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Abstract

The motivation for this paper is the analysis of the fixed-density Ising lattice gas
in the presence of a gravitational field. This is seen as a particular instance of
an Ising model with a slowly varying magnetic field in the fixed magnetization
ensemble. We first characterize the typical magnetization profiles in the regime
in which the contribution of the magnetic field competes with the bulk energy
term. We then discuss in more detail the particular case of a gravitational field
and the arising interfacial phenomena. In particular, we identify the macroscopic
profile and propose several conjectures concerning the interface appearing in the
phase coexistence regime. The latter are supported by explicit computations in an
effective model. Finally, we state some conjectures concerning equilibrium crystal
shapes in the presence of a gravitational field, when the latter contributes to the
energy only to surface order.
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shape

1 Introduction

The analysis of spatially inhomogeneous systems has a long history in theoretical
physics and chemistry, see for instance [11, 16, 21, 24]. In contrast, the specific equi-
librium properties of spatially inhomogeneous lattice systems have been surprisingly
little studied in the mathematical physics literature compared to the homogeneous
ones. The inhomogeneous nature stems from the interaction [6] or from the external



potential [4, 15, 18, 23]. The present paper is the first in a planned series devoted to
various aspects of the latter.

In the present work, we consider an Ising model, in a fixed-magnetization ensem-
ble, that is subject to an inhomogeneous magnetic field that varies sufficiently slowly
(in a technical sense made precise below). We derive, using thermodynamic arguments
(similar to what has been done in [15, 23]) and large deviations arguments, the ge-
ometry of the typical magnetization profile. We then focus on a specific example: the
Ising lattice gas (at fixed density) in the presence of a slowly varying gravitational
field. In this case, we make several conjectures concerning the behavior of the typi-
cal magnetization and corresponding interfaces by studying a much simpler effective
model that we heuristically motivate.

The present paper is intended to have a rather expository character, presenting
basic results with soft arguments and making predictions about various relevant phe-
nomena that arise. It will be completed by a series of papers investigating in more
detail these (and related) problems.

Let us briefly comment on two related rather recent works. In [10], an Ising lattice
gas in a gravitational field is also considered. There are two main simplifications with
respect to the current work. First, they work in the (simpler) grand canonical ensemble.
Second, they consider a scaling of the gravitational field with the size of the domain
such that its contribution to the energy becomes much larger than the interaction
term. This leads to a behavior similar to the model without interactions; in particular,
there is no qualitative change of behavior as the temperature is varied. In [19], an
Ising model with spatially modulated magnetization at large scales is introduced.
The desired local magnetization is enforced by adding a suitable Kac-type quadratic
interaction. The main concern is the determination of the free energy and pressure of
the resulting model, however the geometrical properties of the resulting magnetization
profiles, in particular the properties of the interfaces, are not investigated.

The paper is organized as follows: in Section 2, we introduce the Ising model with a
slowly varying magnetic field. In Section 3, we recall basic results on thermodynamical
quantities that are used in our arguments. In Section 4, we analyze the geometry of
typical magnetization profiles. Finally, in Section 5, we study the particular example of
a gravitational field. We discuss two relevant scaling for this problem. In the first case,
the gravitational field has an impact on the thermodynamical properties, resulting
in particular in a height-dependent density profile, possibly including an interface.
We make a precise conjecture about the latter’s scaling limit, which we motivate by
establishing the corresponding claim in a simple effective model. Finally, we briefly
discuss the second relevant scaling, in which the gravitational field only impacts surface
phenomena. In particular, we describe its effect on the macroscopic geometry of phase
separation, postponing a detailed analysis of this problem to future work.



2 Ising model in a slowly varying magnetic field

Let Ay :={0,...,N —1}% and set Qy := {—1,1}*~. Consider the Ising model in the
box Ay with Hamiltonian

H()(O') = — Z 003, Vo € Qn.
{i,j}CAN
lli—gll,=1

In this work, our goal is to analyze the effect of a slowly varying inhomogeneous
magnetic field on the model. Namely we consider a sequence hy : Ay — R of magnetic
fields. We say that hy is slowly varying if there are two sequences ay € Z, and
by € R4 such that

N— N—

o any — 0 and an/N =0,
N—

o by —=50,

for any N and any 7,j € Ay,
i~ jll. <an = Ihw(i) - hu(5)] < by. o)

® SUPy>1SUP;ep, [An(E)] < oo

A particularly relevant example is that of a gravitational field hy (i) = gniq, with an
intensity gy = On—oo(1). The physically relevant scaling of gy with N depends on
the specific problem analyzed and will be discussed later in the paper.

To simplify the exposition, we will assume that N/ay is an integer (the adaptation
to deal with other cases is straightforward). Denote I'y = {0,an,2ax, ..., N —ay}9.
Remark 2.1. The conditions above imply that the limiting function h : [0,1)? — R,
h(z) = limn 00 hn ([Nz]) is continuous (here, [y]; = |yi| for any y € R?). It would
be possible to allow discontinuities, as long as their measure in the continuum limit
vanishes.

The Hamiltonian of our model then takes the form

Hyy (o) = Ho(o) = Y hy(i)oi, Vo€ Qy.

1EAN

Let us denote by My () =}, . 0 the total magnetization in the box Ay and
by Magy = {Mn(o) : 0 € Qn} the set of all possible values of the magnetization in
the box Ay.

Fix M € Magy and let Qn a = {0 € Qn : My(0) = M} . The canonical ensem-
ble at inverse temperature 8 € R associated to the magnetization M is described
by the probability measure on {2y ps defined by

1

_ —BHpy (o) A - —BHpy (o)
- € ’ N,Bhn,M — € .
ZN,B,hn, M 7 Z

oc€QN, M

BN B,k ()



To simplify notations, we will make the following abuse of notation: for m € [—1, 1],
we will write Zn g 5, m (and Zg 4 ,,, see below) for Zn 5, i r (m) (and Z](\jf,ﬁ,KN(m) re-
spectively) where Ky (m) € Magy is an (arbitrary) sequence such that N~¢Kx (m) —
m. As the results do not depend on the sequence, we allow ourselves this slight abuse
and hope it will not confuse the reader. The same will be used for the corresponding
measures.

3 Thermodynamic quantities in homogeneous systems

We will use some classical results about large deviations and ensemble equivalence
for the Ising model with a constant magnetic field. Define the Grand Canonical and
Canonical partition functions

Zﬁ%,h = Z exp[—B(HO(U) — hMN(a))],

Zipani= Y, e

ocEQN M

We will need a number of standard results.
Theorem 3.1. Let Ky € Magy be any sequence such that N~Ky — m.
The pressure

. 1
pp(h) = lim g log 235 1,
and the free energy
. 1
fo(m) = — lim =37 log 2N pcx

are well defined for all > 0,h € Ry;m € [-1,1] and are convexr functions of their
argument. Moreover, for any pair of sequences K < Kj\} such that N’dij\[, —m,

+
Ky

. 1 c
- ngnoo BN log Z Zyp.x = fp(m).
K=Ky

Proof. See for instance [8, Theorems 4.5 and 4.11]. O

Theorem 3.2. For all B < f., ¢gs is differentiable on R and its derivative mg(h) ==
S0s(h) is (strictly) increasing and continuous on R.

For all B > B., g is differentiable on R* = R\ {0} and its derivative mg(h) =
Spg(h) is (strictly) increasing and continuous on R*. Moreover,

L= 1 h)=— 1 h) > 0.
mp = lim, mp(h) = = lim ms(h)

Proof. For the statement about the case 8 = S, and h = 0, see [1]. For the remaining
statements, see, for instance, Chapter 3 in [8]. In fact, when h # 0 or 5 < ., ¢g is
analytic; see [20]. O



Theorem 3.3 (Equivalence of ensembles). For any >0, pg and f3 are related by

fg(m) :f;elﬁ(hm*w(h)), vm € [-1,1],
pa(h) = s (mh —fs(m)), VheR. (2)

Moreover, whenever the pressure is differentiable (that is, when h #0 or 8 < .), the
supremum in (3.3) is attained at m = mg(h). When 8 > . and h = 0, the set of
points at which the supremum is attained is the phase-coexistence interval [—mz, mz]

Proof. See, for instance, Theorem 4.13 and Section 4.8.3 in [§]. O

4 Typical mesoscopic magnetization profiles

Our main results will be stated in terms of mesoscopic magnetization profiles, which
we define now.

Definition 4.1. A mesoscopic magnetization profile (or just profile for simplicity) in
A is a function gy : 'y — [—1,1]. The profile gy is said to be compatible with the
magnetization density m if

1
m Z gn(x) = m.

zel'n

We denote this compatibility relation by ¢nx ~ m and write Py(m) = {qgn : Ty —
[-1,1]: gn ~m}.

The first step in our analysis is the following observation.
Lemma 4.1. Let hy be slowly varying and m € [—1,1]. Then,

1 1
——10gZN g hym > SUp hy(x)gn(z) — f5(gn(T))) + on(1).
BNd B,hN an EPx (m) I v meZFN( B )

Proof. Let qn € Py(m). Let gy € Pn(m) be such that, for all x € T'y,
{o0€Quy : May(0)=ign(2)a} #2  and  |gn(2) — G (z)|af < 2.

(The existence of such a profile is easy to establish: start by setting g (z) = |gn (7)a%; |
for each z € I'y. By construction, Y- . gy (z) € (mN? = 2|Tx[,mN%]. One then
simply flip one minus spin in different cells until the resulting total magnetization is
(the implicit allowed total magnetization approximating) mN<.)

We get a lower bound on Zn g 4 ,m by restricting the summation to configurations
0 ~ {n, by which we mean that



Figure 1 The box Ay and the subset I'y (black vertices). One of the cells is shaded; it is associated
to the vertex of I'y located at its bottom left corner.

Note that, for any z € 'y, i € 24+ Aq, implies |y (i) —hn(x)| < by, as |li — j|| L < an
implies |hn(4) — hn(j)| < by by (2). This implies that, for any o ~ gy,
H e/BhN(Z)U’L Z efﬁbNa}i\,eﬂhN(a:)qN(z)afv.

1€T+Aay
This yields

—caBIlnla% t ,—Bbn N C h in (z)ak
ZN, gy = € PN e mBONNT T 70 e (v,
zel'y

Using q~Na§lV < qNa‘Iiv + 2, taking the log, dividing by SN? and using the uniform
boundedness of hy gives the result by Theorem 3.1. O

Lemma 4.1 gives rise to a variational problem, namely maximize

Un(q): !

= 2 (@)~ 6(a())

x€l'N

over all ¢ € Py (m). It turns out that the latter can be solved explicitly. To avoid some
pathologies (and because the cases m = +1 are trivial), we assume from now on that
me (—1,1).



Let us introduce the following notations:

V(hn) = {hn(x), x € Tn}, Vhny :I'ny — R,
Iyl[h] ={x €Ty : hy(z)=h}, VheR.

(Of course, T'y[h] =@ if h ¢ V(hy).)

We are now going to construct explicitly a maximizer ¢}, of ¥ n on Py (m). The idea
is very simple. By Theorem 3.3, the maximum of hy (x)g(x) —f3(¢(x)) is reached when
q(z) = mg(hy(z)). However, in general, ﬁ > wery 4(x) # m, so that ¢ & Py (m).
The solution to this problem is to observe that, since the overall magnetization is
fixed, adding a constant h to the magnetic field has only a trivial effect on the energy,
namely shifting it by —mh. We are thus led to finding h such that the function = —
q(z) = mg(hy(x) — h) belongs to Py (m). Let us now make this procedure precise.

For h € R\ V(hy), we write M(h) == [Dn|7' >0 o mp(hn(x) — h) and set
h:=sup{h € R\ V(hy) : M(h) >m}.

Note that h € R, since limp_,_oo M(h) =1>m > —1 = limp_, o M(h).

Since, by Theorem 3.2, the function h — mg(h) is (strictly) increasing on R and
continuous on R*, it follows that the function h — M(h) is (strictly) decreasing and
continuous on R\ V(hy). Furthermore,

VheVhy), lim M()— lim M(h')_gmgwlfj[vh”, 3)

h sh— h'—h+

since, when h € V(hy), the magnetic field hy — h vanishes in all cells of T'y[h], and
the optimal value for the magnetization in such cells must belong to the coexistence
plateau [—mg, m’[,] This induces a jump of 2mj; for the magnetization in each of these
cells when a value h € V(hy) is crossed.

In particular, M(h) = m when h ¢ V(I'y). However, when h € V(T'y), the function
h +— M(h) is discontinuous at h and the value m belongs to the gap. We solve this
difficulty by fixing the value of the magnetization in the cells of I'x[h] to the required
value to compensate the difference.

Namely, we define the mesoscopic magnetization profile ¢ : I'v — [—1,1] by

. {mﬁ(hN( z) —h) if 2 ¢ T [h],

() = ml + ||Fz[v|] (m— M(h)) if z € Ty[hl.

Note that this is well defined, since (4) implies that mj + ‘F‘F?’h‘“(m — M(h)) €

[—mj, mj]. This should not be surprising, since, as explained above, hy(x) — h=0
when = € I'y[h] and the system should therefore be in the phase coexistence regime
(in the corresponding cell).



It is straightforward to check that ¢3 € Py (m). Let us ensure that ¢} is indeed a
maximizer of ¥y.
Lemma 4.2. Let m € (—1,1). g} is a mazimizer of ¥x on Pn(m). Moreover, all
other mazimizers in Py (m) differ from g% only on T y[h].

Proof. Let gy € Py (m). Then,

Un(gn) = hm+|FN| Y ((hw(@) = h)an () — ts(an(x)))

zel'n
< hm + > (b (z) - h)
|r‘ |zEF
hm+r— > ((hw(x) = R)gi(z) — t5(an (2)))
| N|w€FN
= Un(gn),

where the inequality and the identity in the third line follow from Theorem 3.3 (since
¢ (r) = mg(hn(x) — h) when x ¢ T'x[h] and ¢} (z) € [—mj, mj] when z € T'n[h]).
Let us now consider another maximizer ¢jy € Py (m). The considerations above
show that changing the value of ¢} (x) at any x ¢ T'x[h] necessarily (strictly) de-
creases Uy . Therefore, the only = € I'y at which ¢)y () can differ from ¢} (x) belong
to I'y[h]. (Note that, in general, ¥ indeed admits several maximizers: they corre-

spond to all possible choices of ¢ (z), = € T'y[h], satisfying both > zern(i In(@) =
> very(i) In (@) and gy (2) € [-mj, mj] for all x € T'v[h].) O

Lemmas 4.1 and 4.2 provide a lower bound on the partition function of the system
that can be used to prove concentration of typical profiles on ¢4 (in the L' norm).
Let us write my(z) = a&d D icat Au, O for the empirical magnetization density in
the cell indexed by z € I'y.

Theorem 4.3. Let m € (—1,1). Consider a sequence of slowly varying magnetic fields

hy such that imy_,oo| TN [R]|/|ITn] = 0 for all h € V(hy). Then, for all € > 0, there
exist ¢ > 0 and Ny such that

P
MN7B7I'LN7TTL( Z |mN - QN )’ 2 e‘FN‘) < em PN )
zel Ny

for all N > Ny.

Proof. Let us denote by A := {0 € {—1,1}A~ : > weln Imn(2) — g} ()| > €[Tn|} the
event under consideration. When A occurs, there exist at least L¢|I'y| vertices z € I'y
such that [my(z) — gi ()| > 1e. Indeed, were it not the case, we would have

2.

zel N

q}(m)—-mAdx)’< 2'%6“?N|%-%€~LFN|::€“?NL



A slight nuisance is due to the possible presence of cells belonging to I'y[h], inside
which we do not have good concentration properties (in these cells, the system is in
the phase coexistence regime). However, these cells cannot be too numerous. Indeed,
by assumption, limy [T~ [h]|/|T x| = 0. We can therefore choose N large enough to
ensure that [[y[h]| < g€[T'n|. This guarantees that there are at least ge[I'y| vertices
z € Ty \ I'y[h] such that [my(z) — g} (2)| > Le. We thus have

pN gy m(A) S Y N gaym (Y2 €b, Imy(2) = gi(z)] > Le).

bCT' N \I'n [A]
6> gelTn|

As follows from the proof of Lemma 4.2 and strict convexity of fz outside the
coexistence interval, there exists ¢ = ¢(e) > 0 such that

lan (2)=an (@) = 3¢ = hn(z)an (@)~ f5(an (@) < hn(@)ay (@) —fs(an (@) —c. (4)

Proceeding as in the proof of Lemma 4.1, we get, for any admissible (that is, that can
be realized as an empirical profile) gy € Py(m) such that [gn(z) — ¢} ()] > Se for
all z € b,

KN,y m(MN = qn) < PN (@) N +o(NT)
R " ZNBhnm

< eBUN(an) =¥ (ax)) N +o(N) < 67%60‘1%”’"

where we used Lemmas 4.1 and 4.2 for the second inequality, and (4) for the last one
(since (4) implies that ¥y (gn) < Un(gk) — cad|b]).

Since the number of admissible profiles ¢ is equal to (a4, + DIt~ = e°(Nd), we
conclude that

NN,B,hN,m(A) < eo(Nd) Z e—%,@ca}i\,\ﬂ < e—ﬁ,@ceNd. ]

bCI'N
[b]>felTn|

5 The case of a gravitational field

In this section, we consider one particular instance of the general framework described
in Section 4: the case of a linearly growing magnetic field. Although we will stick to
the magnetic language for simplicity, the physical interpretation is more natural in the
lattice gas interpretation, since this linearly growing magnetic field can be interpreted
as a gravitational field acting on the particles of the gas.

Let m € (—1,1), let gn be a sequence of positive real numbers and let mpy € Magy
be a sequence converging to m. In this section, we consider a magnetic field given by

hn (i) = gnig, Vi=(i1,...,1a) € AN. (5)



For the reason explained above, we will refer to this particular form of the magnetic
field as a gravitational field.

We are going to consider two different scalings for the intensity gy of the gravi-
tational field. We will be mostly interested in the case gy = g/N, which is the one
relevant if one wants the field to affect the local thermodynamic properties of the sys-
tem (in particular the value of local magnetization density as a function of the height);
this will be discussed in Section 5.1. We will also briefly discuss the physically very
relevant case of a gravitational field of the form gy = g/N?, for which the field has no
effect on the local thermodynamic properties, but affects the macroscopic geometry
of phase separation; this will be briefly discussed in Section 5.3, although a detailed
analysis is postponed to a future work.

For simplicity of exposition, we will describe only the limiting magnetization profile,
that is, we will consider the function ¢* : [0,1)¢ — [0, 1] given by

g (x) = 1\}1_{1100 ¢v(INz/an|ayn), Yz e€[0,1)%

5.1 1/N scaling: density profiles

In this subsection, we focus on the case gy = g/N with g < 0. It is straightforward
to check that this indeed corresponds to a slowly varying magnetic field in the sense
of the previous sections, with by = gay /N and ay an arbitrary sequence of positive
numbers that tends to infinity in such a way that ay = o(N).

Note that, with this particular normalization, the contribution of the gravitational
term is of order N% and thus competes with the interaction energy. This is thus the
relevant scaling if one wants the gravitational field to have a nontrivial effect on the
local density as the height changes. Two typical configurations are given in Figure 2,
one above the critical temperature, one below. Although both clearly show a decrease
of the density with the height, the second one exhibits a much more discontinuous
behavior, manifested by a clear interface separating a liquid phase from a gas phase.
This can be easily understood, at the level of mesoscopic density profiles, using the
results of Section 4.

5.1.1 The magnetization profile in the continuum limit

Since hy (Nx) = gaq, for any x = (z1,...,24) € [0,1)%,

lim [Ty|~! mg(hy(xz) —h) = / mg(gzq — h)dz
N —o0 w;N p [0,1]¢ s

1
= [ malas =) ds = (pp(s = 1) = 2o(=1) /0
where we used Theorem 3.2 in the last equality. Therefore,

h=sup{h € R : @3(g —h) — ps(—h) > mg},

10



Figure 2 Typical configurations of the two-dimensional model with N = 1000, g = —1, m = 0.4
and B = 0.3 (left) and 0.5 (right) (the critical inverse temperature of the zero-field planar Ising model
is B. = %arsinh(l) 22 (0.44). Here, + spins are in orange and — spins in blue.

which implies, by strict convexity of the pressure g, that h is the unique solution to
the equation @g(g — h) — pg(—h) = mg.
When 8 < 3, or when 8 > 5, and h/g ¢ [0, 1), the limiting macroscopic profile

q*(z) = mg(gza — h)

is an analytic function of the height z4 € [0,1). When 8 > B, and h/g € [0, 1), the
limiting profile is only well defined for x € [0,1)¢ such that x4 # h/g and is still given
by the same expression. In particular, it is still analytic in z4 on [0,1) \ {h/g}, but is
discontinuous when x4 = h/g, which is the height at which the interface between the
two phases is located. Moreover, the jump at the discontinuity is of size 2mj.

Of course, since there is no explicit expression for g (except in the trivial one-
dimensional case or in perturbative regimes) one cannot say much more. One example
in which, one can determine the height of the interface is when m = 0. Indeed, 3
being an even function, one concludes that h = g/2 and thus that the interface is
located at height 1/2, as expected.

5.2 1/N scaling: interface fluctuations in two dimensions

In the continuum limit, the interface is given by a horizontal straight line. It would be
of interest to understand its fluctuations for finite values of V. Such an analysis might
be doable by extending the techniques developed in [13] for a similar, albeit somewhat
simpler, problem; we hope to come back to this issue in a future work. Here, we will
only analyze a toy model for this interface that allows one to conjecture both the size
of the typical fluctuations of the interface and its scaling limit.

To motivate the effective model, we go through the standard “approximation by
random walk” of an Ising interface. To simplify the discussion, we only consider the
canonical ensemble with 0 total magnetization. The probability of a given interface =y

11



contains three contributions: 1) the weight of the “free interface” (without constraint
on the total magnetization and without magnetic field), 2) the global magnetization
constraint, 3) the magnetic field. We start with the following approximations.

e The global magnetization constraint is replaced by |y4| = |y—| where y4,v_ are
the part of the box above and below ~. This is “justified” by the symmetry of the
system and the fact that the system relaxes quickly away from the interface.

® Taking as reference the flat interface, and supposing fast relaxation away from the
interface, the contribution of the magnetic field to the effective action is of the form

|z2]

Bl ) DU R O

rEY k=1 TEY

for some suitable constant ¢(8,g) > 0 (in each column, the effect of having the
interface at height ¢ > 0 “forces” the spins below ¢ to be in the minus phase, and
similarity for ¢ < 0).

e Lastly, the free interface can be approximated by a (directed) random walk bridge
with exponential tails on the steps (this has been justified rigorously in several
instances, see for example [13]).

With these approximations (and further replacing the path of the directed random
walk by the space-time trajectory of a standard one-dimensional random walk), one

ends up with a random walk subject to a penalty + Zfil S2 and to the global con-

straint 211\;1 S; = 0. The particular random walk model under consideration should
not affect the scaling limit as long as the random walk kernel has sufficiently many
moments (two should be enough, see [12, 14] for similar considerations), we therefore
study the simplest model we can think of: the one with Gaussian increments. We are
thus led to the analysis of a one-dimensional chain S = (S;)Y5! with distribution

proportional to

N+1 n+1 N

exp(—Z(S’ Si—1)? — ZSQ) )3(Sn41) [ 4,

i=1 i=1
where ¢ denotes the Dirac mass at 0.

We are going to discuss three different regimes, leading to the following conjectures
on the planar Ising model with Dobrushin boundary condition.
Conjecture 5.1. In the canonical ensemble with m = 0 and no magnetic field, the
distribution of the diffusively-rescaled interface converges to that of a Brownian bridge
conditioned on having signed area 0.
Conjecture 5.2. In the canonical ensemble with m = 0 and magnetic field given
by (5), the distribution of the interface, rescaled by N2 horizontally and NY/* verti-
cally, converges to a stationary Ornstein—Uhlenbeck process.
The same scaling limit occurs in the grand canonical ensemble.

12



We hope to return to these conjectures in future works. In the meantime, we
establish the corresponding claims for the Gaussian random walk model discussed
above; see Section 5.2.2 and Theorem 5.7 respectively.

5.2.1 Preliminaries: covariance structure

Our computations will rely on the following classical property of Gaussian random
vectors. Let X = (X3, X2) be a Gaussian vector (both X;, X5 being vectors) with

covariance and mean
Y11 Y12 M1
Y= , = .
<Z21 Yoo . H2

Then, if Y, is invertible, X7 conditioned on X, = v is a Gaussian vector with
covariance and mean

=% - Y1980 Vo1, i = p1 + L1285, (v — p2). (6)

Let us denote the system size by n; we’ll keep it implicit in this section. We are
interested in the massive 1D Gaussian chain with Dirichlet boundary condition, with
distribution

_1 ntle . 2_m?2 n+l 2
de(@Oa Pls---s <pn+1) S 6(@0)5(@7%1‘1)6 i i (pimeinn) T 2inn v dgpa
where ¢ denotes the Dirac mass at 0. (For convenience, we slightly changed the notation
compared the effective model derived above. Moreover, from now on, m will always be

used to denote the mass of this Gaussian free field, rather than the magnetization.)
This is a Gaussian vector, let

When m > 0, P, is simply the law of the massive GFF on Z conditioned on {¢¢ =
¢¥n+1 = 0}. The covariances of the massive GFF are given by (see [8, equation (8.55)])

e_Vm‘i_j‘

Gml(i,j) = (7)

sinh(vy,)’

where vy, == In(1 +m? + v2m?2 + m?).

Using (5.2.1) and (5.2.1), straightforward computations lead to the following
explicit expression for G,, (i, j).
Lemma 5.3. When m >0, for any 1 <i<j <n,

o osinh(vpi) sinh(vy, (n 41— j))
G (,7) =2 sinh(vy,) sinh(vy, (n + 1))

When m =0, forany 1 <i<j<mn,

G(i, §) :22'(1— nil)

13



From this one deduces the following asymptotics, useful when the two vertices are
far from the boundary.
Lemma 5.4. For any m >0, for any 1 <i<j<mn,

. . —vm (§—1) efl’m(jfi)
1—e 2vmi)(1— — 20 (n+1—j) € < Gn(i,§) < (1— —2Up, (n+1)\—1 )
(1=e J(1—e sinh(vy,) ~ (5,5) < (1—e ) sinh(vp,)
Proof. Use 2sinh(z) = ¢®(1 — ¢~ 2%) and Lemma 5.3. O

The next step is to compute the covariance of the height variables ¢; with the
signed area X := > " | ¢;. This will be used to impose the canonical constraint later
on. Observe that X is a centered Gaussian random variable.

Lemma 5.5. When m > 0, one has

n

Em(X(pi) = ZGm(i’j)’ Em(X2) = Z Gm(l,])

j=1 ij=1
When m = 0, one has

Eo(Xey) =i(n+1—1i), Eo(X?)= W'

Proof. Writing the definition of X and summing the expressions for the covariances

obtained in Lemma 5.3, the claims follow from the identities Y, _; k = "(”T'H) and
22_1 k2 — n(n+1)6(2n+1) ] ]

5.2.2 Scaling limit: massless case

We first consider the case m = 0. Consider the process (¢ € [0,1]),

W= 1 —=A{tn})@n) + {tn}erm,

where {z} := « — |x] denotes the fractional part of . Define its rescaled version by

n 1 n
Wt ::ﬁWt.

In the “Grand-canonical” case, the usual invariance principle of random walk bridge
towards Brownian bridge gives the convergence of Wt("). The covariances can be read
directly from Lemma 5.3: for 0 <t; <ty <1,

EO(WZIWZ:) = Qtl(l - tg) + On(].)
In particular, the diffusivity constant is v/2.

In the “Canonical” case, the condition on the area is “macroscopic” and we end up
with a Brownian bridge conditioned on having integral 0 (see [9] for a construction of
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this process). As this is not the main focus of the paper, we only identify the covariance
structure. Finite-dimensional moments and tightness follow in a standard way (the
arguments are close to those of the next section). We emphasize that a result of this
type can be deduced in much greater generality from a suitable local limit theorem
such as [7, Proposition 4.7].

Lemma 5.6. For any 0 <t; <ty <1,

nh—>H;o EO(Wt1Wt2 |X = 0) = 2t1(1 — tg) — 6t1t2(1 — tl)(l — tg).

Proof. Using (5.2.1), it follows from Lemmas 5.3 and 5.5 that, for any 1 <i < j < n,

o Eo(piX)Eo(p,; X)
Eo(piv; | X =0)=G(5,75) —
0((»0 QJD]' ) (7’ j) EO(XQ)
_ 2i(n+1—7) B 6ijin+1—d)(n+1—7)
B n+1 n(n+ 1)(n + 2)
The claim now easily follows. O

5.2.3 Scaling limit: massive case.

We now turn to the more interesting case m = m,, = %. For simplicity, we assume

n to be even. In this case, the natural scaling of n'/* for the field and n'/? for the
space naturally gives a process indexed by R (as will be seen when computing the
covariances). In order to be able to zoom in, define for ¢t € R,

W= (1— {ml/Q})%/zﬂtnl/zJ + {tn1/2}@n/2+nn1/21,

and
1 -
W= WWZL .
The goal is to prove the following statement.
Theorem 5.7. Consider either the “grand canonical” (¢ ~ Py, ) or the canonical
(o ~ P, (-| X =0)) setting. In both cases, W* converges weakly, as n — oo, to the

stationary Ornstein—Uhlenbeck process with parameters 6 = \/2g, 02 = 1.

“Grand-canonical” case

The proof follows the standard path: we first identify the covariance structure, then
we prove convergence of finite-dimensional marginals, and we finally conclude using
tightness.

Lemma 5.8. Let b € (%, 1). Then, uniformly over n® <i < j <n —n®

J

=)
—\2qU=)
/ne V20° 7

Gmn (Z’]) = \/ig

(1+0(n~1%).
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In particular, for any t; <ty € R,

. 1 —V/2g(ta—t
nlgréo En, (WthZ) = nge g(t2 1)7

where the convergence is uniform over compact sets.

Proof. Let b,i,j be as in the statement. First,

U =In(1+m? + V2ma/1 + m?/2) = V2m 4 0(m?).

Lemma 5.4 yields, uniformly over n® <i < j <n —n?,

L. eiy"'L"(jfi) o b—1/2
G, (6,7) = (1+0(™ ),

sinh(vp,,)

for some ¢ = ¢(g) > 0. Now, as sinh(z) = z + O(z3),

_ . —1/2y _./24U—=%
e Vmn (=) — (O(n™1/%) ;=V29572

sinh(vy,,, ) = \/\/2;79(1 +0(1/n)).

Therefore,
_Bgli=
- Vne v —1/2
G, (i) = ¥————(1+ 0(n"/?)),
V29 ( )
which is the first part of the claim. The second part follows immediately using the
definition of W™. O

Lemma 5.9. Let N > 0 be an integer. Let t1,ta,...,ty € R. Then, for any
A,y AN € R

N
}: —V2g|t;—t
)\k)\le glte k‘),
k,l=1

LN n 1
lim E,, (&' 2k=1*Wik) = exp(———

the convergence being uniform over compact sets.

Proof. The claim follows from the fact that ¢ is a Gaussian vector, the definition of
W™, and Lemma 5.8. O

Having proved the convergence of finite-dimensional distributions. We only have
to establish tightness in order to conclude the proof of the first item in Theorem 5.7.
Tightness will follow from a simple moment bound on the gradients on the field.
Lemma 5.10. For anym >0, anyn>1 and any 1 <i < j <n,

Em (lpi — ;1) < 12]i — j*.
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In particular, for any t; < ta,
En (W7 — W) < 12]t1 — 8]

Proof. Let i, j be as in the statement. Since ¢; — ¢; is a Gaussian random variable,

Em (i — @3l") = 3Em (J0i — 0s1)".

Now, Em(\goi — g0j|2) is decreasing in m? (can be seen by differentiating with respect
to m? and using Wick rule). So,

(01— o1l?) < Eolloi — 0il?) = =D (i 4+ 1- ) <2 - ),

by Lemma 5.3, where the inequality uses ¢ — j < 0. The second claim follows from the
first one and the definition of W™. O

Tightness of (W{")icj—ar,p),m > 1 for any M > 0 is then implied by the tight-
ness of W§,n > 1 (which follows from Lemma 5.8) and the above Lemma; see |3,
Theorem 12.3].

“Canonical” case

The proof is the same as in the “grand canonical” setting, once we get control over the

covariances of the conditioned process.

Lemma 5.11. Let m, = g/\/n. Let M > 0 and b € (3,1). Then, uniformly over
nt <i<j<n—nbwith |i —j| < Mn'/?,

E, (it | X = 0) = G, (i.4) (1 + O(n™"/?)).

In particular, for any t1 <ty € R,

1
lim E,, (WiW[}|X =0)= \[7296—\/§.q(t2—t1)7

n—oo

the convergence being uniform over compact sets.
Proof. By (5.2.1), for any m > 0,

Em(XSDi)Em(XSQj)'

To get the claim, we only need to lower bound the above expression (as the ratio in
the right-hand side is non-negative). Using Lemmas 5.4 and 5.8, we obtain the bounds
(valid for n large enough, b > 1/2 and n® <1i < j < n —nb)

n n
Em, (Xei) < Slnh v Ze Vi [i=k| Epm, (X¢;) < Smh G Ze Vinpli—k|
e k 1 mn k 1
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n—nb

1
Em, (X?) > ———— ~Vma k=l
(X5 2 2sinh(vy,, ) Z N

e~ Vmq li—jl

Gmn (27-]) = QSinh(an),

k,l=nb

From these, the fact that v,,, is of order n~/2 and the bound >_;_ e *IF=il < -2

l—e—¥>
we obtain £, (Xon)En (Xeo)
mp \ A Pi)Em, (A Qj < O(n~1/2)e¥mnli—il
G, (5], (X2) = O
which implies the claim, as v, |i — j| = O(1) by assumption. O

5.3 1/N? scaling: equilibrium crystal shapes

Let us now turn our attention to another physically relevant scaling of the gravitational
field: gy = g/N?. Again, this corresponds to a slowly varying magnetic field with by =
gan/N? and ax an arbitrary sequence of positive numbers that tends to infinity in
such a way that ay = o(/N). Under such a scaling, the contribution of the gravitational
term to the energy is O(N9~!) and thus cannot compete with the interaction energy
term Hy. In fact, it is of precisely the same order as the contribution originating from
the boundary condition. It is thus important, in this section, to specify more precisely
which boundary condition is used (in the previous sections, we used the free boundary
condition for convenience, since the latter played no role at large scales).

Given a set A € Z%, the Hamiltonian of the Ising model in A with boundary
condition n € {—1, 1}Zd is the function on {—1,1}" defined by

HX(O’) = — Z 0,05 — Z aing-

{ij}CAN i€AN, JEZN\AN
li=jll,=1 lli=jll,=1

We will denote the corresponding (grand canonical) partition function by Z} 5

5.3.1 Surface tension

The central quantity needed to describe the macroscopic geometry of phase separation
is the surface tension, which we briefly introduce now. Let 7 be a unit vector in R?.
We consider the box Ay = [-N/2,N/2]* N Z% and the boundary condition defined
by 17;7 ==11if j-7 > 0 and —1 otherwise.

The boundary condition 1™ forces the presence of an interface through the system.
In a continuum limit (that is, when rescaling everything by a factor 1/N), this interface
converges to the intersection II" of the rescaled box [—%, %]d with the plane passing
through 0 and with normal 7i; see Figure 3.

The presence of this interface contributes a correction —75(7)H (4~ (IT7) NI~ +
o(N9=1) to the pressure of the model, where 75(77) is called the surface tension (in
direction 77) and H*) (A) is the k-dimensional Hausdorff measure of the subset A ¢ R%.
In other words, the surface tension is defined by

-\ . li 1 1 ZZLNﬁ
7p(11) = I Saaret H(d=1)(I[7) Nd-T 0g ZX 5’
N
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Figure 3 A typical configuration of the planar Ising model with boundary condition 5™ with # =

% (5) Here, + spins are drawn in blue and — spins in orange.

Figure 4 Typical configuration of the two-dimensional model with N = 1000 and orange (—)
boundary condition in the absence of a gravitational field and with a fixed magnetization.

where ZZM 5 and ZXN 5 are the partition functions of the (grand canonical) Ising

model in Ay with boundary conditions 5™ and n* = 1 respectively. A proof of
existence of the limit can be found in [17].

5.3.2 Phase separation in the absence of a gravitational field

We first recall the phenomenology in the case g = 0. So, in this section, we consider
the canonical Ising model in the box Ay with magnetization density m, boundary
condition n~ = —1 and no gravitational field (g = 0).

In this case, as long as |m| < mj;, phase separation occurs: typical configurations
contain a macroscopic droplet of one phase immersed in the other phase; see Figure 4.
Moreover, the shape of the droplet becomes deterministic in the continuum limit,
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where it is given by the solution Wg" to the following variational problem?:

minimize / 75(7is) AH ™Y over all subsets V C [0,1]¢
o with volume H'D (V) = (mj +m)/(2mp),

where 7 is the outer unit normal at s. In the absence of the constraint that V' C [0, 1]¢,
the (unique up to translation) solution to this variational problem is given by the
Wulff shape [25], that is, the dilation of the convex body

ﬂ {reR?: z-7 < 715(7)}

nesd—1

having the required volume. In particular, this yields the shape of the droplet when
m is close enough to —mj that a suitable translate of this solution fits inside the box
[0, 1]¢. For larger values of m, the solution can still be determined explicitly, at least in
dimension 2 [22], but we won’t need this for our discussion here. A rigorous derivation
of this variational problem from a probabilistic analysis of the Ising model at any
B > B, and in any dimension d > 2 was developed in the 1990s (in the two-dimensional
setting) and the early 2000s (for higher dimensions). Stated slightly informally, it has
been proved that?, for any 8 > f.,

Ve>0.  lim uy g, (inf 3 Im(e) = (o) < {Pxl) =1,
zel'n

where the infimum is taken over all minimizers V, of the variational problem and, for
each z € 'y,

qv.(z) =

mz if %x eV,
—mz otherwise.

5.3.3 Phase separation in the presence of a gravitational field

Let us now consider the effect of a gravitational field of intensity gy = g/N?, with
g < 0, on the macroscopic geometry. In this case, typical configurations still exhibit
phase separation, but the shape of the droplet is modified by the presence of the
field; see Figure 5. Of course, that the gravitational term influences the macroscopic
geometry is not surprising: after all, phase separation is a surface-order phenomenon
and therefore the O(N9~1) contribution to the energy coming from the presence of
the gravitational field is competing with the cost associated to the phase-separation
interface. We plan to establish the following conjecture in future work.

LOf course, to really make sense, one should impose some regularity on the sets V; we won’t go into this
here and refer instead to the review [5].

?Note that, while the actual statements in dimensions 3 and higher are indeed formulated in terms of
mesoscopic profiles, much more precise statements exist in dimension 2. We refer to the review [5] and
references therein.
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Figure 5 Typical configurations of the two-dimensional model with N = 1000 and orange (—)
boundary condition in the presence of a gravitational field of intensity gy = g/N?, g < 0, and the
same total magnetization as in Figure 4 (left: g = —3; right: ¢ = —10). Notice how the stronger
magnetic field flattens the droplet on the bottom of the box.

Conjecture 5.12. Let gy = g/N? and hy be as in (5). For any B > .,

Ve 0. fim oy (inf Z [ma () = gv. ()] < elTwl) =1,
zel'n

where the infimum is taken over all minimizers V, of the following variational problem:

minimize / 75(s) dH@Y + 2m2g/ zqdx  over all subsets V C [0,1] with
v Y HOWV) = (mj +m)/(2m3).

The solution to this variational problem is known when d = 2 and the constraint
V C [0,1]? is dropped (or when m is sufficiently close to —mj; for this solution to
fit inside the box); see [2]. Let us note that the higher-dimensional problem is still
unsolved in general.
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