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Abstract: We prove an invariance principle for a class of tilted 14 1-dimensional
SOS models or, equivalently, for a class of tilted random walk bridges in Z. .
The limiting objects are stationary reversible ergodic diffusions with drifts given
by the logarithmic derivatives of the ground states of associated singular Sturm-
Liouville operators. In the case of a linear area tilt, we recover the Ferrari-Spohn
diffusion with log-Airy drift, which was derived in [12] in the context of Brownian
motions conditioned to stay above circular and parabolic barriers.
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1. Introduction and Results

1.1. Physical motivations. We start with an informal description, in a restricted
setting, of the effective interface model at the core of our study; a detailed
description in the more general framework considered in the present work will
be given in Subsection 1.3.

We consider a Gibbs random field (X;)i<;<n, with X; € N for all 4, and
effective Hamiltonian

N-—1 N
Hy=> &(Xip1— Xi)+ > ValXi),
=1 =1

depending on a parameter A > 0. Later, we shall allow rather general forms
for the interaction @ and for the external potential V). For the purpose of this
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introductory section, let us however restrict the discussion to the physically
very relevant case of Vy(x) = Az, and assume that @ is symmetric and grows
fast enough: for example, ®(z) = 22, &(z) = |z| or P(z) = 00 - 1;>x. Let
us denote by pn;y the corresponding Gibbs measure with boundary condition
X =Xy=0.

With this choice, this model can be interpreted as follows. The random vari-
able X; models the height of an interface above the site i. This interface separates
an equilibrium phase (above the interface) and a layer of unstable phase (de-
limited by the interface and the wall located at height 0). The parameter A
corresponds to the excess free energy associated to the unstable phase.

Of course, when A = 0, the distribution of X is just that of a random walk,
conditioned to stay positive, with distribution of jumps given by

e—@(w)

In particular, the field delocalizes as N — oo. When A > 0, however, the field
remains localized uniformly in N. We shall be mostly interested in the behavior
as A | 0 (say, either after letting N — oo, or by assuming that N = N(\) grows
fast enough). In that case, one can prove that the typical width of the layer is of
order A~'/% and that the correlation along the interface is of order A=2/3 [1,14].

In the present work, we are interested in the scaling limit of the random field
X as A ] 0, that is, in the limiting behavior of z(t) = /\1/3X[)\72/3t]. As stated
in Theorem A below, in the particular case considered here, the scaling limit is
given by the diffusion on (0, co) with generator

& e d
2 dr? o dr’

where (see (1.1)) 0% = Y _2?p, and ¢y = Ai(i/gx — wy) with —w; the first
zero of the Airy function Ai. This diffusion was first introduced by Ferrari and
Spohn in the context of Brownian motions conditioned to stay above circular
and parabolic barriers [12].

This scaling limit should be common to a wide class of systems, of which the
following are but a few examples:

— Critical prewetting in the 2d Ising model: behavior of the film of unstable neg-
atively magnetized layer induced by (—)-boundary conditions, in the presence
of a positive bulk magnetic field [18]; see Figure 1.

— Interfacial adsorption at the interface between two equilibrium phases [13,
17].

— Geometry of the top-most layer of the 2 + 1-dimensional SOS model above a
wall [7].

— Island of activity in kinetically constrained models [5].

1.2. Limiting objects. Limiting objects are quantified in terms of Sturm-Liouville
problems.
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Fig. 1: A low-temperature two-dimensional Ising model in a box of sidelength N =
200 with negative boundary condition and a positive magnetic field of the form
h = ¢/N. When c is above a critical threshold, the bulk of the system is occupied
by a positively magnetized phase, while the walls are wet by a film of (unstable)
negatively magnetized phase [16]. For a slightly different geometry, it was shown
in [18] that this film has a width (along the walls) of order A~1/3+0(1) as h | 0.

A Sturm-Liouville problem. The basic space we shall work with is Lo(R.). The
notations || - ||2 and (-,-)2 are reserved for the corresponding norm and scalar
product. Given o > 0 and a non-negative function ¢ € C*(R,) which satis-
fies lim, o0 (1) = 00, consider the following family of singular Sturm-Liouville
operators on R :

o? d?
2 dr?
with zero boundary condition ¢(0) = 0.

L=1Lo,= —q(r), (1.2)

It is a classical result [10] that L possesses a complete orthonormal family
{;} of simple eigenfunctions in Ly (Ry) with eigenvalues

0>—C(o>—C>—C>...; lim{; = oo. (1.3)

The eigenfunctions ¢; are smooth and ¢; has exactly ¢ zeroes in (0,00), i =
0,1,....
The domain of (the closure of) L in Lo(R4) is

D(L):{f:Zaigoi : ZC?G?<OO} and Lf:—ZQaigoiforfED.

(1.4)
Clearly, D(L) is dense in Ly(R4). Indeed, since any function f € Lo can be
written as f = ). a;p;, the linear space of all finite linear combinations U =

{Zivzo aigol-} C D(L) is dense in Ly. For any function f = . a;; € D(L),

limy 00 L(va:o ai@i) = Lf. In particular, U is a core for L.
If f=73,a;p; € Dand X\ > —(p, one has

Z(/\ + Gi)aipi

g

= (A+C)lIfl2, (1.5)

AT =L) fll, = |
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which shows that L 4+ (! is dissipative.
Furthermore, for any A > —(p, Range (Al — L) = La(R, ), and L has a compact
resolvent Ry = (Al — L) ™", Indeed,

(Al —1L) Z %g@i = Zaigoi and R (Z ai%‘) = Z %%ﬂ

By the Hille-Yosida theorem, L+ (yl generates a strongly continuous contraction
semigroup T! on Lo(R, ). Explicitly,

" <Z Wz‘) =) e (1.6)

%

Ferrari-Spohn diffusions. Define

Goqth = L (L + Co) (Vo) =

o? d*y 20 A 0® d o dtp
TV 20t 9 (250) (1
Yo 2 dr? to o dr 2(,0(2) dr ( ) (1.7)

%o dr

The sub-indices ¢ and ¢ will be dropped whenever there is no risk of confusion.
We shall say that G, 4 is the generator of a Ferrari-Spohn diffusion on (0, 00).
The diffusion itself is ergodic and reversible with respect to the measure dpug(r) =
©2(r)dr. In the sequel, we shall denote by wa the corresponding semigroup,

1
S, U= %Tt(?ﬁwo), (1.8)

and by P, , the corresponding path measure.

1.8. Random walks with tilted areas. Let p, be an irreducible random walk kernel
on Z. The probability of a finite trajectory X = (X1, Xs,...,Xg) is p(X) =
[I;px;—x, - Letu,v € Nand M, N € Z with M < N. Let P}’ . be the family
of trajectories starting at u at time M, ending at v at time N and staying positive
during the time interval {M,...,N}. For N > 0, we shall use a shorthand

notations Py, = PUy v and Py’ =Py .
Assumptions on p. Assume that

Z:Zpz =0= Z zp_, and p has finite exponential moments. (1.9)

z z

In the sequel, we shall use the notation

o? = ZZQpZ = ZZZp,Z = Var,(X) < . (1.10)



An invariance principle to Ferrari-Spohn diffusions 5

The model. Let {Vi},5, be a family of self-potentials, V) : Ry — Ry. Given
A > 0, define the partition function

u,v - i
Zyla= D, e 2oy Ep(x), (1.11)
XePy',

and, accordingly, the probability distribution

wv 1 Ny
PR A (X) = e 2o EIp(X), (1.12)

N,+,A

The term Z]_VN Va(X;) represents a generalized (non-linear) area below the tra-
jectory X. It reduces to (a multiple of) the usual area when Vy(z) = Az. We
make the following set of assumptions on V):

Assumptions on Vy. For any A > 0, the function V) is continuous monotone
increasing and satisfies

Va(0) =0 and ILm W (z) = oo. (1.13)

In particular, the relation
HIV\(Hy) =1 (1.14)

determines unambiguously the quantity H). Furthermore, we make the assump-
tions that limy .o H) = oo and that there exists a function ¢ € C*(R") such
that

lim H3Vy(rHy) = q(r), (1.15)
A—0

uniformly on compact subsets of R, . Note that Hy, respectively Hf, is the spa-
tial, respectively temporal, scale for the invariance principle which is formulated
below in Theorem A.

Finally, we shall assume that there exist A\g > 0 and a (continuous non-
decreasing) function go > 0 with lim,_,o go(r) = oo such that, for all A < A,

HRVA(rHy) > qo(r) on Ry. (1.16)

1.4. Main result. It will be convenient to think about X as being frozen outside
{=N,...,N}. In this way, we can consider Py’, | as a distribution on the set
of doubly infinite paths NZ.

We set hy) = H;l. The paths are rescaled as follows: For ¢ € h?\Z, define

1
zA(t) = haXpz, = EXHft' (1.17)

x(t) is then extended to ¢ € R by linear interpolation. In this way, we can talk
about the induced distribution of Py’, | on the space of continuous function

C[-T,T), for any T > 0.
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Theorem A Let Ay be a sequence satisfying limy oo Ay = 0. Assume, fur-
thermore, that imy_,oo NB3 == +00. Set xn(-) = xay(-). Fiz any ¢ € (0,00).
Then, as N — oo, the distributions of xn(-) under Py’ | are, uniformly in
u,v < cHy, , weakly convergent to the stationary Ferrari-Spohn diffusion x4 4(-)
on Ry with the generator G, 4 specified in (1.7).

Remark 1. The condition limy_ e NhiN = 400 or, equivalently, HfN < N
has a transparent meaning: N is the size of the system, whereas HEN is the
correlation length of the random walk with V), -area tilts. A precise statement
of this sort is formulated in Proposition 5 in Subsection 3.4 below.

In the case Vy(z) = Az, the typical height Hy = A3, ¢(r) = r and the ground
state ¢ is the rescaled Airy function:

wo =Ai(xr —w1) and eg= ﬂ, (1.18)
X

where —w; = —2.33811... is the first zero of Ai and x = ¢/ % Indeed, for ¢g
defined as in (1.18),

dz . d? 2
@AI(T‘) = rAi(r) = @tpo(r) = X" (xr — wi)po(r),

and one only needs to tune x in order to adjust to the expression (1.2) for L.

2. Proofs

The proof is a combination of probabilistic estimates based on an early paper [14]
and rather straightforward functional analytic considerations. We shall first ex-
press the partition functions Z;’V’:'Jﬁ , and, subsequently, the probability distri-
butions IP}’VV 4\ in terms of powers of a transfer operator T). For each A, the
operator Ty gives rise, via Doob’s transform, to a stationary positive-recurrent
Markov chain X* with path measure Py. In the sequel, we shall refer to X* as
to the ground-state chain. Following (1.17), the ground-state chains are rescaled
as SC)\(t) = hAXl)L\Iit'

The proof of Theorem A comprises three steps:
STEP 1. As A — 0, the finite-dimensional distributions of the rescaled ground-
state chains x) converge to the finite-dimensional distributions of the Ferrari-
Spohn diffusion z, . This is the content of Corollary 1 in Subsection 2.2.
STEP 2. Under our assumptions on p and on the family of potentials V), the
induced family of distributions Py is tight on C[—T,T] for any T' < oo. This is
the content of Proposition 4 in Subsection 3.3.
STEP 3. Under the conditions of Theorem A, the following happens: For each
T > 0, the variational distance between the induced distributions on C[—T, T of
IP’?\,V 4., and of Py tends to zero as N — co. This is the content of Corollary 2
in Subsection 3.4.
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Remark on constants. c1,vq, K1, C2, s, Ka,... denote positive constants which
may take different values in different Subsections, but are otherwise universal,
in the sense that the corresponding bounds hold uniformly in the range of the
relevant parameters.

2.1. The operator Ty and its Doob transform. In the sequel, we shall make a
slight abuse of notation and identify the spaces ¢,(N) with sub-spaces of ¢,(Z):

L,(N) ={¢ € £,(Z) : ¢(x) =0 for x < 0}.
For A > 0, consider the operators T, defined by
TAlB1(x) = 3 pye” H IR (), (2.1)

y
In terms of 'T')\, the partition function can be expressed as

3 (MWW Z8v TN (), (2.2)

For each A > 0, the operator Ty is positive on £,(N) and compact from £,(N)
to £4(N) for every p,q € [1,00] (we use {o(N) for the Banach space of functions
¢ € RY which tend to zero as x — 00). Indeed, {1, }«en is a basis of £,(N). Since,
for x,y > 0,

TA[L](y) = e_%(VA(X)+V>\(Y))pX7y7
it follows that

T)\[lx} B ANG) priye—%w(y)ly - ||TA[1X]||p < a3V prﬂle—%w(y).
y y

(2.3)

Hence, by the second condition in (1.13) and by the assumption on exponential

tails of p in (1.9), the closure {Tx[1,]} is compact in any £,(N) whenever A > 0.

Since T is a positive operator (and since, e.g., > 27"T% is strictly positive

and still compact), the Krein-Rutman Theorem [15, Theorem 6.3] applies, and

T, possesses a strictly positive leading eigenfunction ¢, (the same for all £, (N)

spaces, by compact embedding) of algebraic multiplicity one. Let E) be the

corresponding leading eigenvalue. All the above reasoning applies to the adjoint
operator T} with matrix entries

Ti(xy) = Taly,x) = e_%(VA(XHVA(y))pX_y. (2.4)

Let ¢} be the Krein-Rutman eigenfunction (with the very same leading eigen-
value F)) of Tj As Theorem A indicates, the relevant spatial scale is given by
hy = H/\_l. To fix notation, we normalize ¢ and ¢3 as in (2.19) below, that is
MY, (@) = 3, (65(x)* = 1. ]

It will be convenient to work with the following normalized version Ty of Ty:
for x,y € N, let us introduce the kernel

1 -~ 1
TAGY) = 5-Taboy) = E—Ae*ﬂ““)*vﬂy”pyfx. (2.5)

In this way, ¢ and ¢3 are the principal positive Krein-Rutman eigenfunctions
of Ty and T3 with eigenvalue 1.
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Ground-state chains. Define

Ta(x,y)aly) and 7i(xy) =

1
7T)\(X7y) = (ZST(X) ¢/\( )T)\(X y)¢)\( ) (26)

my and 7} are irreducible Markov kernels on N. The corresponding chains are pos-
itively recurrent and have the invariant probability measure p13 (x) = ca@3 (x)oa(x).

As we shall prove below in Theorem 2, limy_¢ h* =1
Notice that
pA()TA (%, y) = pa(y) T (Y, x) = eady (X) Ta(x, y)oaly)- (2.7)

In the sequel, we shall denote by Py the stationary distribution on NZ of the
(direct) ground-state chain which corresponds to 7.

Variational description of Ey and py. Let us_formulate a Donsker-Varadhan
type formula for the principal eigenvalue E of T or, equivalently, for the eigen-
value 1 of T).

Theorem 1.

1 =sup inf Z w(x) Talu] (x). (2.8)

Above, the first supremum is over probability measures on N, and
Up ={u=wv¢y : 0<infv <supv < oo}. (2.9)

Remark 2. Eventually, our proof of Theorem A will not rely on the variational
formula (2.8). Theorem 1 and its consequence, Proposition 1, are formulated and
proved in their own right, but also because they elucidate the type of variational
convergence behind Theorem 2 below.

Proof. As before, set hy) = H;l and consider the following functional:

Fa) = o sup 3 (L2

h? U
A u€ly xeN

(x). (2.10)

The coefficient h3 plays no role in the proof, it just fixes the proper scaling. The
claim of Theorem 1 will follow once we show that

Fxa(pxn) =0 and Fxa(u) >0 whenever p # uy. (2.11)

Taking u = ¢y, we readily infer that F) is non-negative. In order to check the
first statement in (2.11), we need to verify that

S 60 U g < (2.12)
xeN

whenever u = v¢y and v # 1. Let us write v as v = e”. Then, using the
notation (2. 6)

ZUA(X)i(l 7JA)U(X) =Y (1—e"me")ua(x) < (1 — e IrMtimmhly — g,

xeN xeN
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where we used again Jensen’s inequality and the invariance of py: g 7y = -
If 4 = g?py and g is bounded away from 0 and oo, then, taking v = gy,

3 o LT mey — 9(1)a (), (2.13)

xeEN

where 7 is the symmetrized kernel,

i) = 5 (00 y) + 1506 ), (214

By (2.7),
(o) = Zgj{j( 2= I00) 53 000m (1) + B3 0)0n ). (219

We claim that (2.15) still holds when g is not bounded away from 0 and oo. This
will follow if we show that there exists a sequence uy € Uy such that

lim SUPZHA (X)M < ZM,\(X)Q2(X)M

oo L w()eAx) ~ 9(X)ea(x)
=) g Talgaal(x).  (2.16)
xeN

Assume that g is not bounded away from zero and consider g, = g V % Then,

5 0?0 2L < 57 5 (g Talann] )

xeN ( xEN

By a monotone convergence argument, the right-hand side above converges (as
n — 00) to cx D ey @F (X)g(X) Talgpa] (). If, in addition, g is not bounded above,
then consider ¢, ;s = gn A M € U4 Define Ay = {x : g(x) > M}. Then,

Z/‘* (%) [gn MPA](X) < Z 1x ()82 (x )TA Qn% + Z 13 ()2 ().

xeN ( )QS)\( ) xZ A xEAN

Since limas o0 Y yea,, px(x)g?(x) = 0, the approximation procedure goes through
as claimed in (2.16). O

As a byproduct, we obtain the following

Proposition 1. The functional Fy is convex and lower-semicontinuous. It has
a unique Mminimum:

Falp) =0 < p=px. (2.17)

Furthermore, py is a quadratic minimum in the sense of (2.15).
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2.2. Convergence of eigenfunctions, invariant measures and semigroups. It will
be convenient to think about Ty and 7 as acting on the rescaled spaces ¢5(N}),
where

Ny = h\N and the scalar product is  (u,v)2 x = h) Z u(r)v(r).  (2.18)
reNy

Accordingly, we rescale ¢ and ¢} in such a way that

[@all2 = l@Xll2x = 1. (2.19)

We use the same notation py = ca¢r¢3 for the rescaled probability measure on
N,. In other words, the constants ¢ are defined via

h
= Y a0R0 o = 6r 63 (2.20)

C
A reNy

where ¢ and ¢} are the principal eigenfunctions satisfying the normalization
condition (2.19).

Remark 8. As in the case of ¢,(N), with a slight abuse of notation, we shall iden-
tify £5(Ny) with a closed linear sub-space of ¢5(Zy), where Zy = h)Z. Namely,

lo(Ny) ={u € ly(Zy) : u(r) =0 for all r < 0}. (2.21)

In this way, if k) is a kernel on Z,, then the operators
u() = Leny, Y ka(s—Ju(s) and u(-) = Len, D k(- —s)(u(s) —u()),
sEZx SEZ

can be considered as operators on £3(Ny). Accordingly,
> kals = n)(u(s) — u(r))u(r)

S,rEZ

is a quadratic form on ¢2(Ny).

In the sequel, we shall write py(r) = pm,, for the rescaled random walk kernel

on Zy.

Convergence of Hilbert spaces. Let us fix a map py : Lao(Ry) — £o(Ny) with
llox]l < 1. The specific choice is not really important; for instance, we may
define

pau(r) = hi/rh u(s)ds. (2.22)

Definition 1. Let us say that a sequence uy € ¢3(Ny) converges to u € La(R4),
u = s-limuy, if

lim HU,\ - p,\u| 2, = 0. (223)
A—0

We shall write lim)y_,o instead of s-limy_,o whenever no ambiguity arises.
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Compactness of eigenfunctions. The following two probabilistic estimates will
be proved in Section 3.

Lemma 1. Define ey = —H3 log E. Then,

0 < liminfey < limsupey < oo. (2.24)
A—=0 A—=0

As we already noted, it follows from the compactness of T, that the eigen-
functions ¢, and ¢} belong to ¢,(Ny) for any p > 1 and A > 0. The second
probabilistic input is a tail estimate on ¢, and ¢3.

Lemma 2. There exist positive constants vy and vy such that

h)\ Z ¢A(r)1{r>K} S Vle—uzKH)\(\/VA(HAK)/\l) S Vle—uQK(\/qo(K)/\HA)’ (225)

reNy

uniformly in K > 0 and A < A\og. The same holds for ¢}. In particular, both
sequences ¢y and ¢3 are bounded in ¢1(Ny):

lim sup h Z oa(r) < oo and limsuphy Z $r(r) < 0. (2.26)
A—0 rEN, A—0 rEN,

Using the two lemmas above and Rellich’s theorem (see, e.g., [2, Chapter 6])
on compact embeddings of the Sobolev spaces H'[a,b] into La[a,b] for finite
intervals [a, b], we shall prove the following

Proposition 2. Under our assumptions on Vy and p, the sequence ¢y is sequen-
tially compact (in the sense of s-convergence as described above in (2.23)).

Proof. The proof comprises two steps: We first show that we can restrict atten-
tion to the compactness properties of the functions ¢, defined in (2.27) below.
We then check that the sequence ) satisfies the energy-type estimate (2.33),
which enables a uniform control of both tails of ¢, and of their Sobolev norms
over R, . In this way, sequential compactness follows by a standard diagonal
argument.

STEP 1. In view of Lemma 2, rather than studying directly the functions ¢y, we
can instead study the convergence properties of the functions

Pa(r) = e*%VA(HM)(bA(r)_ (2.27)
Indeed, by (2.25), there exists a sequence d5 — 0 such that
lim hy Y X)L (rn>60) = 0- (2.28)
reNy

So, (2.28) implies that the norm of the difference ||¢n — ¥x||2,x tends to zero,
and hence ¢, — 1) tends to zero in the sense of Definition 1.

STEP 2. In terms of ¥y, the eigenvalue equation 'T',\@ = E)\¢, reads as (recall
Remark 3)

Y pals = n)(@als) = 9a(n) = (Exe™ 0 — 1)y (1), (2.29)

SEZ



12 Dmitry Ioffe, Senya Shlosman, Yvan Velenik

Multiplying both sides by —,(r) and summing over r, we get

_ 2 Va(Hxr) _
hx Z pals — r)( wA(r)i/D}l(QS) h 7%\(")) + hy Z CEC— 2 17/&(0 =0.
r,s€Zx A reNy A

So, for the symmetrized kernel py(z) = (px(z) + pa(—2))/2, we obtain

r eVA(HM) _
3 ﬁA(S—r)(%) ey Bxe 7o ley Z 0. (2.30)
reNy

r,sEZx A

In view of Lemma 1, we may assume that there exists € < oo such that, possibly
going to a subsequence, the limit e = lim)_,g e) exists and satisfies e < &. So, we
may assume that Ey > e~ Recall also our assumption (1.16) on the growth
of V. Let T = sup {r : qo(r) < €}. Then, (2.30) implies that

By S pals - r)(w(S)}; ¢A(r))2

r,sE€Zx A

+ha Y ao(NUi(n) <ellallsa. (2:31)

r>r

By construction, ||1,/J,\H%,>\ <1 and, as we have already mentioned, (2.28) implies
that actually limy o [[9a]3 , = 1.

Furthermore, since p is an irreducible kernel, there exists § > 0 and a finite
sequence of integer states xg, X1, . .., X, With Py, _x, , > d, which connects xg =0
to x,, = 1. Therefore,

3 ﬁA(S_T)(%(S)};w(f)) > 72 3 (%() ¢A(r*hx))2’ (2.32)

n h)\
r,SEZx reNy

where we use the elementary inequality

1
(20 —21)* + (21— 22)° + ... + (2n—1 — 20)* = = (20 — 2n)?,

3

valid for all real z;. The additional 1/n in the prefactor 1/n? in (2.32) is due

to the fact that each term (1) (s) — ¥x(r))? is used in this way at most n times.
Together with (2.31), this implies the existence of two finite positive constants
c1 and co such that

eihy Y0 (20 ;fi(r PV Y ) < e (2.33)

reNy r>r

This is the desired energy estimate, which holds for all A > 0 small.

The rest of the proof is straightforward. Let ¥, be the linear interpolation of
y: for r € Ny U {0} and ¢ € [0, 1],

A(r +thy) = (1 = )Pa(r) +tPa(r + hy).

The relation (2.33) and lim, o go(r) = oo imply that lim, ;oo [[¥al{rsp} (2 = 0,
uniformly in A small. On the other hand, the very same (2.33) and Rellich’s
compact embedding theorem imply that, for any n < oo, the family ¥x1,<, is
subsequentially compact in Ls[0, n]. Alternatively, (2.33) implies that the linear
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interpolations ¥y are uniformly continuous on [0, n] for each n fixed. We conclude
that the family @) is subsequentially compact in Lo (R4 ).

Remember how the map p) was defined in (2.22). Since ¥, is the linear in-
terpolation of ¢y, and since limy_,g k) = 0, the energy estimate (2.33) evidently
implies that

;lg}) lx — paWall2,x = 0.

Hence, 1 is subsequentially compact as well. 0O

Convergence of semigroups. Possibly going to a subsequence, we can assume
that limey = e. We shall rely on Kurtz’s semigroup convergence theorem [11,
Theorem 1.6.5]: Define
T, -1
LAf(r) = = 1(0). (2:34)
A

The following two statements are equivalent:

(a) For any uw € U, one can find a sequence uy € ¢3(N)) such that both
limy 0 uy = v and limy_,o Lyuy = (L 4 e)u.

(b) If lim)\~>0 f)\ = f, then hm)\ﬁo Tg\Hitj f)\ = e(L‘i‘el)tf.

The above equivalence holds provided that the operators T, are linear contrac-
tions (which is straightforward), and that e(***)* is a strongly continuous semi-
group with generator L+ el, but that’s exactly how it was constructed, see (1.6).
Recall that the core U consists of finite linear combinations of eigenfunctions ;.
Equivalently, we might have considered U’ = C3[0, 00). Indeed, if (o is a smooth
function which is 1 on (—o0,0] and 0 on [1,00) and if xg(r) = xo(r — R), then,
for any j,

lim xrp;=¢; and  lm Log(xrej) = Logp; = —Gie;- (2.35)
—00

R—o0

Above, both convergences are pointwise and in Ly(Ry). In order to check the
second claim in (2.35), just note that

2

g
Loq(XrPj) = —Cips + 7(%%'1% + 2¢5XR),

and the conclusion follows, since both ¢; and <p;- belong to L2.
Consider, therefore, u € C2[0,00). Define uy(r) = u(r). Clearly, limy_,quy =
u. On the other hand (see Remark 3),

1 Vy (H\r)—Vy (Hys)
E)\GVA(HM)L,\U)\(I’) = th(Z p,\(s—r)e — 2 —
A SEZA

1 Vi (Hyr) —Vy (Hys)
:h—QZp,\(s—r)(e ST w(s) —u(n) +
A S

u(s) — EAeV*(H”)u,\(r))

1 — Eye"A(Han
h—Qu(r) (2.36)

by
Choose R such that supp(u) € [0, R]. Possibly going to a sub-sequence assume
that e = lime) exists. Then, by our assumptions on V), the second term con-
verges to (e — ¢(r))u(r), uniformly in r € [0, R].
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As for the first term in (2.36), note that, since ux(s) = 0 for s > R and
pa(s—r) < e~ cHls=rl e may restrict attention to r,s < R+ 1. But then, again
by our assumptions on V), the quantity

[(VA(H)s) = VA(HAr)pa(s = )| = B3 [(a(s) — (1)) pa(s = )] + o(h3) = o(h3).

Finally, by our assumptions (1.9) and (1.10) on the underlying random walk,

02
>~ pals = )(uls) — () = T (),

SEZ

I 1

im —

A0 h3

in the sense of Definition 1.
We have proved:

Proposition 3. Under our assumptions on Vy and p, the following convergence
(in the sense of Definition 1), holds uniformly in t on compact subsets of Ry : If
limg o0 €y, =€ and limg_o0 fr, = f, then

. LHS, t] e
A, Ty "y = ettty (2.37)

Convergence of eigenvalues and eigenfunctions.

Theorem 2. Under our assumptions on Vy and p,

=1 =1 =1 3 d lim = =1. 2.38

% ADp SN ¥o Alg%)(b’\ Algb% N i ha (2.38)

Proof. By Lemma 1, the set {e)} is bounded and, by Proposition 2, the set

{éx} is sequentially compact. Let A \, 0 be a sequence such that both e =
limy o0 €y, and ¢ = limy_o @), exist. Then Proposition 3 implies that

— e(L—',—el)t

¥ ®-

By compactness, ||¢]l2 = 1. In other words, ¢ is a non-negative normalized
Lo (R4 )-eigenfunction of L with eigenvalue —e. Which means that ¢ = ¢ and
e = (p. Exactly the same argument applies to ¢3.

By construction (see (2.20)), 1 = cx Y, @A()P(r) = 2 (da, #3)2,2- Since,

1
by the second assertion of (2.38), lim_o(¢x, ¢3)2.1 = [[pol3 = 1, the last claim
of Theorem 2 follows as well. O

Convergence of finite-dimensional distributions. Recall our notations P, and
P, 4 for the path measures of the ground-state chain X,, and the Ferrari-Spohn
diffusion z(t). Recall also our rescaling of the ground-state chain: 2 (t) = hxX| g2,

Corollary 1. For any k, any 0 < s1 < so < --- < s and for any collection of
bounded continuous functions ug, . ..,ur € C,(R4),

lim Ex{uo(zx(0))us(z(s1)) -~ ur(2a(se))}
= Eq q{uo(z(0))ur(x(s1)) - - - u(a(s))}.  (2.39)
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Proof. Set sp = 0 and t; = s; — s;_1. Since uy = cax@3¢x and in view of the
expressions (2.6) for transition probabilities 7y of the ground-state chain, the
rightmost asymptotic relation in (2.38), and (1.8) for Ferrari-Spohn semigroups,
the target formula (2.39) can be written as

2 2
hm h Z (b/\ U 0( )TLHAtlJ ( /\71—|—£\H)‘t2J (u,)\,Q .. TkH)‘th (UA,k¢A) . ))(r)
reNy

= /OOO wo(r)ug(r)Th (uth2 (u2 T (uggpg) - - - )) (r)dr, (2.40)

where u) ; and u; coincide on Ny. Theorem 2 implies that limy_.o ¢» = ¢¢ and
limy—0 ¢} = @o. Hence, by induction, (2.40) is a consequence of Proposition 3
and the following two elementary facts:

(a) If limwvy = v and uy(r) = u(r) with u being a bounded continuous function,
then limy_,q vauy = vu.
(b) If limuy = w and lim vy = v, then limy_,o(ux, va)ox = (u,v)e. O

3. Probabilistic tools

The derivations of the probabilistic estimates given below are based on the tech-
niques and ideas developed in [14]. Nevertheless, because our setting is slightly
different and for completeness, we provide detailed proofs. In addition, one of
the needed claims from [14] (Theorem 1.2 therein) contains a mistake, which we
correct here.

Recall our notation 75]li,v+ = P’x.4 - As before, given apath X = (X1,..., Xn),
set p(X) = TIN5 px.,,—x,. Define P2 = Usez. PyY, and consider the parti-

tion functions N
%] — S0 (X
Z;'v+ \ = E e~ Lim (X p(x).
XePy?,

More generally, given any subset C C PN +» we denote by

2355000 =Y e E X p(x),
XecC

the partition function restricted to paths satisfying the constraint C.

3.1. Proof of Lemma 1. The proof will rely on the following identity which,
exactly as (2.2), is straightforward from the very definition of Ty in (2.1):

L . .
235 = e PROTH A (),
where fy(z) = e 2YA(®)_ Since fy is positive,

1
log B = lim — log Z35 5 (3.1)
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9K Hy,

Fig. 2: The construction for the lower bound in the proof of Lemma 1.

for allu € Z*. In particular the claim of Lemma 1 will follow from lower and
upper bounds on z% N, + y for finite values of N and A. In the sequel, we shall

allow rather general values of the boundary condition u. Of course, to derive the
claim of Lemma 1, we could as well take u = 0.

We shall compare the tilted partition functions ZAR,%F 5 and ZA]“\}ﬁ,O. The latter
equals to the probability that the random walk starting at u stays positive for
first N steps of its life. This probability is evidently non-decreasing with u and,
as is well known (see for instance [3]), it is of order N1 for u = 1. In particular,

lim Nlog ZNJrO 0, (3.2)

N—o0

uniformly in u € N.

Lower bound on ZA}’ViA and upper bound on ey. We claim that there exist finite
constants € and ¢; such that, for any K > 1 fixed,

237\ > e NIk VK ue (3.3)
uniformly in A small, 0 <u < KH) and
KH?
N>A=AK\=——2_. (3.4)
q(2K)
In view of (3.1) and (3.2), this implies that ey = —H3log E) < €& for all A

sufficiently small.

In order to check (3.3), we restrict the partition function to trajectories made
of two pieces (see Figure 2). The left part is used to bring the interface below
H); in the remaining piece, the interface remains inside a tube of height H).

We consider the events !

D ={XePy5 : max X;<2KH\ Xa€[+H,, 2H,]},
: i€{l,...,A}
Dy ={XePv? : max X;<H,}.
M { N,+ i€{An N} = /\}

1 Here and several times in the sequel, we assume numbers like A to be integers whenever
it is desirable.
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Fig. 3: The event By occurs if the path visits both leftmost and rightmost shaded
areas. The event Cj occurs if, in addition, it also visits the third one.

Then

Z35 = e ANCERIN=IN=OVAEN oD N Dy | PR ZN5o-
By the assumptions (1.14) and (1.15), H{Vi(rH,) < 2¢(r) uniformly in r €
[0,2K], for all X sufficiently small. Hence, for such A, the exponent in the right-
hand side is bounded below by e~ 2% q(2K)=2NH;”
It remains to estimate p(Dr, N Dy | P]uvi) By the invariance principle (for a
random walk conditioned to stay positive; see first [4, Theorem 1] and then [8,
Theorem 1.1]),

o u,o —co K 2K
liminf p(Dy [ Py7) > e 2KV,

for some absolute constant co > 0, provided that A be small enough.
On the other hand, letting D' = {supg<;< gz Xi < Hx}N{ X2 € [LH\, 2H,\]},
it follows from the Markov property that

inf  p(Dy|Xp=0X;>0VA<i<N)
56[%1%%1%]
[N/H3
> { inf  p(D'|Xo =0, X, zomgigﬂi)} ’
¢e[3Hx 2 H)
> p—caNH?

Upper bound on ZAJL{,?_ \ and lower bound on ey. We claim that there exist A>0
and a positive constant e such that

-2

Su,J —eNH Su,J
IN4A ST IN o (3.5)

uniformly in u > 0, N > Hf and A < .

Let us fix some small € > 0 (which does not have to be very small; one can
optimize over it at the end of the proof). The idea behind the proof is that a
typical trajectory has many disjoint segments of the length at least eH3, which
are at a distance at least \/eH, from the wall.

We partition the interval {1,..., N} into Ny disjoint intervals by, ...,by, of
length er and, possibly, one additional shorter rightmost interval.
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We say that the event By occurs if (see Figure 3)

max X; > 2v/eH) and max X; > 2veH,. (3.6)

i€bag_1 i€bagpy1

Let us denote by G the number of indices k for which the event By occurs. It
follows from the CLT that there exists x1 > 0 such that

inf X; > 2v/eH VW . .
ool e, X > 2VEH | Pl 1) > . (37)

Observe that the events {maxicp,;, , X; > 2y/eHy}, j =1,...,Ny\/2, are condi-
tionally independent given the trajectories in the intervals boy. As a result, (3.7)
implies that there exists ko > 0 such that

p(G < %/{%NA | ’ﬁ}{[’i) < e relNx, (3.8)

uniformly in u.
Similarly, let us say that the event Cj occurs if By occurs and (see Figure 3)

min X; < \/EH)\,

i€bog

and let us denote by G’ the number of indices such that Cj occurs.

The occurrence of Cj, enforces a downward fluctuation at least as large as
V/eH, on a time interval of length at most 3eH3. The functional CLT [9, Theo-
rem 2.4] implies that such an event has probability at most k3, for some k3 < 1,
uniformly in A small. This implies that there exists x4 > 0, such that

> 1+H39}

p(G’ > — PU? .G = g) <e M9, (3.9)

N+
uniformly in u and g. Altogether, (3.8) and (3.9) yield

17/433

p(G-G < k2N | 75;,%_) <ersa < e—roe THYPN (3.10)

The quantity G — G’ provides a lower bound on the number of disjoint intervals
by, of length eH$ such that min;ep,, X; > /€H,. Therefore,

N
D WX > (G = G)eHV (VeH,) > (G — G)eqo(Ve) > hrgo(ve) H; N,
i=1
(3.11)
whenever G — G’ > k7N). Take k7 = %ﬁ%. The conclusion (3.5) follows
from (3.10) and (3.11). O
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2M

Fig. 4: The last exit decomposition in (3.14). After time N — r, the path cannot
visit the shaded area and has to end up above level 2M.

3.2. Proof of Lemma 2. We shall prove Lemma 2 only for ¢3. The proof for ¢,
is a literal repetition for reversed walks. For the sake of notations, we shall think
of Ty in (2.5) as acting on non-rescaled spaces ¢3(N), with the norm

(u,v)2 x = hx Z u(r)v(r).

reN

Compare with (2.18).

Similarly, we shall think of ¢) and ¢3 as of functions on N. Recall the nor-
malizing constant ¢, which was introduced in (2.20), and recall that py(x) =
exga(x)¢i(x) is the invariant measure of the positively recurrent chain on
with transition probabilities 7y specified in (2.6). Define gas(x) = 1izsary
> o L. Then,

Iz

N—o0 A IM A N—o00 . xgl\:/[ ¢)A(X) A x>M ¢>\(X) (312)
— i) Y 619,
x>M

for any A > 0.

For v > M and k > 0 let Q\,g]\f be the family of k-step paths X = (xg, ..., xk)
which start at v, xg = v, stay above level M, and end up above level 2M,
X > 2M. We employ the notation (see (2.5))

k
Ty = > J]Talki1.%). (3.13)

xegpll 1

By convention, T?\{Qé’)i\f = 1{somy-
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Let us fix 0 < y < M and consider paths X € 75}/\,®+ ending up above level
2M, Xn > 2M. By the last exit decomposition from {1,..., M} (see Figure 4),

Tomly) =D > ZTN LS )Tl ) TR

u<Mv>M r=1

N—-1
e _  Vy(u >+v ™
=3 Y S T T M WE e 2 TN

u<Mv>M r=1
(3.14)

Taking the limit N — oo, we infer from (3.12), (3.14) and positivity of ¢, and
¢y that

Z ¢§ Z ¢)\ Z E,\ Dv—u€ VA(UHVX(V) ZT (3'15)

x>2M u<M v>M r>0

Let us try to derive an upper bound on

VAWV )
max E/\ Py_uve” 2z ZT (3.16)
- v>M r>0

For simplicity, we shall prove directly the second inequality in (2.25). The
arguments rely on the lower bound H;Vy(M) > go(haM). If instead we keep
track of the original quantity H3V, (M), then the first inequality in (2.25) will
follow.

By Lemma 1 and by our assumptions on p and V),

Vy(+Vy(v)

E'py_ye™ " 2 < exp{—c1h3 (qo(haM) — 1) — co(v — M)}. (3.17)

On the other hand, Lemma 1 and crude estimates on the values of the potential
V above level M and of the hitting probability of the half-line {2M,2M +1,...}
by an r-step random walk which starts at v imply that, for r» > 1,

QUMY < EyreRaetaMp (xS 90 — v)

(2M — v)i

< exp{—@h%\r(qo(h,\M) —1)—c A(2M — v)+}.

(3.18)

Indeed, the second term in the exponent on the right-hand side above follows

LL‘Z
from the exponential Markov inequality p(X, > a) < At

The right-hand sides of both (3.17) and (3.18) are already independent of u.
Let us sum over v > M. If r = 0, then v has to satisfy v > 2M. Using (3.17),

Z E/\_lp\,_ue*w < exp{—c5(h3(qo(haM) — 1) + M) }. (3.19)

v>2M

For r > 0, we take advantage of both upper bounds (3.17) and (3.18) above:

V)
Z e—cz(v M)—cq—FFA(2M—v) <e _CG&AM (320)
v>M



An invariance principle to Ferrari-Spohn diffusions 21

Putting things together for M = H) K, we conclude that the expression in (3.16)
is bounded above by

HyK)? o
e_C7H*K—|—ZeXp{—CS (hg\rqo(K)—i— HAK) /\H,\K)} < eppe” KWV aoFON)
r
r>1
(3.21)
uniformly in K > 0 and A sufficiently small.
Coming back to (3.15), we infer: For any K > 0 fixed,

Y ) < enem =RVRUDY Tl (), (3.22)
x>Hy\K X
for all A < Ag(K). Notice that ), ¢3(x) < co by compactness of T .

Let us return to our basic rescaling (2.19) of ¢ and ¢} as unit norm elements
of £3(Ny). The bound (3.22) can be rewritten as

i 3 65(1) < enpe KV gt . (3.23)

r>K

Since hy Y- < g #3(r) < VK| ¢llaa = VK, we conclude that {[¢%[l1a} is a
bounded sequence. The bound (2.26) and, in view of (3.23), also (2.25) follow.
O

3.8. Tightness of (x),Py). Fix any T < oo and consider the family of rescaled
processes x) defined in (1.17). Precisely, ) is the linear interpolation of the
rescaled stationary ergodic ground-state chain X = X* with transition proba-
bilities 7y defined in (2.6) and invariant distribution py. With a slight abuse of
notation, we shall continue to use Py for the induced distribution of x,(-) on
C[-T,T].

Proposition 4. The family (xx,Py) is tight on C[-T,T].
Proof of Proposition 4. Recall that the invariant measure py at A > 0 is given

by px = capadi. Thus, by Theorem 2, the sequence {x(0)} is tight. It remains
to show that, for each e, v > 0, there exists 6 > 0 such that

Py (012?%(5 lza(t) — 22 (0)] > €) < V6. (3.24)

For any event A € o(X,, : 0 < n < §H?), and for any x,y € N, let us define
Ay = {X CA: Xyg=x, Xsmz = y}. As in (3.13), we employ the notation

SH3

T(E\Hi{Ax,y}: Z HTA(XFhXi)- (3.25)

XeA 1

for the corresponding restricted partition function. In this way,

Pa(d) = ex 3 63 00T M Ay o (y). (3.26)

x,y€N
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Since V) > 0,
2
TV Ay} < e R l08 Pap(4, ).

By Lemma 1, {—e) = Hi log E,} is a bounded sequence. In the case of

A= { max _|X,, — Xo| > eHA},
0<n<é6H?

the upper bound on the probabilities
h <2
p(Ax,y) < Hlj%e—nzT/\(eHA) (327)

holds uniformly in d,e > 0, x,y € N and A small. By Theorem 2, cy/hy is
bounded. Putting things together, we infer that

1 — ko S A(e —31lo *
$PA s 1) = 230> ) < o7 EAIRENE 5 65 )0n )
X7y

—;-:,2%/\(5H>\)—% log6||¢§

= Kge lalloallin, (3.28)

uniformly in 6,e > 0 and A small. Since ||¢,|1,x and [|¢%||1.x are bounded and
since H) is bounded away from zero, we are home. O

3.4. Asymptotic ground-state structure of ]IF"“]\’,VJr s Letusfix C>0and T > 1.
For A >0, u,v<CH) and N > ZTHE, we are going to compare the restriction
P‘]’V"f)\ of Py, y to the o-algebra

Far=o0(X; : —=TH; <i<THj})

with the restriction IP’; of Py to Fi 1.

Proposition 5. There exists ¢c; > 0 and K = K(C,T) < co such that
[P = B lvar < 2071V, (3.29)

uniformly in X\ small, N > (T + K)H3 and u,v < CH,. Above, || - ||var is the
total variational norm.

As an immediate consequence, we deduce the following

Corollary 2. Let Ay be a sequence satisfying the assumptions of Theorem A. Let
C,T < oo be fized and assume that the sequences uy,vy € N satisfy uy,vy <
CH), . Consider the sequence of processes xn(-) = xx,(-) defined via linear

interpolation from (1.17). With a slight abuse of notation, let IP’”]\’,VjirTA and IP’{N

denote the induced distributions on C[—T,T] of}P’u]\}V+ A~ @nd, respectively, of the
s THAN
direct ground-state chain measure Py, . Then,

; u,v, T T —
J\}E}noo ”PN,+,>\N =Py llvar = 0. (3.30)
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nH) \:/ VW

7

a8

Hj

Fig. 5: The interval Ij is 7-good if both paths X' and X? stay inside the shaded
area and take values smaller than nH) at the boundaries of the interval.

Proof (Proof of Proposition 5). We shall use a coupling argument, consider-
ing two independent copies X' and X? of the process, with possibly different
boundary conditions.

The first step is to show that we can typically find many pieces of tubes of
length H% and height of order H) inside which both paths are confined.

Let us first split the interval of length 2N + 1 into

m = [(2N + 1)/H3)

consecutive disjoint intervals Iy, I, ..., I,,, of length Hf (plus, possibly, a final
interval of shorter length). We say that the interval I, is n-good if (see Figure 5)

maXXi1 < 2nH)y, maXXi2 < 2nH)
icly icly,

and the values of X;;i = 1,2, at the end-points of I} are less than nH).
Lemma 3. Given the realizations of the two paths X' and X2, let us denote by

M the number of n-good intervals of the form Isiia, 0 < k < m/3. Then, there
exist n, co >0, p >0 and Ky < oo such that

0,0 u,v —eoNH?
PN7+,>\®PN,+7,\(M < p%) < g2 NHY

uniformly in X small, 0 < u,v < CHy and N > KyH3.

Proof. We first show that it is very unlikely for X' or X? to stay far away from
the wall for a long time. Indeed, let us write B for the number of intervals I
such that min;ey, X; > nHy. Then, for any € > 0, there exists 7(C, €) such that
for all n > n(C,e),

IP’“I\}\:+7/\(B >em) < efCSNH;Q7 (3.31)

for some constant ¢z > 0, uniformly in 0 < u,v < C'H). Indeed, on the event
B >em,

N
> Va(Xi) = emHVa(nHy) > €qo(n)(2NH,* — 1),
i=—N

which provides an upper bound on Zy", \[B > em].
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Z 7

13141 L3112 I3 13
- g
Hj

Fig. 6: When mingery, Xi1 < nH) and minjery, 4 XI.1 < mH), there is a uni-
formly (in A) positive probability that max;erg, X} < 2nH), while taking values

smaller than nH) at the boundary of I3;4o (black dots). The white vertices corre-
spond to the position of the path at times K,lc and ri.

Remark 4. A similar argument applies for the stationary measure Py. This means
that we may derive our target (3.29) for Py(-| X_n, Xy < nH)) instead of
deriving it for P itself.
The claim (3.31) then follows by using the lower bound (3.3) on the partition
function (and taking 7 large enough).
Let us say that the triple (Isg41, Isg+2, Isk+s) is potentially n-good if (see
Figure 6)
min X} <nH,, min X? <nHy, min X} <nH,, min X? < nH,y.
€13k +1 1€13541 €13k +3 €13k +3
Let us denote by M the number of potentially n-good triples. We deduce from (3.31)
that, for any € > 0, we can find 7 such that
0,0 u,v "~ —c -2
Py @PYL (M < (1)) <emeMih7,

for some ¢4 > 0.
Now, given a potentially n-good triple (Isg+1, I3gt2, Isk+3), let

Ek = min {Z S I3k+1 : )(21 < ’I]H)\} R 7‘]%3 = max {’L € ng+3 : le < nH)\} .
Conditionally on X zll and Xrll, the probability that Xi1 < 2nH) for all é,lc <
k

1< ri and that both walks sit below nH at the end-points of I5;42 is bounded
away from zero, uniformly in \. Indeed, uniformly in x,y < nHy, n < 3H3 and
1<k<m<n,

PZ’,erA(m?XXil < 2nHy; Xj, < nHx; X\, < nHy)

> ¢~ 0a(2m) Pl o (m?XXil < 2nHyx; Xj, < nHy; X, <nH,),
since nVy(2nH),) < 6q(2n) (and ZA;i)\ < 1). That the latter probability is
bounded below is a consequence of the invariance principle.

The claim of the lemma now follows easily, since, conditionally on the pieces
of paths between rj_; and ¢}, these events are independent (and since the same
argument can be made independently for X2). 0O

Now that we know that we can find O(N H; ?) n-good intervals, the main obser-
vation is that, inside each such interval, there is a uniformly positive probability
that the two paths meet. Let us make this more precise:
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Definition. For § < m < n, let Ry, [n] be the set of paths X = (Xy,..., Xp)
satisfying X7 = x, X;, =y and 0 < X; < 2ny/n,i = 1,...,n. We shall employ
the short-hand notation R}Y[n] = R}, [n]; the argument 1 will often be dropped
when no ambiguity arises. We also set Ry%:." = RY,, [0o].

Proposition 6. There exists ng > 0 such that the following happens: For every
1 > no, one can find ng = no(n) € N and p = p(n) > 0 such that

Py o ® PR o(3i s Xi = X7 | R X R™Y) > p, (3.32)
uniformly in n > ng and x,y,z,w € (0,17y/n] N N.

Proposition 6 is a statement about random walks with transition probabilities
p. We relegate the proof to the Appendix and proceed with the proof of Propo-
sition 5.

First of all pick n = H? and note that, in view of Assumption (1.15), the
following happens: For any x,y < nH) and any path X € R%Y[n], the value of
the potential satisfies

0< > Va(Xy) < nVa(2nv/n) = HVA(2nH.) < 2q(2n), (3.33)
1

for all A sufficiently small. In fact, (3.33) was precisely the reason to introduce
the notion of n-good intervals. An immediate consequence of (3.32) and (3.33)
is that

P 2 © P (30 X} =X} Rz X Rijz) 2 pe” 9B, (3.34)
for all A sufficiently small. The formula (3.34) provides a uniform lower bound
on probability of coupling inside an g—(good interval.

Consider the product measures ]PJ\}, toan @ ]P’lj\,v iy Let M be the event that
the paths X' and X2 meet both on the left and on the right of the segment
[-T,T]. It follows from Lemma 3 and (3.34) that there exist K = K(C,T) and
cs5 > 0 such that

0,0
Py

ra @ PR (M) 21— em VIR, (3.35)

uniformly in A small, u,v < CHy and N > (K 4+ T)H,.
For { < —TH3%,r > TH} and x,y € N, let M) C M be the event that ¢

is the leftmost meeting point of X', X2, and X} = XeQ = X, whereas r is the
rightmost meeting point of X!, X2, and X! = X2? =y. In this notation, M is
the disjoint union, M = UM
Let A € Fy r. Then,
) 0,0 )
PUN\:+,)\(-’4) = PN,+,>\ ® P;lv\,/Jr,/\(-Q x A)
= P?\??+,A ® Pllj\}\,/Jr,)\(Q x A; M€) + ZP(J)\}?Jr,)\ ® IEDu]\’f\,/jt.,,\(g X A; M?i)
L,r
Xy

However,

0,0 u,v . xyy\ _ 0,0 u,v . XY
PN @ PN A (2 AMT) =PyL \ @PYTL (A X 2 M),
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Therefore ,
v 0,0 0,0 v c
PN a(A) =Py (A S PR @PY (M),

which, in view of Remark 4 and (3.35), implies (3.29). O

A. Proof of Proposition 6

We shall employ here our original notation p for the path measure of the un-
derlying random walk. Our argument is based on the second moment method,
which is put to work using the following input from [6,9]:

Bounds on probabilities of random walks to stay positive. There exists 1, such
that for any n > 7y the following happens: One can find ng = ng(n), c1 = c1(n)
and cg = c2(n) such that

Xy X, Xy
! Tl3/2 S p(Rn,ym [77]) S CQW: (A].)

uniformly n > ny, % <m < nand 1< xy < nyn. Indeed, in view of the
invariance principle for random walk bridges [9, Theorem 2.4], the restriction
X; < 2ny/n may be removed from R}Y,[n] in the following sense: There exists

¢ =c¢(n) € [1,00), such that

1< —+—= <c(n), (A.2)

uniformly in n > ng, § < m < n and x,y < ny/n. Hence, the two-sided in-
equality (A.1) can be verified along the lines of the proof of Theorem 4.3 in [6],
where a stronger asymptotic statement was derived for a more restricted range
of parameters.

Let 1 <x,y,z,w < ny/n and consider now the product measure,
pRp([Ry [n] x RE™Y [n]) .-

Let N be the number of intersections of the two replicas X! and X? during the
n 2n

time interval %, %] below level ny/n. Precisely,

) i
N=#{tels. T XP=XP<nvn} =3 Y lpgexioy  (A3)

=% uny/n
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2ny/n

Fig. 8: The decomposition of p ® p(N? | RY x RE™).

Lower bound on the expectation p ® p(N | R%Y x RE™). The expectation

2n
3

PRPWN IR xRE") =D Y &u(luixy, z,w),

=% ulnyn
where (see Figure 7)

P(RLP(R PRy )P(Ry 7o)

n,f n,n—~ n,n—~¢

P(R,)P(RY)

én(& U;X7y7ZaW) =

By (A.1), )
u
dsn(&U;X,%ZaW) > CSﬁa

uniformly in all the arguments in question. Consequently,
p@pWN [ RYY x RY™) > ca(n)v/n, (A.4)

also uniformly in x,...,w < ny/n.

Upper bound on the expectation p @ p(N? | R%Y x R%Y). The expectation
2n
3

£,m=3% uv<ny/n
<m

where (see Figure 8)

PR )P(RY )Pm—e(u,v)2p(RyY, )P (R )
p(RY)P(RYY) '

n, 4 n, 4

gjn(& u;m,viXx,y,z, W) =

(A.5)
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Above, p,(u,v) is a short-hand notation for p(X, = v| Xy = u). The inequality
in (A.5) is due to the fact that we ignore the positivity condition on the interval

) pm—@(”v V)2

Wn(& u; m,v;x,y,z,w) < 06(77 n

)

uniformly in all the arguments in question. Consequently,

IS

2n
3

Z Z W, (6 u;m, vy Xy, z,w) < qﬁinr(O,v)Q.
r=0 v

£m=% uv<n/n
<m

The double sum on the right-hand side above is equal to the expectation of the
number of intersections of two independent p-walks during the first % steps of
their life. It is bounded above by cgy/n. We conclude that

PR pN?|RYY x REW) < con. (A.6)

The lower and upper bounds (A.4) and (A.6) imply the existence of v =
v(n) > 0, such that

PR PN R x RZY) < v[p @ p(N | R x RE™M))?, (A7)

uniformly in x,y,z,w < ny/n. Set £ = p ® p(N | RS x R%Y). By the Paley-
Zygmund inequality,

N2
0@ p(N > af | RXY x REw) > L= (A.8)

v

for every a < 1. (3.32) follows.

References

1. D. B. Abraham and E. R. Smith. An exactly solved model with a wetting transition. J.
Statist. Phys., 43(3-4):621-643, 1986.

2. Robert A. Adams and John J. F. Fournier. Sobolev spaces, volume 140 of Pure and Applied
Mathematics (Amsterdam). Elsevier/Academic Press, Amsterdam, second edition, 2003.

3. L. Alili and R. A. Doney. Wiener-Hopf factorization revisited and some applications.
Stochastics Stochastics Rep., 66(1-2):87-102, 1999.

4. J. Bertoin and R. A. Doney. On conditioning a random walk to stay nonnegative. Ann.
Probab., 22(4):2152-2167, 1994.

5. T. Bodineau, V. Lecomte, and C. Toninelli. Finite size scaling of the dynamical free-energy
in a kinetically constrained model. J. Stat. Phys., 147(1):1-17, 2012.

6. M. Campanino, D. Ioffe, and O. Louidor. Finite connections for supercritical Bernoulli
bond percolation in 2D. Markov Process. Related Fields, 16(2):225-266, 2010.

7. P. Caputo, E. Lubetzky, F. Martinelli, A. Sly, and F. L. Toninelli. The shape of the
(24 1)D SOS surface above a wall. C. R. Math. Acad. Sci. Paris, 350(13-14):703-706,
2012.

8. F. Caravenna and L. Chaumont. Invariance principles for random walks conditioned to
stay positive. Ann. Inst. Henri Poincaré Probab. Stat., 44(1):170-190, 2008.

9. F. Caravenna and L. Chaumont. An invariance principle for random walk bridges condi-
tioned to stay positive. Electron. J. Probab., 18:no. 60, 32, 2013.

10. E. A. Coddington and N. Levinson. Theory of ordinary differential equations. McGraw-
Hill Book Company, Inc., New York-Toronto-London, 1955.



An invariance principle to Ferrari-Spohn diffusions 29

11.

12.

13.
14.

15.

16.

17.

18.

S. N. Ethier and T. G. Kurtz. Markov processes. Wiley Series in Probability and Mathe-
matical Statistics: Probability and Mathematical Statistics. John Wiley & Sons Inc., New
York, 1986. Characterization and convergence.

P. L. Ferrari and H. Spohn. Constrained Brownian motion: fluctuations away from circular
and parabolic barriers. Ann. Probab., 33(4):1302-1325, 2005.

M. E. Fisher. Walks, walls, wetting, and melting. J. Statist. Phys., 34(5-6):667-729, 1984.
O. Hryniv and Y. Velenik. Universality of critical behaviour in a class of recurrent random
walks. Probab. Theory Related Fields, 130(2):222-258, 2004.

M. G. Krein and M. A. Rutman. Linear operators leaving invariant a cone in a Banach
space. Amer. Math. Soc. Translation, 1950(26):128, 1950.

R. H. Schonmann and S. B. Shlosman. Constrained variational problem with applications
to the Ising model. J. Statist. Phys., 83(5-6):867-905, 1996.

W. Selke, D. A. Huse, and D. M. Kroll. Interfacial adsorption in the two-dimensional
Blume-Capel model. Journal of Physics A: Mathematical and General, 17(15):3019, 1984.
Y. Velenik. Entropic repulsion of an interface in an external field. Probab. Theory Related
Fields, 129(1):83-112, 2004.



