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Motivation

» The finite element approximations of convection-diffusion equations or oseen equations have one drawback due to

present layers of small width in solutions where their gradients change very rapidly.

» In general, these layers seem in solution as boundary layers (near the outflow boundary of the domain) or as

internal layers (due to non-smooth data near the inflow boundary).

» To resolve these problems, the approach requires adaptive finite element methods which are able to locally refining

the meshes in the vicinity of the layers and other singularities.

Oseen equation

—vAu+a-Vu+Vp+bu=Ff in
V-u=0 in £,
u=0 on T,

/p dx = 0. (Compatibility relation)
2

Here u, p, f, v, a and b are the velocity, the pressure, a prescribed external body force, the kinematic viscosity, a

convective velocity field and a given scalar function, respectively.

Existence and uniqueness

> Here a(x) € WH™(Q) and b(x) € L(RQ). If a(x) and the size of domain Q are of order one, then 2 is the reynold

number.

» (First case) Assume that u is the velocity at the current time, a is the velocity at the previous time step and
b = 1/At, this imply b > 0.

» (Second case) b = 0 for the steady-state Navier-Stokes problem.

» (Assumption 1)

1
—§V -a(x) +b(x) > B8, xe€Q, [|V-a(x)+b(x)||i~q) < cp.
» Assumption 1 guarantees existence and uniqueness of a solution (u, p) € H3(Q) x L3(Q).

» If 5 =0then V-a=b. Moreover —vAu+V - (au) + Vp = f. Assumption 1 is satisfied provided that V-a > 0.

» First we devide the domain €2 by a subdivision 7 into a mesh of shape-regular rectangular cell

K.

» Let hx and £(7T;) be denoted as the diameter of an element K and the set of edges of 7,
respectively.

» For given mesh 7, the notions of broken spaces for the continuous and differentiable function

spaces are denoted as C(Tp,) and H*(Tj).
» Discrete subspace of H"(Q)

V,={veH"|VKecT,: vk € RT, fork>1},

Vi={veV,| V- -v=0}
» Discrete subspace of L5(1)
Qn={veli|VKET, vk € QK) fork>1}.
» |Important property of the pair V;, x Q4
V-V, C Q.
» (Discrete weak formulation) Find (u, p) € V, X Qp such that

Ah(ua PV, q) — (f7v)7 v (V, q) - Vh X th
where
Ah(ua p;V, q) — ah(”? V) -+ Oh(U, V) - (p7 VV) - (q7 vu)
» Details of ay(u,v)

af_,(u, v) = v(Vu, Vv)7 + a,(u,v) + a7 (u, v),

/

ah(ua V) — a;:(uv V) o aé(ua V) o ai("? U),

af(“? V) — ag(uv V) o af(uv V) o a?(va U).

» Interior face terms and Nitsche terms

af:(uv V) — <{{VVU}}, [v& n]]>5"(777)7 a;.)(ua V) — <")//27[[U @n], v n]]>5i(777)7

a(u,v) = (vVu,v® N)co(T,), ag(u, V)= (viu®@n,ve N)eo(7,),

» Definition of ox(u, v)

op(u,v) = Z /K((b — V.a)uv — (a.V)v - u) dx +% Z /aK[g.nK[[u R n]| — |a.nk|(u® — u)] - vds.

KeTh KeTh

» DG Norm
11w, P12 = [l ull]?+ v Pl 5.

where
i 0
[|ull]? = v||Vu|[3 + al(u,u) + a2(u,u) + B||ul|3.
» Semi Norm

=+ S (ke + )| fu)

E€&E(Th)

ng - Vodx
ol

%)E, where ‘Q‘i =  sup

deH()\{0}
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A posteriori error estimator

» Parameters
1 1

PK = min{hKV ;, ﬁ_%}, PE = min{hEV_2, 15 2}.
» Note that if 3 = 0 we choose px = hky_% and pg = hgv 2.

N

» Local error indicator
. , , ,
77K — 77RK _I_ nEK —|_ 77.];(7
» Interior residual
, , .

» Edge residual

1 1
e =7 D v pelll(pad — vVup) - n]lfg
EcOK\I

» Jump of the approximate solution uy

1 90 he
Be=5 O (o + Bhe+ 2 ) lw@nllfe+ >

90% he
(= + Bhe + =) lull3 e
Feok\l ¢ E€OKT

he v
» Data oscillation term

0% = F(IIF — Fall i + [1(a — a,)- Vgl + [1(5 — by)us

» A-posteriori error estimator and Data oscillation error
1

1= (X k) o= (X eh)

KeT, KeT,

» Reliability

~1/2

lu = up|[| + 27 [p = pallo+ [u —usla S 7+ O,

» Efficiency
~1/2

1o — pllo + u — upla + ©.

NS lu— ] +v

» Assume that the error |||e||| converges with optimal order O(N~K/2), where N and k are the number of degree of
freedom and the poynomial order of RT, X @, respectively. Then

a(u — up)l. £ v |u — upffo.

Y

» Assume that ||u — uy||o converges with with optimal order O(N=*/271/2) then
‘Q(U o uh)’* < (N—1/2V—1) V1/2N—k/2.

Y

» Similarly, we have

1/2
( Z hEV_lH[[U—uh]]H%’E) 5(N‘1/2V—1)V1/2N—k/27
EcE(Th)
1/2
(> heslllu—ullfe) 582N K
Ec&(Th)

» Hence the same conclusion as for |a(u — uy)|, can also prove for the error |u — uy|4.

Numerical Results

(First Example) L-shape domain (Stokes equation) Q = (—1,1)%\ (0, 1)
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(a) ( (c) (d)
Figure : Convergence history of |||e||| and 1, (a) RT1 X Q1 (b) RT, X @, on uniformly and adaptively refined meshes
for the L-shape domain. (c) Adaptive refined meshes for RT; x @; (d) Adaptive refined meshes for RT, x Q.

(Second Example) Kovasznays solution (Oseen equation) Q = (— 3 %) x (0, 2).

(a) (b) (c) (d) (e)
Figure : Convergence behaviour for (a) v =1, (b) v =107%, (¢) v =1072 (d) v = 1073, (e) v = 10~* with RT; x @
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(a) (b) (c) (d) (e)
Figure : Ratio for (a) v =1, (b) v =107%, (c¢) v =102 (d) v = 1073, (e) v = 10~* with RT; x @; element

(a) (b) (c) (d) (e)
Figure : Adaptive refined mesh for (a) v =1, (b) v =107}, (¢) v =107 (d) v = 1073, (e) v = 10~* with RT; x @
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