > 3 and X! =
A . Then, A, < A:

exp”* sat exp*

Proof. We treat only the KRW as extension to the GFF is immediate. Suppose first
that d > 3. Then, G (z, y) is finite for any z, y € Z? and does not decay exponentially
fast. So, v(A.) is well defined and equals 0. Left continuity of v and the assumption
Ae = Aexp conclude the proof.

For d = 1, we use the characterization of Lemma 3.1. By our choice of normalization
for .J and the definition of AKRW and s,

sat

2) e =1=x and ANV = (Z¢ 1+e_2”1|)>1

n>1 n>1

In particular, defining a probability measure p on N by p(n) = 2¢(n)e ™I, one obtains
ARRW (Zp cosh n\1|)> < 1=\

sat
n>1

The conclusion will follow once we prove that ASSY = 1. Fix A < 1 and § > 0. Then

S0 =YY o= (0 e
nez n€Z  kzlyi.y€Z\{0} i=1 k=1 y#0
D im1 Yi=n

By our choice of normalization for J and the fact that J,, has exponential tail, it is

possible to find ¢ small enough such that the sum over k is finite, which proves that
AKRW _ ]

exp

Lemma 3.9. Suppose d > 1 and consider Bernoulli percolation or the Ising model.
Suppose Aexp = Ae. Then, there exists Ao € [0, Aexp) such that, for any s € S™! and

A€ (Ao,)\exp),
vs(N) < s

Proof. The existence of g follows from Lemma 2.3 and the fact that v5(\.) = 0 which
is obtained by equivalence of directions for v (Lemma 2.2) and divergence of the
susceptibility at A.. The latter is proved for the Ising model and Bernoulli percolation
in [9]. The conclusion follows by the assumption Aeyx, = Ac. O]

4. “NON-SUMMABLE” CASE

In this section we consider directions s € Sdil for which
D p(y)e W) = to0, (15)
y70

where t is any vector dual to s. We prove that saturation does not occur in direction
s at any value of A, provided that the model at hand satisfies [A4].
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Before proving the general claim, let us just mention that the claim is almost imme-
diate when v (ns) is not uniformly bounded in n. Indeed, suppose vs(\) = |s|. Then,
by [Ai], GA(0,ns) < ay'e ™ (using (9)), while by [A4], GA(0,n5) > Cyib(ns)e "5l
From these two assumptions and the assumption that v4(\) = |s|, we deduce that

C’Aw(ns)e*nls\ < GA(0,ns) < a;le—n|s|,
which implies that ¢(ns) is bounded uniformly over n.

Let us now turn to a proof of the general case.

4.1. Absence of saturation at any .

Lemma 4.1. Suppose [A4] and [Ho). Let s € ST and let t be a vector dual to s.

Assume that O% is quasi-isotropic in direction s and that (15) holds. Then, for any
A >0, vs(A) < |s].

Proof. We use the notation of Section 1.9. In particular, we assume that .4 and e
have been chosen small enough that either ¢ = 0, or g vanishes only at 0.

Let 6 > 0 and consider the cone %5 = {y € Z% : s,(y) < d|y|}. When g vanishes
only at 0, we further assume that J is small enough to ensure that %, s N 0% C A
(this will be useful in the proof of Lemma 4.2 below.)

It follows from (1) that

ST wm)e® < 3 w(y)e < oo,

Y& 5 y&¢%; 5

Since we assume that (15) holds, we have

> v(y)e W = too.

Y€ s
Let Tr(s) ={y € R? : |ly — (y - 8)s|. < R}. We will need the following lemma.

Lemma 4.2. For any R > 0 large enough, we have

inf —2)e W) = 0. 16
D SRR (16)
yE(@+%,5)NTR(s)
We will establish this lemma at the end of the proof. In the meantime, assume that
the lemma is true. Then, one can find R > 0 such that
inf Z Yy — x)e =W > 200 (17)
2€TR(s)
YE(@+ZF)NTr(s)
where we have introduced the truncated cone %% = {y € %5 : ||s| . < R}.
We are now going to construct a family of self-avoiding paths connecting 0 to ns in
the following way: we first set M = 3% and choose y1,¥s, ..., yam1 in such a way that

cyp € FH forall 1 < k < M;
sforall 1 <m < M, Y\ yi € Tr(s);
M
*YMmy1 = NS — Zkzl Yk -
Note that, necessarily, s - yy 11 > n/2 and ypr41 € Tr(s). We then consider the set

[' € SAW(0,ns) of all self-avoiding paths (0, y1,y1 + Y2, ..., y1 + - - + yar, nS) meeting
the above requirements.
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We thus obtain that, by [A4],

M+1
sl G (0,ns) > C’\Z Z H Chb(ye e —lyk|+yw-t
ym k=1
M+2 on)z ZHw o5t (k)
ym k=1
Z M+2 o(n Z Z H 'g/} C )
ym—1 k=1

> .. > (C)\)MJrQ o(n ( 20 ) Cien/R+o(n)’

where the sums are over y1, ...,y meeting the requirements for the path to be in I'.
The term e°™ in the second line is the contribution of yyr41 (yars1 € Tr(s) and its
length is at least n/2, so s:(ya41) = o(n) and ¥ (yar+1) = ™). For the third and
fourth lines, we apply (17) M times. OJ

There only remains to show that (16) holds. We shall do this separately for the
case g = 0 (sg belongs to the “interior” of a facet of 0% ) and when g vanishes only
at 0. As a nice byproduct, we’ll obtain equivalent, more explicit, formulations of the
condition (15). The latter can be useful to explicitly determine whether saturation
occurs in a given direction; see Remark 1.2 in Section 1.11 for an example.

Proof of Lemma 4.2. Case 1: g = 0. In this case, we can find n > 0 such that
s,(y) = 0 for all y in the subcone €, (s) = {\s' : A >0, € ST ||& —s|| <n}. In
particular, for all y € €,(s),

P(y)e W = ¥(y),

from which the claim follows immediately using [Ho].

Case 2: g > 0. We now assume that g(7) > 0 for all 7 # 0 (remember the
setting of Section 1.9). For simplicity, let u € Z¢ be such that ||ul| . = R and write
Cw = %5 N (u+ Tr(s)) for the corresponding sub-cone.

Given y € %, 5, we write yl =y -t and y* =y — yl£. In particular, we have

y' = |||@t/||| Hf(!yl)

se(y) =yl —t-y =1yl = Ithy" = Ithlyl £/ y)).

We conclude that

This implies that

Cilyl gy~ 1/ 1yl = se(y) = C-lyl g(lly[1/Iy]) (18)

where we have set Cy. = c.||t||. Using [Ho], we can write

Z P(y)e W < Cf Z Yo(f) Z Z e < ¢ Z bo(0) Z =2 —calylesr /).

YEC, >1 r>0 YEC, >1 r>0
llyll,=¢
ly*l1€lrr+1)
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Let x = éfg_l(l/ﬁ). The sum over r is easily bounded. :

(k+1)x
d 2 —C Lg(r/e) < d 2 —cﬂg(cy‘/ﬁ)
(k+1)x
< Z —colg(kg=1(1/0)) Z T,d—2
k>0 r=kzx
< .Td_l Z(k + 1)d—1€—02€g(kg*1(1/£)).
k>0

Let us prove that the last sum is finite. Let h(k) = g(kg~'(1/¢)). Notice that h(0) =
g(0) =0 and h(1) = 1/¢. Since g is convex and increasing, h is convex and increasing
as well. Therefore, Jensen’s inequality implies that

h(1) = h(g-k+ (1= 3)-0) < gh(k) + (1= p)h(0) = ph(k).
Therefore, we get

Z kd—le—@ﬂg(kg_l(l/f)) < Z(k + 1)d—16—02k7

k>0 k>0

which implies the following upper bound

D (y)e™® < ey wo(0)(gTH(1/0)"

YEGu >1

Similarly, using the upper bound in (18) (and once more [Hy]), we get the following

lower bound :
S ome @ >0y w0y Y e

YECu 0>1 >0 yc% s
lyll,=¢
lly*ll€lr,r+1)

Leg=1(1/0)

> 01; Zl/)(](é) Z T,d—2e—65€g(06r/€)

>1 r=0

2072%(5) Z ri=?

>1 r=

> s > dho(0)(Lg " (1/0)"

>1
The claim now follows immediately.

Defining g~! = 1 when g = 0, we have actually proved that the condition (15) is
equivalent (in both cases considered) to the condition

S o)ty (1/0)* = . (19)

(>1
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APPENDIX A. PROOF OF THE ASSUMPTIONS
A.1. Assumption [A,].
Lemma A.1. [A4] holds for: KRW,SAW, Ising, IPF, Potts, FK, XY, GFF.

Proof. The desired inequality follows with a) = 1 from GKS/Ginibre inequalities for
the Ising and XY models, from the FKG inequality for FK percolation (and thus for
the Potts model using (4)). IPF is the main claim in [15] (still for ay = 1). For the
GFF, [A4] holds with

ay = GSFF(0,0)7!

(for A < A¢). Indeed, using the random walk representation (2),
G)\<£Ij',y) = AZP;n(Sn =y, T> n)

n>0

>A) > PMS, =y, T. = kT >n)
n>0 k=0

=AY Y P =kT>k)P"(Sui=y,T >n—k)
k>0 n>k

= PNT. <T)Gx(z,y),

where T, = min{k > 0 : Sy = z}. Now, G\(z,z) = P/"(T. < T)G(0,0), from which
the claim follows. The identity (3) implies that the inequality holds for KRW with
ay = GKEWV(0,0)7'. For SAW, one has the inequality with

-1
ay = ( Z GiAW(O,x)2>
z€Z4
Informally: from v € SAW(z, z) and ' € SAW(y, z), build 7" € SAW(x,y) by follow-
ing « until its first intersection with 4/, denoted 7, and by then following " backward
until reaching y. The remaining sub-paths can obviously be split into two walks
in SAW(z,7). Summing over 7,v’, one obtains GV (z, 2)G3*W(y, 2). +" gives the
G3*W(z, y) contribution while summing over 7 gives the Y. __,4 G3*W(0,7)? contribu-
tion. 0

A.2. Assumption [A,].

A.2.1. KRW, SAW, GFF. Since GK®W(0,z) and G3*W are power series in A, mono-
tonicity is clear. Moreover, their radius of convergence is . so that, for any A < A,
these 2-point functions are analytic (and in particular continuous). The result for the
GFF follows trivially from (3).
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A.2.2. Potts/Ising models and FK percolation. We only discuss the results for FK
percolation, the Claims for the Ising/Potts models following immediately from (4).
For any n € N, ¥ ; (0 ¢ ) is differentiable with derivative equal to

d
dﬁchKﬂq(o Ga)= > (PR, (00 2w, =1) = PR, (0 z]w, =0)) >0,
{u,v}CAn
thanks to the FKG inequality. It follows that ®E¥(0 <> x) = lim, o ®}* 5 (0 <> )
is non-decreasing in 3.

Let us prove that @£ (0 <+ z) is left-continuous. It follows from the FKG inequality
that, for any n > m, @F g0 N x) > OFF, (0 FN x), where {0 FN x} is the
event that 0 and z are connected by a path of open edges inside A,,. Therefore

OEK(0 ¢ 2) > OEK, (085 &) > OFK, (0 &2 a),
where we used IIlChlSlOIl of events in the last inequality. Taking the limits n — oo
followed by m — oo, we conclude that the sequence QDRK 5. q(O PN x) converges to
®L"(0 <+ x). Moreover, remark that

FK A FK Ant1
@ ny,Bq(O % .1') S A il ﬁ(o % .1') ¢An+17,37q(0 < x)’
where we used monotonicity in volume in the first inequality and inclusion of events

in the second inequality. Therefore, the sequence ®}* 5,40 Ly x) is non-decreasing

and converges to ®EE(0 «» x). Each &, (0 0 4o x) is continuous in [, whence
DEX(0 ¢ ) is left-continuous.

A.2.3. Ising with positive field. Let us first prove that Gg,f is non-increasing in h. Fix
B,h >0 and n € N. For a subset A C Z¢, let us write (04) = uf\smgh(cm) Then, the
function G\'"5 (0, ) = (000.) — (00)(0,) is differentiable in h with derivative

d
thI An;B, h( SU)

=Y (000:01) = (000.)(0:) — (0002){0) — (203) (0) + 2{o0) (0 (075} < 0,
1€An
where we used the GHS inequality [16]. By taking the limit n — oo, we get that G}y
is non-increasing in A (thus non-decreasing in A = e=").

Let us now prove that G’} is right-continuous in s. Observe that it is enough to
prove that, for A C Z¢ Mg,h(UA) is right-continuous in A (see [11, Chapter 3| for the
definition of p;’h). Fix h > 0 and let (h,,)m>1 be a non-increasing sequence of real
numbers converging to h. It follows from the GKS inequalities that, for any n,m € N,
11X, 5.1y, (04) is nOD-increasing in n and that

d
thAn,ﬁ B (O Z MAn,ﬁ b (0403) — an;g,hm (UA)#Xn;ﬁ,hm (0;) 2 0.
€A,
Therefore, (py, .55, (04))mn>1 is non-increasing in 7 and in m. The limits can thus
be interchanged:

Ising .
AL i (04) = I 0 143,50, (7)

= lim lim uA Bh, (04) = hm NAn,Bh<UA) N,gli?g( ),

n—oo m—o0
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where the third identity relies on the fact that uxm 5. ,(04) is continuous in A and the
first and last ones from the uniqueness of the infinite-volume Gibbs measure in non-
zero magnetic field (see [11] for instance). We conclude that u?}fg is right-continuous

in h (thus left-continuous in A = e™").

A24. XY model. Fix n € N and 8 > 0. Let 6,, = cos(f, — 6,). It follows from the
Ginibre inequalities [13| that
d
@zeﬂ(ux) = Z (M?\(,Ef;ﬁ(eO,x@y,Z) - N?\(EB(QO,J:)NfEﬁ(Qy,z) > 0.
{y,z}cAn

Therefore, by taking the limit in n, we get that G?B(Y (0, ) is non-decreasing in A = f.

Let us turn to the proof of left-continuity of G¥Y5 in A = 5. Observe that it is
enough to prove that, for any collection (M;);cza of integers such that M; = 0 for all
but finitely many vertices ¢ € Z%, ju3¥ (cos(M8)) is left-continuous in 3. Here, we are
using the notation M6 =", M,0,.

Fix 8 > 0 and let (5,,)m>1 be a non-decreasing sequence of real numbers converging
to 5. The same argument we used for the Ising model in a field will allow us to
conclude once we know that n — p) " ;(cos(M0)) and m — pyY.5 (cos(M6)) are both
non-decreasing. But this is an immediate consequence of the Ginibre inequalities [13].

A.3. Assumption [As]. The assumption is obviously satisfied for KRW (and there-
fore GFF by (3)) and SAW.

A.3.1. Potts/Ising models and FK percolation. We prove the inequality (7) for FK
percolation and use (4) to deduce the result for the Ising/Potts models.
The inequality follows from the finite-energy property of the model and the fact

that « <> z implies that there exists y # x such that (i) w,, = 1, (ii) y is connected

to z without using the edge {z,y}. Denote this event {y REEN z}. It is measurable

with respect to the sigma-algebra generated by {we}ex(sy}. By a union bound, one
then has

V(o 2) < 3 05K (y 5 D)0 (wny [y < 2)
y#x
< Z(l — e’fBJIy)@gK(y “ 2)
yFx
<Y BT ®E (Y < 2).
y#Fx

[terating until y reaches z yields the result with @ = 1 in Potts, FK and a = 2 for
Ising.

A.3.2. XY model. The inequality is proven in [3] for a vast class of O(N)-symmetric
models with C' = a = N~! (more precisely, it is a consequence of |3, Equation (3.13)]).

Remark A.1. The random walk representation of [3| for the spin O(N) model gives [As]
with A = N1 as parameter (at fived B). Moreover, a similar argument as the one used
in the proof of Lemma A.3 gives [A4] for the spin O(N) models with A = N~t. We
did not include the O(N) model in the discussion as the lack of correlation inequalities
(most notably [A1]) makes the whole discussion more complicated and less homoge-
neous.
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A.3.3. Ising with a positive field.
Lemma A.2. Let 3> 0, h > 0 and set A\ = Bcosh(B8)e". Then,
G (z,y) < YW (z,y) < Y™ (z,y).

Proof. The second inequality is trivial. The following proof is by no means self-
contained. We refer to [18] for notations and definitions of the objects. We use the
same argument as in |18, Lemma 3.2] with the following replacement of the partition-
ing over clusters in the first current: the source constraint implies the existence of a
self-avoiding path in SAW(z, y) using only edges with odd values of the current. The
weight of such a path in finite volume is

vl ef]

Z . ;
2\9\7 HSlnh(BJw_m) < Hsmh(ﬂJ%_m)

Ag i=1 =1

by the GKS inequality. A union bound, the same finite-energy argument as in [18,
Lemma 3.2|, inclusion of sets and our normalization choice J;; < 1 yield the result. [

A.4. Assumption [A,]. The statement is immediate for SAW.

A4.1. GFF and KRW. The desired inequality follows immediately from the iden-
tity (2), by restricting to self-avoiding trajectories of the random walk and imposing
that T — 1 coincides with the time at which y is visited for the first time:

]

2
G m 1 Ivl+1
G (2,y) > e > <1+m2> 17 -

S—— YESAW(Z,Y) S —r k=1
=C) EC)\

A.4.2. Potts model and FK percolation. We prove [A4] for FK percolation and use the
relation (4) between the Potts (and thus Ising) model and FK percolation to deduce
the result for the Potts (and Ising) model.

Let v = (up = z,uy,...,un—1,uy = y) € SAW(z,y) and denote by O, the event
that the cluster of  (and y) is given by ~:

N N
0, = m{(ukfbuk) is open} N ﬂ{(uk, v) is closed for all v # ug_1, ugi1}-
k=1 k=0

Since

inf O (w, = 1 Videys oL o B
in we =1|ws = e) > > )
ne{0,1}Fd A r=1nr ePle —14+q ~ e —1+¢q

where we used the fact that J, € [0, 1], it follows that

65(]11,]67111.,6 _ 1

550 > | )"
> . e* Ov
q V)= BJu _qu ( )
pop € =14 g N

B _ -8B Nt1 N
¢ 1+q< Be > H

J,
- B o Uk —1UE
=C)\ EC)\

thanks to the normalization assumption ), Jo, = 1.
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A4.3. XY model.
Lemma A.3. The XY model satisfies [A4] with cx = e™” and C\ = 38e77.

Proof. We work in finite volume A and take limits afterwards. Define S, = (S., S?) =
(cos(8,),sin(f,)), so cos(d; — 0;) = S; - S;. By symmetry,

pj\% (cos(8, — 6,)) = QM%(Y (Si,S;)
Moreover, denoting Fy = {{i,7} C A}, Taylor expansion of the Boltzmann weight

gives
Hae00) = 3T wmyuw(m) [(SHH (820

nm:EN—7Z4 €A

where w(n) = [1; e, (5‘2; and Ii(n) = >_;,;nij. Denote on = {i : I;(n) odd}.
Use then

()

/27r cos(6)" sin(Q)bdQ _ Q(F?a# = ZB(“—J;, %) if a and b are even,
0 0 else,

where I' denotes the Gamma function and B the Beta function, to obtain

2SS =2 Y wmump( 22 BT,
On={z,y},Om=0
y B(Iy(n) +2 I,(m)+ 1) H B(Ii(n;—l— 1 L(m)+ 1)'

2 ’ 2 ’ 2

i¢{zy}
Define the weights

W (n,m) HB( +1 I( 2)+1>.

Let now n € (Zy)P* be such that On = {z,y}. A straightforward exploration
argument plus loop erasure implies the existence of a self avoiding path v € SAW(z, y)
such that n takes odd values on the edges of 4. Fix some total order on SAW(z, y) and
denote n = n(n) the smallest odd self avoiding path in n, which we assimilate with the
function taking value 1 on edges of  and 0 else. One can then uniquely decompose n
as (n —n(n)) + n(n) with d(n —n(n)) = @. For a function n € (Z,)"* with dn = &
and a path v € SAW(z, y), we write n ~ 7 if n(n+~) = 7. Obviously, n ~ v whenever
n is zero on all edges sharing an endpoint with +. Let then ®y be the probability
measure on pairs n,m € (Z,)Pr with On = Om = @ defined by

(I)W<n7 m) X W(nv m)]l{anzam:@}-
One finally obtains

o] 5<]'yk - v F(Iﬁk(;)‘H + 1)F(17k(")+17k(m)+2)

XY 1¢ol) 2
(S:5) = 2 q)W(H HOF<I%<;>+1)F(Iw,c(nw;k(mm+1)1{”~”})

n
YESAW (z,y) k=1 k- e T

o] o]

>(C Z H C/B‘]’Yk—l’Yk (H ]l{I% )=l (m 0}>

~YESAW (z,y) k=1
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where C' = % . For a fixed v € SAW(z,y) and s € [0, 1], define fo;s the

partition function of the XY model with coupling constants on edges touching sites of
~ multiplied by s. One then has

o7 ZXZ 0
(H Lz, (=t 0}> XY,1
= Znp

= exp / ds Z 5J1]MAB (cos(; —0;)) | > 6—5(|7|+1)7

{15} #2

which concludes the proof. O

A.4.4. Ising with a positive field.
Lemma A.4. IPF satisfies [A4] with cy =1 and Cy = 18e P

Proof. We again proceed in a non-self-contained manner and refer to [18] for the no-
tations. Let I' C SAW(z,y). We start from the random-current representation of
G (z,y) in finite volume (see [18, (9)]). Restrict the sum over clusters of 0 that are
SAWs in I' to obtain

[ 2

72
GTF (0, 2) = lim. Z H sinh(8.J5,,4,_,) ZLI%W,

where 7 is the set of vertices in v together with all edges touching ~.

For any fixed v, define then Z, ,, for s € [0, 1],¢ € [0, h] by multiplying the coupling
constants of edges touching sites of v by s and by setting the magnetic field at sites
of v to be t. On then has

Zn\y _ 2-MZx 00 _ ok Za00 2000 Za0n
ZA ZA1h ZA 0k ZA,l,h

We can then differentiate /integrate to get

ZAOO / —h
— i dt |’Y|‘
Tnon eXp< E pa,0,6(07)

1€y

In the same line of idea,

ZN0,h ! _
f =exp| — Z BJijpasn(o)ds | >e Bl
ALk O iev.iey
Combining all theses, one gets
7]
GIFF( Z H 28T, e
yel i=1
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