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Credits

Inspired by
> Dohnal, Lamacz, Schweizer: DLS (2011, 2014, 2015)
» Allaire, Briane, Vanninathan: ABV (2016)
Independent results by
> Allaire, Rauch (in preparation)
Similar results for the Schrodinger equation with potential

» Duerinckx, Gloria, Shirley (in preparation)
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Main result in the periodic setting

For all € > 0,

» a.:=a(.), a periodic + symmetric tensor

» [].:= 07 — V- a.V the wave operator

There exists a family {3;};cn of j + 2-order tensors (with 341 = 0), and
for all £ € N we set

= a2 =1 _jo ojt2
> Dg’g = 8tt—zj:0 sfaj-VJ

For all £ € N, well-chosen K; = Ky(3p,...3,_1), all up € S(RY), the
solutions v, uy . € L®(Ry, L>(R?)) of

ljf,euﬂ,s = 0
’ u@,s(oa ) = U
8tu&5(0, ) = O
satisfy for all T > 0:
sup || — up e ()li2@ey S Co(uo)(e+e"T).

t<T
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Comments

sup || — upe (V)] 2rey S Co(uo)(e+£°T)
t<T

» dispersive effect for ¢ = 3, 4:
0% —39-V? —ea; - V3623, V4 — %33 - V° —
—— ——
Estimate new for £ = 4 in periodic case (_cf. DLS). Possible to use
Boussinesq trick instead of regularization (3, has a sign).

> for ¢ > 4: new (but 3 has no sign: no Boussinesq trick)

» proof is robust: natural norm, no regularity assumption on a, any
order ¢, quasi-periodic coefficients OK, results for random
coefficients (subtle), related to localization/delocalization and
diffusive/ballistic transport
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Outline

Rest of the talk:
> Approach a la DLS: exact spectral theory + Fourier analysis

> Alternative approach: approximate spectral theory + Fourier
analysis + energy estimates

> A few words on correctors and quantitative (stochastic)
homogenization
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Part 1: Approach a la DLS

Consider the wave operator [J := 9% — A and let u be the solution in
R+ X Rd of

Ou = 0
u(0,-) = ug € L3(RY)
8tU(O, ) = 0.

Exact spectral theory: Fourier transform diagonalizes —/\

Reformulation of wave equation as a family of ODEs parametrized by
frequencies: for all k € RY,

Ofb(t, k) — [k[?@(t, k) = 0
U(O,k) = aO(k)
2,0(0,k) = 0.

Yields explicit formula by time integration and inverse Fourier transform
u(t,x) = / e i (k) cos(|K|£)d" k.
Rd
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Floquet-Bloch analysis

Let a periodic and set £ := —V -aV and O := 02 + L.

Then for all k € RY there exist A(k) > 0 and (-, k) : R — C periodic
(and of norm L? unity on the torus) with

L(e**(x, k)) = N(k)e™*p(x, k).
Bloch-Floquet theory: for all g € L2(R9):

B0 = [ g0 ik b gx) = [ BT U0 Rk

Diagonalization of —V - aV and explicit ODE integration in frequencies:

Ou = 0
W0.) = w = u(tix) = [ e ulxk)i(k)cos(ty/AR)d k.
dww(0,) = 0 R
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Strategy of DLS

Rescale a for ¢ > 0: L. := =V -a(£)V and O, := 07 + L..

Bloch-Floquet analysis yields (after rescaling):

Oeue = 0 . X ;
ue(0,r) = w = UE(t,X):/ e xop(Z, ek)iig (ek) cos(=/N(ek))d* k
81&”&(07') = 0 R4 £ 3

Strategy of DLS: quantify the convergences
> (%, ek) =14 O(e),
> U5(ck) = dig(k) + O(e),
> A(ek) =230 - k®% + &%y - k®* + o(e*),

which suggest u.(t,x) ~ [oq €% (k) cos(tv/ag - kB2 + €23, - k&*)d" k
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Comments on the strategy of DLS

Fundamental observation: need to quantify the convergences of
> p(%,ek) =14 O(e),
> U5(ck) = fig(k) + O(e),

> A(ek) =230 - k®% + &%y - k®* + o(e*).

Limitations:

» starting point: Floquet-Bloch theorem only holds for periodic
coefficients (wrong for quasi-periodic or random coefficients)

» technique: estimates by hands on Fourier formula are difficult,
which yields suboptimal norm (L2 + L*°) and estimate in DLS

> deep algebraic structure yet to be understood
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Comments on the strategy of DLS
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From Bloch waves to homogenization: |k| <1

Recall that we have L(e* ¥y (x, k)) = A(k)e™ > (x, k) for periodic
(-, k). Expand: magnetic eigenvalue problem on the torus

—(V + ik) - a(V + ik)(x, k) = A(k)¥(x, k) on T = [0, 27)?.

Observation: for k =0, A(0) =0 and ¢(-,0) = 1.

Linearization in the regime k = ke, e unit vector of R and 0 < k < 1:
V(x, k) = 1+ ikpe(x) + o(k), A(k) = K*\e + o(k?)

—V-a(Vpe(x)+€) =00n T

Multiply original equation by %), integrate over T, use expansion:

Ae = ]fr (Voe+e€)-a(Voe + €)
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From Bloch waves to homogenization: |k| <1

Recall that we have L(e* ¥y (x, k)) = A(k)e™ > (x, k) for periodic
(-, k). Expand: magnetic eigenvalue problem on the torus
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Observation: for k =0, A(0) =0 and ¢(-,0) = 1.

Linearization in the regime k = ke, e unit vector of R and 0 < k < 1:
V(x, k) = 1+ ikpe(x) + o(k), A(k) = K*\e + o(k?)

—V-a(Voe(x)+e) =0on T~

Multiply original equation by %), integrate over T, use expansion:
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Justification & limitation

The magnetic eigenvalue problem
—(V +ik) - a(V + ik)(x, k) = A(k)p(x, k) on T = [0,27)<.

has compact resolvent (by Rellich) so that —(V + ik) - a(V + ik) admits
(for all k € [0,27)9) a sequence of eigenvectors and eigenvalues...

In the neighborhood of 0, k — (-, k) is analytic so that the linearization
can be justified. Higher-order expansions yield ¢o, ¢3,..., 31, 32,... And we
have quantitative estimates for truncations of the series.

Justifies the DLS strategy: ¢/(x,ck) = 1 + crde(x) + O(k?).

Main limitation: —(V + ik) - a(V + ik) does not have compact resolvent
for a quasi-periodic, almost-periodic, or random...
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Part 2: Alternative approach

Observation 1: To state the result, we only need “correctors”

Observation 2: To prove the result, we only need to "diagonalize” the
elliptic operator at the bottom of the spectrum since frequencies are
rescaled by ¢

Strategy: Use correctors to develop an approximate spectral theory

» construct correctors at any order and define approximate Bloch
waves close to 0 as a jet using the correctors (=Taylor-Bloch waves)

» Taylor-Bloch waves are approximate extended waves: there is an
error in the eigenvector/eigenvalue relation (=eigendefect), the
structure of which is very special

» control the large-time error due to the eigendefect directly using the
wave equation and its special structure (=energy estimates)
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New family of correctors (¢}, oj, X;)

> ¢o =1, and for all j > 1, ¢; is a scalar field solving
-V BVC)J =V. (70’1',16 + aecbj,l + VXjfl);

A. Gloria - Long-time homogenization of the wave equation February 1, 2017 - 15



New family of correctors (¢}, oj, X;)

» forall j>0, 3 e+l = [ (Vi + ed)), N =3 - e®U+2).

> o =0, y1 =0, and for all _] > 2, x; is a scalar field solving
—Axj; = Vxj-1- e+Z/ 1 Ai—1-191;
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New family of correctors (¢}, oj, X;)

» for all j > 1, g; is the vector field
qj:=a(Vo;+ edj_1) — N\ji_1e+ Vxj—1 —oj_1e, [1q =0;

> 09 =0, and for all j > 1, 0} is a skew-symmetric matrix field, i.e.
Ojkl = —0jik, that solves —A(Tj =V x qj, V- 0j = qj, with the
three-dimensional notation: [V X qjlmn = Vmlgjln — Val[gj]m,
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New family of correctors (¢}, oj, X;)

> oo =1, and for all j > 1, ¢; is a scalar field solving
-V aV(,)j =V- (fo*j,le + aecbj,l + V;\fj,l);

> forall j >0, 3 e®Ut) = [ a(Vgj1 + eg;), ;= 3; - e2UFD);
> x0 =0, x1 =0, and for all j > 2, x; is a scalar field solving
—AX; = Vxjo1- e+ X0 Nie1idi;

» for all j > 1, g; is the vector field
qj:=a(Voj+edj_1)— Nj_1e+Vxj_1 —0oj_1e, [;q =0;

» 09 =0, and for all j > 1, 0j is a skew-symmetric matrix field, i.e.
Ojk = —0ji, that solves —Ao; =V x q;, V-0; = gj, with the
three-dimensional notation: [V X gjlmn = Vml[qjln — Valgj]m,

Very subtle algebraic structure.
For periodic coefficients all the correctors exist and are periodic.
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Approximate spectral theory

Taylor-Bloch wave v, » and Taylor-Bloch eigenvalue i s of order £ in
direction k = ke are defined by

¢ £—1
VYo = Z(iﬁ)jqﬁp Ny = K Z(i")j/\j S
j=0 j=0

Almost diagonalization of magnetic Laplacian for 0 < kK < 1:
—(V +ik) - a(V + iK)thee = Niethiee — (i) e, (1)
where the Taylor-Bloch eigendefect 0, ¢ is given by

¢ -1
Vo=V - (—ope+ aepp+ Vxi) + im(e - aepy — Z Z (in)j”_‘])\,qu).

j=1 I=t—j

Subtle structure: eigendefect = divergence term + higher order term
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Approximate solution of the wave equation

Strategy: use the approximate spectral theory to construct an
approximate solution of the wave equation

Hewe = 0
u8(07 ) = Uo
atUE(O, ) =0

> well-prepare initial condition (cannot use that vy can be expanded
on Taylor-Bloch waves)

» use that Taylor-Bloch wave almost diagonalize the elliptic operator
and control the error by energy estimates

» reformulate the almost-solution and write an approximate
(high-order) homogenized equation

[Estimates are first presented in the periodic and quasi-periodic setting]
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Approximate solution of the wave equation

Step 1: replace uy by a well-prepared data
up,ee = fle fjo(k)e'k'xl/)skvg(g)d*k.

Energy estimate: Solution v, ¢ with initial condition ug ¢ .

||U€ — Vey |LM(R+,L2(Rd)) < ||U0 - U07g75||L2(Rd) < C(Uo)é‘.

Step 2: almost diagonalization of the wave equation
Set Ay(k) := y/max{0, A}, and define

wet) = [ a0k o () cosle ™ Au(ek) )k

Energy estimate: for all T > 0,

[ve,e = Weell oo (o, 1, 2Re)) < C(Uo)(a+5‘T).
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Sketch of the argument for step 2

One of the error terms solves

Obv(t,x) = & [o G(t,k)V - (g( )e ik"‘) cos(e A, (ek)t)dk
5v(0,) = 0v(0,-) = 0

Difficulty: how not to lose accuracy in €7

> wave equation is not regularizing: need to estimate RHS in L?(RY)
> V- ( (%)ex X) is only bounded by 71 in L2(RY)

First need to estimate [|0;0v(t)l|2(rey + [[VOV(E) || 2 (Re)-
Multiply by 8;6v and integrate over [0, t] x RY:

10v(E) ey + 176V By S <1
f[oﬂtlde Jre G(s, k)V (g(g) 'k'x) cos(e Ay (ek)t)dkd,Sv (s, x)dsdx
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Sketch of the argument for step 2

Key observation: integrate by parts in space first, then in time

~ Jio.gxe fRd s, K)V - (g( Je fk-x? cos(e~Ay(ek)t)dkd.ov (s, x) dsdx
— f[o xR s G( (%)e** cos(e™ Ay(ek)t)dk VDb v (s, x)dsdx
Siouize Jya © 1/\Z ak)G(s k)(g( )e’k'x)sin(fs_l/\g(sk)t)de(Sv(s,x)dsdx
+ Ja VOV(t,X) - [ps g(%)e™* cos(e T Ay(ek)t)dkdx

Recall that
18e0v(E)|1Z2 ey + IVOV(E)[F2 ey S —°1,
so that by Young's inequality

10e0v(£) [ 2y + IVOV(E)[Z2mey S Ce(uo)eT.
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Approximate solution of the wave equation
Step 3: Throw away the correctors
weo(t,x) = /Rd f/o(k)eik'xwgk,z(g)cos(&?*l/\g(ek)t)d*k
~ /Rd io(k)e* ™ cos(e Ay (ek)t)d* k =: v.,

With 0y == 02 — Y0 &/3; - V/*2, we have for all T >0,

j

i[,eVe =0

; ve(0,-) = wo

atVE(O,') =0

sup || —ve(D)llz@ey S Co(wo)(e+£°T).
t<T

And it remains to add a regularizing term to |jg7€ to make it invertible.
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Main result in the periodic setting

For all € > 0,

» a.:=a(.), a periodic + symmetric tensor

» [].:= 07 — V- a.V the wave operator

There exists a family {3;};cn of j + 2-order tensors (with 341 = 0), and
for all £ € N we set

= a2 =1 _jo ojt2
> Dg’g = 8tt—zj:0 sfaj-VJ

For all £ € N, well-chosen K; = Ky(3p,...3,_1), all up € S(RY), the
solutions v, uy . € L®(Ry, L>(R?)) of

ljf,euﬂ,s = 0
’ u@,s(oa ) = U
8tu&5(0, ) = O
satisfy for all T > 0:
sup || — up e ()li2@ey S Co(uo)(e+e"T).

t<T
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Part 3: Bounds on correctors in the random case

Example of a given by Poisson random inclusions of fixed size we have for

the correctors [G-Otto,G-Neukamm-Otto,Armstrong-Kuusi-Mourrat]:

|(¢170'1’ VXl)(X)|

|(¢2, 02, Vx2)(x)|

(43,03, Vx3)(x)]

d=1
Sw d=2
d>?2
d=3
Sw d=4
d>4
d=5
Sw d=6
d>"6

(1+|x])2
log(2 + x|)?
1

(1+[x])2
log(2 + |x])2
1

(L+ Ix))?
log(2 + |x|)?
1

Apply strategy of Part 2: dispersive effects appear for d > 5.
In smaller dimensions, homogenization breaks down before the occurence

of dispersive effects
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Further comments on the random case

» Sharp bounds on the correctors can be proved for correlated fields
as well [Duerinckx-G.,G-Neukamm-Otto]

» The main result can be formulated as asymptotic ballistic transport
of classical waves at the bottom of the spectrum (for random case,
requires d > 2)

» Two phenomena could occur when “homogenization breaks down":

> the transport remains ballistic (as for wave equation), but the
effective equation is different (if any)

» the transport stops being ballistic, and might become diffuse
(as for the random Schrddinger equation), radiative transfer?
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Summary of the talk

» Main idea 1: develop an approximate spectral theory at the bottom
of the spectrum (a lot of structure), cf. Taylor-Bloch waves

> Main idea 2: combine Fourier space (in the form of estimates of
Fourier multipliers) with energy estimates given by the wave
equation

> Main result: bounds on extended correctors drive long-time
homogenization of the wave equation (periodic, quasi-periodic,
almost periodic, random...)

» Main challenging problem: what happens when homogenization
breaks down? (For Schrodinger, work in progress with Duerinckx &
Shirley)

A. Gloria - Long-time homogenization of the wave equation February 1, 2017 - 28



