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Abstract
This study investigates the global adaptive practical tracking for a class of nonlinear stochastic systems with

dynamic uncertainties and unmeasured states via dynamic output feedback control.

We show that we can extend the work in [1] to stochastic system and generalize the work in [2]. An output feedback
controller 1s constructed to guarantee that the closed-loop system is globally practically stable in probability and the
output can be regulated to the all fixed ball almost surely.

Notations and preliminary results

Consider the following stochastic nonlinear system
dr = f(x)dt + g(x)dw (1)

Where x € R" is the system state, w is an m-dimensional standard Winner process defined on the
complete probability space (£2, F, {F; }+>0, P). The Borel measurable functions f : R — R"

and g : R" — R"*™,

For any given function V(z) € C*(R"), associated with system (1), the differential operator £ is

defined as . .
B V 1 VT

Definition 1. [5] The solution process {x(t);t > 0} of stochastic differential system (1) is said to be
bounded in probability, if

lim  sup P{lz(t)| >c} =0
t—00 )1<t<oo

Theorem 1. [6] Consider the system (1) and assume that f and g are C b if there exists a function
C? function V (z), class Koo functions By and 35, a constant ¢ > 0, and a nonnegative function W (z)
such that

Billz]) < V(z) < Ballz|), LV < -W(x)+c Then,
1. There exists an almost surely unique solution on |0, co)

2. The solution process is bounded in probability when W (x) > oV (x) for some o > 0.

3. When c =0, f(0) = g(0) = 0 and W ((x) is continuous, the equilibrium x = 0 is globally stable in
probability and the solution x(t) satisfies P{lim;_yoo W (x(t)) =0} = 1.

Problem Statement and Assumptions

we consider a class of stochastic nonlinear systems in the following form:

dr; = (vj 1+ fi(t,x,u))dt + gZ-T(t,a:,u)dw i=1,2,...,n—1

drp = (u+ folt,z,w)dt + g, (£, 2,u)dw (2)
Yy =1 —Yr
Where z = (zq, - - - ,xn)T € R", u € Rand y € R are the state, input and output, respectively.

Y- 18 a given reference trajectory to be tracked; w 1s an m-dimensional standard Winner process The
mapping f; : Ry X R" xR — Rand g; : Ry xR" xR — R";1 <1 < n, are unknown perturbation
functions and are assumed to be continuous in the first argument and locally Lipschitz in the rest of
the arguments.

0.1 Assumptions

(A1) 1. The functions f; and g; are contineous and locally Lipshitz.
2. There exist an unknown constants 61, > such that

i
filt, 2 u)| + gilt, 2 u)| < 011+ [y[P) Y |aj] + bo. (3)
=1

(A2) The reference trajectory g, 1s continuously differentiable and there exists an unknown constants
K such that

yr| + lor)| < K (4)

0.2 Problem
The objective paper 1s to design an adaptive output-feedback controller

X = a(x,y)

5
u=B(x,y) )

so that the solution process of the closed-loop system i1s bounded in probability and the outputs
y = x1 — Y, can be regulated into a small neighborhood of the origin in probability

Controller design

0.3 Change of coordinates

=Y, =T 12 2

d21 = (22 + fi(t, 2,u) — gr)dt + g (t, 2, u)dw
dz; = (zi11+ fi(t, z,u))dt + g;(t, zou)dw 1=2,...,n—1
(it Fult, 2 u))dt + g (1, 2, u)duo

¥y =~

(6)

dZn —

0.4 Controller

Let v > 0, we introduce the controller via the full-order observer

uy = — L (DM)" kg

d2; = %00 + (LM)'aj(y — 2))dt i=1,2,...,n—1 (7)
-

where 2z = |21, ..., 2] ' with the initial value Z(#y) = 2,
gains M and L are updated by

M = —aM?+ (1 +yl)M; M(0) =1

L = max(0, (3 + f =) L(0) = Lo >0 o
The parameters a; and k; are chosen so that
(—a11...0\ /o 1 0\
4= _a;z—l(:)-:.-l b= O O 1 ®)

\ —kn —kp_1 ... —k1 /

are Hurwitz matrices.

Lemma 1. There exists P and Q symmetric and positive definite matrices, and a positives constants
c1, co, c3 and cy, such that

A'P+ PA< —id,,. ciidy,
B'Q+ QB < —2id,, csidy,

DyP + PDy, < coidy, (10)
DyQ + QDy < cyidh, (11)

IA A

Theorem 2. Consider system (2) under Assumptions Al and A2. The output-feedback controller (7)
guarantees that, for any initial condition (xq, z5) € R" x R", the solution (x(t), z(t), M (t), L(t))
of the resulting closed-loop system is unique and bounded on |0, +00) a.s., and furthermore, for all

v > 0, there exists a finite time T' > 0 so that |x{(t) —yr(t)| <, Vt>T

1 Proof

The error dynamics and the closed-loop system

Let e; = z; — Z; and define the following scaling state ( = ((j,--- ,Cn)T and estimation error
e =(e1,--- ,€pn) " as follows:
“ = (LM)HZ’_I Gi = (LM>i+b—1 (12)

Where b > 0 is constant. Now, using (12), the closed-loop systems (6) and (7) can be expressed
compactly as

de = (LM)Ae — (¥ + ¥)De + F(t, 2, u)dt + G(t, 2, u)dw(t)

. . (13)
d¢ = (LM)B¢ — (£ +20)D¢ + (LM)aey)dt
Where
a=I(a, - ,an)" D =Diag(b,b+1,....,b+n—1) (14)
and
fl(t,.fl?,U) fn(taxa/UJ) T o gl<t,flf,’u,> gn(tax7u> T
F= LMDb ’.”’LMbJrn—l) G = LMP ’.”’LMbJrn—l) (15)
1.1 Lyapunov analysis
Consider the Lyapunov function defined by
V =al]+ Vs (16)

Where Vi = €' Peand V5 = ¢ ' QC.
The remainder of the proof is omitted on grounds of space
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