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Homogeneity

Let M be a model and 3 € M be a tuple. The type of 3in M is

tp"(3) = {$(%) : M |= ¢(3)}-
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Definition
omogeney Let M be a model and 3 € M be a tuple. The type of 3in M is
S M@ ={8(x): M= $(3)}.

R M is homogeneous if for any 3, b € M, tp"(3) = tpM(b) implies

Homogeneity

Lo there is an automorphism of M sending 3 to b.
Definition

Limit groups
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Homogeneity

Definition
Let M be a model and 3 € M be a tuple. The type of 3in M is
tp"(3) = {¢(x) : M = ¢(3)}.

M is homogeneous if for any 3, b € M, tp"(3) = tp(b) implies
there is an automorphism of M sending 3 to b.

Theorem (Perin-Sklinos, Ould Houcine)

Non-abelian free groups (of any rank) are homogeneous.
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V-homogeneity

Definition
Let M be a model and 3 € M be a tuple. The V-type of 3in M is
tpM(3) = {¢(x) : M = ¢(3) and $(X) is universal}.

M is V-homogeneous if for any 3, b € M, tp}'(3) = tp!(b)
implies there is an automorphism of M sending 3 to b.

Theorem (Nies)

The non-abelian free group F, of rank 2 is Y-homogeneous.

Theorem

Rigid torsion free hyperbolic groups are Y-homogeneous (in
particular fundamental groups of closed hyperbolic n-manifolds,

n > 3). A non-free two generated torsion free hyperbolic groups are
V-homogeneous.
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Theorem (K, Natoli)

Non-abelian free groups of finite rank at least 3 or of countable
rank are not Y-homogeneous.
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Elementary subgroups

A substructure M of N is elementary in N, denoted M < N, if for
each 3 € M, we have tp"(3) = tp"(3).
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Definition
Homogeneity

vV-homogeneity

Elementary v A substructure M of N is elementary in N, denoted M <X N, if for
eistentialy closed each 3 € M, we have tpM(3) = tp"(3).

Ranks 3 and 4
Rokcer Theorem ((=) K.-Myasnikov, Sela; (<) Perin)

Suppose F is a finitely generated free group and H < F. Then H is
elementary in F iff H is a non-abelian free factor of F.

Definition

Limit groups
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0. Kharlampovich

and & Natol A substructure M of N is existentially closed in N if for each
3 € M, we have tpY(3) = tpl¥(a).
Homogeneity
vV-homogeneity
Elementary vs.

existentially closed Lemma (K.-Myasnikov-Sklinos)

Ranks 3 and 4 Suppose L, M are limit groups and L < M. Then L is existentially
4 < rank w . . . . . . . .

NN closed in M iff there is an a finite iterated centralizer extension L,

of L such that M < L,,.

Definition

Limit groups
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Existentially closed subgroups

Definition

A substructure M of N is existentially closed in NV if for each
3 € M, we have tpY(3) = tpl¥(a).

Lemma (K.-Myasnikov-Sklinos)

Suppose L, M are limit groups and L < M. Then L is existentially
closed in M iff there is an a finite iterated centralizer extension L,
of L such that M < L,,.

Definition

L, is a finite iterated centralizer extension of L if
L=Lg<L;<--<L,and each L,'+1 = <L,', 155 | [CL,.(U,'), l’,‘] = 1>
where 1 = u; € L; is fixed and t; is a new letter.
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Let X = xt, by = b'x2", then b = h(h™(b;)~™%~2)"; Whitehead
graph has cycle (h™1, h, by, by t, %, %71, h=1); biis not primitive.
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Let X = xt, by = btx?", then b = h(h™(b1)~"%2)"; Whitehead

graph has cycle (h™1, h, by, by t, %, %71, h=1); biis not primitive.



Automorphisms of
free groups and
first-order properties
of tuples of elements

0. Kharlampovich
and C. Natoli

Homogeneity
V-homogeneity
Elementary vs
existentially closed

Construction

Ranks 3 and 4
4 < rank < w
Rank w
Definition

Limit groups

Construction

Li=Lx({x) >u= x2(bx2”)’"
Ly = (L

My = (a, b, x*) = (a, bx*", x*(bx*")™)

Let ¥ = xt, by = btx?", then b = h(h™(b1)~"%2)"; Whitehead
graph has cycle (h™1, h, by, by t, %, %71, h=1); b.is not primitive.
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Construction

L ={(a,b)
Li=Lx(x) 2u=x*(bx>)"
L, = <L1, t | [U, t] = 1>

My = (a, b, x*) = (a, bx*", x*(bx*")™)
M2 = <bt,Xt>

Let X = xt, by = b'x2"t, then b

= h(h™(b1)~™%2)"; Whitehead
graph has cycle (h™1, h, by, bit, %, %

-1 h_l); b is not primitive.
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Hemegareiy Ly= (L1 t]| [u, t]:1>

-homogeneity
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My = (a, b, x*) = (a, bx*", x*(bx*")™)

Construction

Ranks 3 and 4 _ t t
4 < rank < w M2—<b,X>
Rank w
M=M; x M,
u=ut
Definition

Limit groups

Let ¥ = xt, by = btx?", then b = h(h™(b1)~"%2)"; Whitehead
graph has cycle (h™1, h, by, by t, %, %71, h=1); biis not primitive.
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Construction

L ={(a,b)
Li=Lx(x) 2u=x*(bx>)"
L, = <L1, t | [U, t] = 1>

My = (a, b, x*) = (a, bx*", x*(bx*")™)

M2 = <bt,Xt>
M = Ml ik . M2
= <a, bx3", u> * <bt,xt>

u=ut

Let X = xt, by = b'x2"t, then b

= h(h™(b1)~™%2)"; Whitehead
graph has cycle (h™1, h, by, bit, %, %

-1 h_l); b is not primitive.
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Construction

L ={(a,b)
Li=Lx(x) 2u=x*(bx>)"
L, = <L1, t | [U, t] = 1>

My = (a, b, x*) = (a, bx*", x*(bx*")™)

M2 = <bt,Xt>
M = Ml ik . M2
= <a, bx3", u> * <bt,xt>

u=ut

= (a, bx*") x <bt,xt>

Let X = xt, by = b'x2"t, then b

= h(h™(b1)~™%2)"; Whitehead
graph has cycle (h™1, h, by, bit, %, %

-1 h_l); b is not primitive.
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Construction

L ={(a,b)
Li=Lx(x) 2u=x*(bx>)"
L, = <L1, t | [U, t] = 1>

My = (a, b, x*) = (a, bx*", x*(bx*")™)

M2 = <bt,Xt>
M = Ml ik . M2
= <a, bx3", u> * <bt,xt>
= (2, X7} % (b, x")
h

Sb=~h (X2t(th2nt)mhfm)*”
Let X = xt, by = b'x2", then b = h(h™(b;)~™%~2)"; Whitehead
1 ~
X

graph has cycle (h=1, h, by, by ', %, %71, h=1); biis not primitive.
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Free groups of ranks 3 and 4

Non-abelian free groups of finite rank at least 3 or countable rank
are not V-homogeneous.
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Free groups of ranks 3 and 4

Non-abelian free groups of finite rank at least 3 or countable rank
are not V-homogeneous.

Rank 4:
L = (a,b) < M = (a, bx*", b, x*) < L,
existentially
closed

tpM(a, b) = tpk(a, b) = tpi?"™ ' (a, bx?") = tpl(a, bx*")
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Free groups of ranks 3 and 4

Non-abelian free groups of finite rank at least 3 or countable rank
are not V-homogeneous.

Rank 4:
L = (a,b) < M = (a, bx*", b, x*) < L,
existentially
closed

tpM(a, b) = tpk(a, b) = tpi?"™ ' (a, bx?") = tpl(a, bx*")

Rank 3:

Ms = (bx?", bt, x*) tpl(b) = tpl* (bx*")
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4 < rank < w b . f f-

Rank w subgroup Is a free factor.

Definition

Limit groups
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Limit groups M < F,
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s e M < F, = L is existentially closed in F,
— L is a free factor of F,
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Free groups of finite rank > 4

Non-abelian free groups of finite rank at least 3 or countable rank
are not Y-homogeneous.

Lemma (Ould Houcine)

If a free group is V-homogeneous, then every existentially closed
subgroup is a free factor.

Suppose F, is V-homogeneous.

M < F, = L is existentially closed in F,
— L is a free factor of F,
— L is a free factor of M



Automorphisms of
free groups and
first-order properties
of tuples of elements

0. Kharlampovich
and C. Natoli

Homogeneity
V-homogeneity

Elementary vs
existentially closed

Ranks 3 and 4
4 < rank < w
Rank w

Definition
Limit groups

Free group of rank w

Theorem

Non-abelian free groups of finite rank at least 3 or countable rank
are not Y-homogeneous.

Suppose F,, is V-homogeneous.
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Free group of rank w

Theorem

Non-abelian free groups of finite rank at least 3 or countable rank
are not Y-homogeneous.

Suppose F,, is V-homogeneous.

M<Fs<---<F,
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Homogeneity
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Suppose F,, is V-homogeneous.

Ranks 3 and 4
ok M<Fs<---<F,

= tpg“(a, b) = tpg”(a, bx2”)
Definition

Limit groups
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Suppose F,, is V-homogeneous.

Ranks 3 and 4
ok M<Fs=<---<F,
= tpg“(a, b) = tpg”(a, bx2”)
Defmtion = 3 automorphism of F, sending (a, b) — (a, bxz”)

Limit groups
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Free group of rank w

Theorem

Non-abelian free groups of finite rank at least 3 or countable rank
are not Y-homogeneous.

Suppose F,, is V-homogeneous.
M<Fs~<--<F,
— tpl*(a b) = tpl*(a, bx*")
= 3 automorphism of F,, sending (a, b) — (a, bx*")

— tpM(a, b) = tpM(a, bx*")
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Corollaries

Definition
Limit groups

Corollaries

Corollary

In a free group of finite rank at least 3 or countable rank, primitive
elements are not V-type-definable.
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fonke s andt The theory of finitely generated non-abelian free groups does not
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In a free group of finite rank at least 3 or countable rank, primitive
elements are not V-type-definable.

Homogeneity
vV-homogeneity
Elementary vs
existentially closed

Corollary

fonke s andt The theory of finitely generated non-abelian free groups does not
Rank e have quantifier elimination to boolean combinations of V-formulas.
Corollaries

Compare:
Definition
Limit groups Theorem (K.-Myasnikov, Sela)

The theory of finitely generated non-abelian free groups has
quantifier elimination to boolean combinations of V3-formulas.
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and C. Natol Roland Fraissé in 1954 observed that one can see the class of finite

linear orders as approximations of (Q, <). He constructed it as a
direct limit of finite linear orders using amalgamations.

Homogeneity

-ho

Elementary

e Furthermore, his construction implies the countability, the
, universality and the homogeneity of the limit structure, as well as
e its uniqueness with respect to those properties.
Rank w
Corollaries Examples: The Rado graph, Erdos-Renyi graph, or random graph is
a countable infinite graph that can be constructed by choosing
e independently at random for each pair of its vertices whether to

connect the vertices by an edge.



Fraissé limits

Automorphisms of
free groups and
first-order properties
of tuples of elements

0. Kharlampovich
and C. Natoli

Homogeneity Philip Hall's universal locally finite group is a countable locally
R finite group, say U, which is uniquely characterized by the following
e properties:
Ranks 3 and 4 1) Every finite group G admits a monomorphism to U.
Lo 2) All such monomorphisms are conjugate by inner automorphisms
Corollaries of U.

It was defined by Philip Hall in 1959 and has the universal property
Defintion that all countable locally finite groups embed into it.

Limit groups
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Definition

0. Kharlampovich
i) . gl Let K be a countable (with respect to isomorphism types)

non-empty class of finitely generated L-structures with the
following properties:

m (IP) the class K is closed under isomorphisms;

Ranks 3 and 4 m (HP) the class K is closed under finitely generated

Lo substructures;

Corollaries m (JEP) if A;, A, are in K, then there is B in IC and
embeddings f; : A; — B for i < 2;

e m (AP) if Ay, A;, Ay arein K and fi : Ag — A for i <2 are

embeddings, then there is B in I and embeddings g; : A; — B
fori§2withglof1:g2of2.

Then K is a Fraissé class.
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4 < rank < w
Rank w

Corollaries

Definition

Limit groups

Fraissé theorem

Theorem (Fraissé's theorem)

Let IC be a Fraissé class. Then there exists a countable L-structure
M such that:

m the class of finitely generated substructures of M (age(M)) is
exactly IKC;

m the L-structure M is ultrahomogeneous, i.e. every
isomorphism between finitely generated substructures of M
extends to an automorphism of M.

Moreover, any other countable L-structure with the above
properties is isomorphic to M.
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V-Fraissé class

f: A— B is a V-embedding if for all 3 € A, for all universal formulas

$(x), A = ¢(3) implies B |= ¢(3).
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Homogeneity

Ranks 3 and 4

4 ank < w

Rank w

Definition

Limit groups

V-Fraissé class

f: A— B is a V-embedding if for all 3 € A, for all universal formulas

$(x), A = ¢(3) implies B |= ¢(3).

Definition

Fix a language L. Let IC be a countable non-empty class of finitely
generated L-structures with the following properties:

m (IP) the class K is closed under isomorphisms;

m (V-HP) the class IC is closed under finitely generated
V-substructures (i.e., existentially closed substructures);

m (V-JEP) if A1, Az are in IC, then there are B in K and
V-embeddings f; : Ai —v B for i <2;

(V-AP) if Ag, A1, Az are in K and f; : Ao —v A; for i < 2 are
V-embeddings, then there are B in K and V-embeddings
gi:Ai =y Bfori <2withgiofi=goh.

Then K is a universal Fraissé class or for short a V-Fraissé class.
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Definition

Limit groups

Theorem

[K., Miasnikov, Sklinos] Class F of non-abelian limit groups is a
V-Fraissé class.

In particular there exists a countable group G with the following
properties:

m the V-age of G is the class F;
m the group G is weakly Y-homogeneous;
m the group G is a union of a V-chain of nonabelian limit groups.

Moreover, any countable group with the above properties is
isomorphic to G.
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Definition
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Free groups do not satisfy V-AP

Let m, n, p, g be sufficiently large and m, g even. Let L = (a, b) be
a common subgroup of

H = <a,h, E,>z>

b (BB )
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O. Kharl, vich Vel —
 Kharlampovic Let m, n, p, g be sufficiently large and m, g even. Let L = (a, b) be
a common subgroup of
Homogeneity - n
vV-homogeneity . ~ _ A
Elementary vs H= <a, h. b, X> K= <a, k, b, y>
existentially closed
b h(RB(BLE™h ™) " bk (§7(By7P)TK9)
Ranks 3 and 4 = X ( X ) = y ( y )
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© RerfEmpariy Let m, n, p, q be sufficiently large and m, g even. Let L = (a, b) be
a common subgroup of
H:<a,h,5,>?> K:<a,k,13,y>
> closed y h p
b b (£2(BsE")"h ) b k (97(by™)7k)
4 rank w

Rank w

Suppose there is a finitely generated free group F satisfying V-AP
w.r.t L,H, K. Then in F,

Definition
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Free groups do not satisfy V-AP

If in F,
h (hm(i—anB—l)mi—f*)" (y7(5y7p)qrq)'3 k=1,

then either
m for some hy, hy € {h*1, (X~ 87p~ 1)+ g+,
F |= 3z[h1, B3] = 1, but then H |=3z[hy, h3] =1
(contradiction); or
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Free groups do not satisfy V-AP

If in F,
h (hm(i—anB—l)mg—f*)" (y7(5y7p)qrq)p k=1,

then either

m for some hy, hy € {h*1, (X~ 87p~ 1)+ g+,
F |= 3z[h1, B3] = 1, but then H |=3z[hy, h3] =1
(contradiction); or

min F, h"(378"p~1)m%~8 is a conjugate of 7(by"P)9k~9, so
K = 3%, b, b (58 (bx")mh = = 77 (by"™?) 7k~

(contradiction).
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Free groups do not satisfy V-AP

Theorem (K,N)

The class of finitely generated free groups is not a V-Fraissé class.

Theorem (K,N)

The class of finitely generated elementary free groups is not a
V-Fraissé class.

Theorem (K,M,S)

The class of finitely generated elementary free groups is
elementary-Fraissé class.
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0. Kharlampovich

and C. Natoli
Homogeneity Deﬁnition
V-homogeneity

Elementary vs

gl A A group G is elementary free if G = F,.

Fanke All finitely generated elementary free groups are described by
Rank w K,Miasnikov and Sela.

Question Describe all countable elementary free groups.

Definition
Limit groups

Countable elementary
free groups
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Countable elementary free groups

Theorem (Szmielew)

If A, D are torsion-free abelian groups and D is divisible, then
A=AeD.

Eg,Z=ZoQ.
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Countable elementary free groups

Theorem (Szmielew)

If A, D are torsion-free abelian groups and D is divisible, then
A=AeD.

Eg,Z=ZoQ.
Theorem (Sela)

If Ay, B1, Az, By are groups and Ay = A, and By = B,, then
Al*BlEAg*BQ.

Zx (Z o Q).

E.g., F2
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Definition
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Countable elementary
free groups

Countable elementary free groups

Theorem (Szmielew)

If A, D are torsion-free abelian groups and D is divisible, then
A=AeD.

Eg,Z=ZoQ.
Theorem (Sela)

If Ay, B1, Az, By are groups and Ay = A, and By = B,, then
Al*BlEAg*BQ.

Eg., L=Z«(Z&Q).

Theorem

Z % (Z ® Q) cannot be obtained as a union of a chain of finitely
generated elementary free groups.
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