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Introduction



Consider T > 0, d ∈ N, ξ ∈ Rd and sufficiently regular f : Rd × R× Rd → R,
g : Rd → R, µ : Rd → Rd , σ : Rd → Rd×d , u : [0, T ]× Rd → R such that
u(T , x) = g(x) and

∂
∂t u(t, x) + f

(
x, u(t, x), (∇x u)(t, x)

)
+ 〈µ(x), (∇x u)(t, x)〉Rd

+ 1
2 TraceRd

(
σ(x) [σ(x)]∗ (Hessx u)(t, x)

)
= 0.

for (t, x) ∈ [0, T)× Rd . Goal: Compute u(0, ξ) approximatively.

Application: Pricing of financial derivatives

Approximations methods such as finite element methods,
finite differences, sparse grids suffer under the curse of dimensionality.

Consider probability space (Ω,F ,P), Brownian motion W : [0, T ]× Ω→ Rd , and
for every s ∈ [0, T ], x ∈ Rd a solution process X s,x : [s, T ]× Ω→ Rd of

∂
∂t X s,x

t = µ(X s,x
t ) + σ(X s,x

t ) ∂∂t Wt , t ∈ [s, T ], X s,x
s = x.

Feynman-Kac formula ∀ s ∈ [0, T ], x ∈ Rd :

u(s, x) = E
[
g(X s,x

T )
]

+

∫ T

s
E
[
f(t, X s,x

t , u(t, X s,x
t ), (∇x u)(t, X s,x

t ))
]

dt.
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Linear pricing models

f = 0
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Theorem (Hairer, Hutzenthaler, & J 2015 AOP)

Let T ∈ (0,∞), d ∈ {4, 5, . . . }, ξ ∈ Rd . Then there exist globally bounded
µ, σ ∈ C∞(Rd ,Rd ) such that for every probability space (Ω,F ,P), every Brownian
motion W : [0, T ]× Ω→ R, every solution X : [0, T ]× Ω→ Rd of

∂
∂t Xt = µ(Xt) + σ(Xt)

∂
∂t Wt , t ∈ [0, T ], X0 = ξ,

every Y N : {0, 1, . . . ,N} × Ω→ R4, N ∈ N, with
∀N ∈ N, n ∈ {0, 1, . . . ,N − 1} : Y N

0 = X0 and

Y N
n+1 = Y N

n + µ(Y N
n ) T

N + σ(Y N
n )
(

W (n+1)T
N

−W nT
N

)
(Euler-Maruyama approximations), and every α ∈ [0,∞) we have

lim
N→∞

(
Nα
∥∥E[XT

]
− E

[
Y N

N

]∥∥) =

{
0 : α = 0

∞ : α > 0
.
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Theorem (Hefter & J 2016)

Let T , δ, β ∈ (0,∞), γ, ξ ∈ [0,∞), let (Ω,F ,P) be a probability space, let
W : [0, T ]× Ω→ R be a Brownian motion, let X : [0, T ]× Ω→ R be a solution of

∂
∂t Xt = (δ − γXt) + β

√
Xt

∂
∂t Wt , t ∈ [0, T ], X0 = ξ.

Then there exists a c ∈ (0,∞) such that for all N ∈ N we have

inf
u : RN→R
measurable

E
[∣∣XT − u(W T

N
,W 2T

N
, . . . ,WT )

∣∣] ≥ c · N−min{1, 2δ
β2 }.
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The S&P 500 (the Standard & Poor’s 500) is a stock market index.
In Hutzenthaler, J & Noll 2016 we calibrate 498 stocks from the S&P 500 within the
Heston model: 359 stocks satisfy 2δ

β2 ≤ 25, 162 stocks (≈ 32%) satisfy 2δ
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More than 100 stocks satisfy 2δ
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Nonlinear pricing models

f 6= 0



Assume ∀ x ∈ Rd : µ(x) = 0, σ(x) = IdRd , assume f : Rd × R→ R, let
Θ = ∪n∈NRn, let W θ : [0, T ]× Ω→ Rd , θ ∈ Θ, be independent Brownian
motions, define ∆W θ

s,t = W θ
t −W θ

s and note ∀ s ∈ [0, T), x ∈ Rd :

u(s, x) = g(x) + E
[(

g(x + ∆W 0
s,T )− g(x)

)]
+

T
∫
s
E
[
f
(

x + ∆W 0
s,t , u(t, x + ∆W 0

s,t)
)]

dt .

Full history recursive multilevel Picard approximations For all θ ∈ Θ, k, ρ ∈ N,
s ∈ [0, T), x ∈ Rd define Uθ0,ρ,s(x) = 0 and

Uθk,ρ,s(x) = g(x) +

mk,ρ∑
i=1

g
(

x + ∆W
(θ,0,−i)
s,T

)
− g(x)

mk,ρ

+
k−1∑
l=0

mk−l,ρ∑
i=1

∑
t∈(s,T ]

qk−l,ρ
s (t)

mk−l,ρ

[
f
(

x + ∆W
(θ,l,i)
s,t ,U

(θ,l,i,t)
l,ρ,t (x + ∆W

(θ,l,i)
s,t )

)
− 1N(l) f

(
x + ∆W

(θ,l,i)
s,t ,U

(θ,−l,i,t)
[l−1]+,ρ,t(x + ∆W

(θ,l,i)
s,t )

)]
.
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Allen-Cahn equation T = 1, ξ = 0 ∈ R1, u(T , x) = 1
1+‖x‖∞ , and

∂
∂t u(t, x) + u(t, x)− [u(t, x)]3 + 1

2 (∆x u)(t, x) = 0, (t, x) ∈ [0, T)× R1.

Relative errors 1
10|v|

∑10
i=1 |Ui

ρ,ρ(0,ξ)−v| for ρ ∈ {1, 2, . . . , 5} against runtime;
u(0, ξ) ≈ v = 0.905. Simulations: MATLAB, Intel i7 CPU, 2.8 GHz, 16 GB RAM.
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Allen-Cahn equation T = 1, ξ = (0, 0, . . . , 0) ∈ R100, u(T , x) = 1
1+‖x‖∞ , and

∂
∂t u(t, x) + u(t, x)− [u(t, x)]3 + 1

2 (∆x u)(t, x) = 0, (t, x) ∈ [0, T)× R100.
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]/[
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]
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ρ ∈ {1, 2, 3, 4} against runtime; u(0, ξ) ≈ 0.317.
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Allen-Cahn equation Runtime for one realization
of U1

4,4(0, ξ) against dimension d ∈ {5, 6, . . . , 100}.
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Pricing with default risk (Duffie, Schroder, & Skiadas 1996 AAP, Bender, Schweizer,
& Zhuo 2015 MF) T = 1, d = 1, ξ = (100, . . . , 100) ∈ Rd , u(T , x) = min

1≤i≤d
xi ,

∂
∂t u(t, x) + f(x, u(t, x)) + µ̄

d∑
i=1

xi

(
∂
∂xi

u
)
(t, x) + σ̄2

2

d∑
i=1

|xi |2
(
∂2

∂x2
i

u
)
(t, x) = 0

for (t, x) ∈ [0, T)× Rd . Relative errors 1
10|v|

∑10
i=1 |Ui

ρ,ρ(0,ξ)−v| for ρ ∈ {1, 2, . . . , 7}
against runtime; u(0, ξ) ≈ v = 97.705.
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& Zhuo 2015 MF) T = 1, d = 1, ξ = (100, . . . , 100) ∈ Rd , u(T , x) = min
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xi
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u
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2
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|xi |2
(
∂2

∂x2
i

u
)
(t, x) = 0

for (t, x) ∈ [0, T)× Rd . Relative errors 1
10|v|

∑10
i=1 |Ui

ρ,ρ(0,ξ)−v| for ρ ∈ {1, 2, . . . , 7}
against runtime; u(0, ξ) ≈ v = 97.705.
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Pricing with default risk (Duffie, Schroder, & Skiadas 1996 AAP, Bender, Schweizer,
& Zhuo 2015 MF) T = 1, d = 100, ξ = (100, . . . , 100) ∈ Rd , u(T , x) = min

1≤i≤d
xi ,

∂
∂t u(t, x) + f(x, u(t, x)) + µ̄

d∑
i=1

xi

(
∂
∂xi

u
)
(t, x) + σ̄2

2

d∑
i=1

|xi |2
(
∂2

∂x2
i

u
)
(t, x) = 0

for (t, x) ∈ [0, T)× Rd .
[

1
10

∑10
i=1 |Ui

ρ+1,ρ+1(0,ξ)−Ui
ρ,ρ(0,ξ)|

]/[
1

10
|
∑10

i=1 Ui
7,7(0,ξ)|

]
for

ρ ∈ {1, 2, . . . , 6} against runtime; u(0, ξ) ≈ 58.113.
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Pricing with default risk Runtime for one realization
of U1

6,6(0, ξ) against dimension d ∈ {5, 6, . . . , 100}.
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Thanks for your attention!
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Pricing with default risk (Duffie, Schroder, & Skiadas 1996 AAP, Bender, Schweizer,
& Zhuo 2015 MF)

Consider δ = 2
3 , R = 2

100 , γh = 2
10 , γ l = 2

100 , µ̄ = 2
100 , σ̄ = 2

10 , vh, v l ∈ (0,∞)
satisfy vh < v l , and assume for all x ∈ Rd , y ∈ R that

µ(x) = µ̄x, σ(x) = σ̄ diag(x),

and

f(x, y) = − (1− δ) y

[
γh
1(−∞,vh)(y) + γ l

1[v l ,∞)(y)

+
[

(γh−γ l )
(vh−v l )

(
y − vh

)
+ γh

]
1[vh,v l )(y)

]
− Ry.

We consider vh = 50, v l = 120 in the case d = 1.

Bender et al. consider vh = 54, v l = 90 in the case d = 5.

We consider vh = 47, v l = 65 in the case d = 100.


