POTTS MODELS WITH A DEFECT LINE

SEBASTIEN OTT AND YVAN VELENIK

ABsTrACT. We provide a detailed analysis of the correlation length in the
direction parallel to a line of modified coupling constants in the ferromagnetic
Potts model on Z9 at temperatures T' > T.. We also describe how a line of
weakened bonds pins the interface of the Potts model on Z? below its critical
temperature. These results are obtained by extending the analysis in [I3] from
Bernoulli percolation to FK-percolation of arbitrary parameter g > 1.

1. INTRODUCTION AND RESULTS

In 1980-81, Abraham published two papers [I} 2] on the effect of a row of mod-
ified coupling constants on the interface of the two-dimensional Ising model, dis-
cussing what would later be recognized as pinning and wetting transitions. Being
based on exact computations, these results provided precise information but little
understanding on the underlying mechanisms. The desire to obtain a better un-
derstanding immediately led to an an intense activity (see [22] Bl [, [7, 19, 21] for
some examples published in 1981 and [I2] for a well-known early review). In all
these papers, the same problems were tackled in the much simpler setting of effec-
tive interface models: basically, modeling the interface as the trajectory of some
random walk in suitable potentials. This approach provided not only a better un-
derstanding, but also allowed to consider various generalizations: one-dimensional
paths in higher dimension (modeling a polymer, for example), higher-dimensional
interfaces, random potentials, etc. Note that there is still interest in such issues in
the physics community (see, for example, [9] for a recent exact approach, based on
more sophisticated field theoretical techniques). The analysis of effective models
has also generated a lot of interest among mathematical physicists and probabilists:
see, for instance, [23| [I4] for reviews. In the meantime, new techniques to analyze
nonperturbatively various lattice spin systems have been developed [4 [5], making
it potentially possible to import back the results about effective interface models to
the “genuine” spin systems that originally motivated their analysis. This is precisely
the purpose of the present paper, in which we provide a detailed description of the
longitudinal correlation length of the Potts model on Z¢ above the critical temper-
ature in the presence of a line of modified coupling constants, as well as an analysis
of the pinning of a Potts interface by a line of defects in the two-dimensional model
below its critical temperature. (More generally, our results apply to all random-
cluster models with parameter ¢ > 1.) The results we obtain are in full agreement
with the predictions by effective models.

1.1. Correlation length of the Potts model on Z? above T.. Thanks to the
self-duality of the 2d Ising model, the problems analyzed in [I} [2] admit equivalent
reformulations in terms of the inverse correlation length of a 2d Ising model above
its critical temperature, in the presence of a line along which the coupling constants
are modified. Such an analysis, based on exact computations, was undertaken by
McCoy and Perk [20], independently of the previously mentioned works and at
the same time. An advantage of this dual version is that it admits immediate
generalizations to higher-dimensional lattices. In this section, we investigate this
1
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problem in the more general case of Potts models on Z?. The low temperature
setting for the Potts model on Z? will be discussed in Section

Given i = (i1,...,iq) € Z%, we write il = i; and i+ = (is,...,i4) and we set
L=1{ieZ: it =0}. Moreover, let E¢ = {{i,j} C Z¢ : |j —i|, = 1}.

Let Q‘qi ={1,... ,q}Zd be the set of configurations of the g-state Potts model on
Z%. Given A € Z¢ (that is, A C Z? and finite) and J > 0, we associate to w € Qg
the energy

Hao(w) = — Z Jij0wi w55
{i.j}NA#£2
where the coupling constants (J; j); jeze are given by
1 if {i,j} € B¢ with {i,j} ¢ L,
Jij=<J if{i,j} € B withi,j € L,
0 otherwise.

The Gibbs measure in A € Z%, with boundary condition n € QZ and at inverse
temperature § = 1/T, is the probability measure on Qg given by

; _(BRp) e @) it = Vi g A,
/‘A;ﬁ,J(W)— 0 .

Finally, the associated infinite-volume Gibbs measures are all probability measures
4 on QZ satisfying

otherwise.

u(- | Fac)m) = uxp () VA€

for p-almost every n € Q‘qi. Here, Fje is the o-algebra generated by the random
variables (w;)iga-

We first recall a few results concerning the homogeneous model, in which J = 1.
In this case, it is well-known that, for any d > 2, there exists 8, = 5.(d) € (0,00)
such that there is a unique infinite-volume Gibbs measure when § < 8, = 1/7,, but
infinitely many infinite-volume Gibbs measures when 8 > .. Assume that 8 < .
and denote by ug the (unique) infinite-volume Gibbs measure. Then, the inverse
correlation length is positive [I1]:

. 1 1
€s = nh—>ngo - log (pp(wo = wna, ) — g) > 0.
More precisely, the following Ornstein—Zernike asymptotics hold [5]: there exists
Cs = Cs(q,d) > 0 such that, as n — oo,
1 Cﬁ —&sn
Mﬁ(wozwna)zg‘f'me o (1+o(1)). (1)
Let us now consider general values of J > 0. We still assume that 8 < 8. (with
the 8, defined above). It turns outﬂ that there is still a unique infinite-volume Gibbs
measure in this case, which we denote by ug ;. We define the longitudinal inverse
correlation length as follows: for any x € Z<,
1
-)- (2)
q

. 1
€p(J) = lim ——log(pp:s(wWe = Wotnz,) —

n—oo N
We first claim that
Theorem 1.1. For any 8 < B., the following properties hold:

(i) The limit in exists and is independent of x.
(i) &€a(J) > 0 for all J > 0.

IThis follows, for example, from our analysis below; see Remark
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FIGURE 1.1. The graph of £g(J) for the two-dimensional Ising
model at 8 = .750,, as computed in [20]. As is proved for general
Potts models in Theorem [I.2] J. =1 in this case.

(i1i) J > &p(J) is Lipschitz-continuous and nonincreasing.
(iv) There exist cy,c_ > 0, depending on B, q and d, such that

cre P > g5(J) > e

for all J sufficiently large.
(v) €5(J) = €5(1) = &4 for all J < 1.

It follows in particular that
Jo=J.(B,q,d) =sup{J > 0 : {5(J) = &p}

is well defined, for any 8 < ., and satisfies oo > J. > 1. (See Figure for an
illustration in the case of the two-dimensional Ising model.)

Remark 1.1. The word “longitudinal” above refers to the fact that we consider
the correlation length in a direction parallel to the defect line. One could, in a
similar fashion, define the transverse correlation length, by replacing €, by €3 in
the definition. However, it is not difficult to show that this quantity always coincides
with the corresponding quantity in the homogeneous model.

Our next result provides information on the value of J,:
Theorem 1.2. J,. =1 whend =2 ord =3, but J, > 1 when d > 4.
When J > J_, more precise information is available.

Theorem 1.3. The following properties hold, for any 5 < B.:

(i) J — &g(J) is real-analytic and strictly decreasing on (J.,00).
(ii) When d = 2, there exist c,c_,e > 0, depending on 8, q and d, such that,
forall J € (J.,J. +e€),

er(J = ) 2 &a(J0) — &a(J) = e (J — 1)

(ii) When d = 3, there exist c,c_,e > 0, depending on B3, q and d, such that,
forall J € (J.,J. +¢€),

e+ U=0) > ea()) — €5(J) > e/,
(iv) For all J > J., there exists Cg ;= Cg,7(q,d) > 0 such that, as n — oo,

1 - n
1,0 (Wo = Wna, ) = ria Cpye 5" (1 4 0(1)).

The behavior in the last statement should be contrasted with .
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FIGURE 1.2. Left: The interface of the 2d Potts model. Right:
the functions ')} and T',;; note that the interface is contained in
the regions they delimit (hatched area).

1.2. Pinning of the interface of the 2d Potts model below 7.. We now
restrict our attention to the lattice Z2. Let

£* = {{(z,0),(z,1)} €E* : z € Z}.

We now consider the g-state Potts model on Z? with coupling constants (Jij)ijeze
given by
1 if{i,j} € B2\ L*,
Jij =< J if{i,j} €L
0 otherwise.

Let A, ={-n,...,n} x{-n+1,...,n} and let n°°* € QZ be the Dobrushin-type
boundary condition defined by

bon _ ) 1 if it > 1,
¢ 2 ifit <o.

We denote by ui 5,7 the Gibbs measure in A, with boundary condition 1" at
inverse temperature 3.

In the remainder of this section, we assume that g > .. In that case, there is
long-range order and it is convenient to describe configurations in terms of their
Peierls contours. First, given {i,j} € E?, denote by {i,j}* = {z € R? : ||z —i|__ =

1

llz —jll. = 5} the dual edge separating i and j. The contours of a configuration

w € Qg are the maximal connected components of
U
{i,j}EE2: w; Fw;

When w; = nP°" for all i € A,,, there is a unique unbounded contour. We call its
intersection with [—n — %, n-+ %] X R the interface and denote it by I';,,. Note that
I',, is a two-dimensional object, but with a macroscopic extension only along the
first coordinate axis and an (essentially) bounded width, as we explain now.

Consider first the homogeneous case J = 1. It can then be shown [5] that, under
uiﬁ’l, the interface has a width of order log n. Namely, for each © € [-n— %, n-+ %],
define

I'f(z)=max{y €eR : (z,y) €Ty}, T, (z)=min{yeR : (x,y) €T,}.
Then, there exists C(3,q) such that
lim ,uiﬂjl(max(F:(x) — T, (z)) <C(B)logn) =1.

n—oo
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FIGURE 1.3. Interface in the 2d 4-state Potts model. Left: J = 1.
Right: J = 1/2. The same inverse temperature 8 > [, is used in
both cases.

Moreover, under diffusive scaling, the interface weakly converges to a Brownian
bridge [5]: for any 8 > f., there exists kg > 0 such that, as n — oo,

1
—TI'}(n-) = kB,

v "
where (B;)_1<¢<1 denotes the standard Brownian bridge on [—1,1].

The main result of this section is that, whenever J < 1, the interface ceases to
behave diffusively and instead localizes along the defect line:

Theorem 1.4. For any B > . and any 0 < J < 1, there exists Cg .y = Cp, 7(q)
such that
lim ,uf;ﬂjl(mfuxlﬂ:(x) < Cg,ylog n,mxinf,f(x) > —Cg, slogn) = 1.

n—oo

Note that, under diffusive scaling, the limit is then identically 0: an arbitrary
weakening of the coupling constants along L£* pins the interface. Actually, the
claim in the theorem will follow from a detailed description of the structure of the
interface (see Theorem , which provides a much stronger claim than what is
stated above. In particular, the width of the interface is typically bounded, with
only rare deformations of order logn. (In fact, Theorem ﬂ will essentially be a

corollary of Item of Theorem [1.3])

Before closing this introduction, let us briefly mention that although we restricted
our attention to a defect along a line of the lattice, this is by no means necessary.
Straightforward adaptation of our arguments would allow the analysis, for example,
of a defect along the lattice approximation of any line with rational “slope”; or
other periodic structures. Similarly, the restriction to nearest-neighbor interactions
is only necessary for the statement of Theorem (the proof of which relies on
duality); for the other claims, any finite-range, translation-invariant, reflection-
symmetric interaction would do.

1.3. Open problems. In view of the results presented above, there remain a few
interesting open problems:
e Determine the behavior of {3(J) in the neighborhood of J, in dimensions
d > 4. By analogy with the results for effective models (see [14, Theo-
rem 2.1]), we conjecture that the qualitative behavior of £g(J.) — &(J) as
J | J. is as follows: O((J — J,)?) when d = 4, O((J — J.)/|log(J — J.)|)
when d =5 and ©(J — J,) when d > 6.
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e Determine the sharp asymptotics of the 2-point function when J < J..
Only the case J = 1 has been treated in complete generality up to now.
For the two-dimensional Ising model, the asymptotic behavior was explicitly
computed in [20] and found to be of the form

1 Cs _
.7 (Wo = wne, ) = 3 + an? e 5" (1 4+ 0(1))

when J < J, = 1. Note the exponent of the prefactor, which is not of
the usual Ornstein—Zernike form. Again, by analogy with what happens in
effective models (see [I4, Theorem 2.2]), we expect the prefactor to be of
order n=(@=1/2 when d > 4 and n~'(logn)~2 when d = 3.

e Closely related to the previous problem, determine the scaling limit of the
interface in the two-dimensional model when J < J,. We expect the latter
to be given by a Brownian excursion after diffusive scaling, as a conse-
quence of entropic repulsion away from L. This is fully compatible with
the exponent in the prefactor mentioned in the previous point.

Moreover, there are a number of natural generalizations, to which we plan to return
in future works:

e What happens when the defect is located along the boundary of the system?
In dimension 2, this amounts to studying the wetting problem for the Potts
model.

e What happens when the defect is of dimension d’ € (1,d)? Note that, in this
case, the system may display long-range order along the defect even when
the bulk is disordered. In particular, the longitudinal inverse correlation
length vanishes for finite values of J.

e Is it possible to adapt some of the technology used to deal with pinning
of a random walk by a disordered potential to cover the case of random
(quenched, ferromagnetic) coupling constants along the defect?

2. RANDOM CLUSTER REPRESENTATION, NOTATIONS AND STRATEGY OF THE
PROOF

In this section, we introduce a few notations which will be recurrent throughout
this article, we recall briefly the random-cluster (or Fortuin Kastelyn) representa-
tion of the Potts model and we give a short outline of the proofs of the theorems
of Section [Il

2.1. Random-cluster representation of the Potts model. The Potts model
on a finite graph G = (Vg, Eg) can be mapped to a percolation model defined on
{0,1}F¢ (identifying the value 1 with the presence of an edge and the value 0 with
its absence) in the following way. For any edge configuration w C E¢, we denote
by x(w) the number of connected components in (Vg,w). Writing & = (2¢)ecpq,
with z, = e’ — 1 for each e € Eg, we associate to w C Eg the probability

Pro(w) = (Zzg) "' ¢"@ [ e,

ecw

where Zz, = chEc g+ Heew .. The corresponding expectation will be de-
noted by Ez,. We say that an edge e with w. = 1 is open and denote by |w| or
o(w) the number of open edges. We say that u,v € G are connected, which we
write u <> v, if they lie in the same connected component. For A C E¢g, denote by
wa the configuration w restricted to A and, for e € Eg, by w\. the configuration

WEg\{e}-
The random-cluster measures with ¢ > 1 enjoy the following properties.
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Finite energy: For any e € Fg and any configuration w\,,
Te

Te
<Pf p:I e <
Totq - 7q(w4 |W\ )

Tz, +1°

Positive association: Let f, g be two nondecreasing functions (w.r.t. the
partial order induced by 0 < 1 on {0,1}¥¢). Then the FKG inequality
holds:

Ezq[f9] = Ezq [f1Ezq[9]-

Stochastic monotonicity: Assume that z. < y,. for all e € Eg. Then

Pzq X Pg,-
The random-cluster model does not enjoy the usual spatial Markov property but an
analogue can be used: for A C G, the random-cluster measure in A with boundary
condition wea depends only on the connectivity properties of the vertices in the
inner boundary of A, thus a boundary condition is a partition of those vertices
(every set of the partition is a connected component). In particular, the measure
with wired boundary condition (denoted P% ) is obtained by setting we\a = 1,

Z,q,A
while the measure with free boundary conditign (]P’ff . ) is obtained using w4 = 0.
Stochastic monotonicity then implies that these two measures are extremal with
respect to stochastic ordering.

In the sequel, we will work with the random-cluster measure on Z¢ induced by
r=c’ -1 ifeeL°
=ef —1 ifecl
it corresponds to the random-cluster measure associated with the Potts measure
described in the previous section. In particular, the 2-point correlation function of
the Potts model can be rewritten as (see, for example, [I7, (1.16)])

the weights x, = . We denote the corresponding law P,;

p(ow = 00) = =+ TP o 0), (3)

From this, it immediately follows that the inverse correlation length £5(J) is equal
to

1
& = lim - log P,/ (0 <> néy). (4)

n— oo

We will write P = P, and E = E, for the law and expectation of the homoge-
neous model; the corresponding measure in a finite volume A € Z¢ with boundary
condition # € {f,w} will be denoted Pf. Everywhere in the analysis below, except
in the proof of Theorem [1.4] we will implicitly assume that z < z. = e — 1 and
q > 1 are fixed and we will thus omit them from the notation.

We also write £ = &, for the corresponding inverse correlation length. The
following exponential decay of connectivities under P, established in [I1], plays a
crucial role in our analysis.

Lemma 2.1. Let x < x,. Then there exists v, > 0 such that, for n large enough,
PR (0« Aj) <e ™™

We will prove all the results of Section [I] in the random-cluster representation.
They can then be translated straightforwardly to the Potts model language via .

Remark 2.1. Since z < z., we can always work in large but finite bozes. Indeed,
for any event A depending on a finite number of edges, we can find a finite box
A C Z4 such that

SPA(4) < B(4) < 2P} (4).

This will be done in several instances for technical reasons, but we will keep the same
notation as for the infinite-volume measure for readability purposes. The choice of
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boundary condition does not matter, thanks to the uniqueness of the infinite volume
measure in the sub-critical regime.

2.2. Notations. For u,v € Z%, we denote d(u,v) = |lv — u||, the graph distance
between u and v; for A, B C V(Z%), we set d(A, B) = minye 4 vep d(u,v).

For a < b € R, the notation L, denotes the subgraph of Z%: [a,b] x {0g—1}
where 04 is the origin of Z¢ and [a,b] = [a,b] N Z; we also use the notations
Leon=L—son-1 and Ly = Lp41,00)-

Let A ¢ Z%. We denote u & v the event in which u ¢ v using only edges
originally present in A. We will use the following notion of boundaries: 94 = {i €
A:3Jje A j~i}and 0%A = {i€ A° : 3j € A,j ~ i}. We will also use the
notation JA to denote the set of edges having exactly one endpoint in A.

Sums of the form Zsza for a,b not integers are to be understood as the cor-
responding sums with a,b replaced by the appropriate integers; for example, if

this notation is used in the course of proving an upper bound, and the summand
is nonnegative, then Z?:a = Zi@[a | (taking integer part would not change our
estimates, so we chose not to write them explicitly for readability purposes).

In the following proofs, we will say that a quantity f,.(K) is ox (1) if the following
is true: for every m > 0, one can find r > 0 and Ky > 0 such that, for every
K > Ky, fr(K) < K™ (the quantities r, K will make sense later and the notation
will become clear from the context; we define this here for easy reference, since this

appears in several places in the following sections).

We will also use the notation 1 = mingezs ming, , Por(we = ljwne) = 25 A
and fp = mingeza ming, , Por(we = Olwn ) = m

Finally, all constants appearing in the proofs below depend a priori on ¢,z and
d, but this will not be mentioned explicitly every time.

For a set £ C Eq and a random-cluster configuration w, we write og(w) for the
number of open edges of w in E.

Given x € Z% and a random-cluster configuration w, we denote by C, = C,(w)
the cluster of x in w.

2.3. Outline of the paper. In the next section, we provide the proof of Theo-
rem In the process, we introduce some tools and calculations that will reappear
in the proofs of Theorems and

The procedure leading to the main claims is as follows: in Section 4 we reinter-
pret long connections in the homogeneous model in terms of a random walk with
i.i.d. increments. This is done combining the coarse-graining procedure of [5] with
a variant of the construction of [§] (see the comments at the beginning of Appen-
dix , which is described in a self-contained way in Appendix [C| The statement
of Theorem and the second and third points of Theorem [T.3| follow, on the one
hand, by studying a pinning problem for the random walk obtained in Section []
(see Section |5)) and, on the other hand, by an energy/entropy argument induced
by the Russo-like formula described in Appendix (see Section |§[) Finally, the
first and fourth points of Theorem are established in Section [7] by studying
the localization of the random walk trajectory in a small neighborhood of £ via a
coarse-graining argument. The claim of Theorem [T.4]follows from the same analysis
combined with self-duality, as explained in Section [7.6]

3. BASIC PROPERTIES AND ESTIMATES

In this section, we prove Theorem[I.I] We assume throughout that z < z.. Using
the correspondence described in the previous section, it is sufficient to establish the
following lemma.
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Lemma 3.1 (Basic properties of /). The limit in exists and defines a function
&pr with the following properties.

a) Vu € 74,
1
lim ——logP, (u <> u+néy) = &
n—oo n
Moreover, Yu,v € 7%,
P (u ¢ v) < e S li—ual, (5)

b) & =& for all 2’ <z and & < & for a' sufficiently large.
¢) ' — & is locally Lipschitz continuous, nonincreasing on [0, 00| and strictly
positive for x' € [0, 00).

d) There exist cy,c_ > 0 such that < < & < < for 2’ large enough.
In particular, there exists x, € [x,00) such that &, = & for all 2’ < 2!, and & < &
for all &' > .
Remark 3.1. We actually prove something stronger than strict positivity of &z :
we show that there exists ¢ > 0 such that, for all n,

Py o, (0 0A,) < e . (6)

By stochastic monotonicity, this implies the same bound for any boundary condition.

Proof. e The existence and the first part of [a)| are shown using Fekete’s lemma.
We first prove existence of £ = lim, —%log P, (u < u + néy). Define
7 = log Py (u <> u + néy). We see that (—m,), is a subadditive sequence: by
FKG and translation invariance in the é}-direction,

Tntm = 10g Py (u > v+ (n+m)éy)
> log Py (u > u+néy <> u+ (n+m)éy)
> log(Py (u 4> u + néy )Py (u+ néy <> u+ (n+m)ér))
=1logP, (u <> u+ néy) + logPu (u <> u+meéy) = 7, + -

Fekete’s lemma then implies that £, = lim, o, == = inf,, == exists; in par-
ticular,

Py (u <> u +nép) < e 5™, (7)
To prove that €% = €%, = &/, just observe that, for all u € Z,
Py (u <+ u+né1) > Py (u > (u1,04-1) < (u1 +n,04-1) <> u+ néq)
WLp, (0 néy),

and therefore £, < &,». The same argument, exchanging the role of 0 and u,
yields the reverse inequality.
e The second part of|a)| follows from

P (u 5 0)? < Py (1 45 0 45 1) < Po(u ¢ 1) < e &or2lvi—tal,

> 67

where 4, denotes the point obtained from u by a reflection through the hyper-
plane orthogonal to £ containing v. The last inequality is a direct consequence
of the bound and the identity £ = &,-.

e The monotonicity of 2’ — &,/ follows from the stochastic domination Py = Py
when ] > z.

e To get the first point of item we fix ' < x and work in a finite volume (see
Remark [2.1). We will use a coupling ®(w,n) between P and P, satisfying (we
denote Cfr(w) the connected component of the line £ in w):

(i) w~Pand n~P,;
(il) w >mn;
(iii) w = n outside of Cr(w).
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A sketch of the construction of such a coupling (as well as references) is provided
in Appendix[A] Choosing 1 > a > 8 > 1/2 and setting [j] = n®é + jéi, we have

Py (0 ¢ néy) > 62 P /([0] < [n])
> 9 H}P’ [(i = )n?] & [in”])
= 63" (Bur([0] > [27))"

Let A = {u € Z* : d(u,£) < n®/2} and A, (u) = {v € Z¢ : |lu—n|_ < n}.
Then,

Po ([0] <> [n°]) = @(Ljg)es(ne) (M) D00y ()n2=27)
= @(Lig)es ne) (W) Licyy (w)nL=2})
=P([0] « [n"])P(L 4 [0]|[0] ¢ [n])
= P([0] ¢ D" DP(L 4 [0] 0] < [07], L ¢ [0], L2045 [0])
XP(Lcn 45 0], Lozn 4 [0]][0] 4> [n7])
> ﬁ e (1 = PX(L_p.an) < OA))
X (1 =P([0] > 0A,([0]) | [0] > [n°]))
> 7”8(5:1)/2 6_5"5(1 — 3ne”""/2)(1 — nPeem),

Together with P,/ (0 +» né1) < P(0 < ney) when 2’ < z, we get the result.
For the second point of@, notice first that, for any edge e € £, Py (we = 1]w\¢) >
1/(1 + %) uniformly on w\.. Therefore, by opening all edges from Ly ,,,

Py (0 <3 néy) > e~ os(1HF)n > o=Fn,

Choosing 2’ such that % < &, the result follows. Moreover, we obtain that
& < %, which corresponds to one side of item

We now prove a variant of Lemma establishing exponential decay of connec-
tivities uniformly over boundary conditions under the measure P,.

Lemma 3.2. Assume that x < x.. Then, for any ¥’ > 0, there exists a constant
ve = vo(x, ', q,d) > 0 such that

Py A, (< Oy (u)) < e (8)
uniformly over u € Z4.

Proof. First observe that the claim is an immediate consequence of FKG and
Lemma [2.1] when 2’ < x. We thus assume from now on that z’ > z.
Let us write

P3 A,y (> OAn(u))
=Py, w(u e 0Ny (u),uh L)+ Py o (> 0N (u),u < L) (9)

and treat separately the two terms in the right-hand side. For the first term, we
rely again on the coupling ®(w,7) between P , () 2and P, ) as above:

Py A, (< 0Ny (u), u 44 L) = ®(u & 0N, (u),u ¢ L)
= ®(u & 0N, (u),u ¢ L)
< O(u aAn(u)) = P(u < 0A,(u)),
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|
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F1GURE 3.1. Coarse-graining of F.

so that the claim follows again from Lemma [2.1]

Let us finally consider the second term in the right-hand side of @D The proof
in this case relies on a coarse-graining procedure similar to the one used in [5].
Fix a scale K and a number r (both of which will be later chosen sufficiently
large, independently of n) and define

Ap(v) = [k, k]]d +v, A(v) = Ag(v),

where K = K + rlog(K). Given a set of vertices A C Z%, we write [A], =
Upea Ar(v). Set A = Apjox(u) and Ay, = Ay (u).

Let FF = {i € Ay, \ [Llax : i@ ¢ [Llax} and D = 0™[L]ax N A,,. Note that
u € FU[L]ax. We first coarse-grain the connected components of F' using the
following algorithm:

Algorithm 1: Coarse-graining procedure

Set V=g,n=1,

while Jv € F N D such that v SV, 0Ak(v) do

Let v be the smallest such vertex and add it to V;
set V,, = {v} and E, = &;
F\[

while Jw € F N O™ V] such that w SV, 0Ak(w) do
Let w be the smallest such vertex and add it to V' and to V,;
Let w’ € V be the smallest vertex such that w € 0°*[w]s and add
the edge {w',w} to Ey;
end
Set Tn, = (Vio, En);
Update n — n +1;
end

This algorithm yields a (possibly empty) family of trees T; = (V1, E1), ..., Tau =
(Var, Enr), possessing the following properties: (i) the root of each Ty belongs to
D; (ii) every edge {w,w'} € Ej, 1 < k < M, satisfies w' € 9°*[w]%; (iii) all
connected components of F'\ U?iﬂvi]? have (£>°-)diameter at most 2K .

In view of the property it is convenient to relabel the trees according to
the position of their root. Namely, for any v € D, we denote by T, = (V,, E,)
the (possibly empty) tree with root at v obtained using the above algorithm.

Denote by Cx the number of vertices in A. The number of possible configu-
rations of the tree 7T,, with fixed root v, is at most equal to the number of trees
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2K - | | . |

FIGURE 3.2. Splitting of [£]2x into boxes. The four covered boxes
are darker (only the relevant clusters of F' are drawn).

with branching number Cg, which is in turn at most e °8(C)IVol by an argu-
ment due to Kesten (see [16, Section 4.2]). Therefore, by Lemmas and
(which can be applied provided we choose r large enough), the probability that
the algorithm yields a given collection of trees (7,)yep with total number of ver-
tices N is bounded above by e~ VINK gerlog(Cr)N < e~ 3"NK once K is chosen
large enough. Therefore, for any p > 0, there exists Ky > 0 and ¢ > 0 such that,

for all K > K,

oo (Sl zp/E) < Y Y einkE

veD N>pn/K £,>0,v€D:
o lv=N
0o
< — Ly KN —1u K¢ DI < p—cpn
< E e 1 E e % <e ,  (10)
N>pn/K £=0

for all n large enough. This immediately implies that, whenever u connects to a
side H' of A,, with H' N L = &, the desired exponential decay follows, since, in
that case, > . p |[Vo| > n/(2K).

It only remains to take care of connexions to the two sides of A,, intersecting
L; by symmetry, it suffices to consider the side with largest €; component, which
we denote by H. Let us split A, into slices (see Figure . Define

S; = ([(4 — 1)3K,i3K] x Z* ' + u—né&) N Ay (u), i =1,2,...,2n/3K,

and set B; = S; N [L]ax. We say that the box B; is covered if S;_1 LN Si+1 and

uncovered otherwise. Observe that, by property above, » . p |Vi| cannot be

smaller than the number of covered boxes. Denoting by B, .., = {n/3K <i <

2n/3K : B; is uncovered} the indices of all the uncovered boxes “on the right

of” w, it thus follows from that there exists ¢ > 0 such that, for all large n,
Pyoa, (ue Hou e L) <P o (u H Bl o] > n/6K) + 7"

uncov
The proof will be complete once we prove that the first term in the right-hand
side decays exponentially with n. Let us decompose

Py a, (u ¢ H, Bl cou| = n/6K)

uncov

= S Py (ue H Bl = APy (B

uncov uncov
A:|A|>n/6K

— A).

Observe now that, in order for u to be connected to H, it is necessary that none
of the boxes B;, i € B, .., is empty, in the sense of all the edges inside of it being

closed. Clearly, Buncov only depends on the state of the edges in A, \ [£L]ak.
Since the probability that all the edges inside an uncovered box B; are closed is

bounded below by Hgd‘Bi‘ > 0, uniformly in the state of all the other edges, we



POTTS MODELS WITH A DEFECT LINE 13

conclude that

Pyoa, (u s H| Bl oy = A) <Py o (Bi not empty, for all i € B, .oy | Bificow = A)

uncov uncov uncov
|Bi|\n/6K
S (1 - 00 ’ ) ’

and the conclusion follows.
O

Remark 3.2. Note that, using a standard coupling argument, implies that
there is a unique infinite-volume random-cluster measure for any ' > 0. Since
there is a.s. no infinite cluster under this measure, we conclude from the Edwards—
Sokal coupling that there is a unique infinite-volume Potts measure for any finite
value of J.

We can now prove the other half of item Notice that the same procedure
as in the previous point ensures that, on the event 0 <> neéj, we can find K =
K(x,d),co = c2(K,d,x) (uniformly in z’) such that at least half of the boxes B;
are uncovered with P, -probability at least 1 — e~ ™. Then, by finite energy, we
can find € = €(K,d,z) > 0 and ¢3 = ¢3(K,d, z) such that at least en/K boxes
contain an edge in £ that is pivotal for 0 <> ne; with P -probability at least
1 — e~ ™ (again, both € and c¢3 do not depend on z’). Denote this event B..
Then, proceeding as before,

P, (0 <> néey) <P (B.,0 <> ney) +e 4"

!

() e
“\l1+a

< e‘log(“r%/)%(l + e—(cs—log(l-i-ﬁ)%)).

Choosing 2’ such that cs — log(1 + %)% > 0, we obtain
1 1, € e 1

o = lim —=log P, e1) > log(l+ =)= > ——,

§o = Jim — " logPar (065 néy) > log(1+ 7) 32 > 5

for x’ large enough.

To prove continuity, we work again in large but finite boxes (following Re-
mark [2.1)). We start with a small computation (which will be used again in
Sectio. Let z} < 24 and write A = log(z}/z}). Then,

6:1:’1 - 5:1:’2

lim — log

n—oon Py (0 ¢ ney)
E. Ao
= lim llog A ‘O<—>n61]
8 g o

Now, we partition the numerator in the logarithm w.r.t. the cluster of 0:
E,/ [e>‘°‘ | 0« né}]

1 —
Ey; [e)‘oﬁ] - Z vl 2] (CO =C | 0+ nel)

C30,n& By [eroc]

XE:E’I [e/\oﬁ ‘ CO = C]
Pw’l(CO =C | 0« n€1>
By [e’\%\C | oC closed]

Alenc|

< 2

C30,neé;
xE, [eX°£\¢ | OC closed)]
= > Py (Co=C|0< né)eMonF
C>0,neé;
=K, [e’\‘c‘mm ‘ 0 <+ néy). (11)
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Partitioning w.r.t. the leftmost and rightmost point of Cyp N £ (denoted L and
R), we then obtain

0 [e'S)
Eg; [e)“c‘mﬁl | 04 néy] < Z Z e)‘("_l)]P’I/1 (L=1,R=7|0++ ney)
l=—ocor=n

(0 Bn+1+r)er)

)\Sn )\Sn Z Z e (r+1) (0 " nel)

=0 r=0
N30 <1+Zzex(r+z) { Bnetr) Lot (1+0(1))n)
=0 r=0
< Mdn (1 i e_gzinzze_(fzi_”””)),
=0 r=0

Note that A < &, when z5 is close enough to x (since &, > 0). In this case,
the last double sum converges and we get

3 1 mn - rn
§aop — &y < nhﬁnéoﬁlog(e)‘3 (1+e St Cat—at))
< 3(log(zh) — log(z}))

5
:/ §ds<i(’27x'1). O

/18 SL‘I

4. RANDOM WALK REPRESENTATION

In this section, we explain how one can couple the cluster Cy under P(- |0 > néy)
(remember that P denotes the homogeneous (that is, when 2’ = ) random-cluster
measure on Z%) with a directed random walk on Z? for all x < .. This coupling
will allow us to analyze in detail the large-scale properties of Cy. The construction
is based on the decomposition of the cluster into irreducible pieces, as described
in [5], and on the arguments exposed in Appendix [C| that explain how to get rid of
the dependency between the irreducible pieces. The exposition is not self-contained
and its goal is mostly to setup notations and remind the reader of the main steps
of the construction. A reader not familiar with [5] should refer to that work for
details and additional explanations.

We start with a brief description of the coarse-graining in [5]. As we only consider
the €7 direction, the construction simplifies slightly. Let us first introduce the
geometric objects required for the coarse-graining procedure. Let 0 < ¢ < 7/2 and
let

VE={ueZt: (u,a) > |lul, cos(w/2)}

be the cone of angular aperture ¢ and axis direction €1; we will usually omit
from the notation and simply write Y. We also set Y = —)Y < and introduce the
“diamonds”

D(v1,v2) = (v1 + Y N (vg + V™).

Let us say that v € Cy is a cone-point if
CoC (v+Y")U(w+IY).

We introduce three families of clusters:

e B is the set of all clusters C' such that: 0 € C; C has a cone-point v
such that C' C v + Y™; C possesses no other cone-point with nonnegative
€1-coordinate.
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e Bp is the set of all clusters C' such that: 0 € C; C has a cone-point v
such that C C v + Y% C possesses no other cone-point with nonpositive
€1-coordinate.

o A is the set of all clusters C such that: C possesses exactly two cone-points,
0 and v € Y4, and C C D(0,v).

(Note that the single-vertex cluster {0} belongs to both By, and Bg.) We define a
displacement application D from each of these three sets into Y by setting (v is
the vertex appearing in the previous definitions): D(C) = v when C € By, U A and
D(C) = —v when C € Bpg.

FIGURE 4.1. Example of clusters in By, Bg and A. The corre-
sponding values D are depicted as vectors.

A cluster 4* € By, can be naturally concatenated with m > 0 clusters vy, ..., %m €
A by first translating each v, by D(¥°) +D(v1) +- -+ D(y,—1). We can then also
concatenate a cluster v/ € By by first translating it by D(v*)+> 1, D(yx)+D(v7).
The resulting object is denoted 7 Li~yq L - -+ LI 4y, LIS

Let v1,va, ..., Vm41 be all the cone-points of Cy with €j-coordinate in {0, ...,n}.
We assume that they are ordered according to increasing €7 coordinates. (We also
assume that m > 1, since this will occur with high probability, as explained below.)
These vertices induce a decomposition of Cy into a string of m irreducible compo-
nents (belonging to A) and two boundary-components (belonging, respectively, to
B, and Bg):

Co=7"Umy U Uy LAl

Note that all the pieces are unambiguously identified after inverting the translations
due to the concatenation, except for vf. The latter ambiguity disappears if we
impose that D(v®,v1,...,%m,¥) = D(Y*) + 3, D(vk) + D(v/) = neéy.

FIGURE 4.2. The decomposition of the common cluster of 0 and
nei into irreducible pieces.

As shown in [B], there exists v3 > 0 and v4 > 0 such that the number of irre-
ducible pieces is at least v4n with P(-|0 <> néy)-probability at least 1 — e~¥3". In
particular,

P(0 ¢+ néy) = (1+0(1)) > > P(Co=7" Uy U UrymUryl)

m2ran g%y ym ey

=(1+0(1) Y > P(r*Nnryn---nT,, NI, (12)

m2van Py ym ey
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where the percolation events I'?, T, and I'f are defined as follows. Let ¥) be the
translate of v obtained after the concatenation operation and denote by v, vgt1
the corresponding cone-points. We set

W(F,) = {all edges of ) are open},
M = (0%) \ {{vr — @, v}, {vkyr, vesr + @Y},
N (k) = {all edges of 07y are closed},
Tk = W) NN (Vk);

the definitions of I'’, '/ are completely similar.

In order to apply the results of Appendix [C] let us reformulate the above in the
language of Appendix|C| (see the latter for details). Let us write Dy (vy) = D(y) - €1
and set

Uy b) ED1(7" )]}D(Fb)
U (PP Uy U Uy Uy )—efDl(’Y A ) PITP AT AL AT, NTY),
Ty |/ Uy U Unpoy) = P10 BP0, [ TP N N N Tg_y),
\If(yfw”uﬂylu--.uym):e5D1(7f)IP(Pf|F”mF1ﬂ...ml“m).

Of course, with these definitions, we have

(VP Uy U Uy LAY

= ‘If(vb)(H Uy |7 U |—|"‘|—|'ka1)>‘1/(’716 [P Uy U Uym),

as desired. Moreover, the required properties are satisfied.

Proposition 4.1. Properties[(HI), [(H2), [(H3), [(HZ ), [(P1) [(P2). [(P3), [(P) and

of Appendiz[Q all hold in the present setting.

Proof - direct consequences of [B, Theorem 2.2]. |(P2)| and
[(P5)]are obvious. |(H4)| and (P3)|hold by finite energy, since the edge {(0, Od,l), (1,04-1)}
belongs to A; we can argue similarly for [(P4)! Let us check [(H3)|

To shorten notation, we simply write y = (75, My ooy Ym, ¥ ). We first assume

that s > 1. In this case, it follows from (12| that

LD RAHES PP 2, ¥m

m>0 Yo n>1 m=v4n a
D(l)—nel
>C Z sY4 e P(0 ¢ néy) = +oo,
n>1

since P(0 < néy) = e~ "(1+e(M) | Let us now assume that s < 1. Since, by FKG,
P(0 <+ (n,2)) < e " for any x € Z?! and n > 1, it again follows from (12) that

oo>Zs" Z e"P(0 < (n, x) Zs Z Z U,

n>1 =y A n>1 m=van 7 -
(n,z)ey™ Di(y)=n
m/va
DD MDY
m>1

Dl(W)_ﬂ

ZC’ZS’”/”“Z\IJ

m>1
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We conclude that the radius of convergence of z — >7, 2™ > . Wpn(y, ) is equal
to 1, which establishes N O

In view of the above, we can import the results of Appendix to the present
context. Let S = J,,»q A", S* =U,,>1 A", By ={bpUx : by € Br,x € S} and
Br = {xUbg : bg € Br,x € S}. One can then define (see (32))) two finite, positive
measures pr, and pr on By and By respectively, and a probability measure p on
S*.

To any family v = (v*,71, - - -, Ym, ), with m > 1, we can associate uniquely a
cluster of 0 (not necessarily containing néy), with cone-points vq,...,vpm41 (more
precisely: 7? is not translated, while the other ones are concatenated as explained
above). Any subset x = {z1,...,Zk41} C {v1,...,Um+1} induces a decomposition
¥ = (3°,91,---,3, %) by concatenating irreducible pieces not separated by cone-
points in x. We then introduce a (positive, finite) measure on triples (%, x, y), with
y € Y, by setting

Q7. x,y) = Lip)=y} (3" pr(3Y) HP(%)

By Lemma[C.I and Theorem [C.4] there exists ¢ > 0 such that, for any bounded
function f of the cluster Cp,

Q. D) = nér) = e E(f gz y)| < e, (13)
for all n large enough.
Given k distinct vertices x1,...,x) such that z; € Y9, z; € ne; + Y” and

Tiy1 € v, + Y4 for 1 <i <k, and an additional vertex y € x; + Y4, we can write

k—1

Q(x,y) = pr(w1) pr(y — 21) | | P(wiv1 — 4),
i=1

where pr,, pr and p are the push-forwards of py, pr and p by the displacement
map D. By Theorem [C-4] these measures have exponential tails: there exist ¢ > 0
and ¢, > 0 such that, for any z € Y4,

pre) < eVl pp(a) < emlvl pla) < emlel (14)

for all ||z|| large enough. Moreover,
pr(0)>0,  pr(0)>0, (15)

as follows from Lemma and Remark

Let us denote by P, and E,, the distribution and expectation associated to the
random walk (S¢)¢>0, starting at u € Z¢ with transition probabilities given by p.
Write X; = S; — S;—1 for the increments of S. Let also R(v) = {3¢ >0: S, = v}
and set Py, =P, (-|R(v)) and E,, = E,[- | R(v)].

As a direct consequence of , observe that

eS"P(0 > néy) = Z pr(u) pr(néy —v) Py (R(v)) + e ",

uey™
vENE +Y”

for some ¢ > 0. By the local limit theorem (see [I§]), uniformly in u,v such that
ull, 7€ —v|| < n'/2=* (for some fixed a > 0),
Py (R(v))
—— =1+0(1), 16
Po(R(nE1) (1) (16)

and
Po(R(né1)) = (1 +o(1)) ey n~4=D/2, (17)
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In particular, we obtain the Ornstein-Zernike asymptotics:
eSP(0 <> néy) = (14 o(1)) esn~(47D/2) (18)

with s =c1) ey« pr(u) pr(néy —v).
veENneL +Y”

5. UPPER BOUND ON &, — &y

In this section, we prove the upper bounds in Items and m of Theorem -,
as well the d > 4 part of Theorem [1.2] The argument in this section is a variant of
the argument in [I3], which apphed to the case of Bernoulli percolation.

We work once more in large but finite volumes (as explained in Remark . In
view of Theorem 1.1, we can assume, without loss of generality, that ' > x. In
particular, A = log(z’/x) > 0. By , we have the upper bound

IE[@A% | 0« néﬂ
E[eroc]
By Lemma and , there exist A\g > 0 and ¢ > 0 such that, for any A < g,

< E[eAlcmC‘)‘ 0« néﬂ.

PE[NDM ey ] < B[N 0006, 2ncyi<eny] e
< Q(eMFNCl D7) = néy) 4+ e "
In particular, using and ,
E[e)‘l‘cmcol |0 4+ ney) < csQ(eMNENl | D(5) = néy) + e,
for some ¢ > 0. Then,

M
LN Col = 3" N LI+ 17 N[+ 17nL

i=1

<5 £|+|vfﬂ£|+Z|D 1,8 N L|

i=1

M
<Fncl+ i nc+ Y xh

i=1

(x84 11

where the last inequality relies on the fact that the angle of the “diamonds” is at
most 7/2 and the fact that a step cannot cross the line if its parallel component is
smaller than the distance between its starting point and the line. We get

A
Q( ALNCo| |D( < CZP{, Pf TL€1 *U)Eum |:6 El 1X; {xH>\sL I} ,

where p; (y) and p} (y) decay exponentially in ||y||, provided that A be small enough.
In particular, we can restrict the sum to the pairs u,v with |u], [v| < n'/?2~ and
we have >_, p,’)\(u)p;‘(v) < oo. At this stage, notice that the problem has been
reduced to the analysis of a variant of the random-walk pinning problem. Then,

for any mg > 1, we can write
M

n
= Il 1
Eu e i {xizlsifll}] _ E : Eu,v[
m=1

<P (M <mo)+n sup  A,,(m), (19)

- mo<m<n

AX, x| {XH>|SJ_ Y M=m
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with
AT, X1
Au,v(m) = Eu,v |:€ 1 {X“>|Sii—1|}]
S )\Xll
n(d=1)/2) Z Z E, [H i —1) ]l{Xl‘-ZIS#,II}}
k=1 £y,...,0 i=1 i i
&—
- II
pld=1)/2 Z Z E. {H AXtiXtHi ]l{Xl‘.ZISé.,ll}}’
k=1 L. lk =1 * g
S ti=

where t; = ZE:I ¢;. The first inequality is obtained using (17)), writing

x|

’L1 m
) CORREEEIS | (G H

=1 =1

and expanding the product. The second inequality is obtained using e** — 1 =
eM(1 — e ) < eMAz. Now, we use the Markov property and the local limit
theorem in dimension d — 1 to get that, for all j,

,\X'

XH 1 I} ‘ Stjﬂ’th} XH PStj-l (185 -1l < Xt”z)

I
E{XX

Xt 2188
XH (XH )d lg (d— 1)/2
As P, (Xl| > a) < e~ %% we obtain

A ) - - —CpQ a - -
[ o N ‘ Stjfl} < cs (d 1)/226 regler® = col; (@=0/2
a>1

E, X”

{XH >\SJ‘7

with cg < oo provided that A < ¢,. Therefore, defining

Zm: OV Hz (=072 (20)
k=1

by, j=1
ij:m

we get A, ,(m) < cion(@D/2A(m).

In dimension 4 and larger, we bound A(m) uniformly over m by ignoring the
constraint ) ¢; = m:

oo o0 k
< 3y )
k=1 =1
which is convergent for A > 0 small enough. Using with mg = 1, this implies
that
E[eAlEﬁCOl ’ 0« né’l] <ecn n(‘”l)/z,

which in turn yields £ < £,/. Since, £ > &,+ always holds, we conclude that £,» = £
for A > 0 small enough, and thus that z/, > z in dimension 4 and larger. This
proves the d > 4 part of Theorem

In dimension 2 and 3, we get a diverging (in m) upper bound on A(m). Consider
the generating function associated to the sequence (A(m)).,,>1 and define B(z):

z) = Z A(m)z™, B(z) = CQAZE*(d*Umzf.
=1

m=1
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Using , we have the relation
A(z) = ZB(z)k.
E>1

Note that B is increasing on R;. Let f(A\) > 0 be the unique number such that
B(e=f™M) = 1. Since A(e=2fM) < oo, we conclude that A(m) < e2/N™ for all
large enough m. Now, using with mg = c¢12n, c¢12 > 0 small enough, and
taking A sufficiently small, we obtain, when n is large,

IE[B)“LF]C”| | 04 néy] < eis(1+ O(n%)ewo‘)").
It then follows from Theorem A.2 in [I4] that, as A | 0, f(A\) behaves as

- c1aX2(1+ o(1)) when d = 2,
= {exp<—cu—,/x<l +o(1))) when d =3,

This proves the upper bounds in Items and of Theorem

6. LOWER BOUND ON &,y — &, WHEN d = 2,3

In this section, we prove the lower bounds in Items and of Theorem |1.3
which will then also imply the d € {2,3} part of Theorem

For technical reasons, we work with large but finite systems (see Remark .
The proof is based on an energy-entropy argument induced by

Py (O Ad n€1) > ]P)x/(M(;) > P, (M(;)

P(0 <> ney) — P(0 <« néy) — P(Ms)

P(M(;‘O Ad né&),

where ¢ € (0, 1) is arbitrary and Mj is the event {there exists an open path v € T's}
with T'y the set of self-avoiding paths from 0 to ne; with at least dn cone-points
on L[ (cone-points for the path itself, not the cluster of 0). The analysis below
applies to arbitrary values of the parameter §. A specific choice will be made at
the end of the section.

Lemma 6.1. Let A be an increasing event and take ' > x. Then,

PI;;E:)U > exP(/:’ 3(11+s) 3" Pi(e€Piva|A) ds),

eeﬁ[o,n]

Proof. This is a straightforward application of Lemma [B:2] and of the following
consequence of the FKG inequality: P, (A) > PS,I)(A) where ]P’S}) denotes the
random-cluster measure with probabilities modified to 2’ only on Ljg ;. O

This inequality allows us to control the “energy” part.
Lemma 6.2. There exists p > 0, depending on x, such that

P, (Ms) (@' — )
P(M(s(; 2 ex (1:’(1 + z/)pén).

Proof. Notice that Mjy is increasing. We can thus use Lemma [6.1}

Py (MS) o’ 1 '
POL) = T P, (e € Pivag, | Ms)d
P(Ms) — exp(/x s(1+s) ee%; ] (e € Pivay, | Ms) 5)

1 @’
> - - . B
= eXp(x/<1 + .’13/) / Z ]Ps(e S PIVOHnel |M5) d5>’

z eeﬁ[ovn]
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the last inequality following from the fact that Pivoene, C Piva, on Ms. The
claim will thus follow if we can prove that

Z Ps(e € Pivowne, | Ms) > pn
eeﬁ[oyn]

for some p > 0, uniformly in s € [z,2’]. Fix an arbitrary total order on I's. For
v € I's, define By = {7 is the first path in I's realizing Ms}. Then,

37 Pue € Pivoons | Ms) = Y. > Pu(B, | Ms)Pu(e € Pivoesne, | By)
EEC[O,W,] EEK,[O’”] vel's

Z Z (B, | Mj) Ps(e € II;iVOBHW;I,BAY | ¥ open)
o= s(By | open)

> Z P, (By | Ms) Z P,(e € Pivoeng |7 open),
~y€eTl's eeC(v)

where C(7) is the set of edges in v N Lo ) having a cone-point of v as an endpoint.
The last inequality uses FKG: on the one hand, the measure P,(- |7 open) is a
random-cluster measure on the complement of v with wired boundary condition on
7, and is thus positively associated; on the other hand, B, and {e € Pivone, }, for
e € v, are positively correlated as they are decreasing events on configurations in
which the edges of v are open.

We are thus left with showing that P,(e € Pivone, |7 open) > p uniformly over
v €Ts, ee€C(y) and s € [z,2'].

Fix K > Ky large enough. Consider the cone y;, as introduced in Section
Write Yy (u) = u + (V) UYY).

Let Ag = [-K, K|? (with a slight abuse of notation, Ax will denote the sites
and/or the edges of Ax NZ%) and uj, = d(u + Y}) for x € {«,»} and u € Z%.
Write v for the end-point of e which is a cone-point for v (the right one if both
are). Then, writing Ag (v) = (v + Ag) \ Yy (v),

Ps(e € Pivoone, |y open) > Py(e € PiVOHngl,AK(’U) closed | v open)

> PK(l —Py(v 1; & vw | v open, AK( ) closed)) (21)

by finite energy (px depends polynomially on K).

s

; o

v+ Ag

FIGURE 6.1. Left: The set Yy (v). Right: The type of connections
we want to prevent.
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Now,
b Vo) o "
Ps(vy, «— v [ open, Ak (v) closed)
0o " Vo (v)° ~
<> Y > Py e(ur = ur| Ak (v) closed)
rd=K uLEv; uREv;

(ur)1=v1—£€ (uR)1=v1+r

S Z 6751(T+£){27~tan((¢)/2))d72(2£tan((qu)/?)}

rd=K

d—2

oo
< 67201K ZeiclkPK,d,w(k) < CKechK’
k=0
where Pk 4. (k) is a polynomial in k of degree at most 2d — 3 and Ck is a constant
depending polynomially on K; Lemma/2.1{was used to derive the second inequality.
We take K large enough for the right-hand side to be at most 1/2. Plugging this
into , we get the desired result with p = %pK and thus the initial claim. O

Let us now consider the “entropy” term P(M;s|0 < ney).
Lemma 6.3. There exist c1,co > 0, depending on x, such that, for small enough
60 >0,
e—c18’n when d = 2,

]:P(M[S | 0« nel) Z {602(5/10g(5))n when d = 3.

Proof. Proceeding as in the previous section, we work with the measure Q and the
random-walk S = (S*,Sl) associated to Cy (with increments X; = (XiL7X2“>)'
Notice that, every time S steps on L, the corresponding point is a cone-point for
any open path in T's. Let Cs be the event {S hits £ at least dn times}. Define
the sequence of hitting times of £: 79 = 0 and 7, = inf{m > 74,1 : S,, € L} for
k > 1. Using , we can restrict to the case where 4° and 47 are reduced to {0},
respectively, and writing R,, = R(né}), we get
P(M;s]0 <> net) > cPo(Cs | Rn)-

From , we get that, for all sufficiently large n and k < n/2, % > ¢ for
some ¢ > 0. Then, using the strong Markov property,

Py(Cs|Rn) = Po(S), <n|Ry)

n/2
P (Rn—k)
> Po(Sll = )20 n—k)
2 2 P =P )

> cPo(S! < n/2).

Now, denote by Ng/Q =max{k <mn : S,! < n/2} the number of steps before exiting
[0, 2€1] x Z47! and by L*+(¢) = #{0 < i < { : Si* = 0} the local time at 0 of S+

up to time ¢. Writing n = 4E&{|] and J, = 64E[Xl|],

> Po(LH(n) > on, N, > )

> Po(L*(7) > 6.7) — Py (zn: x> n/2>
k=1

> Po(L* (7)) > 6.7) — e~ ",

v
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where we used an elementary large deviation estimate for a sum of independent
random variables in the last line. Finally, the event {L+(72) > 6.7} depends only
on S+ which is a random walk with i.i.d. increments in Z9~!, and thus (see Corollary
B.3 in [13]):

—c82n
Po(L*(n) > 6,n) > {z_c((s;*/llogé*)n ZEZE Z i z
O
Now, choosing ¢ to be
B {Cw(ac’ — ) when d = 2,
exp(—Cl/(z' —x)) when d = 3,

with C,, C!, large enough (observe that /(1 + ') > x(1 4+ z)/2 when 2’ — z is

sufficiently small), in Lemmas and we obtain the lower bounds stated
in Items and of Theorem which also implies the d € {2,3} part of
Theorem [L.2l

7. COARSE-GRAINING PROCEDURE AND ADVANCED PROPERTIES

In this section, we prove the first and last items of Theorem as well as
Theorem Namely, we show that, for ' > 2/, the connectivity function along
the €; axis has pure exponential decay and that ' — &, is real analytic and
strictly decreasing on (2!, 00). This will be done with the help of a coarse-graining
procedure similar to the one we used in Section

7.1. Coarse-graining. We first describe our coarse-graining procedure. Fix a
scale K and a number r (both to be chosen later, independent of n) and define

A(v) = [-K, K] x [-2K — 3rlog(K),2K + 3rlog(K)]?! + v,
A(w) = [-K,K] x [-2K — 4rlog(K), 2K + 4rlog(K)]* ! + v,
where K = K + rlog(K).

5 [—
v
2K 3 log(K) %é
5
) 0 I{T}u
A
rlog(K) ™ K

FIGURE 7.1. Elementary piece of the coarse-graining.

Given a set of vertices A C Z9, define A = J,.4 A(u). Given B C Z%, we
denote by Cy|p the connected component of 0 in Cy N B. We coarse-grain Cj using



24 SEBASTIEN OTT AND YVAN VELENIK

the following algorithm:

Algorithm 2: Coarse-graining procedure of Cjy

vg = 0;

V ={v} and FE = &;

i =0;

A={vedVnCly: v ANV, OA(v)};

while A # @ do

1 =1+ 1;

Set v; to be the smallest site of A w.r.t. the lexicographical order;

Set e; = (v*,v;), where v* is the smallest vertex in V' among those
closest to v; ;

Update V=V U{v;} and E = EU {e;};

Update A = {v € VN Cyly: v AN,
end
To = (V, E);

OA(v)};

Adapting the definitions introduced in the coarse-graining argument used in the
proof of Item of Lemma to our new boxes, denote by Ck the number of
vertices in JA. As already used there, the number of trees 7 with N vertices that
can be obtained via Algorithm [2| is at most e®161°8(CxIN —We say that v € Z% is
L-free if A(v) N L = @; otherwise, we call it an L-vertez. The next lemma will give
us control on the probability to see a specific tree T.

Lemma 7.1. The probability of a given tree T with m L-free vertices and N L-
vertices satisfies

P (To=T) < e Eme 8 KN (1 4 ope (1)),

Proof. First, notice that whenever an L-free vertex is created, a connection as
described in Lemma is induced forcing a cost e ¢¥ uniformly over the tree
constructed so far (we fix r large enough to be able to apply Lemma. When an
L-vertex is created, two things can happen. The first possibility is that a crossing (in
the easy direction) of a box [—K, K] x [0, K]?~! at distance at least r log(K) from
the line £ is induced (see Figure, costing e "¢ K (1 +0x (1)) < e 'K (1 + 0k (1))
by Lemma [B:I] The second possibility is that the vertex is connected to a side of
A crossed by L. The procedure used in the proof of Lemma together with
and () yield probability e=%'* (14 o0 (1)) for such a crossing (uniformly over the
tree constructed so far). O

Therefore, as 7 = & — &, > 0 when 2’ > 2/, we have (for T containing m L-free
vertices and N L-vertices):

P (To=T) < e "KM 8 KIN+M) (1 4 g (1)) HN,

Using this, we argue similarly as in the proof of Item |c)| of Lemma Remark
that, up to a term of order 6_251'"(1+°(1)), we can restrict connections 0 <> nej to
those not connecting to Z._, x Z41 or to Zsg, x Z%1. Then, for any p € (0, 1),
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W/I/I/l//////////////
d

2

V722772277, 24772727772777%

F1GURE 7.2. Connection to the boundary of A.

we have (with ¢17 > 0 a constant depending on the dimension):

P,/ (7o contains at least pn/K L-free vert.,0 <> néy)

cirn/K

< Z Z P,/ (To contains m L-free v. and N L-vert.)
m=pn/K N=1vn/K—m
00 cirn/K
< Z Z e~ TEm —& K(Ner)ecd log(K)(m~+N)

m=pn/K N=1Vn/K—-m

< e—% ﬂc/n@ef('rpf(/ffclg log(K)/f)n.
Thus, for any p € (0,1), we can find Ko = Ko(p,7) such that, for K > K, there
exists v(p) > 0 depending on p,x and z’ such that

P, (7o contains at least pn/K L-free vert.,0 <> né;) < e~ &larmemvien, (22)

7.2. Renewal on L. We now use the coarse-graining of the previous section to
show that, under P,/(-|0 <> néy), Cp possesses a number of cone-points on £ of
order n when z’ > 2/ (as defined in Section [4]). For convenience, we look at cones
Y (and diamonds) having angular aperture /2.

Theorem 7.2. When ' > x, there exist pep = pep(2’) € (0,1) and vs > 0 such
that

P, (Co contains at least pc.pn cone-points on L ‘ 0« n€1) >1—e ",

Proof. Start by observing that Cy is included in a K-neighborhood of 7. Then,
define the shade sh(v) of a point v by

$H(V) = Lo 4ol ot [ 4+01)-

This corresponds to the portion of £ that cannot contain cone-points of Cy as soon
as v € Cy. In the same fashion, define the shade of v € Ty to be the union over
u € [A(v)]x (the K neighborhood of A(v)) of the shade of u. Finally, define the
shade of 7y as the union of the shades of the L-free vertices of 75. We will show
that, with high probability, this shade does not cover a substantial proportion of
L; then we will use a finite-energy argument to show that a positive fraction of the
unshaded points are cone-points of Cj.

A first observation is that there exists c19 not depending on K, such that the
size of the shade of 7j is at most

c19 K #{L-free vertices of Tp}.
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This is proved by induction on the number of L-free vertices of 7y. The first one
is at distance at most 5K from the line and the inequality thus holds by definition
of the shade. Then, adding an L-free vertex either adds the same shade size to the
total shade (the vertex is far from the existing ones) or it increases the shade size
by at most co0 K, for some constant cog < 10, (see figure .

,,,,,,,,, F/',r',,,,,,,,,,,,,,,,,,;T,;»r,,,,,,,

FIGURE 7.3. Evolution of 7 shade.

Now, we split [0,n] x Z?~! into slices. For i = 1,2,...,n/7K, define
S;=[(i—1)7K,i7TK] x Z%~'  and B; = S; N [L]3x,

where [L]3x is the 3K-neighborhood of £. We will say that B; is illuminated if
Lii—1)7K+3K,iTK —3k] 18 not included in the shade of Cy \ [£]3x (which is included
in the shade of the £-free vertices of Ty). We have, using ,

. . n n
P, (#{ﬂlumlnated B} > ﬁ) >1-— Pz/(\sb(%)\ > 5)

>1-P, (clg#{ﬁ—free vertices of T} > ﬁ)

2
>1— e whmeTron,
Thus, as Py (0 <> ney) > e Sarn(i+o())
P, (#{illuminated B;} > & 0 ney) >1— e, (23)

n

for some v7 > 0. Noticing that the number of B; is =,

half the boxes are illuminated with high probability.

Now, we describe a surgery procedure creating a cone-point on £ from an illu-
minated B; and bound its cost uniformly over the rest of the cluster of 0. Given
the restriction of a configuration w|z)c outside [L]3x such that B; is illuminated,
let vy, and vg be the leftmost and rightmost vertices of Li;_1)7x43K 7k —3K] DOt
shaded by Cy N [L]5,. Notice that, by definition of the shade, the whole segment
[vr,vg] is not in the shade of CyN[L]5. Denote by A, ., the event that all edges
of [vr,vR] are open, all edges inside (v, —Y) N B; and (vg + Y) N B; are open and
the remaining edges of B; are closed (see Figure .

this implies that at least

FIGURE 7.4. Local surgery procedure to create cone-points. The
edges between vy, and vy and those in the shaded regions are all
open, those in the white regions are all closed.

By finite energy, minwhqu Py (Ay, vp |0 43 né1) > 6 > 0 where the minimum
is taken over configurations such that B; is illuminated. Thus, a positive density
of illuminated B;’s contain cone-points and, by , a positive density of B;’s are

illuminated, thereby completing the proof of Theorem O
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7.3. Pure exponential decay when 2’ > 2/. We are now in position to prove
the last item of Theorem[I.3] This will be done in the same fashion as in Section []
except that the “random walk” will here be pinned to the line, replacing the power-
law correction present in by a constant (which is related to the frequency
of occurrence of cone-points on the line). We work here with cones of angular
aperture m/2. As in Section {4} let wy, ..., w,, be the cone-points of Cy lying on L
(by Theorem m is typically of order n). Let

Ci =CyN [[’U)z' . €1,wi+1 . 51]] x 7471

define the cone-confined irreducible components of Cy, and let ¢* and ¢ be the
two components of Cy \ ({1 U2 U ... U (n—1) containing respectively 0 (backward-
irreducible) and né; (forward-irreducible); they can possibly be reduced to a sin-
gle vertex. All definitions of Section [] extend with almost no modification to
the irreducible components (. In particular, we can define percolation events
=t =1, B, 27 associated with ¢°, i, .., Gno1, ¢/ so that

Py (Co=C"UG U UGnor U

Then, for u,v > 1, we can define

ph(u) =& " Pu(E)  and  ph(v) =€ > Pu(E).
¢*30 730
D(Cb):U D(Cf):v

By Theorem [7.2] they satisfy
pp(u) <e ™" and  ph(v) <e 0.

Again, all the properties listed in Proposition hold in the present setting (with
essentially the same proof). This allows us to proceed as in Section [4| in order
to “couple” Cy with a random walk S’ on Z-( with i.i.d. increments X/ in Zsg
having exponential tails. We denote its law and expectation by Q’. The measures
associated to the boundaries pieces will be denoted by g}, p, s they have exponential
tails.

FIGURE 7.5. The original process based on the cone-points of Cj
on the line £, together with the associated process of independent
pieces.

The arguments leading to yield in the present setting
egw’IF’ (0 <> néy) Z <3t>0 ZX—n—v—u)—Ha en,

We can clearly restrict the sum to u,v < n/4. The conclusion then follows from
the Renewal Theorem and Theorem [7.2] since they imply that

¢
1
Q’(Elt>0: ;X{nvu> 27, QO

>0,
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uniformly in u,v < n/4.

7.4. &, is strictly decreasing when 2’ > z/. As discussed in Remark . We

can find a sequence (ay,),>1 of large enough numbers such that &,/ = lim,_ . 5
where

z’

n 1 .
fg(cl) = logIPic,’Aa" (0 + ney).

We can then bound di, 9(57) using Lemma

d 1 1 . R
@fi/) < _gx’(gg’i ZPQ{,’AM (e € Pivoune, |0 <> ner).

By Theorem the number of cone-points can be assumed to grow linearly with
n. As every cone-point induces at least one pivotal edge for 0 <+ nep, we can find
a positive constant such that dx,f(”) —co1 uniformly in n. Thus, 2’ — &, is
strictly decreasing. Indeed, for o/ < x] < a} < o0,

Saty — &y = hrn ﬁ(n) Ei,n) = lim gﬁ‘g”)ds < —caa(wh — ).

1 n—oo I/l
Notice that the constant depends on .

7.5. Analyticity of 2’ — &, for 2’ > «/. For any z{, > z, we are going to prove
analyticity of & for 2’ in a neighbourhood of x{,. Let us thus fix z(, > z/. We first
make the following two assumptions, which will be proved at the end of the section:

Claim 7.1. & can be obtained as the limit of —+ log IP’S}) (0 <> néy) (where IP);T,L)
denotes the measure with only Ly ) weights modified).

Claim 7.2. f, = lim, o + = log E(n) [( ) 0. "]] exists and is analytic in =’ in a
0

small neighbourhood of xj.

Assuming this, we can rewrite

lim 1 P (0 lim —1
Jim - loglPy (0 > néy) = lim - log ]E@[(?,)%o,m]
0

_ far +&ap ) () [ (2 YOL0,n >
= nh_{r;oﬁlog{e ﬂfo [(:—6) [0.m] ’O<—>nel]}.
The same construction as in the previous subsection (coarse-graining and finite
energy), together with the strict monotonicity of &, on (2/,00), guarantee that
there exists eg > 0 such that, for any z’ in a neighbourhood of z(), we have
—(for+€u )nn(n) OLig ] o
e oK, [(%) [0 |0<—>nel]

g

S MBI (2) 250 1 iy ey | 0 nE] (L4 0(1),

0

where Cp(Ljg ) is the number of cone-points for the cluster of Ly, (the union
of all the clusters containing at least one vertex of Ly ,)) lying on Ly . Let
90,91, ..., 9,97 be the (random) sequence of diamonds-confined L|0,n)-clusters
(that is, the irreducible, in the sense of Section cone-confined pieces of the clus-
ter of L ). We write Dy, ..., Dy, the sequence of diamonds containing 91, ..., 9,
and |D;| > 1 the €; displacement (or length) of D;. We stress at this point that
1¥; contains the whole information about all the clusters touching £ N D;. We also
denote D’ D/ the diamonds containing 9?9/ (their left (resp. right) endpoints
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might not lie on L ,,). As before, the length of these irreducible components has
exponential tails. We obtain

B [(2)°0 L (cpcg pseam | 0 ] =

0

E(n) [(IO) DLy, ] %)onﬁL[O,n] H(%)ODmL]l{Cp(L[Dm])>eon} ’ 0 < né’l]. (24)

Proceeding as in Sections [4] and [7.3} we can partition ¥°,91,...,9,,,97 into finite
strings of irreducible pieces 9P 191, .. 19k 1 of , and construct a probability mea-
sure Q on the irreducible Components ¥; and two finite measures pr, pr on 6° and
67, respectively. All three measures have exponential tails, so that, up to an error
of order e~" with ¢ > 0 uniform in 2’ in a small neighbourhood of z, becomes

oy > (fopRekHQ £)°P0 | 1Di] = 4]Q(Di| = t:),  (25)

k=14o+--+Lr=n i=1

where the C' comes from the pure exponential decay behaviour of Py, (0 <> né)
and the associated conditioning, and where

PL/R(E) = pL/R[(x ) Db/fﬁﬁ“"]]l{\bb/f|:g}]7

are exponentially decaying in ¢ for z’ in a small neighbourhood of zj,. Notice
that Q[(Z )OD e |Di| = ¢; ;] is a polynomial in 2’ of degree at most ¢;. Denote

(|D1| = {) (which is exponentially decaying in ¢) and p,(z') = Q [(%)ODIM }
|f?1| = f]e_(f$/+§w6)£; observe that py(z') is an analytic function of z’. Define

ap(z’) =1 and

Oén Z Z HQ % ODiﬁL | |[)l| — él]Q(|Dz| _ gi)e*(fmﬂr&%)éi

k=144 +Llp=ni=1

n k
:Z > Tawra@). (26)

b1+ 4Lp=n1=1

Denote d,, = ~(far ey I )[(%)06[0"4 | 0 ¢ néi] and D(z) = D on>1 dnz™

””0

By definition, the radius of convergence of I is ef=’. Then, consider the generating

functions
o0
= Z an(z)e™ and Bt Z qepe(x
n=0

By and , the radius of convergence of A is given by the one of D(et), so
that the radius of convergence of A(¢) is equal to &,. Moreover, notice that B(t)
converges for all ¢ < t for some ty > £,/ as gy is exponentially decaying in £. Then,

implies that
_
1-B(t)

Thus B(£,+) = 1, which provides an implicit expression for £,,. Defining

(o)
= qpi(w)e®,
=1

analyticity follows from solving ®(w,z) = 1 for z in a neighborhood of (a/,&,/).
Analyticity of ®(w, z) close to (2’,&,) follows from the exponential decay property

A(t) =
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of q¢, and %—f‘ (@ 6.0 # 0 from a direct computation. The claim follows using the

(analytic version of the) implicit function theorem.

Proof of Claim[71 To simplify notations, we will write j = jé& when the meaning
is clear from the context. First notice that IP’EZ,L)(O < n) <Py (0 < n) by mono-
tonicity, since z’ > x. Thus & < —limnﬁooilog]P’g}) (0 > n). To obtain the
reverse inequality, we partition, for M > 0,

P, (0 A n) = Pm/(o < n, 0« (‘C<—M U £>n+M))

+ Pm/ (0 <~ n70 <7L> (£<7M U £>n+M)). (27)

Now, we bound separately the two terms in the RHS.

]P):c/ (0 & n, 0 <_>(‘C<7M U £>n+M))

< Y Pu(keo00n)+ > Pu(0ene k)

k<—M k>n+M

<2) Pu(0 & n+ M+k)

k=0
< geGumebrdt L
= 1—e ¢
1
S CPII (O — n)e_gz/Mliig = m’e_Mgzl]P)z’ (O <~ n)ﬂ (28)
— &

where the first inequality is a union bound, the second uses invariance under trans-
lation, the third is by Lemma Item and the fourth follows from Theorem
Ttem with C' > 0 not depending on n. Then,

P_L/(O <~ n,O <7L> (£<_M U £>7L+M)) =
= Z P, (0Cy closed)P,(C open|dCy closed)

C30,n

CN(Lc-MULS nym)=2

< Z PSETM’"+M)(800 closed)IE”i,,_M’nJrM)(C open | 0Cy closed)
C30,n

CN(Lc—MUL>ntM)=2

< PG (0 4 )

E[(L/)oa[,M,nwm]l{m_m}} I oM
=L < (%) P (0 < n), (29)

x

E{(L’)”[—M,HM]}

where IP’EC,_M’”JFM) denotes the measure with modified weights on £_ s, 4a7). The
first inequality is by monotonicity (and P,/ (- | 9Cy closed) = ]PifM’n+M)(- | OC closed)
as the interior of 9Cj does not contain edges from L. _p; or Ls,iar).

Putting together ,, , and choosing M large enough so that Cpre™M& <

% we obtain:

x'\2M 1 (n) x/\2M (n)
implying &,/ > — nh—{%o Llog IPS:)(O “ ney). O

Proof of Claim[7.2 The proof will be done using the same line of ideas as described
above for the analyticity of &,/. First notice that, for 2’ > xy,

E(n) [(g)oc[o,n+m]] > Eiz) [(%’)oc[o,m]}E(n) [(i)og[o,n]]’

’ ’
Zg x T x
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by FKG, as oz, ,,, is an increasing function, and by translation invariance of E (for
x' < x(, the reverse inequality holds). Thus, existence of f,+ follows by Fekete’s
Lemma. Analyticity of f, follows the same lines as &,: the same representation
of Ljgn) cluster holds under IE;Z), and the rest of the argument carries out in the

same (in fact, simpler) fashion as in the &,/ case. O

7.6. Interface localization. Theorem [I.4] is an essentially immediate corollary
of the analysis leading to Theorem [7.2] and classical tools for the analysis of the
random-cluster model (see [17]): the Edwards—Sokal coupling and the coupling be-
tween the high- and low-temperature random-cluster measures on Z?2. It is enough
to make the following observations:

e Whenever {i,j} € E? is such that {i,j}* is part of the interface, the edge
{i,7} is closed in the random-cluster configuration associated to the Potts
configuration by the Edwards—Sokal coupling. Note that this random-
cluster model has wired boundary condition and a constraint that {i €
72 : it >0} \ A, must no be connected (in A,,) to {i € Z% : it <0} \ A,.

e By the standard coupling between the random-cluster model on Z? and its
dual (which has parameters p* < p., J* > 1 and the same value of g),
the latter has free boundary condition and is conditioned on the two dual
vertices (—n — 3, %) and (n + 3, §) being connected. Let us denote by Cj,
the corresponding cluster.

e By the above, the Potts interface is a subset of the (dual) cluster C,,.

e The analysis leading to Theorem [7.2] can be repeated essentially verbatim,
the fact that one is working in a finite system having no incidence.

e This implies that the cone-points of C,, are also cone-points of the Potts
interface, from which the desired result follows immediately.

FIGURE 7.6. The FK representation of low temperature Potts
model with Dobrushin boundary condition (the top is conditioned
to not intersect the bottom) and the corresponding high tempera-
ture dual FK configuration (where the two points are conditioned
to be connected).

APPENDIX A. COUPLINGS

We sketch here the proofs of the existence of some couplings used in the paper.
Similar construction (with more details) can be found, for example, in [15] and [10].

Lemma A.1. Let G be a finite graph and let Pz, be the random-cluster measure
with edges weights (x¢)ecp. and cluster weight ¢ on G. Then, for any e € Eg,
there exists a coupling (w,n) ~ ® of Pz 4(- |we = 1) and Pz 4(- |we = 0) such that
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(Z) w Pf,q(' |We = 1) and n ~ Pf,q(' | Ne = O>7
(i1) ®(w>n)=1.

Proof. This lemma is standard and follows from a Markov chain argument: start
from w® > 7 and perform a heat bath dynamic simultaneously on the two con-
figurations. Having constructed w1 n(»=1 construct w,n(™ in the following
way: select an edge f uniformly at random from Eg; resample its state in w1
according to Pz (- |wg = ws(,n_l) Vg ¢ {f,e},w. = 1) to obtain w(™; resample its
state in 7"~ according to Pz 4(- |7, = n_ﬁ,"*” Vg ¢ {f,e},n. = 0) to obtain n(™).
The two dynamics can be coupled so that for every n, the law of w("*t1) dominates
the law of n("*1). Letting n — oo, this gives the desired coupling. U

Lemma A.2. Let G be a finite graph, let Pz 4 be the random cluster measure with
edges weights (Tc)ecr, and cluster weight ¢ on G and, for E C Eq, let Py, be the

random cluster measure with edges weights y. = e Z_fe ¢ E, and cluster
Ye < x. ifeek
weight q. Then, there exists a coupling (w,n) ~ ® of Pz, and Py, such that
(i) w~Pz, andn~Pg,,

(it) ®(w>n) =1,

(iti) @(Wl(opw)e = Mlepwye) = 1.
Proof. This coupling is slightly more involved and is done via an exploration pro-
cess. Fix an arbitrary ordering of Fg. We will explore the configurations by
exploring the cluster of E. Denote Cgl)(w) the cluster of E in w (that is, the union
of the clusters of the endpoints of the edges in E) restricted to the explored edges
after step n (it always contains the endpoints of the edges in E) and let 3C£E") (w)
be the unexplored edge-boundary of C’I(f”) (w). At step n, sample the smallest edge

en € 802”71)(w) as follows: sample U,, ~ Unif([0, 1]) and set

we"l = ﬂ{UnSPigq('|wel,...,w€n_1)} and Nen = II'{UnSPQ‘,q(' ‘7751;'“7778"_1)}'

In this way, when an edge is open in 7, it is also open in w. Observe that, once
the cluster of E in w is explored, its boundary will be closed in both configura-
tions. We can thus sample the remaining edges in both configurations according to

]P’é 4:(C(0)UOC s (w))e> SO the two agree outside of Cp (w). O

APPENDIX B. BASIC RESULTS IN FK PERCOLATION

B.1. A decoupling inequality. The following lemma is inspired by an analogous
claim in [5].

Lemma B.1. Let R > 0 and let A be an increasing event depending only on edges
in a finite set D C Z%. Define D = U,cp(i + [-R, R]%). Then, for all R large

enough,
Pp,(A)
P(A)
Proof. Notice first that, for u € dDp/, and v € 0Dg, the distance between v and v

is at least R/2. Then, partitioning according to whether the event 0Dg < 0Dp/o
occurs, we get

—v1 -1
S (1—|6DR/2||8DR|€ R/Q) .

Dr(A) < PP (A)P),\p(ODR <> 0Dg/2) + P(A)
<P}, (A)|0Dg/2||0DgleR/% + P(A),

where we used monotonicity in volume and in boundary conditions for the first
inequality and Lemma [2.1] for the second one. O
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B.2. A Russo-like formula. There exist various extensions of the Russo formula
from Bernoulli percolation to FK percolation. However, we will need the following
version, which we did not find in the literature. Recall that an edge e is pivotal for
an event A in a configuration w if the value of 1(,¢c4) depends on the value of w,.
Denote Piv4(w) the set of edges pivotal for A in w.

Lemma B.2. Let Pz, be the random-cluster measure on a finite graph G, with
weights (Ze)ecrs and ¢ > 1. Let E C Eg a collection of edges in G. Denote
by P% , the random-cluster measure obtained by modifying the weights T by setting
Te =8, Ye € E. Then, for so > s1 and any nondecreasing event A, we have
P2, (4) s
4 > exp(/ —— > Pi_(e€Pivy] A)ds).
IP’;{q(A) s S(I+s9) eEZE 4

Proof. First, we compute

d s _
&logﬂ”@q(z‘l) - SPS (A)COV" (]lA’OE)
= g]P’S (Z IP) (A|We = ]-) ]Pszi‘,q(A))>
eckE
- sIEDq (Z PS,q Pz ( = 0)
ecl

X (P g (A]we = 1) = P (4] w, = 0))). (30)
Consider a coupling (w,n) ~ ® of P; (-|we = 1) and P (-[we = 0) such that
w>nandw~P% (-|we=1) and n ~P; (-|we =0). Then compute
PZ(Alwe =1) = P% (A|we = 0) = &(La(w) = La(n))
= (La(w)Lac(n))
2 O(L{eepiva}(w))
=P% (e € Piva |we = 1)
P: (e € Piva,we =1) P% (e € Piva, A)
P (we=1) Py (we=1)

where we used, in the second line, that A is increasing and w > 7, so that n €
A= weAdandwe€ A° = n € A° and thus T14(w) —14(n) = La(w)Lac(n);
we have also used the fact that e € Pivy(w) = w € A and n € A° for the
inequality. Plugging this into (30]) gives

% log (B%,,(4)) > ﬁ(z P (we = 0)P% (e € PivA,A))

eel

_ (ZIP’ (we = O)P%, (eePivA|A))

eel
1 . .
> m(z }P’iq(e € Pivgy |A)>,

where the last inequality follows from finite energy of P3 - Integrating both sides
between s; and ss and taking the exponential leads to the desired inequality. [

APPENDIX C. RENEWAL FOR LONG-RANGE MEMORY PROCESS

The goal of this appendix is to present a way to factorize measures on sequences
with exponential mixing. The procedure employed is a representation of the mixing
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property as a memory-percolation picture. The ideas used here are inspired from the
construction done in [§], but our set-up being a bit different (we deal with general
kernels instead of probability kernels and we need “finite volume” estimates rather
than estimates on the stationary measure), the results from [8] do not immediately
apply, so we provide here a self-contained exposition.

C.1. Setting, Notations and Definition. We will work with 4 an alphabet
(finite or countable), and By, Br two sets containing @ (finite or countable). The
objects of study will be measures on sequences of the form

(bL,xl,Ig, c. ,zn,bR) € By x A" x Bg.
We will say and assume:

e clements of A are called letters, sequences (or concatenation) of letters are
called words;

e A does not contain words;

o for x € A", denote |x| = n the length of the word x.

As we work with sequences, it will be useful to have a few operations on them. We
first define the concatenation operation.

Definition C.1. Forx = (..., xp_1,2) a right-finite sequence andy = (Y, Yi+1,--- )
a left-finite sequence, the concatenation of x and y is the sequence
Xl—ly - ( oy L—1, Tk YL, Y141, - - )

By convention, the labels of the new sequence will be chosen to be consistent with

the labels of x:
(xUy); = f , .
Yiri-k—1 i >k

Elements of A will be considered as one-element sequences for concatenation.
We then define the extraction operation.

Definition C.2. Fork <Il<m<ne€Z andXx = (..., Zp, -y Ty s Tmy-vy Ty -
a sequence, the (I,m)-extraction of x is the sequence

X’{n = (1’[7$l+1, .. 7xm717l’m)'
We will use the following notations:
e S=J,50A" the set of finite sequences (A° = {&}), and $* = J,,», A"
the set of non-empty finite sequences; -
o ST = A%>0, resp. S~ = A%<0, the set of right-infinite, resp. left-infinite,
sequences; B
e Br = {bL Ux : by GBL,XES} and Br = {X|_|bR : b € BR7X€S}.
In all this Appendix, when not explicitly said otherwise, by,br,x will always
denote elements of By, Br,S* and x = (z1,...,2y).

We will consider measures ¥,, on By x 8" x Bg that are given by a kernel
U : By x (AUBg) — Ry and a weight function ¥ : By, — R, (for simplicity, we
denote both by the same letter...). Namely, writing

U(b,s) = U(s|b),
we assume that

U, (b, UxUbg) = \Il(bL)(H U (x| by, U x’f‘1)>\11(bR by, LixT)
k=1
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To lighten the notations, we will sometimes write

W(by UxY) = W(by) [ (i [br Uxi).
i=1
We will make the following additional assumptions on U:
(H1) uniform summability: there exists K < oo such that

> (s <K

SGAUBR/L

for all b € EL/R;
(H2) ratio exponential mixing: there exist Ly, ¢ > 0 such that

‘ _ M’ JR——
U(z|by Ux) ! —

for all n > Lo, z,x = (x1,...,2,) € S,b1,by € Br;
(H3) sub-exponential decay (or growth) of the mass:
1
lim L log(jin) =0,

n—oo N

where i, =2, 1> ean Ynlbr UxUbR).
(H4) there exist s € A and €9 > 0 such that inf, .5, ¥(s[l) > €.

C.2. The Memory Percolation Picture. A stick-percolation configuration on
an interval J C R is a partitioning of J into disjoints open intervals (called clusters)
and their endpoints (called cuts). Given a stick-percolation configuration w, denote
by Cuts(w) the set of its cuts. We will consider stick-percolation configurations
induced by functions I : Z — Zx( via the following procedure: to every k € Z,
associate the (open) interval (k— Iy — 3, k+3). Then, the connected components of
the union of those intervals give the clusters of the stick-percolation configuration,
while the complement of this union gives the set of cuts. We will say that an edge
e = (k,k+1)isacutifk+ 1 is.

This definition extends straightforwardly for stick-percolation configurations on
finite subsets of Z.

Ficure C.1. Left stick-percolation configuration and the cut process.

With this in hand, we augment each sequence by LI x U bg, x € A", with a
stick-percolation realization on [0,n + 1] N Z. This will be done with the help of a
memory threshold sequence (following [8]). Let x = (z1,...,%,) € S*,b € By, and
define

ap(s|bUX) = ap(s|*) = inf U(s]|l),
leBy,
ak(s|bUX) = ak(s | x5, _jq1) = nf V(s [TUXp k1),
€

L
ar(bUx) = Zak(s\bUX}‘),
seA
if0<k<mn,and ar(s|bUx) = a(s|blUx) = U(s|bUx) for £k > n. Under
Assumption [(HI)} all those numbers are in [0, K] for all k and aj,(s | bUx), aj(bLx)
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are nondecreasing sequences in k for any s, b and x. One can thus consider the
“covered mass at depth £

Ag(s|bUx) = ao(s]*),
A (s|b|_|x):ak(s|b|_|x)—ak_1(s|bl_lx),

(U x) ZAk |bUx).
se A

All these definitions are for s € A, but they extend straightforwardly to the case
where s is replaced by o' € Bg. Observe that Assumption is equivalent to the
existence of €y > 0 such that ag > €.

Now, noticing that

U(s|bUx]) =ant1(s|bUxT)

=ap(s|bUXT) +Z{ak+1(s|bl_lx’f) —ap(s|bUx])}

k=0
n+1
=3 Ag(s[buxp),
k=0

one can write

V(b UxUbg) = W | by Uy~ ))‘I’(bR|bL|—|X?)

n+1

Ag(xy | by UxE™ )(Z Ai(bR|bLI—IX71L)>

1=0

Ha: HA
I\Mw

Z Loos (bR b UXT) HA“Mbux H,
€L,

k=1

where Z,, = {I : {0,1,...,n + 1} — Z>¢ : Iy = I(k) < k}. Now enters the
memory-percolation picture: I can be seen as the realization of a stick-percolation.
In this way, each I can be associated to a cluster set that we will represent as the
sequence of the lengths of its clusters:

n+1

n_U{zo,..., Dl >, Zz—n+2}

We will write I ~ (lp,...,[lx) if the cuts of the stick-percolation configuration in-
duced by I are (lo—l,lo), (l0+l1 —1,lo+ll), ey (lo-l— . ‘+lk,1 —17l0+' . ‘+lk,1).
One can thus see ¥,, as a measure on (B U A" U Bg) x €, (equipped with the
discrete sigma-algebra):

U, (by UxUbg, (lo) 11, .., k)

n

=0(bL) > A, Orlboux?) [[AL @i b uxiT). (31)

1€, i=1
Tro(losensly)
Notice that, for a given cluster realization (lo,...,lx), the value of the weight

Ar, (z; | by U4 for a given i is independent of the value of z; for j < i — I;. Tt
is this essential property that will be exploited in our analysis.
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<l ool
bL$1I2$3$4I5$6$7 ... Tp_2Tp_1TybR
- -« - -—

L T In

Ficure C.2. Sequence with memory.

Define

prbr Ux?) =W(br) Y J[An(eelbruxi™)

I~(n+1) k=1
pr(X} Ubr), = > Ar,, (br|x}) HAIk (x| x771) (32)
I~ (1,n+1)
p(X?), = Z H Afk- (xk |X]f_1)'
I~(1,n) k=1

These are obviously nonnegative measures on, respectively, By x §,S x Br and
S. Moreover, denoting M + 1 the (variable) number of clusters in the percolation
configuration, and defining A = {M > 1,1y + lpr < n+ 2}, we have

n+1
U, (b, UxUbg, A Z Z Wb UxUbg lo=11y =7)
L=21>1,r>1
r+l=L
n+1 n+2—L -1 .
= > X X weo{ X [Tl uxi}x
rHl=L=2 k=1 _li,..01;>1 I~(1) i=1
ri>1 le_n+2 L

k lj
[ A
X H{ E : HAL‘ (TR ‘ Xl ool 41 )}X

=1 I~ (L) i=1

r—1
Il —1 | gl li—1
X { Ar (br | il +1 ) H A (@14t | Xipotl+1 )}
I~(1,7) i=1
n+1 n+2—L k
_ l+"‘+lj—1+lj
= Z AUASE H il +1 ) %
r+l=L=2 k=1 l1,elg>1 j=1
rd>1 > li=n+2—-L
I+-+l+r—1
x pr(X T Ubs). (33)

C.3. Decoupling of Random Sequences. We now present a factorisation result
for weakly coupled measures. We always see U,, as a measure on (B, x A" xBg) xZ,
(with the discrete o-algebra) as the percolation picture is induced by the memory
values (I € Z,,) and thus all weights that we consider can be expressed as sums of
weight of elements in (B x A" x Br) X Z,.

The idea being to approximate ¥, by a factorized measure, we introduce the
product measure P = p%>0, X = (X, X5, ...) and B/ r sequences “sampled” from
P, pr/r (one can just think as if they were random variables, and look at them as a

convenient way of defining certain sets). Then define Ry, = {3k > 1: Zle IX;| =
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L} and
E=pL XPxpg, (34)
En() =E(-, B[+ [Br| <n, Ru_B.|-Br|); (35)

where Z,, is understood as a measure on (B, A", Br) x €,. Percolation estimates
and the construction described in the previous section allow one to prove the fol-
lowing result.

Lemma C.1. Let (V,,),, and ¥ be as described in Sectzon and such that Con-
ditions [(H1), [(H2), [(H3) and [(H})| are satisfied. Let pr,pr,p be defined by (32 .

Then, p is a probability measure and
(z) there exist Cy, ca3 > 0 such that

pr(Br|l =1)V pr(Br| =1) Vp(|X| =) < Coe™>;
(ii) there exist Cs,coq > 0 such that, for any f: B, x A" x Bp — R bounded,

1 F3)Taly) = D f(y) | < [If]l o Cae™e2m,

where the sum is over'y € By, x A™ x BR.

Proof. We start by showing Item as the second point follows from it and .
To lighten notations, we will use the notation s} = (s;)}, for any kind of
sequence (not just words) and write s} = 8} instead of: s; = 3; fori =k, k+1,...,n
First observe that, using [(H2)| and the definition of a,,
oulels) )y _aela)
U(s|bUxT) U(s|buUxT)
uniformly in b € By, and s € A (or s € Br) whenever n > Lo. Thus, for any b € By,
and x € A", n > Ly,

Z{\If(s|bl_lx7f) —an(s|x])} <e™ " Z\Il(s|bl_lx?).

sEA sEA
This and the fact that a, > ag > ¢g imply that

2sca tnls|X7) > 1—e™" ifn> Lo,
ZSGA\II(SHDHX?) h efo if n < Lg.

We can then use to obtain a “uniform” exponential decay estimate on Ij: for
Ly <<k,

V(e < LI =) =

(36)

(37)

n

= Y ULuxt Da(ee b uxi ) [ A b uxih)

br,br,x7 i=k+1
n
> Y woLuxp)A—e ) [ Anilbouxi)
br,br,x7 i=k+1
= (1 — e HT, (] —rZI%)- (38)

For | < Ly, the same computation and (37) gives

1 1 1 1
U (I <1 IR = TZL) > e Wn (I = rifh)-

Reformulating, one has

Vol > LI = i) _ {ecl if 1 > Lo,

(39)

U, (I =) -2 ifl< L.
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For 0 <i<j<n+1,let Xj; =max{i —m+ I, : i <m < j} be “the distance
reached by [¢, j]”; note that it is nonnegative. Doing (almost) the same computation
as in , one obtains the following

Claim C.1. There exist ¢ > 0,L; > 0 such that,

\I/n(X[77J] > 17117,?_’11 — ,r-;lj:ll) - {e—cl if 1> L,

U, (I =) 1— ()" ifl <L,

j+1

uniformly in i, j and v’} In particular, there exist C > 0,¢ > 0 such that:
j+1

o (X, > l’IyT‘lel = T?if) < Ce—cl

\I]n(‘[;'l-:_ll = T;L-tll) B

‘We will also need a uniform cut estimate.

Claim C.2. There exists € > 0 such that
Vo (Xpig) = 0. 1757 =1747)

U, (I =7

2 €

uniformly in i, j and r;fll.
Proof. Proceeding as in ,

U (X =0, 10 =)

U, (Liyr <k, 0<k<j—d It ="

FA T A Live =T
€0 Lo £
—ck +1 _ n+l
2 (E) H (L—e™ )W (I3 =ril)
k=Lo
n+1 nt1y €0\ Lo - k
—C
> V(I = ’“j+1)<E) [[a—e)
k=1
1 1
= e\Iln(I;fl = r?_tl ),
since the infinite product converges. O

We now use Claims and to implement an exploration argument which
will imply that having no cuts in a long interval carries an exponentially small
measure. This in turn implies exponential decay of pr,, pr and p (Item|((i)). Fix I,
n large enough and m € [0,n + 1] N Z such that [m — I, m] C [0,n + 1]. Define

D, (1) = {[m — I,m] N Cuts = &}.
We want to prove the following
Claim C.3. There exist Lo > 0 and ¢ > 0 such that, for alll > Ly andn >m > 1,
U, (D (1)) < e

Proof. The idea is the following: look at the furthest point reached by [m,n + 1];
call it 4;. With measure at least €, e;; ;1 is a cut. If not, look at the furthest point
reached by [i1,n + 1], and so on and so forth. To make this precise, we introduce

1= X[m,n+l]7 Yy = X[m—Yl,m—l]vYB = X[m—Yl—YQ,m—Yl—l]v B
k
Sk? = ZY;7 50 tha‘t Yk = X[mfskfl,M7Sk,271}7
i=1

T =min{k : S, >1}.
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All these quantities are functions of the memory configuration I. Now, for any
1>6>0,

U, (D (1) = Uy (D (1), T > 61) + U, (D, (1), T < 61)
< (1—e) + W, (T < dl),

via the uniformity in Claim [C.2] Finally, for ¢ > 0,

o0

U,y = N et B, (V) =k, Ya = kal)
K1,....ks1=0
oo ol
< Y SR
K1,...,ks1=0 i=1

o sl
- (1 —60/2) ’

for any ¢ < ¢/2, where we used the uniform exponential decay property of the Y's
(Claim |C.1)) in the inequality. This gives:

U, (T < 6l) =T, (S5 >1) <e

for some ¢ > 0 and § small enough, via the application of the exponential version
of Markov inequality. O

With , Claim implies exponential decay of py, pr and p (item , as
well as the bound ¥, (A) < e=“" (where A is defined just above (33))).

To conclude the proof of Lemma we must still establish Item and show
that p is indeed a probability measure. We start with the latter. As p is a positive
measure, we have to prove that ) 5. p(x) = 1. This will be done using a standard
renewal argument. We will need the weights

pr= > pelbrux), pf= Y pu(xUbgr), va= > p(x),

breBr,xe A1 brEBR,xc A1 x€eA™

and the associated generating functions (recall p, = > ;> . c 4n Yn(br UxUibR)

from [[TI3))

Az) = Z,unz”, B(z) = Z 2", Cp(z) = Zpﬁz”, Cr(2) = prz"
n=1 n=1 n=0 n=0

Since

dop) =)D px) = v.=B(1),

XES* n=1xcAn n=1
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we only need to show that B(1) = 1. We will deduce this from a functional equation
satisfied by the previously introduced generating functions:

A(z)ziz” > > Wb uxUbg)

n=1 by ,br xEA™

- i 2", (A%) + i Y0 (b Ux Ubg, A)
n=1

n=1 by, ,br xEA™

0o oo k
= gae(2) + Z Z Z pra? ol 2! H 2"
1=1

k=ln=k Lril, . lp>1
I+r+> li=n+2

oo

= ga:(:) + Y Co(9)B(2)"C(2)
k=1
CL(2)Cr(2)
=gac(z) —C C —_—
Now, denoting 74, , ra, s, rc, and rc, the radii of convergence of, respectively,
ga., A, B, Cr and Cg,|(i)| and the exponential decay of ¥, (A°) imply that

(40)

Tga, > 1, rg > 1, re, > 1, rc, > 1
Furthermore, Properties implies that
ra = 1.
Together with , this yields B(rs) = 1 and thus B(1) = 1.
Finally, we prove Item (i)} For f: Br x A™ x Bgr — R bounded,
1> F3)aly) =Y F(¥)Ea(y)]
<D O Valy, A) = D FOE)] + 1 0 ¥n(A%)
< fllcCe™
by exponential decay of ¥, (A€) (implied by Claim and equation . O

Since all notations and estimates are provided here, we prove a few technical
points which are not directly useful in this paper but which might be of use in later
investigations.

Lemma C.2. Under the assumption of Lemma[C.d], there exists € > 0 such that
W, (b Ux¥, (k, k+1) € Cuts) <
6’
\I’n(bL L le) -

uniformly in by, k > 0 and x¥.

Proof. This follows form the same computation as in the argument leading to

Claim in the proof of Lemma U
Lemma C.3. If there exist § > 0 and an element sg € A such that
\II(SO | b) Z (5,

for all b € By, then
p(X = (so)) > 0.
Proof. By definition of p, p((s0)) = ao(s0) = inf,5, ¥(so |b) > 4. O

Before ending this sub-section, we observe two facts about the boundary pieces:
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Remark C.1. e The same argument as in Lemma[C.3 gives the same result
for p replaced by pr and br € Bg instead of so € A.
o IfU(by) >0 for some by, then pr(br) > 6 (using the definition of pr,).

C.4. Application to Random Walks with Exponentially Decaying Mem-
ory. In order to avoid confusion, we continue to use |- | for the length of a sequence
and use ||-|| for the norm in R, We now apply results of the previous section to
the setting where By,S, Bgr come equipped with a displacement application: i.e.
a function V : By, UBr US — Z%. This naturally induces an application V from
By, x 8™ x Bp, to the space of trajectories of n+ 2-steps random walk in Z%: denoting
V(x7) =31, V(x;) (and similarly for by, LUx U bg, etc.),

V(b UXY UbR) = (u,u+ V(b),u+ V(bp Uxy),...,u+ V(by UX] Ubg)),

where u € Z% is the starting point of the trajectory. We continue to denote ¥,, the
push-forward of ¥,, by V. It will be convenient to denote

S = (5, = S(u, by Ux? Ubg) = V(b LXT Ubg).

m=0 —
In turn, V induces an application V from (BL, x 8™ x Bg, €,,) to the trajectories of

random walk with < n 4 2 steps via (denote y72 = by, Ux} U bg)

Va(y, (o, 1k) = (wu+ V(yP),u+ V{yeth), . u+ V(yTT?).

Again, denote
S = (Sm)ntly = S(u,bp Ut Ubg, (lo, - ., k) = Vi(br, UXT Ubg, (lo, - .., Ii)).
The goal of this section is to give properties of the push-forward measure of ¥,, by
V, denoted W' under hypotheses|(H1)} [(H2), |(H3)[ and [(H4)| and some additional
properties, namely:
(P1) there exist C,c¢ > 0 such that
V(|V(@)l=1]b) < Ce™

uniformly in b (in particular, there exists cgs > 0 such that U(||V(z)|| =
1]b) < e~c2s! for [ large enough);

(P2) directedness: V(x)-& > 0 for all x € By, UBrUS. In this case, it makes
sense to distinguish the displacement along the first coordinate from the
others and to denote

Sp= (8], 85 ez x 74,
and similarly for S;

(P3) aperiodicity: there exists sop € S with V(sg) = &} such that U(s|b) > ¢ >0
uniformly over b € B;

(P4) irreducibility: there exist r >0 and s, € S, i =1,...,d — 1, with V(s;) =
(r,q;) such that W(s;|b) > €2 > 0 uniformly over b € B, where (¢;); =
]l{i:j}v ] = 17...,d* 1,

(P5) trajectory symmetry (under starting point u = 0):

vy, (S = (0d7 (Ull‘ﬂvi)v (UlllavlL)7 R (UL‘?,’UI%C)))

=y, (S = (Od7 (Uﬂ,a 7”%)7 (vll‘a 7”%)’ BN (’U‘}l%, 7”#)))

Recall that §* = |J;—; A™ and see the beginning of Section for the definitions
of P, X, R, Bz g, Z and =,. Denote the push-forward of = (resp. Z,) by ="
(resp. E*). Notice that, by construction, Z* and ¥* are both measures on
Traj, = Up_,(Z4)**k. Recall p1, pr and p defined in the previous section. We
use the same notations for their push-forward. The goal of this section is to prove

the following
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Theorem C.4. If U satisfies hypotheses [(HI), [(H2), [(H3) and [(H}), and Prop-
erty then p is a probability measure on Z¢ and:

(1) there exist ¢ > 0, C' > 0 such that, for alln and any bounded f : Traj,, — R,
| D F@UE ) = Y fOE )| < (£l Cem
v€Traj, veTraj,

(2) Let X be a random variable with law p and write X = V(X) € Z¢ (and
define similarly By, Br from Br,Bgr). There exist ¢ >0, C > 0 such that

p(| Xl =0 <Ce  and  pr/r(|Br/rll=1) < Ce .

Given Sy € Z4 and an i.i.d. sequence X; = V(X;), Xo = V(X3),... (with X; ~ p),
denote

k
Sk:SO+ZXi

i=1
and write S|l = (S;Ll)kzo and S* = (S{)k>0. Under|(P2) we have:
e if|(P3) is satisfied, S* and S| are aperiodic,
o if|(P3) and are satisfied, S is also irreducible and S\ can attain every
k > Sy with positive probability.
o If|(P5) is satisfied, p(Xi = u) = p(Xi" = —u) and
P(o,u) (Eln : S, = (L,v)) =P,v) (Eln 2 S, = (L, u)),
where Py, ) denotes the law of S for So = (k,u).

Before starting the proof, we make a small remark on the boundary conditions:
Remark C.2. By Theorem for n large enough, V,(-,by = (0,0),bgp =
(0,0)) > 32(-, B = (0,0),Bg = (0,0)). If ¥((0,0)) > & > 0 and ae((0,0)) >
82 > 0, then one can apply Remark[C.d] to obtain:

516
U, (-, by = (0,0),br = (0,0)) > %P(M)(-, 3k : Sp = (n,0)).

Proof. Using hypotheses[(H1)] [(H2)] [(H3)]and [(H4)} we can deduce from Lemmal|C.]|
that

e p1, pr are positive measures on S* with finite total mass and satisfying
pr/r(Br/r| =1) < Ce™
e p is a probability measure on §* satisfying
p(|X|=1) < Cec2l,

e ITtem [1 holds.

We thus only need to deduce exponential decay in ||-|| from exponential decay in
|]. Let us denote expectation under p by E. Exponential decay in [|-|| follows from

Claim C.4. There exists tg > 0 such that
E[et”X”} < 00,
for all t < ty.
Proof. We can assume, without loss of generality, that ¢ > 0. In that case,

E[etllX\l] < Z E|e! Xt HV(Xi)H]l{le:n}]

n=1

< Zl VE[ 0 KB [ o) (41)
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by the Cauchy—Schwartz inequality. Then,

n k
E[ezt Ei:l [1X: H Z Z e?tmg(n—k)E[‘th Zi:l HX%H]I{HX%HZM()JQ:l ,,,, k}]
k=0 Ac{1,..,n}

A={a1,...,ar}
n 00
S E E e2tm0(n7k) E 62t Z,’;Zl éL 67025 Zi-c:l Zl
k=0 Ac{1,...,n} l1,....Lr=m0
A={a1,...,ar}
n o) k
_ Z n 2tm0(n—k)( Z —(cQ5—2t)£)
= e (&
k
k=0 Z:mo

_ <e2tm0 4 e (c25—2t)mo )"
1— e—(025—2t) ’

for large enough my (the first inequality holds for any mg > 0, but we need mq to
be large enough to use|(P1)] (uniform exponential decay of the steps) in the second
inequality). Plugging this into (41)) yields

—(c25—=2t)mo \ n/2
tHX” 2tmo € —ca6n/2
E[e <C E ( + i p——T e < 00,
o~ (e25—2)mg

provided that (62”"0 + m) e~ 26 < 1, which is true for t € [0, %) for some
to = to(mg) > 0, once myg is chosen large enough. O

The previous argument extends easily to obtain exponential decay in ||| under
PL/R-

We now turn to the additional properties. The aperiodicity of S+ follows imme-
diately from since the latter gives p(X+ = 0) > ¢; > 0. The aperiodicity of
Sl is done identically and so is the irreducibility of S+ under

The symmetry is slightly less obvious. Start by observing that, by definition of

a(s|br, U xT) and Ag(slbr, UxT),|(P5)|implies that

ar((Wl o) b Uxi) = 30 an(s] b UxY)
sEA:
Vi(s)=(vl,vt)
= S ar(s|bouxy) = ar((l, —v) [by UXD),
scA:

Vi(s)=(l,—vt)

and, thus,

Ap((W! oD o UxP) = Ar((!, —ob) by LX),
Using this in the expansion of p(V(X) = (v/l,v1)) as

>y > p(X=(z1,...,78),

ko1t o= 20V (2;)=0;

and using the definition of p, one straightforwardly obtains

p(V(X) = (v, o)) = p(V(X) = (v], —0")).

Finally, for L > 0 and u,v € Z47!,
P(o,u)(3n : Sp = (L,v)) =Py (3n: Sn = (L,u))

follows by summing over possible trajectories and applying the previous symmetry
result. O
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