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A QUANTITATIVE BURTON-KEANE ESTIMATE UNDER STRONG
FKG CONDITION
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We consider translationally-invariant percolation models on Z¢
satisfying the finite energy and the FKG properties. We provide ex-
plicit upper bounds on the probability of having two distinct clusters
going from the endpoints of an edge to distance n (this corresponds
to a finite size version of the celebrated Burton-Keane [8] argument
proving uniqueness of the infinite-cluster). The proof is based on the
generalization of a reverse Poincaré inequality proved in [10]. As a
consequence, we obtain upper bounds on the probability of the so-
called four-arm event for planar random-cluster models with cluster-
weight ¢ > 1.

1. Introduction and main result. This article is devoted to deriving a weak reverse
Poincaré-type inequality for percolation models satisfying strong association and finite-
energy properties, and examining some of its consequences. Let A be a finite set and
consider a percolation model on A, i.e., a random binary field w € {0,1}*. The value of
the field at i € A is denoted by w;, and the field on the complementary set A\ i is denoted
by w'. The law of w on {0,1}" is denoted by P. There is a standard partial order < on
{0,1}*, and a function f on {0,1}" is said to be non-decreasing if f(w) < f(v) whenever
w < . An event A C {0,1}" is said to be non-decreasing if its indicator function 14 is.

We will be interested in percolation models satisfying the following two conditions:
(FE) Finite Energy: There exists cge > 0 such that, for any i € A and w € {0,1}4,
(1.1) P(w; =1|wj,j#1) € (cre, 1 — cre)
(FKG) Strong Positive Association: For any i € A and € < ¢ in {0, 1},

(1.2) P(wi =1lw;=§,j #1) SPlwi=1|wj =v;,j #1).

Recall that (1.2) is equivalent to the so-called FKG lattice condition; see [18, Theorem
(2.24)]. For a discussion of the relation between this condition and the weaker condition
of positive association (characterized by the FKG inequality), we refer the reader to [2].

Before stating the theorem, let us define two more objects. For a configuration w and
i € A, define the configurations w’ x 1 and w’ x 0 obtained from w by changing the state
i to 1 and 0 respectively. Define

Vif(w) = f(w' x 1) — f(w' x0).
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Also, for a non-decreasing event A, define the set Piv;(A) of configurations w such that
wix1eAandw x0¢ A Equivalently, Piv;(A) € {w : Vila(w) =1}

THEOREM 1.1. Consider a percolation model on a finite set A satisfying (FE) and

(FKG). Then, there exists co = cp(cee) > 0 such that, for any non-decreasing function
f:{0,1}* — R,

(13) Var(f(w)) = oo > (E[Vif])’.

(IS

In particular, for any non-decreasing event A

(1.4) P(A)(1-P(A)) > cp Y P(Pivi(A))”.
€A

We emphasize that the constant ¢, is not depending on the size of A. One may think
of this theorem as a weak reverse Poincaré inequality. Indeed, when {w; : i € A} are
independent, the standard discrete Poincaré inequality, see for instance [16], states that

(1.5) P(A)(1 - P(A)) < % S P(Pivi(4)).
i€A

In the independent case, P(Piv;(A4)) = P(A|w; = 1) — P(Alw; = 0) & 14(i) is the so-called
influence of ¢ on A. Let us also mention that some inequalities for influences in models
with dependency have been obtained by encoding strongly positively-associated measures
in terms of the Lebesgue measure on the hypercube [0, 1]A. Nevertheless, these inequalities
bound influences from below; see [18, Theorem (2.28)] and [17]. They are therefore not
directly relevant here.

Inequality (1.3) was derived in the independent Bernoulli case in [10]. The latter work
was one of the motivations for our study of dependent models here.

Our proof of (1.3) hinges on the following simple but apparently new observation,
which may be of independent interest. Fix 0 < p < 1; given a realization w € {0,1}* of
the percolation model, we construct a field o € {0, 1}* of (conditionally on w) independent
random variables, o; taking value 1 with probability

b w;

P(o; = 1|W> = m7

for each ¢ € A. Then, the distribution of the field o, once integrated over w, enjoys a
form of negative dependence. Namely, for any ¢ € A and for any non-decreasing functions
{0, 13M% 5 Rand g: {0,1} = R,

E[f(0)g(00)] < E[f(o")]E[g(0)].

This is proved in Theorem 3.1 below, together with additional relevant properties.
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A QUANTITATIVE BURTON-KEANE ESTIMATE UNDER STRONG FKG CONDITION 3

2. Applications.

2.1. Some examples of percolation models. Our applications to percolation models will
be mostly dealing with connectivity properties of the graph induced by {i € A : w; = 1}.
For simplicity, we will focus on bond percolation models — similar results would also hold
for so-called site percolation models. The set A is now the edge-set Eq of a finite graph
G = (Vg, Eg). The edge i is said to be open (resp. closed) if w; = 1 (resp. w; = 0). The
configuration w can therefore be seen as a subgraph of G with vertex set Vz and edge set
composed of open edges. Two vertices x and y are said to be connected if they belong to
the same connected component of w (we denote the event that x and y are connected by
x +— y). Connected components of w are called clusters.

The most classical example of a percolation model is provided by Bernoulli percolation.
This model was introduced by Broadbent and Hammersley in the fifties [7]. In this model,
each edge i is open with probability p, and closed with probability 1 — p independently of
the states of the other edges. For general background on Bernoulli percolation, we refer
the reader to the books [19, 20].

More generally, the states of edges may not be independent. In such case, we speak of a
dependent percolation model. Among classical examples, we mention the random-cluster
model (or Fortuin-Kasteleyn percolation) introduced by Fortuin and Kasteleyn in [14]. Let
o(w) be the number of open edges in w, ¢(w) be the number of closed edges and k(w) be
the number of clusters. The probability measure ¢, ; ¢ of the random-cluster model on a
finite graph G with parameters p € [0,1] and g > 0 is defined by

et po(w)(l _ p)c(w)qk(w)
Zp,q,G

Ppa.c({w})

for every configuration w on G, where Z, , ¢ is a normalizing constant referred to as the
partition function.

The random-cluster models satisfy (FE) for ¢ > 0 and (FKG) for any ¢ > 1. For this rea-
son, random-cluster models are good examples of models satisfying our two assumptions,
but they are not the only ones. The uniform spanning tree (P is simply the uniform mea-
sure on trees containing every vertices of G) is a typical example of a model not satisfying
(FE).

Our applications provide upper bounds on the probability of having two distinct clusters
from the inner to the outer boundaries of annuli. In two dimensions because of dual
connections, the usual name would be four-arm type events, namely probabilities of having
two long disjoint clusters attached to two vertices of a given edge.

In order to deduce such estimates for individual bonds from (1.3) or (1.4), we need to
assume some form of translation invariance.

2.2. First application. To give a simple illustration of how Theorem 1.1 might be put
to work, let us mention the following result. Consider the d-dimensional torus ']I‘q(@d) of size
2n + 1 and denote by A$(n) the event that the edge e is pivotal for the existence of an

open circuit of non-trivial homotopy in T,(ld).
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4 H. DUMINIL-COPIN, D. IOFFE AND Y. VELENIK
PROPOSITION 2.1.  Let d > 2, there exists cg, = CAQ(CFE,d) > 0 such that, for every
n > 1 and any edge e of ']I‘%d),

PA€ < CAQ
[ Q(n)] = nd/27

)

where P is the law of an arbitrary translation invariant percolation model on ng satisfying

(FE) and (FKG).

Note that flg (n) is basically the event that there are two disjoint clusters emanating from
the end-points of e and going to distance n, with some additional topological requirement
on the macroscopic structure of these clusters (among these requirements, they should join
into a cluster of T%d)). This additional condition is not so nice, and it does not directly
apply to models on Z¢ We would like to replace this by the event that there are two
disjoint clusters going from the end-points of some fized bond e to distance n. Let A§(n)
be the event that there are two disjoint clusters going from the endpoints of the edge e to

distance n.

In the next two applications we explain two ways of deriving upper bounds on P (A$(n)).

2.3. A quantitative Burton-Keane argument. Our second application is an extension
of the results of [10] to arbitrary bond percolation models P on Z? which satisfy (FE),
(FKG) and are invariant under translations:

(TI) The measure P is invariant under shift 7, : {0, 1}Zd — {0, 1}Zd defined by

Tx (w)(u,v) 4 W(utz,v+z) Yu,v € 7.

THEOREM 2.1.  Consider a percolation model on Z% satisfying (FE), (FKG) and (TI).
Then there exists cgx > 0 such that, for any edge e,

(2.1) P[A5(n)] < ﬁ-

As we have already mentioned a quantitative Burton-Keane argument leading to (2.1)
for Bernoulli percolation-type models was developed in [10]. In the case of Bernoulli site
percolation, polynomial order upper bounds on P[A$(n)] were derived in the recent paper
[9] via a clever refinement of techniques introduced by [4] and [15].

2.4. Continuity of percolation probabilities away from critical points. Consider a one-
parametric family {P,} a€(ad) of bond or site strong-FKG percolation models on Z%. Define
percolation probabilities

(2.2) 0(a) € P, (0 ¢ o).

Assume that the measures P, satisfy the finite energy condition (FE) uniformly over
compact intervals of (a,b), and assume that 6 > 0 on (a,b). At last, assume that a — P,
is increasing (in the FKG-sense), that is, assume that P, is stochastically dominated by
Ps whenever a < a < 3 < b. We shall say that o — P, is continuous at ag € (a,b) if the
map « — P, (f) is continuous at «g for any local function f.
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A QUANTITATIVE BURTON-KEANE ESTIMATE UNDER STRONG FKG CONDITION 5

THEOREM 2.2.  Under the above conditions: o — 0(a) cannot have jumps at continuity
points of a — Py

In the case of Bernoulli percolation, continuity comes for free and Theorem 2.2 im-
plies continuity of percolation probabilities away from critical points, as it was originally
proved in [4]. In the case of FK-percolation for the Ising model on 74, proving continuity
of measures seems to be on the same level of difficulty as proving continuity of percola-
tion probabilities [6]. On the other hand, in view of [6] and [3], Theorem 2.2 does imply
continuity of the site +-spin percolation away from critical inverse temperature for the
latter.

2.5. Spanning clusters and polynomial decay. Proposition 2.1 and Theorem 2.1 are
based on (1.4). Yet, (1.3) provides us with additional degrees of freedom: one can try
various model-dependent monotone functions f.

Let P be a bond percolation measure on Z¢. Consider the boxes Ay © [k, ... ,k]d and
the annuli A, , LA, \Ap, for 0 < m < n. Let N = N, ,, be the number of distinct
clusters of JA,, crossing Ay, in the restriction of the percolation configuration to the
bonds of A,,. In the sequel we shall use n for a percolation configuration on Z¢ \ A, w for
a percolation configuration on A,,, and 1 X w for the configuration obtained by merging
the two previous configurations. For a given 7 the function w — N( x w) = N(w) is
decreasing. Hence, (1.3) implies that

(2.3) Var (N"(w)|n) > cp Z (E (Ve]\m(w)‘n))2 .

e€én,,
Above &), is the set of nearest neighbor bonds of A,,. Note that, for any e € &,,,,
_VGNTTZ@,TL(W) 2 1A§(2n) (77 X OJ).
Therefore, we infer from (2.3) the following corollary.

THEOREM 2.3. Consider a percolation model on Z% satisfying (FE), (FKG) and (TI).
Then, for any edge e,

(2.4) P (A5(2n)) < \/ 1)(115 (Var (N n(w)|n)) < \/ CP(le)dVar (Ni.n),

cp(2m
for any 0 <m < n.

Of course, (2.4) is useful only when one is able to control the number of crossing clusters
of Ap.n, specifically E (Var (N,’,]m(w)‘n)) This requires work: a trivial upper bound of
order m2(4=1) gives nothing even in two dimensions. Settling this in any dimension would
be a feat even in the case of Bernoulli percolation, see [1]. For the moment it is not clear
to us that a nice closed form bound can be obtained in the full generality suggested by
(FE), (FKG) and (TI), even if one requires ergodicity instead of just translation invariance.

In the case of Bernoulli site percolation, the following bound was derived using very
different methods based on independence (see [9]):

. clogn
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6 H. DUMINIL-COPIN, D. IOFFE AND Y. VELENIK

Unlike (2.4), (2.5) always gives a non-trivial polynomial decay, even if the roughest possible
bound Ny, 2, < eN91 is used.

2.6. Four-arm event for critical planar random-cluster models with ¢ > 1. Using very
recent results of [12, 13] for the random-cluster model on Z?2, the distribution of the number
of crossing clusters can be controlled, and the upper bound (2.4) implies the following
refinement of Theorem 2.1, which is of the same order as the bound of Proposition 2.1:

THEOREM 2.4. Letd =2, q € [1,4], there exists ca, = ca,(p,q) > 0 such that, for any
edge e and everyn > 1,

e CA
(Zsp,q,Z2 [AZ(n)] = 727

where ¢y, 4 72 is the unique infinite volume random-cluster measure with edge-weight p and
cluster-weight q (see Section 4.4 for a precise definition).

The proof is easy whenever p # p.. In the critical case p = p., the proof is based on
Russo-Seymour-Welsh (RSW) bounds obtained in [12, 13]. We give two arguments: one
is based on the implied mixing properties of ¢, ,72 and on a subsequent reduction to
Proposition 2.1. The second directly relies on RSW bounds to check that one can fix e > 0
such that {¢,, 72 (N2,,)} is a bounded sequence. Then (2.3) applies.

Note that the phase transition is expected to be discontinuous for ¢ > 4 (see the
discussion in Section 4.4) and the probability of As(n) should decay exponentially fast at
every p.

3. Proof of Theorem 1.1. We shall prove Theorem 1.1 with ¢ = %

From now on in this section, we fix a finite set A. Consider a percolation model on
0 < {0,1}* satisfying (FE) and (FKG) and let P be the law of the random configuration
w. Furthermore, for I C A, we define w; = {w; : i € I} and w! & {w; : i & I'}. To keep
notation compatible, we set w; and w® when I = {i}.

Recall that w’ x 1 and w’ x 0 denote the configurations obtained from w by setting the

value of w; to 1 and 0 respectively.
To lighten the notation, we write p = cge/2 for the rest of this section.

3.1. A representation of fields satisfying (FE) and (FKG). In order to prove Theo-
rem 1.1 we introduce an auxiliary Bernoulli field o € {0, l}A and utilize the projection
method of [10] with respect to o-algebras generated by this auxiliary field. The efficiency
of such approach hinges on the fact that o;-s happen to be negatively correlated in the
sense specified in P3 of Theorem 3.1 below.

DEFINITION 1. Consider a probability space (Q, P) containing (Q,P) and an additional
field o € {0,1}* which, conditionally on w € Q, has independent entries satisfying, for
every i € A,

D Wi

(3.1) P(o; = 1|w) = B = 17
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A QUANTITATIVE BURTON-KEANE ESTIMATE UNDER STRONG FKG CONDITION 7

Note that by our choice of p, which is adjusted to the finite energy property (1.1), the
right hand side of (3.1) always belongs to [0, 1].
We claim that o enjoys the following set of properties:

THEOREM 3.1. Let w be a field satisfying (FE) and (FKG). Then,

P1 For each i € A, if o; = 1, then w; = 1.

P2 For any i € A and any non-decreasing function f : Q — R, the conditional expecta-
tion E (f(w) | o) is also non-decreasing.

P3 For any i € A and for any non-decreasing functions f : {O,l}A\{i} — R and g :
{0,1} - R,

(3:2) E[f(c)g(0:)] <E[f(c")]E[g(0s)].
P4 The family {o; —p: 1 € A} is free in LQ(Q,]/I\D).

Property P3 provides a form of negative association. It is weaker than the usual form of
negative association (which corresponds to the analogue of (3.2) with ¢ and A\ {7} replaced
by arbitrary disjoint subsets A, B C A), but stronger than other related notions, such as
totally negative dependence (see [11] for this and other forms of negative dependence).

PROOF. Property P1. The first property follows directly from the definition of o.

Property P2. Let us first prove that, for each ¢ € A, ¢; is a Bernoulli random variable of
parameter p, independent of w’. This follows from (3.1) and the following computation

@(Ji = l;wi) :]/I\D(O'i =lLw; = l;wi) = WP(% = l;wi) :pIP’(wi).
i =

Hence o; is indeed a Bernoulli random variable of parameter p (also o; and W’ are inde-
def

pendent). Now, let us simplify the notation by setting f;(0;) = E (f(w)|0;). Then, using
P(o; = 1) = p in the second equality below,

(1= p)(fi(1) — f:(0)) = (1 - p) EU@WMFQ_}MfWﬂWﬂq

(oi =1) P(o; = 0)

=)

= (L - DE (f(w)1e=1) — E (f(w)10,=0)
EHE (f(@)lumilom1) — E(f())
(3. ) p
= (@ e p L) T EUE)
. (FKG)
(33) =E(f(w' x 1) ~E(fw)) >

Property P3. We wish to prove the negative association formula (3.2). Since g is a non-
decreasing function of only one site, we only need to treat the case ¢ = id (any non-
decreasing function of one site is of the form aid + 8 with a > 0). For w; € {0,1}! and
w! € {0, 1} let w; x w! be the configuration in Q coinciding with w; on I and w’ on
AN\
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8 H. DUMINIL-COPIN, D. IOFFE AND Y. VELENIK

CLAIM. For any subset I C A, the following happens: If w; > @y, then, for any w!
and for any non-decreasing function f : {0,138\ 5 R,

(3.4) E (f(oh) |wr x w!) <E(f(oh)|@r x w!).

PROOF OF THE CLAIM. Under the conditional measure P (-|w), the sequence o is sim-
ply a collection of independent Bernoulli random variables with probabilities of success

specified by (3.1). By (1.2),

p < P
P(w; = 1] (wr x w!)i) =~ Pw; = 1|(&r x w!)?)’

for any ¢ € I and wy > Wy, a fact which implies that the random variable o; conditioned

on wy X w! is stochastically dominated by the random variable o conditioned on wy x wl.

The claim follows by definition of stochastic domination. O

In particular, the claim yields that if f is a non-decreasing function of ¢?, then, for any
i and any W,

(3.5) E (f(o") |w' x 1) <E (f(o%) |w?).

As a result, we infer:

~

E(f(o")os) =E(f( " m:llwi:o
ZpIE o) |w" x 1) P (w')

(3.5)

< pZE P(wi)

:pﬁ[f(ai)] =’ E[o;] E[f(c")].

def

Property P4. Assume that X = >, \ A\i(0; — p) = 0. We deduce that
0 =E[X?] = E[(X - E[X|w])?] + E[E[X |w]*] > E[(X — E[X|w])?.

Now,

E[X|w] =" Ni(oi — Eloy|w))

1EA

and, conditionally on w, the random variables o; — E[Ji\w] are independent and have mean
0. We deduce that

E[(X - E[X|w])’] = E[E[(X - E[X]w])?|w]]
:IE[IE Z)\ o — al|w]))2‘w]]
€A
:E[Z)\QE Jl|w]) ’wﬂ
€A

Z NE[(o; — Elo|w])?].
eA
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A QUANTITATIVE BURTON-KEANE ESTIMATE UNDER STRONG FKG CONDITION 9
Now, E[oj|w] < 1/2 by (3.1) and (1.1), and therefore

(3.6) E[(o; — E[aﬂw]f] = E[E[Uﬂw](l — E[Uﬂu])] > %E[E[Uﬁwﬂ =£>0,
which implies that \; = 0 for every i € A. O

3.2. Proof of Theorem 1.1. Recall our notation fi(o;) = E (f(w)|oi). We may repre-
sent f(w) as

f= Z%ﬁ(m) + £

with fﬁ orthogonal to the subspace of L2(, P) spanned by (f;(c;),i € A). Since I/[*i[fz(al)] =
0 and E[o;] = p by P1 of Theorem 3.1, we deduce that

(3.7) filoi) = (fi(1) = fi(0)) (o7 — p).

Should the random variables o; be independent, we would immediately infer that v; = 1
and

Var(f(w)) > p(1 —p) >_(f:(1) - £i(0))?,

(2

which, by (3.3), would be the end of the proof. This is precisely the computation done in
the Bernoulli case in [10]. In our case, however, the random variables o; are dependent,
and we need additional information and more care in order to control both the coefficients
~; and the cross-terms. It is precisely at this stage that negative dependence, as stated in
P3 of Theorem 3.1, becomes crucial.

Before proceeding with the proof of the theorem, let us formulate and prove the following
elementary lemma.

LeEmMMA 3.1.  Let (H,(-,-)) be a finite dimensional Hilbert space, and let {f1,...,f,}
be a normalized basis of H, such that (f;,f;) < 0 for every pair i # j. Then, for any
f=>"" Nifi such that (f,f;) > 0 for every 1 < i < n, we have that \; > (f,f;) for every
1< <n.

Note that when the basis {fi,...,f,} is orthogonal, we find that \; = (f,f;) for every
1< <n.

PROOF. Lemma 3.1 relies on the following transparent geometric fact:

Obtuse cone property. Consider a positive cone C = C(fy, ..., f,) spanned by vectors
f;. The cone is called obtuse if (f;,f;) < 0 for any ¢ # j. Then, (f,f;) > 0 for every i
implies that f € C, that is, all the coefficients \; in the decomposition f = ) j Ajf; are
non-negative. O

Taking scalar product with normalized vectors f; yields

(F.6) =X+ D Nl fi) <N
J#

and one then gets the conclusion of Lemma 3.1 .
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10 H. DUMINIL-COPIN, D. IOFFE AND Y. VELENIK

Perhaps the simplest way to prove the above obtuse cone property is by induction on the
cardinality of the basis. The two dimensional case is straightforward. Let us now consider
the basis {f1,...,f41}. For i > 2, let

Caer fi = (fi, f1)fs
(3.8) F;, = L= (. 6,)?

be the normalized projection of f; on vec(f;)t. Also, write f = (f,f;)f; + F where F €
vec(Fa,...,Fpt1). We wish to apply the induction hypothesis with F and Fa, ..., F,11.
For that, simply observe that, for i # j,

(fi, f5) — (fi, f) (f5, f1)

e e R AL R A e
(we used that (f;, f;) <0 for i # j) and
(3.9) (F,F:) = (f,F;) = (. f) — f f)(F ) > (f,;) >0,

1—(f;,f1)?

where the first equality is due to the orthogonality of f; and F;, and the first inequality to
the fact that (f;, f;) < 0and (f,f;) > 0. Therefore, by the induction assumption, F lies in the
cone C(Fa,...,Fpy1). By (3.8), all F;-s lie in C(fy,...,f,+1) and hence F € C(f1,...,f4+1)
as well. Since the coefficient (f,f;) in f = (f, f;)f; + F is non-negative, we are done. O

e

PrOOF OF THEOREM 1.1. Consider a field w € {0, 1}* satisfying (FE) and (FKG). Wi
keep the notations from the previous section. In particular, on the probability space (€2, P)
we associate the field o to w.

Let f be a square-integrable non-decreasing function of w. As before, we set f;(o;) o

E[f(w)|o;]. Without loss of generality, we assume that E[f(w)] = 0 and, consequently,
E[fi(ai)] = 0 for every i € A.

Let I be the set of indices 4 satisfying E[f;(0;)?] > 0. Consider V = vec(f;(0;) : i € I)
and write

F =Y rifilor) + 1+,
i€l

where f1 € V+. Properties P2 and P3 of Theorem 3.1 show that (fi(o;), fj(o)) < 0 for
every i # j in I. Furthermore,

(f(w), filos)) = BIf(w) fi(os)] = E[fi(0:)?] > 0.

(The last equality is due to the definition of the conditional expectation.) Last but not
least, the family { fi(0;) : ¢ € I} forms a basis of V. Indeed, this directly follows from (3.7).
Now, fi(1) — f;(0) > 0 for i € I, and the family {o; —p : i € I} is free thanks to P4.
We are therefore in position to apply the previous lemma with f;(07) < fi(03) /|| fi(03)| in
order to obtain that
(f(w), files)) _ Elfi(0i)?]

(3.10) MR TR "
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A QUANTITATIVE BURTON-KEANE ESTIMATE UNDER STRONG FKG CONDITION 11
We deduce that

Blf(w) > B :(Zlmao)g]
:E_(g% (o) ~ Elfi(onl))) | +@[(leﬁ[fi<w>w1)2}
- B (5% (o)~ Blfi(o)u)) ] 16
-3 2B o0 - Bl
S > Ellior) - Bl
= LBl - Blto’]

where the second equality is due to the fact that, conditionally on w, the random variables
{fi(oi) = E[fi(gi)lw] : i € I} are orthogonal (since the o; — E[o;|w] are), and the last
equality to the observation that, for i ¢ I,

0 < E[(fi(0:) — Elfi(o3)|w])?] < E[fi(0:)?] = 0.

We are now ready to conclude. Similarly to (3.7), we find that (remember that we chose
p = cre/2)

E[(fi(oi) — Elfi(on)|w))’] = (fi(1) = i(0))°E[(0i — Eloi|w])?]

(3

> 5(fi(1) = £i(0))?

= iy B x 1] - Elf(@)°

= 3=y B X 1) = (e x 0) o))’
(3.11) 3 (12_27;)2 (ELf (' x 1) — f(&' x 0)])%

Overall, we find that

var(f() = Blf@?) 2 72 22 ! x 1) = f(' < 0))”.

€A

O]

REMARK 1. Observe that, up to (3.11), the proof only made use of the lower bound
P(w; = 1|w') > cee = 2p in (1.1).
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12 H. DUMINIL-COPIN, D. IOFFE AND Y. VELENIK

4. Applications.
4.1. Proof of Proposition 2.1.

PrOOF OF PROPOSITION 2.1. Let E,, be the event that there exists an open circuit
with non trivial homotopy in T,. Theorem 1.1 implies that
. 1 1
> P[Pivi(E,)) < —P(Ep)(1 - P(En)) < —.
i€FBr, P P

4

Note that edges are of two types: either “vertical” or “horizontal”. By shift invariance of

P and of the event E,, we therefore obtain, for an horizontal edge e (the same reasoning
can be applied to vertical edges),

- . 1

Tl - BLASM)2 < 3 BIPivi(B,)P < —

C
1€FkT, P

O]

4.2. Quantitative Burton-Keane argument. Recall that we are working with (nearest
neighbor) bond percolation models. For z € A,,, the set C,(x) is the connected component
of x in the restriction of the percolation configuration to the edges with at least one
end-point in A,.

For x € A, let Trif,,(z) be the event that:

a) There are ezactly three open bonds incident to z.

b) Cp(x) \ x is a disjoint union of ezactly three connected clusters, and each of these

three clusters is connected to dA, 11 &t Apt1 \ Ay

Recall the following classical fact [8]:

LEMMA 4.1. Consider a percolation model on A,. Then, for any w,

(4.1) Y Invity(@) (@) < [0An4a]-

xEAn

Note that this lemma has the following useful consequence: if P is in fact a translation
invariant measure on the whole plane or on a torus, it implies that
|8An+1|

(4.2) P[Trif,,(0)] < A

Let k < n. Define the event CoarseTrify,,, that there are at least three distinct clusters in

the annulus Ay, ,, A, \ Ay, connecting the inner to the outer boundaries of Ay, ;. In other
words, there are at least three distinct crossing clusters of Ay, ,.

COROLLARY 4.1.  Consider a percolation model on Z% satisfying (FE), (FKG) and (TI).
There exists c1 = c1(cee) > 0 such that, for any 0 < k < n,

P[CoarseTrify, ,,] < explerk) .
n
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ProoF. By conditioning on the clusters in Ay, ,,, one may easily check that
P[Trif,, (0)|CoarseTrify, ,] > et

(There may be some problems if the three clusters reach Ay near the corner, yet such
cases can be treated separately.) The result follows readily from Lemma 4.1. O

PROOF OF THEOREM 2.1. Set ¢ & 1/(2¢1) and let k = |elogn]. Let E, be the event
that there are exactly two clusters in Ay, from the inner to the outer boundaries. On
E,, let C be the set of vertices of Ay, connected to the boundary of A, by an open path.
Since there are only two distinct clusters connecting the inside and outside boundaries of
Ap.n, the vertices of C N Ay can be divided into two subsets By < E1(C) and Ey = Ey(C)
depending on which clusters they belong to.

For every possible realization C of C so that {C = C'} C E,, define Cross(C) to be the
event that F; and Es are connected by an open path inside Ag. Theorem 1.1 applied to
P(-|C = C) and Cross(C) gives

Z P[Piv.(Cross(C))|C = C]? < <1,
eEEAk
which, by Cauchy-Schwarz, implies that

> P[Pive(Cross(C))|C = C] < 31/|En, .

€€EAk

For an edge €/, let A2(n,e’) be the event that the two end-points of €’ are connected to the
boundary of A,, by two disjoint clusters. By definition of C', we have that Piv./(Cross(C))N
{C =C} = As(n,€¢’) N {C = C} which, by summing over all possible C, implies that

Y PlAs(n,€), Ea] < 31/ 1En, | B(En) < 51/|En,| < Vd|AL]/2.
BIEEAk
It only remains to see that Corollary 4.1 implies

P[Az(n, '), CoarseTrify, ,] < P[CoarseTrify, ,,] < exp(cielogn) —

b
At the end, we find that

d/2 1
Z P[As(n,e’)] < / + —.
A Al Vn

Consider for a moment that the edge e involved in A§(2n) is horizontal. Since A§(2n) is
included in a translate of Aa(n,e’) for any horizontal edge ¢’ € Ey,, we conclude that

a2 1

+77
A Vn

1 /
PlAZ(2n)] < 3o 37 PlAs(n,e)] <

which proves the theorem with cgx = cgr(cre) > 0 small enough thanks to our choice for
k. O
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14 H. DUMINIL-COPIN, D. IOFFE AND Y. VELENIK

4.3. Continuity of percolation probabilities away from critical points. Theorem 2.2 is
an easy consequence of the quantitative Burton-Keane bound (2.1). Let o € (a,b). Pick
€ > 0 such that [y — €, a9 + €] is still in (a,b). By our assumptions on the family {P,},

(4.3) lim sup sup Py (0N, ¢ 00) = limsup Py,—e (OA, 4 00) = 0.

n—00  a€lap—e€,ap+te] n—00

On the other hand, for any N > n and any « € [ — €, o + €],

0(a) & Py (0 4 00) = Py (0 <+ OAN)

4.4
(“44) — Py (0 <3 OAN; 0 45 00; DA, > 00) — P (0 <3 DA N; DA, 5 00).

The event {0 > OAN;0 4 00; OA,, <> 0o} implies the existence of at least two disjoint
crossings of the annulus A, n. If we choose N = e®" for some sufficiently large constant
C, then the second term in (4.4) tends to zero as n — oo, uniformly in « € [ag — €, g +€];
this follows from (2.1), which in view of the assumed uniformity of (FE) on compact sub-
intervals, yields uniform upper bounds for o € [ag — €, g + €]. The third term in (4.4) is
controlled by (4.3). Hence, since the events {0 <> 0Ax} are local, continuity of P, at ag
implies that 6 is continuous at ag as well. O

4.4. Proof of Theorem 2.4. Let us recall some additional facts on the random-cluster
model. First, let us introduce random-cluster measures with boundary conditions. Fix
a finite graph G. Boundary conditions £ are given by a partition P; Ll --- U Py of 0G.
Two vertices are wired in & if they belong to the same P;. The graph obtained from the
configuration w by identifying the wired vertices together is denoted by wé. Let k(w®)
be the number of connected components of the graph wé. The probability measure IF’; 0.G
of the random-cluster model on G with edge-weight p € [0,1], cluster-weight ¢ > 0 and
boundary conditions ¢ is defined by

o) (1 — p)ele) k()
of P b q
(4.5) P tfwp) & 0D

p,q,G

for every configuration w on G. The constant Z; 0. 15 a normalizing constant, referred to
as the partition function, defined in such a way that the sum over all configurations equals
1. For ¢ > 1, infinite-volume random-cluster measures can be defined as weak limits of
random-cluster measures on larger and larger boxes.

Recall that the planar random-cluster model possesses a dual model on the dual graph
(Z%)*. The configuration w* € {0,1}7@* is defined as follows: each dual-edge e* € (Z2)*
is dual-open in w* if and only if the edge of Z? passing through its middle (there is a
unique such edge) is closed in w. If the law of w is IF’; 0.G then the law of the dual model

is Pf;,q,(;* for some dual boundary conditions £*. We will only use that free and wired
boundary conditions are dual to each other.

On Z2, the random-cluster model undergoes a phase transition at some parameter p.(q)
satisfying, for every infinite-volume random-cluster model P, , 72 with parameters p and
q,

0(p,q) >0 if p> pe(q),

P, 72[0 +— o0] = }
P {O if p < pe(q).
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The critical point of the planar random-cluster model on Z? is known to correspond to
the self-dual point of the model, i.e., pe(q) & Va/(1 + /q) [5]. Also, for q € [1,4], the
behavior at criticality is known to be the following (see [13]): there is a unique infinite-
volume measure and, for any numbers 1 < a < b < oo, there exists cgsw = Crsw(a,b) > 0
such that, for all n > 1 and any boundary conditions &,

(4.6) Crew < Pi R [Cross(Rn)} <1 — crsw,
where R, = Ryla] & [—an,an] x [-n,n], Ry = Ru[b] % [~bn,bn] x [~2n,2n] and

Cross(Ry) is the event that the left and right sides of R, are connected by an open
path in R,,.

PROOF OF THEOREM 2.4. Fix ¢ € [1,4]. Note that, for p < p.(q), there exists ¢ =
¢(p,q) > 0 such that, for any edge e and every n > 1,

P, 0 722[A5(n)] <P, 4 72[0 <— OA,] < e—C(p,q)n’

thanks to exponential decay of correlations, see [5] one more time. Similarly, when p >
pe(q), for any edge e and every n > 1,

P, g z2[A5(1)] = Py o z2y-[A2(n)] < Ppe 4 z2)+ [u <> OA%] < e P,
The only interesting case is therefore the critical point p = p..

Proof using mizing properties and Proposition 2.1. Recall that, by Proposition 2.1, we

(2)

already know that, for any edge ¢’ of T;;” and every n > 1,

y Ci
P ar@lAs(n)] < —=,

. 2
where P T 18 the random-cluster measure on T%)

cyq,s

that there exists C' > 0 such that

. We therefore only need to show

~ !

B qz2[A5(n)] < CB o [A5 ().

Embed ']T%Q) into Z2 in such a way that the vertex set is A, = [-n,n]? and e is an edge
having 0 as an endpoint. First, we wish to highlight that (4.6) (more precisely the mixing
result [12, Theorem 5.45]) classically implies the existence of ¢; > 0 such that, for every
boundary conditions £ and n > 1,

P q22[A5(n/2)] < 15\ [A5(n/2)].
In particular, this is also true for so-called periodic boundary conditions, so that

(4.7) Py, qz2[45(n/2)] < 1P o [A5(n/2)].

Now, introduce the event A5P(n/2) that there exist two open paths ~y,7 and two dual-open
dual-paths v* and #*, originating from the endpoints of e and e* respectively, satisfying:
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16 H. DUMINIL-COPIN, D. IOFFE AND Y. VELENIK

e the endpoints (on the boundary of A, /, and A7 /2 respectively) z, &, 2* and z* of
the paths are at distance larger or equal to {5 from each others.
e z and Z are connected to 8A3n inz+ A n and T + A n

e 2* and T* are connected to 8A mz*+An and 2" +An.
5 10 10

Classically, (4.6) implies that there exists c2 > 0 such that, for any n > 1,
(4.8) P a@lAs(n/2)] < P @457 (n/2)].

Pec,4q,

See [21] for a treatment in the case of Bernoulli percolation and [12, Theorems 10.22
and 10.23] for the FK-Ising model (the proofs of the theorems apply mutatis mutandis to
any random-cluster model with 1 < ¢ < 4).

It remains to see that there exists c3 > 0 such that, for any n > 1,

P o7 (0/2)] < P ol A5(n)]

In order to do so, mimic the classical argument to prove quasi-multiplicativity of arm-
probabilities for Bernoulli percolation (see [21] again and Figure 1).

We only sketch the proof. Condition on A5 (n/2). Consider a thin area S of width {5
going from = + A n to 24+ A n outside Ag an a thin dual area S* of width {5 going from

x4+ A n to Z* + A n out81de An so that these two areas do not intersect. Now, (4.6)
implies that there ex1st, with probablhty c4 > 0, a primal path in S connecting the two
paths 7 and 7, and a dual path in S* connecting 7* and 5*. But whenever this occurs,
the event AS(n) is satisfied, so that

P, a[Ai(n)] > P

Pe,q T, q,T? [AS (n/2)].

It only remains to invoke (4.7) and (4.8) to conclude. O

Pcyq,

Proof using bounds on B, , 72 (N2, ) and (2.4). We shall check that there exists ¢y =
en(Crsw) < 00, such that, uniformly in m,

(4.9) Epoqz2 (N2 sm) <
A substitution into (2.4) yields the claim.
Consider the annulus A,, 5,, and the four rectangles
Sm,u = [—bm,bm] x [m,bm|, Sy r = [—bm,—m] x [-5m, 5m],
(4.10) Sm,L = [m,bm| x [=bm,bm], Sp.p = [-5m,dm] x [-bm, —m)].

For € {U,R,L,D}, let N, . be the number of distinct short-side crossing clusters of S,..
For instance Np,y is the number of distinct clusters which connect [-5m,5m] x {m} to
[—5m, 5m] x {dm} in the restriction of the percolation configuration to the rectangle S, y.
Clearly,
Aﬂm5m/§ j{: pﬁnﬁy
*€{U,R,L,D}

and, by symmetry, it remains to give an upper bound on E, . 72 <N31,U>'
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-, Aﬂ

e

F1a 1. The event AP (n/2) together with the extension of the four paths using the sets S and S*. Estimates
on crossing probabilities available from [13] show that these extensions cost a mutiplicative constant (not
depending on n).

LEMMA 4.2. The RSW bound (4.6) implies:
(4.11) Py, 422 (Ninu = k) < (1 — crsw(5,00))" 7,
uniformly in k > 1 and m.

PROOF. Let us introduce the events Ry = {Nmu > k}. We claim that

(4.12) Py.qz2 (Ri|Ri—1) <1 = crsw(5,00),

uniformly in m and k > 1. Indeed, distinct crossing clusters which show up in any perco-
lation configuration from Ry_1 are naturally ordered from left to right. There are at least
(k — 1) such clusters. The following somewhat standard construction, which we sketch
below, is depicted on Figure 2:

Consider the disjoint decomposition Ry_1 = URZfl, where u (respectively v) is the
rightmost vertex of the (k — 1)-th crossing cluster on the bottom (respectively top) side of
Sm,u- The event R}éfl implies that there is the left-most dual crossing ;" from u* to v*,
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18 H. DUMINIL-COPIN, D. IOFFE AND Y. VELENIK

~

m,U

—5m

FIG 2. The dual path . = 7. Bvent D°: a dual path 1. crosses from left to right the middle section S,
of S;YU and, as such, rules out the occurrence of the event Ry.

The boundary conditions (for the direct model) on the semi-infinite strip S':nu are w on the upper and
lower parts, and f on .

5 def x def

where u* = u+ $(1,—1) and v* = v+ 3(1,1). Consider the remaining part, denoted by
S;L’U, of the rectangle S, y to the right of v{"". Let SZ{?U be the middle section of SZ%U,
i.e Sy o Spu N (Z % [2m,4m]). Finally consider the infinite strip extension S’;U to
the right of S ;.
Let D° be the event that there is a left to right dual crossing of S;yn’f’u. By the FKG
property of the random-cluster model,
P, o7z (Ri|Rk—1) <1—minP™ (D),

Y pc:Q»SZLYU
where the boundary conditions are direct boundary conditions on the semi-infinite strip
S;L y: Wired on upper and lower parts and free on 7. Note that the model is self-dual at
criticality. Hence, for any possible realization of =,
Pt (D°) > Pf

Pu%g;yn’u pcv‘LRm[Oo]

(Cross(Rn15])) ,

and (4.6) applies. O

REMARK 2. Let us highlight the fact that SLE predictions, see [12, Section 13.3.2],
suggest that P, , 72[Af(n)] = n~é010+0(l) yhere

def 352410043 : def 9 :
1010 — W with o = ;arcsm(\/a/Q).

This implies that P, , 72[A5(n)] > L for q < Qarcsin[WQ}S/g] ~ 0.459. This illustrates the
fact that the claim of Theorem 1.1 can fail to hold when the condition (FKG) is dropped.
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