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Abstract

Let h : [0, 1] → R be C2 and such that sup[0,1] h
′′ < 0. For a (large) positive

integer n, set hn(k) = nh(k/n) for any k ∈ {0, . . . , n}. We consider a random
walk (Sk)k≥0 with i.i.d. centred increments having some finite exponential mo-
ments. We are interested in the event {S ≥ hn} = {Sk ≥ hn(k) ∀k ∈ {0, . . . , n}}.
It is well known that P (S ≥ hn |S0 = 0, Sn = ⌈hn(n)⌉) = e−n

∫ 1
0 I(h

′(s)) ds+o(n),
where I is the Legendre–Fenchel transform of the log-moment generating function
associated to the increments. We first prove that the leading correction is of order
e−Θ(n1/3). We then turn our attention to the conditional random walk measure
P hn = P (· |S ≥ hn, S0 = 0, Sn = ⌈hn(n)⌉). We prove that the one-point tails are
of the form P hn (Sk ≥ hn(k)+tn

1/3) = e−Θ(t3/2) for all t < nβ for any β ∈ (0, 1/6).
Moreover, we prove that, for any r ≥ 1, Ehn((Sk − hn(k))

r) = Θ(nr/3) and
VarPh

n
(Sk) = Θ(n2/3), for all k far enough from 0 and n. In addition, we show

that CovPh
n
(Sk, Sℓ) ≤ O(n2/3)e−O(|ℓ−k|/n2/3) for all k, ℓ not too close to 0 and n.

Finally, we show, in a restricted Gaussian setup, that relaxing the assump-
tions of smoothness or strict concavity of the obstacle drastically changes the
behavior.

1 Introduction and main results
The study of atypical behavior of random walk trajectories has a rich history. A cor-
nerstone result in this area is Mogulskii’s large deviation principle [19], building on
earlier work by Borovkov [3], which states that for a random walk (Sn)n≥0 with i.i.d. in-
crements (Xk)k≥1 having a finite log-moment generating function H(λ) = logE(eλX1),
the distribution of the rescaled linearly-interpolated trajectories [0, 1] ∋ t 7→ Sn(t) =
1
n
(S⌊nt⌋ + (nt− ⌊nt⌋)X⌊nt⌋+1) satisfies a large deviation principle in C([0, 1]) with rate

function I(γ) =
∫ 1

0
H∗(γ′(t)) dt for absolutely continuous γ (and +∞ otherwise), where

H∗(x) = supλ(λx−H(λ)) is the Legendre–Fenchel transform of H. This result can be
applied, for instance, to obtain the leading order for the probability that the trajectory
of the random walk remains above an obstacle.
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In this work, we focus on the case of a rather general random walk bridge whose
endpoints lie on a strongly concave obstacle, and whose trajectory is conditioned to
stay above the latter. At the large deviation level, the corresponding question for
a Brownian motion or a Brownian bridge was addressed already many decades ago;
see for instance [21, 11]. Our goals are, on the one hand, to determine the order of
the correction to the large deviation probability and, on the other hand, to describe
the statistical properties of the trajectories. It turns out that this problem exhibits a
hallmark trio of universal exponents:

• transversal fluctuations scaling as n1/3,

• a longitudinal correlation length scaling as n2/3,

• e−O(λ3/2) decay for the probability of reaching a height at least λn1/3 at a given
time (for λ growing not too fast with n).

These exponents are characteristic of an important universality class. On the one
hand, this class contains models for which these exponents results from an interplay
between curvature and fluctuations:

• In the context of a Brownian bridge over [−T, T ], conditioned to start and end
at 0 and remain above the semicircle [−T, T ] ∋ t 7→

√
T 2 − t2, it was proved [9]

that the average height above the obstacle scales as T 1/3, covariances decay
exponentially with a rate of order T−2/3 and, after centering and rescaling, the
process converges locally to a stationary diffusion on R+, now known as a Ferrari–
Spohn diffusion. They also obtain the 3/2 exponent, at least implicitly, as it
appears as the decay exponent of the Airy function.

• The same exponents arise in the study of planar supercritical FK percolation
clusters [2, 27, 12]: the maximal distance between the boundary of an FK cluster
conditioned to be of size n ≫ 1 and its convex hull is of order n1/3 and the size
of the longest facet of the convex hull is of order n2/3 (up to specific logarithmic
corrections).

• Analogous results were also obtained for planar Brownian motion conditioned to
enclose a large area [13] and for one-dimensional random walk trajectories in a
quadrant under a similar conditioning [7].

On the other hand, this universality class also contains models for which such a
curvature-fluctuations mechanism is not readily apparent:

• In [1, 15, 17], a general class of one-dimensional random walks conditioned to
stay positive and subject to an exponential area penalization were shown to lead
to the same exponents, as well as the same Ferrari–Spohn scaling limit.

• The same exponents remains valid for suitable generalizations to systems of
ordered random walks [18, 5, 8, 14].

• The same exponents appear in important problems originating from equilibrium
statistical mechanics: they describe the statistical properties of a layer of unsta-
ble phase of a planar Ising model in an external field [28, 10, 16], as well as those
of the level lines of a (2 + 1)-dimensional SOS model above a wall [6, 4].
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Our analysis is largely based on a reduction procedure that reformulates the prob-
lem of a random walk above a concave obstacle as a problem of a (time-inhomogeneous)
random walk conditioned to stay positive and subject to a (time-inhomogeneous) ex-
ternal potential. This provides a robust link between the two apparently different
classes of problems described above. Note that, in the special case of a Gaussian
random walk (or Brownian motion), the corresponding link can be derived by a sim-
ple change of variables (or Girsanov transformation); we exploit this in the proof of
Theorem 1.4 below.

Moreover, we extend our investigation to a broader class of concave obstacles,
lacking either smoothness or strong concavity at a point. In this setting, we rigorously
derive, for a class of Gaussian random walks, the scaling behavior conjectured in the
physics literature [20, 25].

We expect that the method developed in this paper will have several interesting
applications to equilibrium statistical mechanics. First, to the analysis of an interface
in the planar Ising model forced to remain above a concave piece of the system’s
boundary. Second, to the asymptotic behavior of the 2-point function of the Ising
model on Zd, d ≥ 2, above its critical temperature, when the two spins are located on
the boundary of the system (say, with free boundary condition); if the corresponding
piece of the boundary is concave, we expect a very different behavior compared to the
corresponding Ornstein–Zernike asymptotics associated to two spins in the bulk of the
system, or to two spins located on a convex or affine piece of the boundary.

1.1 Notations and main objects

The notations/definitions given here are fixed for the whole paper. We work on some
abstract, fixed, probability space (Ω,F , P ) and all our variables are defined on that
space. Consider an i.i.d. sequence of real random variables X,X1, X2, . . .. Suppose
that there are σ, δ > 0 such that

E(X) = 0, E(X2) = σ2, E(eδ|X|) <∞. (1)

Let then a∗ < 0 < b∗ be defined by

a∗ = inf{t ∈ R : E(etX) <∞}, b∗ = sup{t ∈ R : E(etX) <∞}. (2)

Define the moment and cumulant generating functions:

MX : (a∗, b∗) → R, MX(t) = E(etX),

HX : (a∗, b∗) → R, HX(t) = ln(MX(t)).

For readability, set H ≡ HX , M ≡MX .
We will frequently use the notation f ≥ g with f, g either real functions or vectors:

the inequality sign stands for the pointwise partial order on the corresponding object.

1.2 Results

1.2.1 Leading-order correction to the large deviation probability

Our first result shows that, under suitable conditions, the correction to the leading
large deviation asymptotics is of order e−Θ(n1/3).
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Theorem 1.1. Let X,X1, X2, . . . be an i.i.d. family of Z-valued, irreducible, aperiodic
random variables satisfying (1). Let a∗, b∗ be defined as in (2), and a∗ < a < b <
b∗. Let h ∈ C2([0, 1]) be a non-negative concave function with h′′ < 0, Image(h′) ⊂
H ′
X([a, b]), and h(0) = 0. Define

hn(k) = nh(k/n), k = 0, . . . , n.

Then, there are c+ ≥ c− > 0, n0 ≥ 1 such that for any n ≥ n0,

e−c+n
1/3 ≤ en

∫ 1
0 I(h

′(s))dsP
(
S ≥ hn, Sn = ⌈hn(n)⌉

)
≤ e−c−n

1/3

,

where S0 = 0, Sk = Sk−1 +Xk and I(x) = supλ
(
λx−H(x)

)
.

Proof. The proof is given in Section 3.2. The factor en
∫ 1
0 I(h

′(s))ds is extracted in
Lemma 2.1. The lower bound on the correction is proved in Lemma 3.1 and the
upper bound in Lemma 3.3.

Remark 1.1. Let us explain the condition Image(h′) ⊂ H ′
X([a, b]) in the case of a

bounded random variable (e.g. uniform on {−1, 0, 1}). In that case, −a∗ = b∗ =
+∞, and limt→±∞H ′

X(t) gives the maximal/minimal allowed slopes for the increments
(1,−1 in the case of the uniform over {−1, 0, 1}). The condition that h′ stays away
from these values is necessary to avoid “freezing” phenomena (for example, conditioning
the walk with steps uniform in {−1, 0, 1} to stay above the identity function gives a
unique possible trajectory without fluctuations).

Note that the large deviation part of our theorem can be obtained using Mogulskii’s
Theorem, and holds for absolutely continuous h. As explained below, the hypotheses
of h being C2 cannot be loosened, if we wish the correction to remain of order n1/3.

1.2.2 Trajectorial estimates for the conditioned random walk

Our next results describe the statistical properties of the trajectories of the random
walk conditioned to stay above the obstacle. We derive in particular the exponents
discussed in the introduction.

To lighten the notation, let us denote the conditional measure by

P hn
0 = P (· |S0 = Sn = 0, S ≥ hn)

and introduce the rescaled process sk = n−1/3(Sk − hn(k)).

Theorem 1.2. Assume the same setting as in Theorem 1.1. Let β ∈ (0, 1/6). With
the same setup as in Theorem 1.1, there are n0, λ0, r0, C, c−, c+ > 0 such that, for any
n ≥ n0, any λ ∈ [λ0, n

β] and any k ∈ {n− r0
√
λn2/3, . . . , n+ r0

√
λn2/3},

C−1e−c−λ
3/2 ≤ P hn

0

(
sk ≥ λ

)
≤ Ce−c+λ

3/2

.

Moreover, there exists c > 0 such that

∀λ > nβ, P hn
0

(
sk ≥ λ

)
≤ e−cλ.

In particular, for any r ≥ 0, there exist K+(r) ≥ K−(r) > 0 such that, for all n ≥ n0,

K−(r) ≤ Ehn
0 (srk) ≤ K+(r) and K−(2) ≤ VarPhn

0
(sk) ≤ K+(2).
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Remark 1.2. Note that this universal behavior of the tails is only valid in a restricted
regime. Deeper in the tails, universality is lost and the precise behavior depends on the
specificities of the random walk transition probabilities. For instance, it is easy to check
(see the proof of Theorem 1.4 for an example) that the tails stated above remain true
for any λ in the case of a Gaussian random walk, while they are obviously incorrect for
a random walk with bounded steps (since the probability of a sufficiently large deviation
is identically 0 in that case).

Proof. The proof is given in Section 3.3. The lower bound on P hn
0

(
s0 ≥ λ

)
is proved

in Lemma 3.6. The upper bounds can be found in Lemma 3.7. The bounds on the
moments and variances follow easily. Indeed, on the one hand, for n ≥ n0,

Ehn
0 (srk) ≥ λr0P

hn
0 (sk ≥ λ0) ≥ C−1λr0e

−c−λ3/20 > 0

and

Ehn
0 (srk) =

∫ ∞

0

P hn
0 (srk ≥ λ) dλ

≤ λr0 +

∫ nβ

λr0

P hn
0 (sk ≥ λ1/r) dλ+

∫ ∞

nβ

P hn
0 (sk ≥ λ1/r) dλ

≤ λr0 + C

∫ ∞

λr0

e−c+λ
3/2

dλ+

∫ ∞

nβ

e−cλ dλ <∞.

On the other hand,

C−1e−c−(Ehn
0 (sk)+1)3/2 ≤ P hn

0 (sk ≥ Ehn
0 (sk) + 1) ≤ VarPhn

0
(sk) ≤ Ehn

0 (s2k),

and the conclusion follows from the previous bounds for all n ≥ n0.

Theorem 1.3. Assume the same setting as in Theorem 1.1. There exist n0 ≥ 0, r0 ≥
0, c, C > 0 such that, for any n ≥ n0 and any 1 ≤ i < j ≤ n with i− j ≥ r0n

2/3,∣∣CovPhn
0
(si, sj)

∣∣ ≤ C exp
(
−c |j−i|

n2/3

)
.

Proof. The proof is given in Section 3.4.

1.2.3 Relaxing the assumptions on the obstacle

First note that the hypotheses on the random walk, in particular the existence of ex-
ponential moments, are necessary for our results. Indeed, large deviations for subex-
ponential tails present totally different trajectorial behavior.

One might however wonder what changes if the assumptions on the obstacle (strong
concavity, C2-regularity) are relaxed. Our next result shows that relaxing these as-
sumption even at a single point leads to the exponents derived above ceasing to be
valid in general (except for the correlation length; the change being local, its effect
on the latter is not particularly relevant). As we are not aiming at a complete the-
ory in this extended setting, we only discuss the technically simpler class of Gaussian
random walks, conditioned to stay above an obstacle of the form h : [−1, 1] → R,
h(x) = 1− |x|p, where p ≥ 1. Observe that h is not strongly concave at 0 when p > 2,
while h is not C2 at 0 when p < 2, so that this class of obstacles allows one to analyze
the effect of relaxing both types of assumptions.
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Figure 1: The graph of p 7→ αp = p−1
2p−1 .

Theorem 1.4. Let β > 0. Let (Xk)k∈Z be an i.i.d. sequence of N (0, β) random
variables and S the associated random walk. Let p ≥ 1, and let h : [−1, 1] → [0, 1] and
αp ≥ 0 be given by

h(x) = 1− |x|p, hn(k) = nh(k/n), and αp =
p− 1

2p− 1
.

Let {S ≥ hn} = {Sk ≥ hn(k) ∀k = −n, . . . , n}, P hn
0 = P (· |S−n = Sn = 0, S ≥ hn)

and s0 = n−αp(S0 − n). There exist C, c, c−, c+ ∈ (0,+∞), n0 ≥ 1, such that, for any
n ≥ n0 and λ ≥ 1,

C−1e−c−λ
(2p−1)/p ≤ P hn

0

(
s0 ≥ λ

)
≤ Ce−c+λ

(2p−1)/p

.

In particular, for all p ≥ 0 and r ≥ 0, there exist K− and K+ such that, for any
n ≥ n0,

K− ≤ Ehn
0

(
sr0
)
≤ K+ and K− ≤ VarPhn

0
(s0) ≤ K+.

Proof. The proof for the tails is given in Section 4. The lower bound is proved in
Lemma 4.1, the upper bound in Lemma 4.3. The resulting bounds on the moments
and variance are obtained as in the proof of Theorem 1.2 (in fact, it is even simpler
here, since the upper tail works for arbitrarily large values of λ).

1.3 Open problems

• In several instances (e.g., [9, 17]), it is shown that members of this universality
class admit a Ferrari-Spohn (FS) diffusion as scaling limit. It would be very
interesting to determine the scaling limit in the setting of this paper. One dif-
ficulty is that the time-scale at which relaxation to the FS diffusion occurs is
of order n2/3, which coincides with the distance over which the curvature of the
obstacle changes significantly, and the latter should affect the parameters of the
FS diffusion. One would therefore probably need a better quantitative under-
standing of the relaxation than obtained in previous works, in order to address
this problem.
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• We only discuss the case of concave obstacle. However, the methods we use
would allow to treat general (C2) macroscopic obstacles, by working with the
concave envelope. Indeed the random walk will concentrate in the latter under
the conditionning. In particular, this would prove that the fluctuations are still
of order n1/3 at any point where the obstacle has a strictly negative curvature,
while they are of order n1/2 along affine pieces of the envelope.

• The methods developed in this paper can also be used to study a random walk
bridge conditioned to stay above a mesoscopic obstacle, say given by a function
nηh(x/n) for η ∈ (1

2
, 1). The corresponding analysis in the case η < 1

2
follows

from the results in [24].

• An important extension in view of applications to spin systems (see below) would
be to replace the space-time trajectory of a one-dimensional random walk, as
studied here, by the spatial trajectory of a directed or massive random walk in
Zd, d ≥ 2.

• One might also analyse the corresponding problem for a higher-dimensional ef-
fective interface model, for instance a GFF on Zd conditioned to stay above a
concave obstacle.

1.4 Acknowledgments
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ture, and to Kamil Khettabi for his feedback on an earlier version of this work. Y.V.
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2 Large deviation and RW in a potential
The first step of the proof of Theorems 1.1 and 1.2 is to perform a suitable change of
measure which will take care of the “large deviation part” of the measure, and leave us
with the study of a random walk in a potential. This part is not limited to Z-valued
random variables. For this whole section, let a∗ < a < 0 < b < b∗ be fixed, and write

NS = H ′([a, b]),
the set of nice slopes.

2.1 Output of the section

Recall that h ∈ C2([0, 1],R) is a concave function with strictly negative second deriva-
tive, such that h′ takes values in NS, and h(0) = 0. Define

hn(k) = nh(k/n), k = 0, . . . , n, (3)

and
δk ≡ δn,k = hn(k)− hn(k − 1) = h′(k/n) +R1

n(k/n),
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with |R1
n(x)| ≤ c/n with c uniform over x, n (Taylor–Lagrange at order 1, h′′ is uni-

formly bounded over [0, 1]). Therefore, the numbers γk ≡ γn,k defined via H ′(γk) = δk
are well defined.

Let Y ′
1 , Y

′
2 , . . . be an independent sequence such that

P (Y ′
k ∈ dx) =

eγkx

E(eγkX)
P (X ∈ dx). (4)

Let Yk = Y ′
k −E(Y ′

k), and let Z0 = 0, Zk+1 = Zk + Yk+1 be the corresponding random
walk. From the choice of γk, one has

E(Y ′
k) = δk.

The goal of this section is to obtain a representation of our problem as a “large
deviation” part times a “random walk in a potential” part.

Lemma 2.1. Let ϵ > 0. With the notations above, for any n ≥ 1, and non-negative
measurable function f : Rn+1 → R+,

E
(
f(S)1S≥hn1Sn≤hn(n)+ϵ

)
= e−n

∫ 1
0 I(h

′(s))dsE
(
f(Z + hn)1Z≥01Zn≤ϵ exp

(
−

n−1∑
k=1

αk

n
Zk

))
eOn(1), (5)

with On(1) uniform over f , and where

αk ≡ αn,k = − h′′(k/n)

H ′′((H ′)−1(h′(k/n)))
+ bn,k, (6)

and the bk ≡ bn,k’s are such that supk |bk| = on(1). Moreover, the bn,k’s are independent
of ϵ.

The proof of this Lemma is the content of Section 2.2.

Remark 2.1. Observe that this reduction provides a robust link between the random
walk over a concave obstacle, which is a member of the universality class in which the
exponents result from an interplay between curvature and fluctuations, and a random
walk conditioned to stay positive and subject to an external potential, which is very
similar to the other members of the universality class, for which the mechanism is
rather of the type energy vs. entropy (in particular, the models investigated in [1, 15,
17]).

2.2 Change of measure, large deviation, and effective potential

Claim 1. For any measurable g : Rn → R,

E
(
g(X1, . . . , Xn)

)
= e

∑n
k=1H(γk)−γkδkE

(
g(Y1 + E(Y ′

1), . . . , Yn + E(Y ′
n))e

−∑n
k=1 γkYk

)
.

In particular, for any measurable f : Rn+1 → R,

E
(
f(S)1S≥hn

)
= e

∑n
k=1H(γk)−γkδkE

(
f(Z + hn)1Z≥0e

−∑n
k=1 γkYk

)
. (7)
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Proof. The first formula is direct (using E(Y ′
k) = δk). The second formula is a straight-

forward application of the first.

We now turn to the evaluation of the sum
∑n

k=1H(γk)− γkδk to obtain the large
deviation part of the estimate.

Claim 2. One has
n∑
k=1

H(γk)− γkδk = −n
∫ 1

0

I(h′(s))ds+On(1).

Proof. As h is C2, supx∈[k−1,k+1] |δk − h′(x/n)| ≤ c/n with c uniform over k. Now,
γk = (H ′)−1(δk) has been chosen so that I(δk) = γkδk −H(γk), so

n∑
k=1

H(γk)− γkδk = −
n∑
k=1

I(δk).

Moreover, I is C1 on NS (as the Legendre–Fenchel transform of an analytic function),
so there is C ≥ 0 such that

sup
k

sup
x∈[k−1,k+1]

|I(δk)− I(h′(x/n))| ≤ C/n.

In particular

∣∣I(δk)− ∫ k

k−1

I(h′(x/n))dx
∣∣ ≤ ∫ k

k−1

∣∣I(δk)− I(h′(x/n))
∣∣dx ≤ C

n
.

So, ∣∣ n∑
k=1

I(δk)−
∫ n

0

I(h′(x/n))dx
∣∣ ≤ n

C

n
= C,

which gives the claim after a change of variable.

Finally, we turn to the derivation of the effective potential induced by the change
of measure.

Claim 3. Let αk ≡ αn,k = n(γk − γk+1). For any n ≥ 1,

• one has the following identity

n∑
k=1

γkYk = γnZn +
n−1∑
k=1

αk
n
Zk;

• the αn,k’s satisfy that

sup
k

∣∣∣αn,k + h′′(k/n)

H ′′((H ′)−1(h′(k/n)))

∣∣∣ = on(1).

In particular, there exist α+, α− ∈ (0,+∞) and n0 ≥ 1 such that

α− ≤ inf
n≥n0

inf
k
αn,k ≤ sup

n≥n0

sup
k
αn,k ≤ α+.
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Proof. Start by doing a summation by parts :

n∑
k=1

γkYk =
n∑
k=1

γk(Zk − Zk−1) =
n∑
k=1

γkZk −
n−1∑
k=0

γk+1Zk

= γnZn − γ1Z0 +
n∑
k=1

(γk − γk+1)Zk,

where we have set λn+1 = 0 for later convenience. Recalling that Z0 = 0, we obtain the
first identity. Then, one has γk = (H ′)−1(δk), so, using a Taylor–Lagrange expansion,

γk − γk+1 = (H ′)−1(δk)− (H ′)−1(δk + ϵk) =
−1

H ′′((H ′)−1(δk))
ϵk + rk

with ϵk = δk+1 − δk = h′′(k/n)
n

+ r′k, and max(|rk|, |r′k|) ≤ on(1)/n with on(1) uniform
over k (use that h ∈ C2([0, 1]) to obtain the uniformity of the on(1)). Now, as |δk −
h′(k/n)| ≤ c/n, we get

sup
k

∣∣∣ 1

H ′′((H ′)−1(δk))
− 1

H ′′((H ′)−1(h′(k/n)))

∣∣∣ ≤ c

n
,

so
γk − γk+1 = − h′′(k/n)

nH ′′((H ′)−1(h′(k/n)))
+ r′′k

with supk |r′′k | ≤ on(1)/n. This is the first part of the second point. The second part
follows from remembering that 0 < inf −h′′ ≤ sup−h′′ < +∞ and the same holds for
H ′′ over the allowed values of (H ′)−1(h′(k/n)).

We are now in position to prove Lemma 2.1.

Proof of Lemma 2.1. Let ϵ > 0. Applying Claims 1, 2, and 3 (and using that γnϵ =
ϵOn(1)), one obtains that for any non-negative f

E
(
f(S)1S≥hn1Sn≤hn(n)+ϵ

)
= e−n

∫ 1
0 I(h

′(s))dsE
(
f(Z + hn)1Z≥01Zn≤ϵe

−∑n
k=1

αk
n
Zk

)
eOn(1),

where the αk’s are given by Claim 3, and the On is uniform over f . This is the wanted
statement.

3 Proof of Theorems 1.1, 1.2 and 1.3
We now restrict to Z-valued random walks. The main reason is the use of random walk
bridges measures/densities that can be ill defined in general. The same proof works
for steps supported on an interval, with a positive density with respect to Lebesgue
measure on that interval.

We therefore assume in this section that X,X1, X2, . . . is an i.i.d. sequence, that
X is supported on Z, that its satisfies (1), and that its law is aperiodic. For this whole
section, we fix h : [0, 1] → R+ as in Theorem 1.1 and define hn as in Section 2.1. Also,
recall Y ′, Y, Z, γk defined in Section 2.1. We will rely on the results about random
walks bridges and excursions from [22].
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3.1 Area tilted kernel representation

For n ≥ 1, 0 ≤ l < k ≤ n, x, y ∈ R, define

Zn
l,k(x, y) = E

(
1Zk=y

k∏
i=l+1

1Zi≥0e
−αi

n
Zi

∣∣∣Zl = x
)

(8)

where the αi are given by Lemma 2.1 (they implicitly depend on n). Recall that (see
Claim 3) there are n0 ≥ 1, and α−, α+ ∈ (0,+∞) such that

α− ≤ inf
n≥n0

inf
1≤i≤n

αi ≤ sup
n≥n0

sup
1≤i≤n

αi ≤ α+.

3.2 Proof of Theorem 1.1

We are now ready to prove Theorem 1.1. Looking at Lemma 2.1, the lower bound
follows from the next Lemma.

Lemma 3.1. There are n0 ≥ 1, c > 0 such that for any n ≥ n0,

Zn
0,n(0, zn) ≥ e−cn

1/3

,

where zn = ⌈hn(n)⌉ − hn(n).

Proof. By [22, Lemma 7.1], there is c > 0 such that, for all n large enough,

P
(
Zn = zn, min

i=1,...,n
Zi ≥ 0, max

i=1,...,n
Zi ≤ n1/3

∣∣Z0 = 0
)
≥ C

n
e−cn

1/3

.

To give the idea: the excursion has a positive probability to stay in a tube of size n1/3

over a time of order n2/3. One needs to pay this for every time interval of length n2/3,
giving the claim. Now, if maxi=1,...,n Zi ≤ n1/3,

n∑
i=1

αi

n
Zi ≤ α+n

1/3,

and thus,

Zn
0,n(0, zn) ≥ e−α+n1/3

P
(
Zn = zn, ∩ni=1{0 ≤ Zi ≤ n1/3}

∣∣Z0 = 0
)
≥ C

n
e−(c+α+)n1/3

,

this is the claim.

We now turn to the upper bound. We first prove a “scale n2/3” result.

Lemma 3.2. There are n0 ≥ 1, c > 0 such that for any n ≥ n0, any 1 ≤ l < k ≤ n
with n2/3 ≤ k − l ≤ 2n2/3, and any x ≥ 0,∑

y≥0

Zn
l,k(x, y) ≤ e−c,

where the sum is over y such that P (Zk = y |Zl = x) > 0.

11



Proof. Let n be large enough so that αi ≥ α− for all i’s. Let K > 0 to be fixed large
later. Let l, k be as in the statement and set L = k − l, W0 = 0, Wi = Wi−1 + Yl+i
(recall that Yj = Zj−Zj−1, i = 1, . . . , n form an independent centred sequence). First,
if x ≤ Kn1/3, we have,

∑
y≥0

Zn
l,k(x, y) = E

( L∏
i=1

e−αl+i(x+Wi)/n1x+Wi≥0

)
≤ P (WL ≥ −Kn1/3).

By the (inhomogeneous) CLT, see for example [23, Chapter V, Theorem 3], that
quantity is less than 1 − 1

2
P (N (0, 1) ≥ cK) < 1 for some c ≥ 0 uniform over n large

enough, and k, l as in the statement. Consider now x ≥ Kn1/3. Then,∑
y≥0

Zn
l,k(x, y)

≤ E
(
1max1≤i≤L |Wi|≤Kn1/3/2

L∏
i=1

e−α−(Kn1/3+Wi)/n
)
+ P ( max

i=1,...,L
|Wi| > Kn1/3/2)

≤ e−α−K/2 + P ( max
i=1,...,L

|Wi| > Kn1/3/2)

where we used L ≥ n2/3. Now, (Wi)i≥0 is a martingale. So, by Doob’s submartingale
inequality,

P ( max
i=1,...,L

|Wi| > Kn1/3/2) ≤ 4E(W 2
L)

K2n2/3
.

But the variables Yi’s have uniformly bounded second moment, so E(W 2
L) ≤ cL ≤

2cn2/3 for some c depending on h and the law of the initial sequence X1, X2, . . . only.
Taking K large enough, the last display is less than 1/2. This concludes the proof.

We are now ready to prove the upper bound in Theorem 1.1. Looking at Lemma 2.1,
the claim follows from the next Lemma.

Lemma 3.3. There are n0 ≥ 1, c > 0 such that for any n ≥ n0,

Zn
0,n(0, zn) ≤ e−cn

1/3

,

where zn = ⌈hn(n)⌉ − hn(n).

Proof. Let ℓ = ⌊n1/3⌋. Let L0 = 0 < L1 < L2 < · · · < Lℓ be such that

Lℓ = n, n2/3 ≤ Li − Li−1 ≤ 2n2/3 (i = 1, . . . , ℓ).

For i = 1, . . . , ℓ, let Ii = {x ∈ [0,+∞) : P (ZLi
= x |Z0 = 0) > 0}. This is (a subset

of) the intersection of [0,+∞) with some translate of Z. Then,

Zn
0,n(0, zn) ≤

∑
x1∈I1

· · ·
∑
xℓ∈Iℓ

ℓ∏
i=1

Zn
Li−1,Li

(xi−1, xi)

where x0 = 0. Using Lemma 3.2, this quantity is less than e−cℓ which gives the
result.
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3.3 Proof of Theorem 1.2

Introduce (Wi)
n
i=1 a random variable with law given by

E
(
f(W )

)
=

1

Zn
0,n(0, zn)

E
(
f(Z)1Zn=zn

n∏
i=1

1Zi≥0e
−αi

n
Zi

∣∣∣Z0 = 0
)
.

(Wi)
n
i=1 is a non-negative random field with the Markov property. Moreover, by

Claims 1 and 3, for any measurable function f

E
(
f(S)

∣∣Sn = ⌈hn(n)⌉, S ≥ hn
)
= E

(
f(W + hn)

)
.

Introduce also the events for 0 ≤ l ≤ k ≤ n,

Aλl,k = ∩ki=l{Wi ≥ λn1/3}, Āλl,k =
{ k∑
i=l

Wi ≥ λn1/3(k − l + 1)
}
,

and set Aλl,k = Aλl∨0,k∧n for l < 0 and/or k > n. Note moreover that Aλl,k ⊂ Āλl,k.

Lemma 3.4. Let β ∈ (0, 1/6). There are n0, λ0, r0 ≥ 0 and c > 0 such that for any
n ≥ n0, any λ0 ≤ λ ≤ nβ, any 1 ≤ k ≤ n, and any L ≥ r0

√
λn2/3 with k + L ≤ n,

P
(
Āλk,k+L

∣∣ (Aλk−L,k−1)
c, (Aλk+L+1,k+2L)

c
)
≤ exp

(
−c λL

n2/3

)
.

Proof. We will import results from [22] in several instances. They demand a certain
relations between the endpoints of the walk bridge/excursion and the number of steps.
In the non-trivial cases, the wanted relation will be that x, y are less than CLα for
some α < 2/3 and C > 0 fixed. This will be the case as:

x, y ≤ λn1/3 ≤ CLα

if λn1/3 ≤ Crα0λ
α/2n2α/3. This last condition is fulfilled if

λ
2−α
2 ≤ Crα0n

2α−1
3 ⇐= nβ

2−α
2 ≤ Crα0n

2α−1
3 ,

this last condition is verified for n large enough if

β 2−α
2
< 2α−1

3
,

which has a solution α ∈ (0, 2/3) as long as β ∈ (0, 1/6), which is our hypotheses.
Use the shorthands B−

L = (Aλk−L,k−1)
c and B+

L = (Aλk+L+1,k+2L)
c. Note that under

B−
L , there is t ∈ {k − L, . . . , k − 1} such that Wt < λn1/3, and under B+

L there is
t ∈ {k + L+ 1, . . . , k + 2L} such that Wt < λn1/3. Define

τ+ = max
{
t ∈ {k + L+ 1, . . . , k + 2L} : Wt < λn1/3

}
,

τ− = min
{
t ∈ {k − L, . . . , k − 1} : Wt < λn1/3

}
.

Then, using Markov’s property,

P
(
Āλk,k+L

∣∣B−
L , B

+
L

)
=

∑
s,t

∑
x,y

P
(
Ws = x, τ− = s,Wt = y, τ+ = t

∣∣B−
L , B

+
L

)
P
(
Āλk,k+L

∣∣Ws = x,Wt = y
)
.
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s t

M M

3n1/3

λn1/3

λn1/3

x y

Figure 2: Construction in the proof of Lemma 3.4. The path must remain in the shaded region and
enter the narrow tube through the openings at each extremity. The endpoints must stay below the
dotted lines.

For k − L ≤ s < k, k + L < t ≤ k + 2L, and 0 ≤ x, y < λn1/3, we need to bound

P
(
Āλk,k+L

∣∣Ws = x,Wt = y
)

=
1

Zn
s,t(x, y)

E
(
1Zt=y1∑k+L

j=k Zj≥λn1/3L

t∏
i=s+1

e−
αi
n
Zi1Zi≥0

∣∣∣Zs = x
)
. (9)

Now, using the constraint on the sum of the Zi’s between k and k+L, the expectation
term is less than (for n large enough)

P
(
Zt = y, ∩ti=s+1{Zi ≥ 0}

∣∣Zs = x
)
exp

(
−α−

Lλ
n2/3

)
≤ Cmin(y+1,

√
L)min(x+1,

√
L)

L3/2 exp
(
−α−

Lλ
n2/3

)
(10)

where we used [22, Lemma 6.2]. We now need to lower bound the partition function
Zn
s,t(x, y) for 0 ≤ x, y ≤ λn1/3, and t− s > L.

Let M = ⌊ α−
16α+

L⌋. By forcing Z to stay below level 2λn1/3 during the time intervals
I− = {s, . . . , s+M−1} and I+ = {t−M+1, . . . , t}, to stay below level 3n1/3 during the
time interval I0 = {s+M +1, . . . , t−M − 1}, and forcing n1/3 ≤ Zs+M , Zt−M ≤ 2n1/3

(see Figure 2), we have the lower bound

Zn
s,t(x, y) ≥ exp

(
−2α+λ

n2/3 2M − 3α+

n2/3 (t− s− 2M)
)
P
(
∩i∈I−∪I+{0 ≤ Zi ≤ 2λn1/3},

∩i∈I0 {0 ≤ Zi ≤ 3n1/3}, n1/3 ≤ Zs+M , Zt−M ≤ 2n1/3, Zt = y
∣∣∣Zs = x

)
.

Now, for n1/3 ≤ u, v ≤ 2n1/3 admissible values for Zs+M , Zt−M respectively, we have
the following estimates.

• First, as 7
8
L ≤ t−M − (s+M) ≤ 3L,

P
(
Zt−M = v, ∩i∈I0{0 ≤ Zi ≤ 3n1/3}

∣∣Zs+M = u
)
≥ C

n1/3 exp
(
−c L

n2/3

)
for some c, C > 0 by [22, Theorem 5.5].

• Then, there are C, c > 0 such that

P
(
∩i∈I−{0 ≤ Zi ≤ 2λn1/3}, Zs+M = u

∣∣Zs = x
)

≥ Cmin(x+1,
√
L)n1/3

L3/2 exp
(
−c (x−u)2

L

)
≥ Cmin(x+1,

√
L)n1/3

L3/2 exp
(
−cλ2n2/3

L

)
14



and

P
(
∩i∈I+{0 ≤ Zi ≤ 2λn1/3}, Zt = y

∣∣Zt−M = v
)

≥ Cmin(y+1,
√
L)n1/3

L3/2 exp
(
−c (y−v)2

L

)
≥ Cmin(y+1,

√
L)n1/3

L3/2 exp
(
−cλ2n2/3

L

)
by [22, Theorem 7.3] and the fact that min(

√
L, u) ≥ Cn1/3 as λ is large enough

(larger than 1), and the same for v.

Using the above observations, the fact that 7
8
L ≤ t− s− 2M ≤ 3L, and summing over

the allowed values n1/3 ≤ u, v ≤ 2n1/3 for Zs+M , Zt−M , we get

Zn
s,t(x, y) ≥ Cmin(y+1,

√
L)min(x+1,

√
L)n

L3 exp
(
−2cλ

2n2/3

L
− c L

n2/3 − 4α+λ

n2/3 M − 9α+

n2/3L
)

≥ Cmin(y+1,
√
L)min(x+1,

√
L)n

L3 exp
(
−2cλ

2n2/3

L
− c L

n2/3 − α−λ
4n2/3L− 9α+

n2/3L
)

≥ Cmin(y+1,
√
L)min(x+1,

√
L)n

L3 exp
(
− α−λ

2n2/3L
)

where we plugged in the value of M in the second line, and took λ0, r0 large enough
in the third so that for λ ≥ λ0 and L ≥ r0

√
λn2/3,

c L
n2/3 +

9α+

n2/3L ≤ α−λ
8n2/3L, 2cλ

2n2/3

L
≤ α−λ

8n2/3L.

Plugging this bound and (10) in (9), we obtain

P
(
Aλk,k+L

∣∣Ws = x,Wt = y
)
≤ CL3/2

n
exp

(
−α−

Lλ
2n2/3

)
≤ exp

(
−c Lλ

n2/3

)
,

once λ0 is taken large enough.

We then deduce from this result a similar bound but for the un-conditional measure.

Lemma 3.5. Let β ∈ (0, 1/6). There are n0, λ0, r0 ≥ 0, and c > 0 such that for any
n ≥ n0, any λ0 ≤ λ ≤ nβ, 1 ≤ k ≤ n, L ≥ r0

√
λn2/3,

P
(
Āλk,k+L

)
≤ exp

(
−c λL

n2/3

)
.

Proof. For s ≤ t, introduce

p(s, t) = P
(
Āλs,t

)
, q(s, t) = P

(
Āλs,t

∣∣ (Aλ2s−t,s−1)
c, (Aλt+1,2t−s)

c
)
.

We then have the following properties that are obtained by partitioning according to
the realization of Aλ2s−t,s−1 and/or Aλt+1,2t−s, and using inclusion of events and a union
bound.

• If 2t− s < n, and 2s− t > 0,

p(s, t) ≤ q(s, t) + p(s, 2t− s) + p(2s− t, t).

• If 2t− s ≥ n, and 2s− t > 0, (Aλt+1,2t−s)
c has probability 1 and thus

p(s, t) ≤ q(s, t) + p(2s− t, t).
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• If 2t− s < n, and 2s− t ≤ 0, (Aλ2s−t,s−1)
c has probability 1 and thus

p(s, t) ≤ q(s, t) + p(s, 2t− s).

• Finally, if 2t− s ≥ n, and 2s− t ≤ 0,

p(s, t) = q(s, t).

Applying this and Lemma 3.4, we get by a direct induction that

p(k, k + L) ≤ exp
(
−c λL

n2/3

)
+ p(k, k + 2L) + p(k − L, k + L)

≤
log2(n)∑
i=0

2i exp
(
−cλ2iL

n2/3

)
≤ exp

(
−c λL

n2/3

)(
1− 2 exp

(
−c λL

n2/3

))−1

for λ0 large enough (we used 2i ≥ i+ 1 for i ≥ 0).

Lemma 3.6. Let β ∈ (0, 1/6). There are c, n0, λ0, r0 ≥ 0 such that for any n ≥ n0,
any λ0 ≤ λ ≤ nβ, and any r0

√
λn2/3 ≤ k ≤ n− r0

√
λn2/3,

P
(
Wk ≥ λn1/3

)
≥ e−cλ

3/2

.

In particular, E(Wk) ≥ Cn1/3 for some C > 0 uniform over n, k as above.

Proof. TakeK,R large enough and let L = ⌊
√
λn2/3⌋, L′ = ⌊K

√
λn2/3⌋. By Lemma 3.5

(for K,R large enough),

P
(
(ARk−L−L′,k−L)

c ∩ (ARk+L,k+L+L′)c
)
≥ 1

2
.

In particular, under the event B = (ARk−L−L′,k−L)
c ∩ (ARk+L,k+L+L′)c, there are s ∈

{k − L − L′, . . . , k − L} and t ∈ {k + L, . . . , k + L + L′} such that Ws,Wt ≤ Rn1/3.
Summing over the leftmost such s, denoted N−, and the rightmost such t, denoted
N+, and using Markov’s property, we get

P
(
Wk ≥ λn1/3

)
≥

k−L∑
s=k−L−L′

k+L+L′∑
t=k+L

∑
0≤x≤Rn1/3

∑
0≤y≤Rn1/3

P
(
Wk ≥ λn1/3

∣∣Ws = x,Wt = y
)

· P
(
N− = s,N+ = t,Ws = x,Wt = y

)
.

Now, for s, t, x, y as in the above display,

P
(
Wk ≥ λn1/3

∣∣Ws = x,Wt = y
)

=
1

Zn
s,t(x, y)

E
(
1Zt=y1Zk≥λn1/3

t∏
i=s+1

e−
αi
n
Zi1Zi≥0

∣∣∣Zs = x
)
.
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On the one hand, by [22, Lemma 6.2],

Zn
s,t(x, y) ≤ P

(
Zt = y, min

i=s+1,...,t
Zi ≥ 0

∣∣Zs = x
)
≤ Cmin(y+1,

√
L)min(x+1,

√
L)

L3/2 .

On the other hand,

E
(
1Zt=y1Zk≥λn1/3

t∏
i=s+1

e−
αi
n
Zi1Zi≥0

∣∣∣Zs = x
)

≥ e
− 3α+λ

n2/3
(t−s)

P
(
Zt = y, Zk

λn1/3 ∈ [1, 2], ∩ti=s+1{0 ≤ Zi ≤ 3λn1/3}
∣∣Zs = x

)
.

Now, by [22, Theorem 7.3], as L ≤ k − s, t − k ≤ L + L′, and x, y ≤ Rn1/3, taking λ
large enough,

P
(
Zt = y, Zk

λn1/3 ∈ [1, 2], ∩ti=s+1{0 ≤ Zi ≤ 3λn1/3}
∣∣Zs = x

)
=

∑
λn1/3≤z≤2λn1/3

P
(
Zk = z, ∩ki=s+1{0 ≤ Zi ≤ 3λn1/3}

∣∣Zs = x
)

· P
(
Zt = y, ∩ti=k+1{0 ≤ Zi ≤ 3λn1/3}

∣∣Zk = z
)

≥
∑

λn1/3≤z≤2λn1/3

Cmin(x+1,
√
L)

√
L

(L+L′)3/2
· min(y+1,

√
L)

√
L

(L+L′)3/2
exp

(
−c (x−z)2+(y−z)2

L

)
≥ Cmin(x+1,

√
L)min(y+1,

√
L)

K3n
exp

(
−cλ3/2

)
.

Combining the four last displays, we obtain

P
(
Wk ≥ λn1/3

∣∣Ws = x,Wt = y
)
≥ C

K3
λ3/4 exp

(
−cKλ3/2

)
,

which implies the claim.

Lemma 3.7. Let β ∈ (0, 1/6). There are c, n0, λ0, r0 ≥ 0 such that for any n ≥ n0,
any λ ≥ λ0, and any r0

√
λn2/3 ≤ k ≤ n− r0

√
λn2/3,

P
(
Wk ≥ λn1/3

)
≤

{
e−cλ

3/2 if λ ≤ nβ,

e−cλ if λ > nβ.

In particular, for any p ≥ 0, there is Cp ∈ (0,+∞) uniform over n, k as above such
that E(W p

k ) ≤ Cpn
p/3.

Proof. We first consider λ ≤ nβ. Let K,R > 0 be large enough. Let L = ⌈
√
λn2/3⌉,

and L′ = ⌈K
√
λn2/3⌉. Let

B = (A
λ/R
k−L−L′,k−L)

c ∩ (A
λ/R
k+L,k+L+L′)

c

Then,

P
(
Wk ≥ λn1/3

)
≤ P

(
Wk ≥ λn1/3, B

)
+ P (A

λ/R
k−L−L′,k−L) + P (A

λ/R
k+L,k+L+L′).

Now, on the one hand, by Lemma 3.5,

P (A
λ/R
k−L−L′,k−L) + P (A

λ/R
k+L,k+L+L′) ≤ 2 exp

(
−c λL′

Rn2/3

)
≤ 2 exp

(
−cK

R
λ3/2

)
.
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Figure 3: The construction in the proof of Lemma 3.7. When the event B occurs, the trajectory
visits both shaded rectangles. The leftmost and rightmost points at which this occurs are denoted s
and t respectively.

On the other hand, under the event B, there are s ∈ {k − L − L′, . . . , k − L} and
t ∈ {k + L, . . . , k + L + L′} such that Ws,Wt ≤ λn1/3/R. Letting N− denote the
leftmost such s, and N+ the rightmost such t, we have (see Figure 3)

P
(
Wk ≥ λn1/3, B

)
=

k−L∑
s=k−L−L′

k+L+L′∑
t=k+L

∑
0≤x,y≤λn1/3

R

P
(
Wk ≥ λn1/3

∣∣Ws = x,Wt = y
)

· P
(
N− = s,N+ = t,Ws = x,Wt = y

)
. (11)

Now, for s, t, x, y as in the above display,

P
(
Wk ≥ λn1/3

∣∣Ws = x,Wt = y
)

=
1

Zn
s,t(x, y)

E
(
1Zt=y1Zk≥λn1/3

t∏
i=s+1

e−
αi
n
Zi1Zi≥0

∣∣∣Zs = x
)
.

We first lower bound the partition function:

Zn
s,t(x, y) ≥ e−

2α+λ

Rn
n1/3(s−t)P

(
Zt = y, ∩ti=s+1{0 ≤ Zi ≤ 2λn1/3

R
}
∣∣Zs = x

)
≥ e−

6α+Kλ3/2

R
Cmin(x+ 1,

√
L)min(y + 1,

√
L)

(L+ L′)3/2
e−c

(x−y)2
L

≥ Cmin(x+ 1,
√
L)min(y + 1,

√
L)

K3/2L3/2
exp

(
−6α+Kλ3/2

R
− cλ

3/2

R2

)
≥ Cmin(x+ 1,

√
L)min(y + 1,

√
L)

K3/2L3/2
exp

(
−cK

R
λ3/2

)
,

where we used [22, Theorem 7.3], the constants C and c do not depend on K,R,
and we used λ ≥ λ0 large enough as a function of K,R. Then, we upper bound the
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expectation term:

E
(
1Zt=y1Zk≥λn1/3

t∏
i=s+1

e−
αi
n
Zi1Zi≥0

∣∣∣Zs = x
)

≤ P
(
Zt = y, Zk ≥ λn1/3, min

i=s,...,t
Zi ≥ 0

∣∣Zs = x
)

≤ C
√
L+ L′ min(x+ 1,

√
KL)min(y + 1,

√
KL)

λn1/3L3/2
exp

(
−cλ2n2/3

t−s

)
≤ CK3/2min(x+ 1,

√
L)min(y + 1,

√
L)

λ3/4L3/2
exp

(
−cλ3/2/K

)
by [22, Lemma 7.4], where C and c > 0 again do not depend on K,R. Combining the
three last displays and using λ larger than λ0 large enough, we obtain

P
(
Wk ≥ λn1/3

∣∣Ws = x,Wt = y
)
≤ CK3

λ3/4
exp

(
−c( 1

K
− c′K

R
)λ3/2

)
where C ∈ (0,+∞) and c, c′ > 0 do not depend on K,R. Plugging this into (11), we
obtain the claim for any n ≥ n0 and any λ ≤ nβ, once we set R = 1

2
c′K2 and then

choose K large enough.

We now derive an upper bound valid for any λ > nβ. Let R > 0 large and
ϵ > 0 small, to be fixed later. Set L = ⌈ϵλn2/3⌉. We decompose the event similarly:

B = (ARk−2L,k−L)
c ∩ (ARk+L,k+2L)

c

Then, by a union bound and Lemma 3.5,

P (Wk ≥ λn1/3) ≤ 2 exp(−cRϵλ) + P (Wk ≥ λn1/3, B).

Now, letting N− = min{k − 2L ≤ s ≤ k − L : Ws ≤ Rn1/3} and N+ = max{k + L ≤
t ≤ k + 2L : Wt ≤ Rn1/3}, we have

P (Wk ≥ λn1/3, B) =
k−L∑

s=k−2L

k+2L∑
t=k+L

∑
0≤x,y≤Rn1/3

P (Wk ≥ λn1/3 |Ws = x,Wt = y)

· P (N− = s,Ws = x,N+ = t,Wt = y).

Now, we use the same expression for P (Wk ≥ λn1/3 |Ws = x,Wt = y) as in the
previous point. We first lower bound

Zn
s,t(x, y) ≥ e−α+2Rn1/3LP

(
Zt = y, ∩ti=s+1{0 ≤ Zi ≤ 2Rn1/3}

∣∣Zs = x
)

≥ e−2α+Rϵλ
C(x+ 1)(y + 1)

R3n
e−cL/(Rn

1/3)2

≥ C(x+ 1)(y + 1)

R3n
e−cϵR

−2λ−2α+Rϵλ

≥ e−cRϵλ,
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by [22, Lemma 7.1], where the constants C and c do not depend on R, ϵ, and we used
R large enough in the last line together with λ > nβ. Then, as x ≤ Rn1/3,

E
(
1Zt=y1Zk≥λn1/3

t∏
i=s+1

e−
αi
n
Zi1Zi≥0

∣∣∣Zs = x
)
≤ P

(
Zk ≥ λn1/3

∣∣Zs = x
)

≤ P
(
Zk ≥ 1

2
λn1/3

∣∣Zs = 0
)

≤ e−cλ
2n2/3/L

≤ e−cλ/ϵ,

by [22, Lemma 2.1]. Combining as in the previous point and taking R large enough
and then ϵ small enough yields the desired result.

3.4 Proof of Theorem 1.3

Lemma 3.8. There are n0 ≥ 0, r0 ≥ 0, c, C > 0 such that for any n ≥ n0, and any
1 ≤ i < j ≤ n with j − i ≥ r0n

2/3,∣∣Cov(n−1/3Wi, n
−1/3Wj)

∣∣ ≤ C exp
(
−c |j−i|

n2/3

)
.

Proof. Let W ′ be an independent copy of W . One then has that by Markov’s property,

2Cov(Wi,Wj) = E
(
(Wi −W ′

i )(Wj −W ′
j)
)
= E

(
(Wi −W ′

i )(Wj −W ′
j)

j∏
k=i

1Wk ̸=W ′
k

)
.

Thus, by Cauchy–Schwartz inequality, and Lemma 3.7,∣∣Cov(Wi,Wj)
∣∣ ≤ Cn2/3P (Wk ̸= W ′

k k = i, . . . , j)1/2. (12)

Let R > 0 to be fixed later. Let ℓ = ⌊ j−i
3n2/3 ⌋. Then, let i = L0 < L1 < · · · < Lℓ = j

be such that
3n2/3 ≤ Lk − Lk−1 ≤ 6n2/3.

For k = 1, . . . , ℓ, introduce

Interk =

Lk∑
l=Lk−1+1

1Wl=W
′
l
, Smallk =

Lk⋂
l=Lk−1+1

{Wl ≤ Rn1/3} ∩ {W ′
l ≤ Rn1/3},

the number of intersections of W and W ′ in the time interval {Lk−1 + 1, . . . , Lk}, and
the event that W,W ′ are both below height Rn1/3 in this time interval. Let then

M =
ℓ∑

k=1

1Smallk .

We will proceed in two steps. First we show that there are many places where the
fields are small: for R large enough, there are ϵ, c, C > 0 such that

P
(
M ≤ ϵℓ

)
≤ C exp(−cℓ). (13)
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Lk−1 s′ t′ Lk

RN1/3

n1/3 n1/3

u

v
u′

v′

Figure 4: The construction in the proof of Lemma 3.8. The two independent paths are constrained
to lie inside the shaded area. the goal is to prove that there is a reasonable probability that they
intersect inside the dark shaded region.

Then, we show that when the fields are small, there is a positive probability that they
meet: there is c > 0 such that for any 0 ≤ u, v, u′, v′ ≤ Rn1/3, and any k ∈ {1, . . . , ℓ},

P
(
Interk = 0

∣∣ Smallk,WLk−1+1 = u,WLk
= v,W ′

Lk−1+1 = u′,W ′
Lk

= v′
)
≤ e−c. (14)

From these, a comparison with i.i.d. Bernoulli random variables gives

P
(
∩jk=i{Wk ̸= W ′

k}
)
≤ Ce−cℓ,

which we plug in (12) to get ∣∣Cov(Wi,Wj)
∣∣ ≤ Cn2/3e−cℓ,

which gives the claim. Remains to prove (13) and (14).

We start by showing (14). For 0 ≤ u, v, u′, v′ ≤ Rn1/3, and k ∈ {1, . . . , ℓ}, we
have (see Figure 4)

P
(
Interk > 0

∣∣ Smallk,Ws = u,Wt = v,W ′
s = u′,W ′

t = v′
)

=
E
(
1Zt=v1Z′

t=v
′(1−∏t

l=s 1Zl ̸=Z′
l
)
∏t

l=s e
−αl

n
(Zl+Z

′
l)1Rn1/3≥Zl,Z

′
l≥0

∣∣∣Zs = u, Z ′
s = u′

)
E
(
1Zt=v1Z′

t=v
′
∏t

l=s e
−αl

n
(Zl+Z

′
l)1Rn1/3≥Zl,Z

′
l≥0

∣∣∣Zs = u, Z ′
s = u′

)
≥ e−12Rα+P v,v′

u,u′

(
∪t′l=s′{Zl = Z ′

l}
∣∣D)

,

where Z ′ is an independent copy of Z, we used the shorthands s = Lk−1 + 1, t = Lk,
s′ = s + ⌈n2/3⌉, t′ = t − ⌈n2/3⌉, the fact that t − s ≤ 6n2/3, and we introduced the
double bridge measure

P v,v′

u,u′ (·) = P
(
·
∣∣Zs = u, Z ′

s = u′, Zt = v, Z ′
t = v′

)
,

and the event
D = ∩tl=s{Rn1/3 ≥ Zl, Z

′
l ≥ 0}.

Let then

N =
t′∑
l=s′

1Zl=Z
′
l
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be the intersection number. We will use a second moment method: P v,v′

u,u′ (N > 0 |D) ≥
Ev,v′

u,u′ (N |D)2

Ev,v′
u,u′ (N

2 |D)
. First, for s′ ≤ l ≤ t′, we have that by [22, Theorem 7.3]

P v,v′

u,u′

(
Zl = Z ′

l

∣∣D)
=

∑
0≤w≤Rn1/3

P v,v′

u,u′

(
Zl = Z ′

l = w
∣∣D)

≥ C
∑

0≤w≤Rn1/3

min(w+1,Rn1/3−w+1,n1/3)4

n2 e−cR
2 ≥ C

n2Rn
1/3n4/3e−cR

2

= CR
n1/3 e

−cR2

,

where the C ∈ (0,+∞) do not depend on R as long as R ≥ 6 (and n large enough
as a function of R). In particular, E(N |D) ≥ CRn1/3. Now, proceeding in a similar
fashion as for the lower bound on the expectation of N , for s′ ≤ l < r ≤ t′,

P v,v′

u,u′

(
Zl = Z ′

l , Zr = Z ′
r

∣∣D)
=

∑
0≤w,z≤Rn1/3

P v,v′

u,u′

(
Zl = Z ′

l = w,Zr = Z ′
r = z

∣∣D)
≤ CecR

2
∑

0≤w,z≤Rn1/3

n4/3

n2 P (Zr = z |Zl = w)2

where we used [22, Theorem 7.3] (together with straightforward algebra). Now, by the
inhomogeneous LLT [22, Theorem 4.1], and a straightforward large deviation bound,
see for example [22, Lemma 2.1], we have

P (Zr = z |Zl = w) ≤
{

C√
r−le

−c(z−w)2/(r−l) if |z − w| ≤ ρ(r − l),

e−c|z−w| otherwise,

for some ρ, c, C > 0. Thus,∑
0≤w,z≤Rn1/3

P (Zr = z |Zl = w)2 ≤ Rn1/3 C√
r−l .

In particular,
P v,v′

u,u′

(
Zl = Z ′

l , Zr = Z ′
r

∣∣D)
≤ CRecR

2

n1/3
√
r−l ,

and so

Ev,v′

u,u′(N
2 |D) =

t′∑
l=s′

P v,v′

u,u′

(
Zl = Z ′

l

∣∣D)
+ 2

∑
s′≤l<r≤t′

P v,v′

u,u′

(
Zl = Z ′

l , Zr = Z ′
r

∣∣D)
≤ Ev,v′

u,u′(N |D) + CRecR
2

n1/3 n2/3n1/3

≤ Ev,v′

u,u′(N |D) + CRecR
2

n2/3.

We thus obtained

P v,v′

u,u′ (N > 0 |D) ≥
Ev,v′

u,u′(N |D)2

Ev,v′

u,u′(N
2 |D)

≥
Ev,v′

u,u′(N |D)

1 + CRecR2n2/3

Ev,v′
u,u′ (N |D)

≥ CRn1/3e−cR
2

1 + C ′n1/3ecR2 ,

which implies

P
(
Interk > 0

∣∣ Smallk,Ws = u,Wt = v,W ′
s = u′,W ′

t = v′
)
≥ CRe−cR

2

1 + C ′ecR2 e
−12Rα+ ,
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which is (14).
To conclude, we prove (13). Introduce

Smallk =

Lk⋃
l=Lk−1+1

{Wl ≤ Rn1/3/10}, Small
′
k =

Lk⋃
l=Lk−1+1

{W ′
l ≤ Rn1/3/10}

M =
ℓ∑

k=1

1Smallk
, M′ =

ℓ∑
k=1

1
Small

′
k
,

PreSmallk = Smallk−1 ∩ Smallk+1 ∩ Small
′
k−1 ∩ Small

′
k+1.

We will first show that M,M′ are close to ℓ with high probability. Then, we will show
that conditionally on the realization of PreSmallk, Smallk has positive probability,
which will allow to conclude. We have

(Smallk)
c =

Lk⋂
l=Lk−1+1

{Wl > Rn1/3/10}.

Now, under the event {M ≤ ℓ − r}, we have that there are at least r indices k ∈
{1, . . . , ℓ} such that the field is above Rn1/3/10 in the time interval {Lk−1+1, . . . Lk}.
So,

{M ≤ ℓ− r} =⇒
j∑
l=i

Wl ≥ 3rRn
10

.

In particular, by Lemma 3.5, for R large enough, and j−i
n2/3 large enough as a function

of R,

P
(
M ≤ 99

100
ℓ
)
≤ P

( j∑
l=i

Wl ≥ 3Rn
1000

ℓ
)
≤ P

( j∑
l=i

Wl ≥ Rn1/3

2000
(i− j)

)
≤ exp

(
− cR

2000
j−i
n2/3

)
.

Introduce now

I4 =
{
k ∈ {1, . . . , ℓ− 1} : k = 0 mod 4

}
, I4 =

{
k ∈ I4 : 1PreSmallk = 1

}
.

Now, under {M > 99
100
ℓ} ∩ {M′ > 99

100
ℓ}, one has that there are at least 98

100
of

the indices k ∈ {1, . . . , ℓ} such that Smallk ∩ Small
′
k is realized. In particular, there

are at least 96
100

of the odd indices in {1, . . . , ℓ} such that Smallk ∩ Small
′
k is realized.

Now, this implies that there are at least 92
100

of the k even in {2, . . . , ℓ− 1} such that
PreSmallk is realized, which in turn implies that |I4| ≥ 84

100
|I4|. For k ∈ I4, define

τ+k = min{l ∈ {Lk + 1, . . . , Lk+1} : Wl ≤ Rn1/3

10

}
,

τ−k = max{l ∈ {Lk−2 + 1, . . . , Lk−1} : Wl ≤ Rn1/3

10

}
.

Now, for k ∈ I4, s ∈ {Lk−2+1, . . . , Lk−1}, t ∈ {Lk+1, . . . , Lk+1}, and 0 ≤ u, v < Rn1/3

10
,

we have (using the same arguments as we used in the proof of (14))

P
(
∩Lk
l=Lk−1+1{Wk ≤ Rn1/3}

∣∣Ws = u,Wt = v
)

≥ e−α+Rn−2/3(t−s)P (Zt = v, ∩tl=s{Rn1/3 ≥ Zi ≥ 0} |Zs = u)

P (Zt = v, ∩tl=s{Zi ≥ 0} |Zs = u)

≥ e−18α+R
Cmin(u+ 1, n1/3)min(v + 1, n1/3)e−cR

2
n

nmin(u+ 1, n1/3)min(v + 1, n1/3)
= Ce−18α+Re−cR

2

=: qR > 0
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by [22, Theorem 7.3 and Lemma 6.2]. This, using Markov’s property and indepen-
dence, straightforwardly implies that, conditionally on I4 = I, the family (1Smallk)k∈I
stochastically dominates an i.i.d. family of Bernoulli random variables indexed by I
with parameter q2R. Thus, partitioning over the values of I4, we get

P
(
M ≤ q2R

8
ℓ
)
≤ 2P

(
M ≤ 99

100
ℓ
)
+

∑
I⊂I4: |I|≥ 21

100
ℓ

P (I4 = I)P
(∑
k∈I

ξk ≤ q2R
8
ℓ
)

where the ξk’s, k ∈ I4 are an i.i.d. collection of Bernoulli random variables with pa-
rameter q2R. Large deviation bounds for sums of Bernoulli and the previously obtained
bound on P

(
M ≤ 99

100
ℓ
)

directly give (13) for R large enough.

4 Gaussian walk: proof of Theorem 1.4

4.1 Framework and notations

We will leave p implicit in the functions h, hn. Let

h : [−1, 1] → [0, 1], h(x) = 1− |x|p,
hn(x) = nh(x/n).

For readability, define

αp =
p− 1

2p− 1
, T =

1

β
.

We are interested in the typical height of S0 given S−n = 0 = Sn and Sk ≥ nh(k/n),
when S is a random walk with Gaussian increments. Let Λn,m = {−n+1, . . . ,m− 1}.
Write

Hn,m(φ) =
1

2

m∑
k=−n+1

(φk − φk−1)
2.

For g ∈ (R ∪ {−∞})Z, and ξ ∈ RZ with ξ ≥ g, define the measures µξ,gn,m via

dµξ,gn,m(φ) =
1

Zξ,g
n,m

δ(φΛc
n,m

− ξΛc
n,m

)e−THn,m(φ)1φΛn,m≥gΛn,m
dφΛn,m ,

Zξ,g
n,m =

∫
RΛn,m

dφe−THn,m(φ)1φΛn,m≥gΛn,m
, φ−n = ξ−n, φm = ξm,

the Gaussian Free Field on Λn,m with boundary conditions ξ conditioned to stay above
g. When m is omitted, it is set to be n. From the definition, one has that the random
walk S in Theorem 1.4 has law µ0,hn

n .
The measures µξ,gn,m are strong FKG. In particular, if g ≥ g′, ξ ≥ ξ′, ξ ≥ g, ξ′ ≥ g′,

one has
µξ

′,g′

n,m ≼ µξ,gn,m.

We will refer to this property as simply “monotonicity”. When g is omitted, it is set
to be constant −∞ (random walk bridge/Gaussian Free Field).
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−L L

h−n

0−n n

hn

−L L0

n(L/n)p

Figure 5: The construction in Section 4.2. Left: the truncated obstacle h−n (green). Right: zoom near
the plateau. The trajectory in red is the original process, conditioned to stay above hn (black); the
trajectory in blue is the random walk bridge that is stochastically dominated by the original process.

4.2 Lower bound on height deviation probability

For n ≥ L ≥ 0, introduce

h−n (k) =

{
hn(L) if |k| ≤ L

hn(k) else
.

One has h−n ≤ hn so
µ0,h−n
n ≼ µ0,hn

n .

Claim 4. For any L ≥ 1, and any λ′ ≥ 0,

µ0,h−n
n

(
φ0 ≥ hn(L) + λ′

√
L
)
≥ 2P

(
N (0, 1) ≥ λ′

√
2/β

)
.

Proof. Let

g0(k) =

{
0 if k = 0,

−∞ if k ̸= 0.

By monotonicity (strong FKG) of µ, and the spatial Markov property, one has

µ0,h−n
n

(
φ0 ≥ hn(L) + λ′

√
L
)
≥ µ

hn(L),hn(L)
L

(
φ0 ≥ hn(L) + λ′

√
L
)

= µ0,0
L

(
φ0 ≥ λ′

√
L
)
≥ µ0,g0

L

(
φ0 ≥ λ′

√
L
)
.

Now, the last probability can be rephrased as

µ0,g0
L

(
φ0 ≥ λ′

√
L
)
=
µ0
L

(
φ0 ≥ λ′

√
L
)

µ0
L

(
φ0 ≥ 0

) = 2µ0
L

(
φ0 ≥ λ′

√
L
)
,

by symmetry. Under µ0
L, φ0 is a centred Gaussian random variable with variance βL/2

by Lemma A.1. Thus,

µ0
L

(
φ0 ≥ λ′

√
L
)
=

1√
πβL

∫ ∞

λ′
√
L

dxe−x
2/(βL) =

1√
2π

∫ ∞

λ′
√

2/β

dxe−x
2/2,

which gives the claim.

25



Lemma 4.1. Let p ≥ 1. Let S be the random walk with i.i.d. steps of law N (0, β).
Then, for any λ ≥ 0,

P
(
S0 ≥ n+ λnαp

∣∣S−n = Sn = 0, S ≥ hn
)
≥ 2P

(
N (0, 1) ≥ cp,β

√
λ(2p−1)/p

)
,

where cp,β = 2p
√

2/β. In particular, for λ ≥ 1,

P
(
S0 ≥ n+ λnαp

∣∣S−n = Sn = 0, S ≥ hn
)
≥ Ce−cλ

(2p−1)/p

,

for some C, c > 0 depending only on p, β.

Proof. The law of S under P (· |S−n = Sn = 0, S ≥ hn) is µ0,hn
n . Let a > 0. Taking

L = an2αp and λ′ = 1√
a
(λ+ ap) in Claim 4, one obtains that

µ0,h−n
n

(
φ0 ≥ n+ λnαp

)
= µ0,h−n

n

(
φ0 ≥ hn(L) +

Lp

np−1 +
λ√
a

√
L
)

= µ0,h−n
n

(
φ0 ≥ hn(L) + ( a

p√
a
+ λ√

a
)
√
L
)
≥ 2P

(
N (0, 1) ≥ λ′

√
2/β

)
,

as hn(L) = n− Lp

np−1 = n− ap−1/2
√
L, and L1/2 = a1/2nαp .

Taking a = (λ/(2p− 1))1/p, we get

λ′ =
2p

2p− 1
λ(2p−1)/2p(2p− 1)1/2p ≤ 2pλ(2p−1)/2p

and using µ0,hn
n ≽ µ0,h−n

n , one obtains that

µ0,hn
n

(
φ0 ≥ n+ λnαp

)
≥ 2P

(
N (0, 1) ≥ 2p

√
2λ(2p−1)/p/β

)
,

which is the wanted result. The last part follows from

P (N (0, 1) ≥ a) =
1√
2π

∫ ∞

a

dxe−x
2/2 ≥ 1

a(1 + a−2)
√
2π
e−a

2/2

for a > 0.

4.3 Upper bound on height deviation probability

For the upper bound, we will proceed in a similar fashion as for the lower bound, relying
again on monotonicity. For 0 ≤ L ≤ p−1

p
n, introduce the function h+n : [−n, n] → R

defined by

h+n (x) =


n if |x| ≤ L,

n− ppLp−1

(p−1)p−1np−1

(
|x| − L

)
if L < |x| ≤ p

p−1
L,

hn(x) = n− |x|p
np−1 else.

Note that this function is concave and that h+n ≥ hn. In particular, the lattice FKG
property implies that

µ0,hn
n (φ0 ≥ λ) ≤ µ0,h+n

n (φ0 ≥ λ). (15)
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−L L

h+n

0−n n

hn λnαp

m = 1
2
λnαp

−L L0

Figure 6: The construction in Section 4.3. Left: The extended concave obstacle h+n (green). Right: in
red, the original process after the change of variables ϕ 7→ ψ flattening the extended obstacle; when
ψ−L ∨ ψL ≤ m, which is likely due to the effective potential acting at these two points, this process
is stochastically dominated by the bridge represented in blue.

It thus suffices to bound the last probability. Introduce

γi = 2h+n (i)− h+n (i− 1)− h+n (i+ 1) ≥ 0.

One has (recall T = 1/β), for f : R{−n,...,n} → R,∫
dµ0,h+n

n (φ)f(φ) =

∫
dφe−THn(φ)f(φ)1φ≥h+n∫
dφe−THn(φ)1φ≥h+n

=

∫
dψe−THn(ψ)e−T

∑n−1
i=1−n γiψif(ψ + h+n )1ψ≥0∫

dψe−THn(ψ)e−T
∑n−1

i=1−n γiψi1ψ≥0

, (16)

where φ−n = φn = 0, and we used the change of variable ψ = φ−h+n , and the identity

Hn(ψ + h+n ) = Hn(ψ) +Hn(h
+
n ) +

n∑
i=1−n

(ψi − ψi−1)(h
+
n (i)− h+n (i− 1)) (17)

= Hn(ψ) +Hn(h
+
n ) +

n−1∑
i=1−n

ψiγi. (18)

We will use heavily that

γ−L = γL =
ppLp−1

(p− 1)p−1np−1
.

Denote Q′′, Q′, Q the probability measures given by

dQ′′(ψ) ∝ e−THn(ψ)e−T
∑n−1

i=1−n γiψi1ψ≥0dψ,

dQ′(ψ) ∝ e−THn(ψ)e−TγLψL−TγLψ−L1ψ≥0dψ,

dQ(ψ) ∝ gn,β(ψ)e
−TγLψL−TγLψ−Ldψ,

where
gn,β(ψ) = g

(2n)
1,...,2n−1

(√
Tψ1−n, . . . ,

√
Tψn−1

)
,

with g(2n)1,...,2n−1 the density of the Brownian excursion of length 2n at integer times (see
Appendix A.2). Now, again using the FGK-lattice property and Lemma A.2, one has
that

Q′′ ≼ Q′ ≼ Q.

We start with the technical part of the estimate.
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Lemma 4.2. Let β > 0, p ≥ 1. Then, there are c > 0, n0 ≥ 1, λ0 ≥ 1 such that for
any n ≥ n0, λ ≥ λ0 with λnαp < n/2p,

µ0,h+n
n (φ0 ≥ λnαp + n) ≤ e−cλ

(2p−1)/p

.

Proof. Introduce M = max(ψ−L, ψL). Then, using (16), monotonicity, and Markov’s
property, one has that, for any m > 0 fixed,

µ0,h+n
n (φ0 ≥ λnαp + n) = Q′′(ψ0 ≥ λnαp) ≤ Q′(ψ0 ≥ λnαp)

= Q′(µψ,0L (φ0 ≥ λnαp)
)
≤ Q′(µM,0

L (φ0 ≥ λnαp)
)
≤ µm,0L (φ0 ≥ λnαp) +Q′(M ≥ m

)
.

We now make a suitable choice of L and m as functions of λ: fix L integer and m real
to satisfy (taking n, λ large enough depending on p)

1
2
λ1/pn2αp ≤ L ≤ λ1/pn2αp , m = 1

2
λnαp .

By our constraint on λnαp , this implies

L ≤ n
2
,

√
L ≤ 2λ−(2p−1)/2pm ≤ m

2
.

where we used λ ≥ λ0 for a suitable choice of λ0 in the second part. We first bound
µm,0L (φ0 ≥ λnαp). One has that using monotonicity once again,

µm,0L (φ0 ≥ λnαp) = µ0,−m
L (φ0 ≥ λnαp/2) ≤ µ0,0

L (φ0 ≥ λnαp/2)

≤ cλ1−1/2pe−λ
2−1/p/8β = cλ(2p−1)/2pe−

λ(2p−1)/p

8β ≤ c′e−
λ(2p−1)/p

9β ,

where c, c′ > 0 are constant depending only on p, β, and we used Lemma A.3 in the
second inequality, the choices of L,m, and λ ≥ 1. We then bound Q′(M ≥ m

)
. We

first use stochastic ordering: as Q′ ≼ Q,

Q′(M ≥ m) ≤ Q(M ≥ m) ≤ Q
(
ψL + ψ−L ≥ m

)
.

Then, (undefined integrals are over R2)

Q
(
ψL + ψ−L ≥ m

)
=

∫
dxdy 1x+y≥mxy e

− x2+y2

2(n−L) e−TγL(x+y)
(
e−

(x−y)2

4L − e−
(x+y)2

4L

)
1x,y>0∫

dxdy xy e−
x2+y2

2(n−L) e−TγL(x+y)
(
e−

(x−y)2

4L − e−
(x+y)2

4L

)
1x,y>0

=

∫∞
m
ds

∫ s
−s dt(s

2 − t2)e−
s2+t2

4(n−L) e−TγLse−
t2

4L

(
1− e−

s2−t2

4L

)
∫∞
0
ds

∫ s
−s dt(s

2 − t2)e−
s2+t2

4(n−L) e−TγLse−
t2

4L

(
1− e−

s2−t2

4L

)
≤

∫∞
m
ds

∫ s
−s dt s

2e−
s2+t2

4(n−L) e−TγLse−
t2

4L∫∞√
L
ds

∫ s/2
−s/2 dt(s

2 − t2)e−
s2+t2

4(n−L) e−TγLse−
t2

4L

(
1− e−

s2−t2

4L

)
≤

4
∫∞
m
ds s2e−

s2

4(n−L) e−TγLs
∫ s
−s dt e

− t2

4(n−L) e−
t2

4L

3
∫∞√

L
ds s2e−

s2

4(n−L) e−TγLs
∫ s/2
−s/2 dt e

− t2

4(n−L) e−
t2

4L

(
1− e−

3
16

) ,
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where we changed variables to s = x + y, t = x − y in the second line, and we used
monotonicity of the integrand in the denominator, as well as the restriction on the
integration domain in the last line. We then have that for s ≥

√
L, (recall L ≤ n/2)

e−
1
8

√
L ≤

∫ √
L/2

−
√
L/2

dt e−
t2

2n e−
t2

4L ≤
∫ s/2

−s/2
dt e−

t2

4(n−L) e−
t2

4L

≤
∫ s

−s
dt e−

t2

4(n−L) e−
t2

4L ≤
∫
R
dt e−

t2

4L =
√
4πL.

Plugging this estimates in the bound we had for Q
(
ψL + ψ−L ≥ m

)
, we obtain that

Q
(
ψL + ψ−L ≥ m

)
≤ C

∫∞
m
ds s2e−

s2

4(n−L) e−TγLs∫∞√
L
ds s2e−

s2

4(n−L) e−TγLs

= Ce−TγL(m−
√
L)

∫∞√
L
ds (s+m−

√
L)2e−

(s+m−
√
L)2

4(n−L) e−TγLs∫∞√
L
ds s2e−

s2

4(n−L) e−TγLs

≤ Ce−TγLm/2(1 +m/
√
L)2

∫∞√
L
ds s2e−

s2

4(n−L) e−TγLs∫∞√
L
ds s2e−

s2

4(n−L) e−TγLs
,

where C = (1 − e3/16)8
√
π

3
e1/8, and we used

√
L ≤ m/2 and monotonicity of the

integrand in the numerator. Plugging in the values of m,L, γL, we get

Q
(
ψL + ψ−L ≥ m

)
≤ C ′λ(2p−1)/pe−Tcp(λ

1/pn2αp/2n)p−1λnαp/4

≤ C ′λ(2p−1)/p exp
(
− Tcp

2p+1λ
(2p−1)/p

)
with cp = pp

(p−1)p−1 , and C ′ some constant depending only on p. This concludes the
proof of the lemma.

To conclude, we treat the “very large” deviation regime. For K ≥ n/2p, one has

µ0,hn
n (φ0 ≥ n+K) ≤ µn,nn (φ0 ≥ n+K) = µ0,0

n (φ0 ≥ K) ≤ c K√
n
e−

K2

2βn (19)

where c > 0 is a constant depending only on β, p, and we used monotonicity in the
first inequality, and Lemma A.3 in the last. In particular, if one writes K = λnαp , one
has first that K/

√
n ≤ λ and, since λ ≥ 2−pn1−αp and αp ≤ 1/2,

K2

n
= λ2n2αp−1 ≥ 1

2
λ(2p−1)/p.

In particular,

µ0,hn
n (φ0 ≥ n+ λnαp) ≤ c′e−

λ(2p−1)/p

8β .

where c′ > 0 depends only on p, β. Combining this with the stochastic ordering
described at the beginning of the section and Lemma 4.2, we get the next lemma.

Lemma 4.3. Let p ≥ 1, β > 0. Let S be the random walk with i.i.d. steps of law
N (0, β). There are c > 0, n0 ≥ 1, λ0 ≥ 0 such that, for any λ ≥ λ0 and n ≥ n0,

P
(
S0 ≥ n+ λnαp |S−n = Sn = 0, S ≥ hn

)
≤ e−cλ

(2p−1)/p

.
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A Gaussian random walk
In this appendix, we collect some classical results on Gaussian random walks that
are used in Section 4. Below, (Xk)k≥1 denotes an i.i.d. sequence of N (0, β) random
variables, S0 is an N (0, 1) random variable independent of (Xk)k≥1, and

Sn = S0 +
n∑
k=1

Xk.

A.1 Gaussian process

Lemma A.1. For any n ≥ 1, under P (· |S0 = 0), the vector (S0, S1, . . . , Sn) is a
centred Gaussian vector with covariances

E(SiSj |S0 = 0) = βi, 0 ≤ i ≤ j ≤ n.

Moreover, for n ≥ 2, under P (· |S0 = 0 = Sn), the vector (S0, S1, . . . , Sn) is a centred
Gaussian vector with covariances

E(SiSj |S0 = 0 = Sn) = β
i(n− j)

n
, 0 ≤ i ≤ j ≤ n.

Proof. The first part is trivial. The second part follows from the first and the formula
for conditional densities of Gaussian vectors.

A.2 Comparison with Brownian excursion

Recall that the Brownian excursion of length L is a R-valued process (et)t∈[0,L] with

• continuous sample paths;

• e0 = eL = 0, et > 0 for t ∈ (0, L);

• marginals given by: for m ≥ 1, 0 < t1 < · · · < tm < L, (et1 , . . . , etm) has a
density with respect to Lebesgue given by (see for example [26])

g
(L)
t1,...,tm(x1, . . . , xm)

= 2
√
2πL3qt1(x1)pt2−t1(x1, x2) . . . ptm−tm−1(xm−1, xm)qL−tm(xm), (20)

where

qt(x) = 1x>0
x√
2πt3

e−x
2/2t, pt(x, y) = 1y>0

1√
2πt

(
e−(x−y)2/2t − e−(x+y)2/2t

)
.

The next lemma is a direct generalisation of the observation that the Brownian
excursion of length n taken at integer times stochastically dominates the (suitably
scaled) Gaussian random walk excursion.
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Lemma A.2. Let n ≥ 1, T = 1/β > 0. Let f1, . . . , fn−1 : (0,+∞) → [0,+∞) be
measurable functions such that

E
(
f1(S1) · · · fn−1(Sn−1)

∣∣S0 = Sn = 0, S ≥ 0
)
<∞,

E
(
f1(

√
βe1) · · · fn−1(

√
βen−1)

)
<∞.

Let µ be the probability measure on R{0,...,n} given by

dµ(x0, . . . , xn) ∝ δ(x0)δ(xn)
(n−1∏
i=1

fi(xi)1xi>0 dxi

)
e−T

∑n
i=1(xi−xi−1)

2

,

and ν be the probability measure on R{0,...,n} given by

dν(y0, . . . , yn) ∝ δ(y0)δ(yn)g
(n)
1,...,n−1

(√
Ty1, . . . ,

√
Tyn−1

)(n−1∏
i=1

fi(yi) dyi

)
.

Then,
µ ≼ ν.

Proof. Introduce

H(x) =
1

2

n∑
i=1

(xi − xi−1)
2.

First note that

g
(n)
1,...,n−1

(√
Ty1, . . . ,

√
Tyn−1

)
= cn,βy1yn−1e

−TH(y)
(n−1∏
i=2

(1− e−2Txixi−1)
) n−1∏
i=1

1yi>0,

where cn,β is a normalisation constant depending only on n, β. We check that the
Holley condition is satisfied. We need to check that, for any x, y ∈ [0,+∞)n−1,

g
(n)
1,...,n−1

(√
T (x ∨ y)

)(n−1∏
i=1

fi
(
(x ∨ y)i

))(n−1∏
i=1

fi
(
(x ∧ y)i

)
1(x∧y)i>0

)
e−TH(x∧y)

≥ g
(n)
1,...,n−1

(√
T (y)

)(n−1∏
i=1

fi
(
yi
))(n−1∏

i=1

fi(xi)1xi>0

)
e−TH(x).

As
n−1∏
i=1

1(x∨y)i>0fi
(
(x ∨ y)i

)
1(x∧y)i>0fi

(
(x ∧ y)i

)
=

n−1∏
i=1

fi(yi)1yi>0fi(xi)1xi>0,

it is equivalent to check that

(x1 ∨ y1)(xn−1 ∨ yn−1)e
−TH(x∨y)

(n−1∏
i=2

(1− e−2T (x∨y)i(x∨y)i−1)
)
e−TH(x∧y)

≥ y1yn−1e
−TH(y)

(n−1∏
i=2

(1− e−2Tyiyi−1)
)
e−TH(x).

This last inequality follows from observing that

H(x ∨ y) +H(x ∧ y) ≤ H(x) +H(y),

and that the functions x 7→ x and x 7→ 1− e−x are non-decreasing on [0,+∞).
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A.3 Walk excursion marginals

Lemma A.3. For any 1 ≤ k ≤ n/2, a > 0,

P (Sk ≥ a |S0 = 0 = Sn, S ≥ 0) ≤ 4√
π

( a√
βk

+

√
βk

a

)
e−a

2/2βk.

Proof. Let P+ = P (· |S0 = 0 = Sn, Si > 0 ∀i = 1, . . . , n − 1). Let (et)t∈[0,n] be the
standard Brownian excursion of length n. From Lemma A.2,

(S0, S1, . . . , Sn) ≼
√
β(e0, e1, . . . , en),

with S ∼ P+. Now, the density of et with respect to Lebesgue is given by

gt(x) =
2√
2π

( n

(n− t)t

) 3
2
x2e−x

2/2te−x
2/2(n−t)1x>0.

In particular, for k ≤ n
2
, and T = 1/β,

P+(Sk ≥ a) ≤
∫ ∞

√
Ta

gk(x)dx ≤ 4√
π
k−

3
2

∫ ∞

√
Ta

x2e−x
2/2kdx

=
4√
π

∫ ∞

√
Ta√
k

x2e−x
2/2dx ≤ 4√

π

(√Ta√
k

+

√
k√
Ta

)
e−Ta

2/2k.
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