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Abstract: Self-attractive random walks (polymers) undergo a phase transition
in terms of the applied drift (force): If the drift is strong enough, then the walk
is ballistic, whereas in the case of small drifts self-attraction wins and the walk
is sub-ballistic. We show that, in any dimension d > 2, this transition is of first
order. In fact, we prove that the walk is already ballistic at critical drifts, and
establish the corresponding LLN and CLT.

1. Introduction and results

1.1. Random walks in attractive potentials. For each nearest-neighbor path v =
(7(0),...,v(n)) on Z%, we define the following quantities:

Length T(v) = || £ and displacement X(v) = ~v(n) —~(0).
Local times: For a given site x € Z%, we set

[7]
A
Gyl] =) 1 m)=ay-
k=0

Potential (): In this paper, we concentrate on potentials @ which depend only
on the local times of v; specifically, potentials of the form

o(v) 2 Y o). (1)
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To every h € R and A € R, we associate the grand-canonical weights defined
by

A 1 [7] A
ara(y) & e FOIHRX()-XT() (Qd) 8 (= BEHRXM) AT (1), (2)
where h-X is the usual scalar product on R%. If either h or \ is equal to zero, the
corresponding entry is dropped from the notation. The potential ¢ is assumed
to satisfy ¢(0) = 0 and ¢(n) > 0 for all n > 0, to be non-decreasing and to be
attractive:

(A) For all {,m € N, ¢(£ +m) < ¢(£) + ¢p(m).

Notice that this condition implies that Ao = lim,_, . ¢(n)/n exists. Redefining
A as A+ Ag, it follows that we can assume, without loss of generality, that ¢ is
sub-linear:

(SL) limy, 00 #(n)/n = 0.

An important class of examples is given by annealed random walks in random
potentials: Let V be a random variable which takes values in [0, oo]; then ¢(¢) =
—1logE (e7*). In that case, the assumption (SL) can be reformulated as 0 €
supp(V).

The main object we explore in this paper is the canonical probability measure

Ap(y) = 2 (M 1{T(7)=n}> (3)
h

where A} is a normalization constant. The behavior of A}’ depends on the size
of the drift h. We shall distinguish between two cases:

Definition 1. Assume that there exists v = v(h) € R, such that

lim AZ(%) = . (4)

n—oo
Then the model is said to be sub-ballistic if v =0 and ballistic if v #£ 0.

It is not clear a priori that the limit in (4) exists. One of our results here asserts
that this is indeed the case for any choice of h.

The works [14,16] explain how one should try to quantify drifts h: There

exists a closed convex body K C R? with non-empty interior, 0 € int (K), such
that
> h € int (K) implies that the model is sub-ballistic [106,3].
> h ¢ K implies that the model is ballistic [16,3,5].
We shall call the corresponding drifts sub-critical and super-critical, respectively.
OK is the set of critical drifts. Two main issues we address here are (i) what
is the order of the ballistic to sub-ballistic transition, i.e., whether v(h) in (4)
vanishes as h € K° converges to 0K, and (ii) what are the properties of A} at
critical drifts h € OK.

Theorem A Consider dimensions d > 2 and assume (A) and (SL). Let h €
OK. Then there exists v =v(h) # 0 such that (4) holds. Moreover, the displace-
ment X satisfies a law of large numbers: There exists €, | 0 such that

ZAZ’(‘%—U(h)‘ >en) < . (5)
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X also satisfies a CLT: There exists a positive definite covariance matric X =
X (h) such that, under {A}},

1
Finally, the mean displacement v = v(h) is continuous on the (closed) set of
critical and super-critical drifts K¢ = 0K UKC. In particular minpecax [v(h)] is
well defined and strictly positive.

While concluding the work on this manuscript, we have learned about the very
nice and completely independent paper [9]. The authors of [9] employ different
methods and techniques and their results overlap with ours. In one dimension,
which is not addressed here at all, they develop a comprehensive analysis of
critical drifts whenever potentials are different from that of the discrete Wiener
sausage, ¢(¢) = B1ly/>1;. In particular, they prove that, in dimension d = 1, the
critical model is ballistic, which implies that the corresponding transition is of
first order. Thus, the one-dimensional discrete sausage case is the only instance
of a higher order transition [15,6]. In higher dimensions, d > 2, the results
of [9] do not imply existence of critical velocity in (4). In fact, the authors
work in the conjugate ensemble of crossing random walks (see Subsection 1.4
below). Morally, they show that liminf, . A} (|X| /n) > 0 whenever h € OK.
In particular, although they did not state it explicitly, their results imply a first
order transition in the following sense: If a sequence {h,} of super-critical drifts
is converging to h € JK, then liminf |v(h,)| > 0.

The problem considered above possesses numerous physical interpretations,
such as stretched polymers, or magnetic flux lines in superconductors; see, e.g.,
[12]. In the polymer interpretation, our results say that a (homo)polymer with
attraction between overlapping monomers undergoes a first order phase tran-
sition from a collapsed phase to an extended phase, as the opposite stretching
forces acting at its endpoints cross a critical (direction-dependent) threshold,
provided that the spatial dimension is at least 2. That this phase transition is
of first order was first predicted in [12], on the basis of numerical simulations, in
the case of the discrete Wiener sausage. Our results fully confirm this conjecture
and extend it to general self-attractive polymers; we also prove that the poly-
mer is stretched at the phase transition point, with a well-defined macroscopic
extension (and Gaussian fluctuations).

The corresponding problem when excluded-volume effects are also taken into
account (say, by modeling the polymer path by a self-avoiding walk, with at-
traction between spatially neighboring monomers) is of major physical relevance,
but remains beyond the reach of current rigorous techniques. It should be noted
though that the phase transition is also expected to be of first order in that case
when d > 3, but seems to be of second order when d = 2 [1].

1.2. Structure of the paper. In Subsection 1.4 below, we define the basic macro-
scopic quantity, the inverse correlation length, and formulate two additional
results closely related to Theorem A: The geometry of the critical set K is de-
scribed in Theorem B, and a reformulation of Theorem A for the conjugate
ensemble of crossing random walks is given in Theorem C.
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The new coarse-graining procedure which lies in the heart of our approach is
developed in Section 2. The eventual output is a large finite scale renewal type
description of typical critical polymers as formulated in Theorem 2, which sets
up the stage for the proofs of our main results in Section 3.

For convenience, we collect a number of elementary results about simple ran-
dom walks in Appendix A.

1.3. Some notations. Given two indexed sequences {f,} and {gn} of positive
numbers, we say that f, < go uniformly in « if there exists a constant ¢ < co
such that f, < cgs for all indices a. We shall also write f, ~ g, if both f, < ga
and g < fa-

We shall denote by |x| the Euclidean norm of 2 € R? and by ||z|| 2 Z‘li ||
its ¢1-norm.
We write 2 ~ y when z, y are neighboring vertices of Z?.

If B ¢ R?, we shall write 0,B 2 {z¢€ B :3yeB:y~z} for its external
boundary when seen as a subset of Z<.
Finally, if v = (7(0),...,7(n)) is some path, then we denote by ¥ the path

with its final endpoint removed: ¥ 2 (v(0),...,v(n —1)).

1.4. Conjugate ensembles, crossing random walks and the set K.

Inverse correlation length & at criticality. Recall that we drop the subscripts h
or A from the notation aj » whenever the corresponding parameter equals zero.
The critical two-point function A(z) is defined by

Alz) = ) aly). (7)

v:0—=x

The following observation is presumably well understood. We put it here for
completeness.

Lemma 1. In the attractive case, the critical two-point function A(zx) is finite
in any dimension d > 1. Consequently,

€(r) £ ~ im ~log A(|na))
exists and is a norm on R%. Moreover,
Afe) < et (8)
for all x € 7.2,

Proof. Since A is super-multiplicative in the attractive case, it is sufficient to
prove that A(x) is finite. Let Ay be the d;-ball around the origin,

M E{yezt: |yl <k},
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Let us split the family of paths A, 2 {y:0—>2}as
A, = AP,
k

where

>

AR {7 €Ay YO Ay # D but YNV AG )0 = Q} ‘

For v € Aé’“), D(vy) > k|z||¢(1). Accordingly,

a(y) = e ?Mpy(y) < e FlleMp, ().

For A C Z%, let G4 be the Green function of the simple random walk (SRW)
with Dirichlet boundary conditions at the boundary of A:

TA—1

GA(0,2) £ ESRW[Z 1(s,=a}],

n=0

where (Sp,)n>0 is a simple random walk starting at 0, Esgw the corresponding
expectation, and 74 = inf{n >0 : S, € A}.
It follows that, see (64),

JAN - x
A(k)(x) = Z a(y) <e "l ”¢(1)G/\(1€+1)\|z” (0,2)

'yeAggk)
o= Hlello) (o) for d =1,
< Qe Ml log(kfjall)  for d =2, )
e klzlle(1) for d > 3,
uniformly in z and k. Consequently A(z) = Zk21 AW (z) converges in any

dimension (and is exponentially decreasing in x). O

The set K and related convexr geometry. Let us denote by U, (x) the ball of
radius r in the &-metric centered at x, and let us set U, = U,.(0) and U = Ujy.

The set (of sub-critical and critical drifts) K is defined through &: Namely, &
is the support function of K,

&(x) = ;{Ié%)éh - T (10)

Equivalently,

K={heR': h-z<{z)VzeR'}={heR?: h-2<1Vze U}
Note that the unit ball U is the polar set of K: U 2 {zr:2z-h<1,VheK}. In
particular, if h € K and x # 0, then

fx)=h <= {h is orthogonal to a supporting hyperplane to OU¢(,) at x} .
11

)

When this is the case, we say that h and x are conjugate to each other.
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Fig. 1. The point € OU conjugate to the vector h, and the cone ), for a given value of v.

Let us fix v € (0,1). For h € 90K, we introduce the forward cone, see Fig. 1,

yhﬁ {xGRd . sp(x) =

E@) —h-z < vE(@)}. (12)
The surcharge function s, plays a crucial role in quantifying the large scale
behavior of typical paths v under A}. Observe that, by definition, s, (y) > 0 for
all y € RY, and s;,(x) = 0 if and only if = is conjugate to h. The choice of v
in (12) corresponds to a sufficiently small value of k in the following lemma.

Lemma 2. For every k > 0, there exists v=v(k) > 0 such that, uniformly in
h € 0K:
z,ye dUNY, = x+kry ¢ U.

Proof. Just notice that, by (10), {(x+ky) > h-(z+ky) > (1—v)(&(z)+xE(y)) =
1-v)(1+k). O

Lemma 2 is a generic statement which holds for any norm on R?. In Subsec-
tion 3.2, we prove a much stronger result about critical £ and K:

Theorem B In any dimension d > 2, the assumptions (A) and (SL) imply that
the boundary OK of the critical shape K is locally analytic and has a uniformly
strictly positive Gaussian curvature.

Conjugate directions and crossing random walks. Let d > 2 and x € Z?. The
ensemble of crossing random walks is given by the probability measure

Az(7) = Z((l)) Lix(y)=ay}- (13)

This ensemble is conjugate to (3) through the relation &(x) = h -z, which,
by Theorem B, is unambiguous. That is, for any x € R?\ {0}, there exists a
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unique h € JK such that £(z) = h - x. When z is conjugate to h and such that
|z| /n = v(h), there is equivalence (in the sense of statistical mechanics) between
the two ensembles A} and A,.

Theorem C Let |,,| — oo in such a fashion that T,/ |zm| — g € ST, Let
h € 0K be the conjugate vector to g. Then,

1
lo(h)

Moreover, both the LLN and the CLT hold. In particular, there ezists o2 =
o?(h) > 0, such that, under {A,, },

lim —— A, (T) =

m—00 | Ty

(14)

(T = Aq,, (T)) = N(0,07). (15)

|Z 1|

Acknowledgments. We are very grateful to anonymous referees for a very care-
ful reading of our text and for making several suggestions that have certainly
improved its readability.

2. Critical Coarse-Graining

Let us try to explain the difference between the super-critical case h ¢ K and
the critical case h € OK. If h ¢ K, then there exists A > 0 (see [5]) such that
the weights aj, are closely related to the weights ay. In fact A is an appropriately
chosen parameter in the conjugate ensemble of crossing random walks. This
means that the model at super-critical drifts h is essentially massive. Existence
of positive mass or, in terms of random walks, strictly positive killing potential,
has a huge impact on the corresponding sample path properties and, certainly,
facilitates proofs and arguments.

The critical case corresponds to A = 0, and the main thrust of Proposition 3
below is to enable a control of local time geometry of random walks at zero mass
using only positivity of sub-linear interaction potentials. Subsection 2.3 studies
implications for the large scale renewal structure of microscopic polymers, as
summarized in Theorem 2.

2.1. Decorated skeletons. The decorated skeleton 4k of a path v will be eventu-
ally defined in (23). It consists of a trunk, hairs and attached dirty boxes. The
whole construction relies on a scale parameter K that will be fixed (large enough,
but independently of |x|) later on. The construction involves several steps.

Trunks and Pre-hairs. Fix h € K. Our construction is a modification of the
coarse-graining employed in [5]: As in the super-critical case, we represent a path
v as a concatenation,

Y="2YUnUyn U Unpn_1U"¥nm. (16)

Let us recall the corresponding construction (see Fig. 2): We start by defining
the trunk tx of ~.
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STEP 0. Set ug =0, 79 = 0 and tx = {ug}. Go to STEP 1.

STEP £+ 1. If (y(7¢),...v(n)) € Uk(uy), then set oy = n and
stop. Otherwise, define

Ug:min{i>7'g : W(Z)QUK(U/)}
and
Teg1 =1+ max{i >7 : v(i) € Ug(ug)}.

Set vy = y(oy) and ugy; = y(7+1). Update tx = tx U {ups1} and
go to STEP £ + 2. |

Apart from producing tx the above algorithm leads to a decomposition of v as
in (16) with

Yo = (Y(7e),--,v(0r))  and  ne = (y(00), .-, Y(Te41)) -

By construction, v;NUg (u¢) = @ and n; NUk (ue) = @ for any j > ¢. Moreover,
the trunk tx = {uq, ..., un} is well separated in the following sense: There exists
c € (0,00) such that d(uj,us) > ¢ 'K for all £ # j and dq(us, urs1) < cK for
all /.

The disjointness of the paths v; imply that @(y) > >, @(v;). This will be
crucial in the sequel and will allow a rather straightforward control of these
paths. The paths 7;, on the other hand, are a nuisance and their control is the
main difficulty in the critical case.

The hairs hx of the decorated skeleton 4y, which will be introduced below,
take into account those paths 7, which are long on the scale K; their construction
relies on that of pre-hairs, to which we turn now. Recall that ny : vy — ug4q.
Since we are eventually going to fix ug-s and not vy-s it is more convenient to
think about 7, as of a reversed path from uyy; to vy. Then the ¢-th pre-hair
6% of 7 is constructed as follows: If ny C Uk (u¢+1) then 6% = @. Otherwise,
construct the polygonal approximation 6‘;{ to 1y following exactly the same rules
as in the construction of K-skeletons in the repulsive case in [5]. Namely, for any
path n = (n(0),...,n(m)) such that n € Uk (n(0)), we define (see Fig. 2):

STEP 0. Set zp = n(0), 7o = 0 and hx = @. Go to STEP 1.
STEPr + 1. If ((7,),...,n(m)) C Ugk(z,), then stop. Otherwise

set
Try1 = min{j > 7 n(j) € Uk (z-)}.

Define z.4+1 = n(7441), update EK = BK U {z41} and go to
STEP r + 2. |

Basic Estimate at Criticality. At this stage we need to proceed with more care
than in the case of super-critical drifts considered in [5]: There, the paths 7,
were controlled by comparison with a simple random walk killed at rate A, or,
in other words, the lifetimes were geometric with p = 1 — e~*. This would not
work in the critical case of A = 0. Indeed, for z € 9, Uk, we have, see (66),

> paln) = iy a7)

n:0—z
NCUKk
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Fig. 2. Left: construction of the vertices ug, vy associated to a path v (only the beginning
of the path is shown). Informally, vy is the first vertex of the path after uj lying outside of
Uk (ur) and ugyq is the vertex following the last visit of 7y inside U g (uy). Right: construction

of the pre-hair 6}( = {21, 22, 23, 24 } associated to the reversed path 71 : ug — v1.

In order to recover exponential decay, we need to tighten control over the range
of the various paths in question. Morally, the idea is to decompose such a path
into three types of pieces: those that remain close to the trunk (and thus suffer
an entropic loss), those that wander far away from the trunk but have a small
range (and thus also suffer from entropic loss), and those that wander far away
from the trunk and have a fat range (and thus pay a high energetic price).

Given a path 7, let us denote its range by R[n] £ {z : z=n(j) for some j}.
The control of pieces with small range is done through the following lemma.

Lemma 3. For every ¢y > 0 there exists co > 0 such that

> paMrpm)<exy < e 2K, (18)
n:0—2
NCUK

for all large enough K and all z € 0,Uk.

Proof. The worst case is when the dimension d = 2. We treat all the dimen-
sions simultaneously and, consequently, some of the estimates we obtain may be
further improved in the transient case d > 3.

Let 7 be the first exit time of a simple random walk from Ug. Set Ry 2
R 1[0, 7k]]. We claim that, for any C' > 0, it is possible to find v > 0 such that

Egrwe VIrl < e=CVK (19)

for all sufficiently large scale K. Note that (19) instantly implies the claim of the
lemma. Indeed, the left-hand side of (18) is bounded above by Pspw (|Ri| < ¢1 K).
However, in view of (19),

Psrw (|Rx| < 1K) < eVE EgpyeIfixl < o= (CmervK,
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Fig. 3. The decomposition of the path 7 : 0 — z in the proof of Lemma 3. Observe that, by
construction, the bold pieces of the path belonging to different balls are disjoint.

It remains to verify (19). This will be done in two steps. First of all, we claim
that for any C’ > 0 it is possible to find v > 0 and a scale N such that

ESRWeflI‘RQNﬂUNI S efc/VN. (20)

Indeed, expanding both sides in a Taylor series in v at fixed N, and using the
inequality Edgw |[Ren NUp| > csN?/log N (see (67)), (20) follows as soon as
we choose v sufficiently small (depending on N and C").

Our next step is to iterate (20) to all large scales; see Fig. 3. Let K > N.
Consider the following sequence of stopping times: oy = 0 and

n—1
Op = min{t >0n-1 : N(t) & U Usn (77(0@))}.
=0
Then o, < 7k as long as n < K/2(N + ), where
S sup max (£(y) — N)
s preavUN Y ’

Let 0,,m be the shifted path (which starts at n(o¢)). Since by construction the
balls Uy (n(o¢)) are disjoint, the sets Ran[05,m] N Un(n(oe)) are also disjoint.
Hence, for any n < K/2(N +),

n—1

|Ricnll =) [Ran[00,n] N Un(n(o0))]
£=0

Therefore, by the strong Markov property,

Este_”|RK| < (ESRWQ_U‘RZ’NQUN‘)LK/(2N+§)J )

and, in view of (20), (19) follows. O
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Dirty Boxes. The point is that the potential > g (€, (x)) > ¢g(1) |R[y]| sup-
presses paths 1, with fat ranges. Let us record this observation as follows: Con-
sider a partition of Z¢ into disjoint cubic boxes of sidelength K,

2! =\/ Bk(p). peKZ". (21)

Given the decomposition (16), let us say that p € KZ? is dirty, p € 0, if

|R[n] N Bk (p)| > a1K, (22)

where R[n] 2 UR[ne].

Hairs. Hairs hﬁ( - 6% contain only clean steps: Define

Dy = U Br (p).

PEVK
By definition,

%Q{ZGB% : UzK(z)ﬁ@KZQ} and bKé{h}O""hnK}'

Since there exists o < oo such that any ball Uk (u) intersects at most « disjoint
boxes By (p), the definition is set up in such a way that any path n contributing
to some hair h% (i.e., the paths A\¥ : 2f — w! of Fig. 4) automatically satisfies
the constraint |R[n]| < c;aK.

Decorated skeletons. The decorated skeleton 4 of v is the collection
i = {tx,0x, bk} (23)

Upper Bound on the Weight of a Decorated Skeleton. The following statement
is crucial for our control of the geometry of decorated skeletons:

Proposition 1. For any ¢ large enough in (22), there exists c4 > 0 such that,
on all large enough scales K,

Al S Y a(y) g oKl v rabr0-ox®) - (2q)
Y~YK
X(v)=x
uniformly in x € Z* and in Yx; the constant cy was introduced in Lemma 3,

limg 00 05 (1) = 0 uniformly in all other parameters, and the notation v ~ 4k
means that the path v gives rise to the skeleton Y .

Remark 1. Note that A(- | x) in (24) is a restricted partition function, not a
conditional one.
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Proof. Let us fix a decorated skeleton 4. We need to derive an upper bound on
DA e~?Mp(y). Since the paths v; in (16) are disjoint,

o) = 3 6(6,(2) = (VK x|+ 3 (L ()

TED K
m—1
> a1 p(DK Pr|+ Y Lu,wonox-o1 (), (25)
£=0

forany y =y UnoUyr U+ UNm_1UYm ~ Yi. It follows that

Z e "Mpy(y)

Y~ K
< et MKIPx] Z pd('Y)HeXp(_1{UK(u2)ﬁ©K:®}¢('W))-
Y~Y K £
Consider first the trunk tx = {u,ug,...,u,} and the corresponding contribu-

tion of the paths y,. If Uk (up) N D = &, then the latter is bounded by

> pay)e M S KR,

Yiug—0y Uk (ug)

as can be seen from (8) and the fact that, by construction, &(v —u,) > K for all
v € 0, Uk (ug). Otherwise, if Uk (ug) N D # &, we need to take into account
interaction with hairs and, a priori, proceeding exactly as in (17) only bounds the
expression by a constant. However, by the spatial separation property of trunks,
any box Bk (p) intersects at most o balls of the type U (uy), regardless of the
particular trunk we consider. Since we are entitled to choose ¢; in (22) arbitrary
large, we can choose it of the form ¢; = (¢4 + ') /¢(1). With such a choice, the
first term in the right-hand side of (25) becomes

oK |DK| + Ko |DK| > ey K |DK| +K#{£ : UK(’U,[) NDx 7& @},

and we recover both the original e ¥ price per each step of the trunk and the
interaction potential price e =¥ for each dirty box.

Hairs are controlled through Lemma 3, which yields a contribution e~¢210xl
It remains to sum out the weights of all dirty parts of all the pre-hairs which
are compatible with 9 = {tx,0x,bx}. Let us focus on the worst case of the
recurrent dimension d = 2. Note first of all that, by the strong Markov property,

> paML RO )<kt < Y P REmAUL <Kk} S log K. (26)
n:0—2z 7n:0—0

Indeed, in view of Lemma 3 and by the strong Markov property,

Y Palm)L{rpnUK <e k)
n:0—0

= Y PaDLRENUk|<c) + Y P L{REmAUL <K}

7:0—0 n:0—0
nZUk nCUk
S K lem ek Z Pa(M)1{|RmNUKk|<e K} T Z pa(n),
n:0—0 n:0—0

nCUk
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[ dirty set bl = {wi, wh, wh, wi}

Fig. 4. The paths 17},773, 7]? =0, n? and 77? account for compatible pre-hairs. Notice that the
range of the path 7} inside the ball Ug (w§) cannot exceed c1 K by definition of hairs.

and thus

> pa){rpnUL <ery S (1 Ko leme k)™ > paln).

n7:0—0 n:0—0
nCUk

Therefore, the main contribution to the right-hand side of (26) is at most of
order log K as it comes from paths 7 confined inside Uk, see (64).

Let @ # bf = {zf, ey zfn} By construction, any path 7, : g1 — v which
is compatible with hf admits a decomposition (see Fig. 4)

e =g UAF U U U - Un" UNT U
where A : 28 — wi € 0, Uk (25) are precisely the paths which contribute to the
hair h%, whereas

M ugyr — 25, mEiwt — 25 L ny wh, — vy
are the paths which might contribute to compatible pre-hairs. Of course, some of
the paths n; might be empty, and the last path nm+1 might be too short. How-
ever, the following requirements are enforced by construction (for the terminal

path nm+1 recall the double Ugg-ball condition in the definition of hairs):
max {|[Rn] N Uk (z)|,.... | Ry N Uk (25)], |RM) T N Uk (wh,)]} < crakK.
Consequently, we infer from (26) that, in the case of non-empty b, = {zf, cee zf;l},

the contribution of all the compatible pre-hairs 6% ~ bt is < (log K)mﬂ, which
is suppressed by the e=©2K™ cost of hﬁ(.
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Let us now consider the case h% = @, with £ > 0. In that case, the path
Ne: upr1 — 0, Uk (ug) satisfies by construction np N Uk (ug—1) = &, and hence
the corresponding contribution is bounded above as < K% !log K. Indeed, in
terms of Green functions

§ pd(n) S max E GZd\U}((uzfl)('Z’y%
2€0, Uk (uy)
g1 —0v Uk (ur) y€Oy Uk (ur)

NMNUk (ug—1)=2

and the bound in question follows from (64). However, for large enough K the
term K% !log K is suppressed by the e™# cost of the /-th step of the trunk.
The only remaining case is h% = @. Then, necessarily,

o C Do = Ugr (D U {ug}) 2 (D U{uo}) + Usg.

If Usk (u0)NU2k (D) = @, then 7y is confined to Usx (ug) and, using again (64),
the corresponding contribution is bounded above by < log K, which is suppressed
by the e ¥ cost of the first step of the trunk.

Thus, we are left to consider the situation when Usg (ug) N Uk (D) # 2.
Using again the strong Markov property, we see that the contribution of 7 is
bounded above in terms of the SRW Green’s function, see (64),

> pa(n) = Gp, (u1,u1) S log da(ur, DF).
n:uU1—uUl
nCDo
There is nothing to worry about if d; (ul,i‘jg) < ¢ K. If, however, dl(ul,i‘ﬁg) =
rK > csK, then [0g| > r? and, consequently, log d (uy,D§) = log(rK) is sup-
pressed by the exponent c3K [0k| > c172K in the interaction cost of the dirty
set. 0O

2.2. Coarse-graining of decorated skeletons. Recall the definition (12) of the for-
ward cone Y. The choice of v in (12) is dictated by Lemma 2: For the rest of
the paper we fix v = v(k) > 0 with s being sufficiently small.

Surcharge Inequality. As in (12), given h € 0K and u € R? we define the
surcharge cost of u as sp,(u) = &(u) — h - u.

Accordingly, given a trunk tx = (ug, u1,...,uy,) we define its surcharge cost
as
A m—1
sp(ti) = Z sp (g1 — wp). (27)
£=0

Since, by construction, |€(ugy1 — ug) — K| < ¢5 uniformly in scales K and skele-
tons g, we conclude that, for any fixed scale K,

K |tg| —h-2 > sp(tx) —cs |tx], (28)

uniformly in (sufficiently large) = and in skeleton trunks tx compatible with
paths v € A,.
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Finally, the surcharge s5(§x) of a decorated skeleton 4x = {tx,0x,hx} is
defined as

LA
sn (i) = s(tae) + K (2 3 || + e fox).
¢
In view of (28), we can rewrite (24) as

AnGinc| 2) 2 € Aic| ) < exp{ —en (i) (1 — 0 (1) + ox( -z} (29)

Proposition 2. For every § > 0, there exists a scale Ko = Ko(0) such that, for
every K > Ko,
Ap(sn(3x) > 28 |z| | o) < 701, (30)

uniformly in h € OK and all |z| sufficiently large.

Proof. Let us fix a number r > 0 sufficiently large. Two points = and y are said
to be K-neighbors if |# —y| < rK. This imposes a K-connectivity structure
on the vertices of Z? and, consequently, one can talk about K-connected sets.
By construction, any decorated skeleton Jx is K-connected on any scale K.
Therefore, the number of K-connected skeletons 4 which contain the origin
and have N vertices, # (yx) = N, is bounded above by exp(cgN log K). This is
a particular case of Kesten’s bound on the number of lattice animals ([3], p.85).

Alternatively, all vertices of 4 can be visited by a K-connected path, starting
at the origin and having at most 2N steps. Since the number of K-neighbors
of a vertex is < (rK)?, the number of such different paths is < (rK)%?V <
exp(cgN log K).

This way or another, the stated bound readily follows since the labeling of
each of these IV vertices as belonging to tx, 0 or hx only results in an additional
factor 37V,

Since

sn(fx) = K (Jtre| +c2 Y [0| + ca [ox]) = min(1, e0,ca) K # () = erNK,
¢
(31)
the above entropy bound shows that we may ignore skeletons with # (§x) >
cs |z| /K. This leaves at most exp(cg |z|log K/K) skeletons to consider. There-
fore (29) implies (30) as soon as K is sufficiently large. O

Coarse-graining of decorated skeletons. Since A(z) < e¢=¢(®) the bound (30) is
trivial whenever s;,(z) > 26 |z|. Given a decorated skeleton yx = {tx, 0k, bk},
let us say that u € tx is an h-cone point of Jx if yx C (u— Yp) U (u+ V).
Define

A . .
tie = {u € tg, : wis not an h-cone point of tx},

and define 47 2 {t, 0Kk, b }. We claim that the set 4}, is very sparse. Specifi-
cally, we partition of R? into slabs B%,j 2 {z: (j—1)K <h-z<jK}. Given
a skeleton 9, let us define

Bi(ik,) 2 {j : Bl N4k #2}.
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Note that (31) per se is not enough in order to control the size of |B}|. In-
deed we may use it in order to control the size of the trunk |tx| and hence,
by (27), to conclude that the fraction of increments of tx with relatively high
surcharges is small. However, being a cone point of a skeleton is a global prop-
erty, and a-priori it might happen that even if u € tx lies far away from the
hairs and dirty boxes of 4k, and even if adjacent increments of tx have small
surcharges (and consequently lie inside V},), the sleleton 4x can still break away
from (u — Yp,) U (u+ V) in some distant region. However, the surcharge price of
breaking through at far away regions grows with the distance to these regions.
This situation was treated in our early papers: By a straightforward adaptation
of the arguments developed in Section 3.3 of [5], the surcharge inequality of
Proposition 2 implies

Proposition 3. For every 6 > 0, there exists a scale K1 = K1(J) and an expo-
nent € > 0 such that, for every K > Kj,

||

An(IB7, ()l > 052 | ) < e, (32)

uniformly in h € 0K and all |z| sufficiently large.

Since ¢ is a norm on RY, we may assume that vé(z) > elz| for all x # 0. In
this case, (32) trivially holds for z-s lying outside the cone )}, (remember that
Ap(x) = e A(x) < e—on()),

2.8. Coarse-graining of microscopic polymers. In order to define the irreducible
splitting of microscopic paths v, we need an appropriate enlargement of the
forward cone Y, which was defined in (12). Recall that v = v (k) is fixed and it
corresponds to a sufficiently small choice of x through Lemma 2. Let 0 < v <
U < 1. Define

VS {z:h-z>(1-0)E@)}. (33)

There is a strict inclusion YV, C 5)h. In the sequel we choose and fix © in such a
way that:

(i) The interior of )}, contains a lattice direction ey, but, still, the aperture

of 5)11 is less than .
(ii) Cones Yy, and Y, are well-separated outside U in the following sense (see

Fig. 5): Let (1—v)(14x) > 1 (see Proof of Lemma 2). Then, with & 2 maxzeu |z,

Uge(z) €Y forallz e Y, \ U. (34)

Definition. Let us say that u € ~ is an h-cone point of « if the local time
Cy[u] =T and v C (u— Yp) U (u+ D).

Theorem 1. There exists x > 0 such that
An(7 has less than two h-cone points|z) < e X7, (35)

uniformly in h € OK and x large enough.
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Fig. 5. The cones Y} and :~)~Jh are well-separated: any translate of Ug, centered at a point of
Vi, \ U is contained inside Y.

Definition 2. Let h € K.

> The set of backward irreducible paths Ty contains those paths v = (ug, ..., up)
such that £y (un) =1, v C u, — Yy, and 7y does not have h-cone points other than
Up, -

> The set of forward irreducible paths T contains those paths v = (ug, ..., up)
such that £,(ug) =1, v C ug+ Y and vy does not have h-cone points other than
uQ-

> The set of irreducible paths T contains the paths such that € (ug) = € (u,) =
1, v C (wo 4+ Yr) N (un — Vi), with no h-cone points besides uy and .

Remark 2. In the sequel, we shall frequently identify irreducible paths with their
appropriately chosen spatial shifts. Furthermore, we shall use notation ~; 1T+, I1

. (instead of v; U~y ---) whenever we are talking about concatenation of
irreducible paths.

The following central result, which sets up the stage for the subsequent analysis
of polymer measures at critical drifts, is an immediate consequence of Theorem 1.

Theorem 2. Let h € 0K. For any = € Z%, either Ay(x) < e~ XI#1/2 o

An(z) (1 +o (e*"'f'))

o'} N
= Z Z Z an(b)an () Hah(’Yz‘)1{%leu<.-uﬁyNuwf€Ax}-
¥€E€TF N=171,....,ynET 1
YWwETp
(36)
Proof (of Theorem 1). Given a decorated skeleton 4, let us define
wia WA A . n
Bi(4x)= |J Bk, and Bu(3x) =R\ Bj(§x).
JjeB; ()

Both B; and B, are disjoint unions of strips orthogonal to the h-direction. By
construction, the only vertices of 4k which lie inside By are the cone points
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of the trunk tx = (ug,...,un). Let r € N. A string of consecutive vertices

tr = (uj,g,,7 .. Ujg2r) C tx is called a regular r-stretch if all these vertices
belong to the same connected component of Bj,. Lattice points which lie close to
the centers u; of regular stretches are candidates for h-cone points of paths. Of
course, one should make appropriate choices of r and the coarse-graining scale
K. Let us explain how these choices are made:

» STEP 1: Choice of scales.

Choice of r. By construction, there exists 1) < oo such that, on all scales K, the
paths v C Uyes, Byi (y) whenever 45 is the decorated skeleton of v. We choose
r in such a way that, for all large enough scales K,

U Byx(y) C (uj = Yu) U (uj + Dn), (37)

YEYR\{wj—rs s ujir}

provided that tg ; is a regular r-stretch. This is possible by definition of cone
points (of skeletons) and in view of the strict inclusion ), C V.

Choice of K. Let r be chosen as above. Regular stretches tgx j,,...,tx j, are
called disjoint if jo + 2r < jpp1 — 2r for all £ = 1,...,m — 1. We rely on the
following consequence of Proposition 3: There exist d; > 0, €; > 0 and a scale
K, such that,

o1 ||

Ap (9K has less than disjoint regular r-stretches | z) < ezl (38)

uniformly in & € 0K and |z| sufficiently large.

» STEP 2: Domination by independent Bernoulli random variables.

We fix r and K as above and proceed with the proof. Let 45 be a decorated
skeleton which contains N > 61 |z| /K disjoint regular stretches tx j,, ..., tk jy-
Then, for any v ~ yk, the decomposition (16) gives rise to

y=po LA Lpy O--- AN pp, (39)

where A, is the portion of v from u;,_, to uj,4,. Explicitly,

A
Ao = Yjo—r Unjp—p - T o1 o (40)

Now, things are set up in such a way that if v;, contains an h-cone point of
A¢, then it is automatically an h-cone point of the whole path . This follows
from (37) and the observation that v \ Ay is confined to the union therein. Fur-
thermore, since we are talking about regular stretches, the pre-hairs i = @ for
any £ =1,...,N and any ¢ = jy — r,...,j¢ + 7. Which means that \;,..., A\x
are disjoint. Define the event

]

E(0, ) 2 {7 has less than (5? h-cone points}.

In the sequel, we shall use the following notation for restricted partition functions:

A0 EY an1gey.

y~C
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where the sum is over all paths compatible with some constraints C (e.g., a given
decorated skeleton); the constraint C will always imply that the endpoint is .
We claim that there exist dy = d3(K) > 0 and ez = e3(K) > 0 such that

Ap(E(82,2) | AK) < eml®l, (41)

uniformly in decorated skeletons 4, which have N > §; |z| /K disjoint stretches.
Indeed, in the notation of (39), for any such skeleton,

Ah (5 52, | ’YK) = max Ah (6 52, | ’)/K, ) .

N
B:(PvaapN)

This is controlled by comparison with independent Bernoulli random variables.
Define

A ZAZNtK,j( a()‘£|£)1{'yjé contains an h-cone point of Ay }
- ¢ Z)\ZNtK,je a(/\Z|B)

(42)

Above, A¢ ~ tg j, is just a short-hand notation for (40), and

a(Ae|p) £ exp {~B(Ae|p) — [\el log(2d)}

with
A
O0|p) 2" {0(6la] + 0 [a]) = 6(¢la]) }
Since A1,..., Ay are disjoint
x
A(852a |’7K7 )<]P)(4Xv1'i‘"‘.ij\[<(;2‘7(|)7
where X,..., Xy are i.i.d. Bernoulli(p) random variables.

It remains to derive a strictly positive lower bound on p(p), which would hold
uniformly in 4x and p. Note that we are not shooting for optimal estimates on
p in (42). Any uniform estimate which depends only on K and r would do.

» STEP 3: Upper bound on denominator.

Let tx j, be a regular stretch of a skeleton ¥x. We continue to rely on the
decomposition (39) of compatible paths v ~ 4k . Since the interacting potential
¢ is non-decreasing, a(A¢|p) < (1/ 2d)"\’“7‘ Moreover, we are talking about regular

stretches, so that compatible paths A : wj,_, — w4, are necessarily confined:
Ae € Usk (tx 5, ). It follows that the denominator in (42) is bounded above as

> a(hp) Slog K. (43)

/\ZNtK,jZ

» STEP 4: Surgeries and lower bound on numerator.
In order to derive a lower bound on the numerator it would suffice to show that
there exists c19 < oo such that, for any p in (39), one is able to produce a path

)‘Z = 7;;77‘ il ’7;@7'r+1 Io---I 7;’;4»7"717 (44)
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which is compatible with (40), A} ~ tx ;,, contains an h-cone point in its segment
7;,, and satisfies a(\7|p) > e~“10K Tndeed, if such A} exists, then, in view of (43),
a substitution into (42) gives the following target uniform lower bound on p:
—CloK

minp(p) 2 (45)

p ™~ logK -
We claim that the required properties of A} in its decomposition (44) are secured
by the following set of conditions:

(a) Forall k = —r,...,r—1, the path v} ,; : uj, 1 = j,+x+1 is self-avoiding
and, apart from its end-point w;, 441, lies inside U g (wj,+4) \ U<t Uk (¢, 4+m )-

(b) There exists a geometric constant g; = ¢1(d) (independent of K) such
that all the paths satisfy ‘ﬁﬁk‘ <qnK.

(c) There exists a geometric constant g = ga(d) < ¢ (see (34)) such that, for
all k= —r,...,r — 1, the distance d(v;‘-‘Hk, (I uijJrl]) < g2k K, where k is
chosen to be sufficiently small according to Lemma 2.

(d) 7j, has an h-cone point at the lattice approximation u
of the segment [uj,, u;,+1].

7, of the mid-point
Indeed, property (a) simply means that A} is compatible with the decomposition
(40). Property (b) implies that

> {¢ (ﬁg[x} +Ox; [x]) —¢ (%M)} <> 1{% [w]>0}¢ (Ox;[2]) < 2rg1 Ko(1).

It follows that a(\}|p) > e~ 291K (@(1)+log(2d)) 2 omcwk,

Finally, since all the increments u;,4x+1 — uj, 4, belong to the narrow cone
Yh, by (34) properties (c) and (d) imply that u}, is an h-cone point of the whole
path Aj.

Therefore, it only remains to check that there exist paths A; which enjoy
(a)-(d). Let us describe how 77, in (44) could be constructed (see Figure 6).

Lemma 2 and lattice symmetries will play a role. First of all, by construction
of the skeletons, u;,1x4+1 has a lattice neighbor 4,4 x+1 € Uk (u;,+%). The edge

{5, +k+1, uj, 1141} will be the last step of 77, ;. Consider the segment Ay 2
(W), 44> Ujptk+1). By convexity, Ay C Ug (uj,+1). We claim that there is a self-
avoiding lattice approximation ;45 of Ay which runs from w;, 45 to @j,+x+1,
satisfies property (b) and stays inside Uk (u;,+%). This follows from convexity
and lattice symmetries of the model (and hence of Uk ). By Lemma 2, A, and

hence vj, 4k, is well separated from Um<k,1qu/+m. However, since at this stage

we cannot rule out facets on U, it might happen that Ay, 2 ApNU g (Uj 4k-1) #
@ (see Fig. 6). Thus, 7;,+, might violate (a) and, thereby, be incompatible with
the skeleton construction. In such a case, it should be modified. However, by
the very same Lemma 2, Ay C UNK(uij). It remains to take any self-avoiding
path of minimal length which connects u;,+% to vj,+x outside Ug (uj,+5—1).

An additional care is needed for securing property (d) for the path +7,. To
this end, we construct the lattice approximation v;, as above with an additional
requirement that v}, belongs to v;, and is an h-cone point of the latter. This is
evidently possible. By then, (34) implies that uj, is also an h-cone point of the
modified path ~7,. O
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(W, +1)

ﬂi I\’(u_is+k)
e

[ Uk (wj+1)

iy (3
Wyt k—1 Wyt k+1

\l—b\'(“jﬁda—l) J

Fig. 6. Construction of 'y]’.“[+k.

3. Proofs of the Main Results

Theorem 2 paves the way for a description of critical d-dimensional self-attractive
random walks in terms of effective (d — 1)-dimensional directed walks with ran-
dom time steps.

3.1. Effective Random Walk. The logarithmic asymptotics A(z) =< e~¢(®) and
(10) imply that the set K is the domain of convergence of ) Aj(x). More
precisely,

h € int (K) = ZAh(J;) <oo and h¢K= ZAh(m) = 0. (46)

Together with Theorem 2, this leads to the following set of properties which
characterize critical drifts h € OK.
Theorem 3. Let h € OK and let the cone Y, and the corresponding set of

irreducible paths T be the same as in (36). Then Pp(-) = ap(+) is a probability
distribution on T, that is
Z ap(y) = 1.

yET
7(0)=0

Furthermore, the random wvariables T = T(v) = || (length) and X = X(vy) =
~¥(T) —~v(0) (displacement) satisfy:

(a) The support supp(X) C V4, and the distribution of X has exponential tails:
There exists k > 0 such that, uniformly in x,

P (IX] > 2) S e, (47)
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(b) The distribution of T has a stretched exponential decay: There exists kK >
0 such that uniformly in t,

1/3

P(T>t) S e rrt (48)

Exponential decay of P, (|X| > z) is the content of (35). In order to check (48),
we first define, given v —u € ), the diamond shape

D (u;v) 2 (u+ Ip) N (v — D). (49)

Then,
Py (T >t) <Pu(|X]| > et'/3) + Pu(|X]| < et/3, T > 1),

and, using (65), the last term is bounded above by

. € 1/3 K et1/3)2
STt N pa(n) gy S e ety

|| <et1/3 VEA,
~YCDp, (0;2)

for some geometric constant x' = k’(d) > 0.

Remark 3. Note that a straightforward modification of the above arguments im-
plies exponential and, respectively, stretched exponential decay of weights on
backward and forward irreducible paths 7, and ~s: For x = b, f,

_ _ 1/3
Y el xezay S € and Y an() Ltz Se T
Y« €T Y« €T

(50)

3.2. Geometry of K and U. Once (46) and (47) are established, the geometry of
OK can be studied exactly as in the super-critical case [5]. Namely, let h € OK.
Then the shape of 0K in a neighborhood of h can be described as follows (see
Lemma 4.1 in [5]): There exists § = §(h) > 0 such that, for any f € R? with
fl <3,

h+fedK & Epel*0 =1, (51)

Since Y is a proper cone with a non-empty interior, the distribution of X under
Py, is genuinely d-dimensional, in particular the covariance matrix of X is non-
degenerate. Hence, the analytic implicit function theorem (see e.g. [7]) applies.
The claim of Theorem B is an immediate consequence. By duality, the bound-
ary U is also locally analytic and has a uniformly strictly positive Gaussian
curvature.
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3.3. Partition function A}. Let us fix € € (0,1/3). We decompose A} as

o oAp@)+ > Ajx). (52)

zeU,e zZU e

By Theorem 2 the second term is, up to a correction of order e ~@(xn"/2),

7 an(w)an(6) D PY (T + -+ Ty =n—T(y) — T()) - (53)
Ye€Tr N=1
Yo ETp

By the usual renewal theorem,

1
® ( — ) —

On the other hand, in view of the stretched exponential decay of the irreducible
weights  (50) (and by lattice symmetries if we choose Y_j, = —Y, which we
shall do),

oo o0 A

YD anlw) = D> an(n) = Ch < oo (54)

t=1T ()=t t=1T(y)=t

It follows that the second term in (52) satisfies:
: n C’h
i ;J: Ap(@) TR, T (55)

It remains to show that the first term in (52) is negligible:
Lemma 4. Fiz e € (0,1/3). Then, for all n sufficiently large,
Ap(z) e, (56)
uniformly in h € OK and x € Upe .
Proof (of Lemma 4). By definition, A7 (z) = e"*A"(z). Let us pick a number

R large enough and decompose

AM@) = > paMe "My + Y pa(Ve Ty (57)
~v:0—x ~v:0—x
YCURgnpe YLZURpe
The first sum in (57) is bounded above by e~¢12"** using (64). Since |h - 2| < n®
uniformly in x € U, and since € < 1 — 2¢, this indeed complies with the right-
hand side of (56).

As for the second term define 7 = 7(7) 2

min {£ : §(v(£)) = max,, {(v(m))},
and, accordingly, define z = z(v) = (7). We can then bound the second term

in (57) by
Y AG() =z).
2:€(2)>Rne
However, A (z(7) = z|z) < A(2)Gu,., (7,7) e ¢(*) log £(2), using (64
more. Since |h - x| < n€ and we are summing with respect to z with £(z)
the second term in (57) also complies with the right-hand side of (56).

) once
>R
O
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Altogether we have proved:

Theorem 4. The asymptotics of the critical partition function is given by

2
lim A} = Ci

Jim A7 = (58)

uniformly in h € 0K.

3.4. Existence of the limiting velocity. It should be obvious from the above dis-
cussion that for any critical h € 0K, the natural candidate for the limiting
velocity is

X ) — E,X
n a EhT
In view of (50), (54) and (58) we may, at this level of resolution, ignore the
boundary pieces 9, and ~ in the decomposition (36). Therefore, we need to
check that

v(h) £ lim A} (

n—roo

(59)

1Y N Ej,X
E,T li IE‘X’(— X;: S°T, = ):—. 60
T 3 BN % XTi=n) —g 7 (60)
By exchangeability,
1 N N N N—1
Eﬁ(ain 3T :n> - ;ZEh(X;T:t)}P’f(Z T zn—t>.
1 1 t<n 1

< te=*7t""* On the other hand, we have

~

N N-1 N
I p® =n—1) < ®( >0 : i =n — )<
r{1>agiN< nPh(zl: T,=n t) 7r{1>a(§(IP’h AN >0 ;TZ n—t) <1,

uniformly in n. Moreover, for every t fixed, as n — oo,

N N-1 (1 n)
3 nP%(ZI: Ti=n— t) - ET (1+0(1)). (61)

N

Indeed, the typical number of steps N required to produce the total T-length
(n—1)is (n —t)/E,T. By a stretched LD upper bound (see e.g. Lemma 2.1
in [1]),

N
m
P%OZTi—NEhT’ >m) §Nexp{—c13—/<aTm1/3}. (62)
7 VN

Therefore, one may ignore terms on the left-hand side of (61) with
IN — (n—t)/E,T| > N2+,

For the remaining terms, N/n = (1 —¢/n)/E,T(1 4+ 0(1)), and (61) follows by
the usual renewal theory. Since 3, E, (X; T = t) = E; X, (60) follows.
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3.5. Law of large number. We turn to the proof of (5). By (47),
N

log P (|30 Xs = NE4X| > NV/2H) § - N2,
1

By (62)

1425

N
logP§(|ZTi — NE,T| > N1/2+6> < _ymin{s
1

It remains to take 0 < 6 < &', and (5) follows.

3.6. Central Limit Theorem. Let us now turn to the proof of (6). Let 6 € R
By (50), (54) and (58), the characteristic function

i6-(z—nv)

N N
—ETY. S P (Y X =md Ti=n)e 7 (1+0(1).
r N 1 1

Consider the (d + 1)-dimensional renewal relation:

N N
t(x,n) 2 ZP% (Z Xi = ux; ZTi n) = Zt(m—y, n—m)P, ( X=y;T =m).
N 1 1 y,m
Under Py, the vector (X, T) has a proper (d + 1)-dimensional distribution with
exponential tails in X and stretched exponential tails in T. Hence classical multi-
dimensional renewal theory (e.g. [13]) applies. Namely, in our notation, Theo-
rem 3.2 in [13] implies: Let X be the d-dimensional covariance matrix (under

P;,) of (X —v(h)T) /VELT. Set

1 1 -1
Wh(xz,n) = WGXP{_%E (x —nv(h)) - (x — nv(h))}
Then,
Tim. (t(x, n) — ]E%Twh(z,n)) -0 (63)

uniformly in = € Z¢. (6) follows.
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3.7. First order transition at critical drifts. Let h € K°. For any g € K° the
trajectories v under A7 have the very same irreducible structure as in (36). In
fact, for all such g which in addition are sufficiently close to h, it is possible
to use the very same forward cone ) and, consequently, the very same set
of irreducible paths T. Therefore, our results here (for critical drifts) and the
analysis of super-critical drifts [5] imply that for each g € K¢ there exists a
number A = A(g) € [0,00) such that for all g sufficiently close to h, the weights
ag(7) 2 ap (7)el9=M XM =M@= AT

give rise to a probability distribution P, on the set 7 of irreducible trajectories.
The function ¢ — A(g) is convex [16,5] and hence continuous. Furthermore
A(-) = 0 on OK. As in (59), v(g) = E;X/E,T. In view of exponential decay of
the tails of X under Py (.) for h € K [5], and in view of the tails estimates (47)
and (48) on X and T under Pp(.) in the case of critical drifts h € JK, we infer
that

limE, (X, T) =E; (X, T),

g—h

and the claim follows.

3.8. Crossing random walks. The proof of Theorem C goes along the lines of the
proof of Theorem A. It is actually even slightly simpler since we do not need
to control “short” walks as in (57) and may directly work with the irreducible
decomposition (36).

A. Some estimates for the simple random walk

We collect in this appendix some standard SRW estimates that are used in the
main text. Remember that we denote by G4(0,z) the Green function of the
SRW starting at 0 and killed as it exits the box A C Z4, i.e.,

TA—1

GA(0,7) = EgRW[Z 1(s,=a}],

n=0

with Efg,y the distribution of the SRW (S,,),,>0 starting at y, and 74 = inf{n >
0: S, & A}. We shall use the following estimates.

Proposition 4. Assume that 0,z € A C Z%. Then, uniformly in such x and A,

1.
logd(x, 2\ 4) (d=2),

1 (d > 3). (64)

GA(0,2) < Gp(z,z) S {

2. Let A C Z% containing 0 be such that d(z,Z%\ A) < L for all x € A. Then,
in any dimension,
log Pépw (T4 > n) S n/L? (65)

uniformly in x € A.
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3. Let C be a bounded convex subset of R?, centrally symmetric w.r.t. 0 and
o =inf{n >1: S; €C}. Then,

inf PgRW(STc =y) =~ sup PgRW(STc =y). (66)
y€d,C y€D,C

4. Let C be a bounded subset of R?, containing 0 in its interior, and Ty =
inf{n >1: S, & NC}. Then, for N large enough,

N2/logN (d=2), (67)

2
N2 (d>3)

Proof. First of all, the inequality G4(0,z) < G4(z,x) is a direct consequence of
the strong Markov property. We shall use the following well-known bounds:

E¢rw#({Sk : 0<k <mn}NNC) 2 {

v

GZd\{x} (07 0) S log |£U| (d = 2)7
Gp(0,00S1  (d>3).

The first bound can be found in [10, Theorem 4.4.4 and (4.31)], while the second
follows directly from transience. The first claim follows immediately from these
estimates and the obvious monotonicity property: Ga, (x,x) < Gy, (z,z) when
A C As.
The second claim is a consequence of the strong Markov property and the

fact that, by the CLT,

inf Py (T4 < L?) >0,

yeA

uniformly in L.
The third claim for square boxes is Lemma 1.7.4 in [11]. The proof there is
adjustable to the case of centrally symmetric bounded convex domains.
Choosing € small enough (independently of N) so that Pdzyw (T8 > eN?) >
1/2, the last claim follows from

Edrw#({Sk : 0<k <71y} NNC) > LEQuw# {Sk : 0 < k <eN?}
and the bounds [2]

2 j—
Edrw# {Sk : 0< k< eN?} > {xz/l%N (d=
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