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Mean-square stability

AX(t) = (AX(t) + F(X (1)) dt + G(X(£)) dL(t), X(0) = X,

Assume E[|| Xo||%] < 6. What do we know about E[|| X (¢)]|%]?

j+1 det j stoch,j v-j 0 _
Xy = DGR Xy + Dy’ X, Xi = Xo

Assume E[|| Xo||%,] < 6. What do we know about E[|| X7 [%,]?
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(; CHALMERS | UNIVERSITY OF GOTHENBURG

UNIVERSITY OF TECHNOLOGY

Overview

B Stochastic partial differential equations
B Asymptotic mean-square stability
B Application to Galerkin methods

B Simulation
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Introduction to SPDEs

H separable Hilbert space

Heat equation
ED=[0,1) ®™WH=L*D)

%u(t,x) = Au(t,x) +9(t,z), u(0) = ug

%u(t,m) = Au(t,x) + g(u(t,z),t,x)n(t, z), u(0) = ug
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Stochastic partial differential equations

dX(t) = (AX () + F(X(t)))dt + G(X () dM(t), X(0)= Xy
B Stochastic integral equation
X(t) = Xo +/ (AX(s)+ F(X(s)))ds +/ G(X(s))dM(s)
0 0

m Noise

B Filtered probability space (2, A, (F;,t > 0), P)

m Separable Hilbert space U — e.g., R%, L?(D), H*(D)

B Martingale M = (M(t),t > 0) € M?*(U) with covariance
(Qe,t>0)

/thd<M»M>s <(t-rQ, r<t

mQcLf(U)and H = Q'/?(U)

Annika Lang Multiscale Methods for Stochastic Dynamics, Geneva, February 1, 2017
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Examples

B Brownian motion — @Q-Wiener process W = (W (t),t > 0)
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Examples

B Parabolic partial differential equation (heat equation)
dX(t) = AX(t)dt + G(X () dW (t)

0.3 -

0.25 -

) 1
time 0.15 space
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Framework
AX(t) = (AX(t) + F(X (1) dt + G(X(t))dM(t), X(0) = X,

® A generator of Cp-semigroup S = (S(t),t > 0)
B F:H — H linear
BG:H— LHs(H; H) linear

Theorem ([Peszat, Zabczyk 07])

® 3! mild solution X ~ ® X has cadlag modification

X(t)=S(t)Xo + /0 S(t—s)F(X(s))ds + /0 S(t—s)G(X(s))dM(s)

Annika Lang Multiscale Methods for Stochastic Dynamics, Geneva, February 1, 2017
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Solutions of SPDEs — Numbers on computer

B Discretization in space and time: fully discrete problem

m Discretization of the noise: truncation of Karhunen—Loeve
expansion

B “Discretization” of Q: path simulation, Monte Carlo methods

Annika Lang Multiscale Methods for Stochastic Dynamics, Geneva, February 1, 2017
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dX(t) = (AX (@) + F(X (1)) dt + G(X(¢))dM(t), X(0)= Xo
® Abstract approximation scheme

j4+1 _ det 7 stoch,j y-J 0 __ v
Xy = Dain Xy + Doy " X, X =XoeVh

] (Vh, h € (0, 1]), Vi € H,dim(V},) = N, € N
B P, orthogonal projection onto V,
BAt>0,t;=5-At

L o
® DY}, € L(V,) approximating PDE au(t) = Au(t) + F(u(t))
u Diff}?'jX{; approximating stochastic integral
u (Dj\fff}f‘ 7§ € No) F-compatible
(thf,cff’j Ft,,,-measurable, ]E[th‘;f;vf |Fe,] = 0)
WD AL Fy,

Multiscale Methods for Stochastic Dynamics, Geneva, February 1, 2017
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Stability

Stability
X{T =Dyt X+ DX, X)) =X
Definition

B Numerical stability: 3K > 1 :VAt,h >0, j € {0,...,n}:

(DX L) Pulliery < K

B Mean-square stability: ¥Ye > 0:35 > 0:Vj € Np :

E[|Xpl5) <6 = E[IX;lE] <e

Annika Lang Multiscale Methods for Stochastic Dynamics, Geneva, February 1, 2017
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Stability
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Stability
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Stability

Lax’s equivalence theorem

dX (t) = AX(t)dt + G(X (t)) dM(t)
Theorem (. 101)

Consistency in mean square

4

Stability <= Convergence in mean square

Annika Lang Multiscale Methods for Stochastic Dynamics, Geneva, February 1, 2017
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Stability

Mean-square stability: solution
dX(t) = (AX(t) + F(X(t))dt + G(X(t))dM(t), X(0)= X,

B (X.(t) =0,t > 0) equilibrium solution
Definition

B X, mean-square stable:Ye >0:36 >0:Vt > 0:

E[IXO)E] <6 = E[X®)H] <e
B X, asymptotically mean-square stable: mean-square stable &
Jim E[||X(1)[3,] =0

B X, asymptotically mean-square unstable: if not asymptotically
mean-square stable

Annika Lang Multiscale Methods for Stochastic Dynamics, Geneva, February 1, 2017
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Stability

Mean-square stability: approximation
X{T =Dyt X+ DX, X)) =X
(X}, =0,j € No) equilibrium solution
Definition
B X, . mean-square stable: Ve > 0:36 > 0:Vj € Ny :
E[IXPIH] <6 = E[IX]IH] <e
B X, . asymptotically mean-square stable: mean-square stable &
lim E[|[ X7 3,] =0
J—00

B X, . asymptotically mean-square unstable: if not asymptotically
mean-square stable

Annika Lang Multiscale Methods for Stochastic Dynamics, Geneva, February 1, 2017
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Stability

Mean-square stability: approximation
X{T =Dyt X+ DX, X)) =X
Theorem

__ pndet det stoch,j stoch,j
BS; = Dy © DRty + E[DX ™ @ Dapy ]

. 1 e =
33 [15n+ Sollm) =0

= X, . asymptotically mean-square stable

Corollary
W (DX, € No) id
BS = Die;:t,h ® Die;st,h + E[DSAt?,C}?’l ® DSAt;C;l’l}

X . asymptotically mean-square stable <= p(S) <1

Annika Lang Multiscale Methods for Stochastic Dynamics, Geneva, February 1, 2017
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Stability

Application to Galerkin methods: Euler—Maruyama

X[ = (R(ALAL) + 17 (ALA) (ALPLF + PG ()ALY)) X,
X]? = PhXO

<

n(2
W —A:D(-A) C H— H densely defined, self-adjoint, pos. def.
B =D((-A)Y?), (Vy,h € (0,1]), V,, C H

WAy Vi, — Vi, given by (—Ap¢, ) = (—A)26, (—A)2¢)

~ exp(z) rational approximation

B[ = (L(t),t > 0) Lévy process with AL = L(t;11) — L(t;) and

L) = 3 VL),

Annika Lang Multiscale Methods for Stochastic Dynamics, Geneva, February 1, 2017
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Stability

Application to Galerkin methods: Euler—Maruyama
Proposition
BC e L(U; L(V)), Cu=r; (AtAL) P,G()u

Wg=>"" fr® fr e UP
BS =Dy, ® DI, + At (C® C)g e L)

X . asymptotically mean-square stable <— p(S) <1
Corollary (sufficient condition)
B\, k=1,...,N},) eigenvalues of — A,
2
—1
(o, IR+, 17 (At Al

+ _nax |T(;1(At/\h,k)‘QAttr(Q)”GH%(H;L(U;H)) <1

=4y VA

Annika Lang Multiscale Methods for Stochastic Dynamics, Geneva, February 1, 2017
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Stability

Examples of rational approximations

Proposition (sufficient conditions)

m (Backward Euler) R(z) = 1+

(1+ At|Fllpny)? + Attr(Q)”GH%(H;L(U;H))

1
(11 Al.)? <

m (Crank-Nicolson) R(z) = 1722

2
1—AtAp /2 [1Fl Ly tT(Q)HG||2L<H;L(U;H))
1+AMZ,:/2‘ + At(HAtAh,l/z)) + At (E¥.NOVRYP R 1

( max
ke{1,N,}
B (Forward Euler) R(z) =1 — z

2
1— Athn | + At||F + At tr( Q) GlIF gy < 1
(s 1= Aol + At Pl )+ A (@G rscomy

Annika Lang Multiscale Methods for Stochastic Dynamics, Geneva, February 1, 2017
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Stability

Application to Galerkin methods: Milstein

Xith = (RALAL) + 7y (ALAW) (ALPLF + PiG(-)ALY)) X]

J tj

+/tj+1 rdl(AtAh)PhG< SG(X,{)dL(r)> dL(s)

mG(GW) i) fi = GGW)f) T
mL(t) =) VL)
i=1

B (L;,: € N) pairwise independent
W7, (t) € L*(;R) of finite activity

Annika Lang Multiscale Methods for Stochastic Dynamics, Geneva, February 1, 2017
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Stability

Application to Galerkin methods: Milstein

Proposition
BC e L(U; L(V)), Cu=r; (AtAL) PLG()u

o= unfr® freUP
BC e LUP, L(V)), O (u1,us) = (r; (AtAR) PLG(G(-)ur)us)

W =Y tepe(fr © fo) @ (fre @ fo) € UM
BS =D, © DI, + AL (C® C)g+ 22 (C" 0 C')q

X, asymptotically mean-square stable <= p(S) <1

Annika Lang Multiscale Methods for Stochastic Dynamics, Geneva, February 1, 2017
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Stability

Application to Galerkin methods: Milstein

Proposition (sufficient conditions)

W (backward Euler) R(z) = 11

B\ i, k=1,...,N,) eigenvalues of — Ay,

(1+ At F||pm))® + At tr(Q)”G”%(H;L(U;H))

At?
+ Ttr(Q)2||G||4L(H;L(U;H)) < (L+ Atyy)?

(Crank—Nicolson) and (forward Euler) with restrictions on h, At

Annika Lang Multiscale Methods for Stochastic Dynamics, Geneva, February 1, 2017
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Stability

Connection to analytical solution

AX(t) = (AX(t) + F(X (1)) dt + G(X (1)) dW (), X(0) = X,

m Q-Wiener process W (t) = Y \/miBi(t) f;
i=1

Theorem (tLiu 061)

B X, =z, c H' deterministic
B3c>0:Vue H?:

2(u, Au+ F(u) i + tr[G(u)Q(G(w)"] < —cllullF

— X, asymptotically mean-square stable

Annika Lang Multiscale Methods for Stochastic Dynamics, Geneva, February 1, 2017
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Stability

Connection to analytical solution
AX (1) = (AX(t) + F(X(1)) dt + G(X(£)) AW (£), X (0) = a0

Backward Euler

Xt = (14 AtA,) (1 + AtP,F + P,G()AWI)XI, X9 = Puag

Corollary
2(1F oy — M) + te(@NGIL (a1 pwmry) <O

= X. and X, . asymptotically mean-square stable

Annika Lang Multiscale Methods for Stochastic Dynamics, Geneva, February 1, 2017
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Stability

Connection to analytical solution
dX (1) = AX(t)dt + G(X () dW (1), X(0) = zg
Milstein, backward Euler
XM = (14 AtA,) Y1 + P.G()AW?) X
tj 1 s X
+/ . (1+AtAh)‘1PhG< G(X,{)dW(r)) dW (s)
ty tj
XY = Py

Corollary

—V2\1 + tr( @GN .y <O

= X, and X, . asymptotically mean-square stable

Annika Lang Multiscale Methods for Stochastic Dynamics, Geneva, February 1, 2017
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Simulation

Simulation — Stochastic heat equation
AX(t) = vAX (t) dt + G(X (1) dW(t), X(0) = X,

mU = H = L*[0,1])

B X,(z) = V30x(1 — z)

W Qe; = pieq, i = Cpi™®

BuAe; = —\e; = —vilnle;, ei(y) = \@sin(my)

=G (0)vo ==Y (v,e;)u(vo,e5) e,

j=1
o0

X (1) = 3 (Xo,e5)mexp (—( + Byt + uf,ej(t)) e
=1
and

E 11X (8)[|%] Z (X0, €)% exp (=25 + py)t)
j=1

Annika Lang Multiscale Methods for Stochastic Dynamics, Geneva, February 1, 2017
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Stochastic heat equation with multiplicative noise

AX(t) = vAX (t) dt + G(X(t) dW (1)

08 ' space 11 space

time

Annika Lang Multiscale Methods for Stochastic Dynamics, Geneva, February 1, 2017
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Simulation

Spectral Galerkin method

X(t)zZ( ), € e, = le )ei,

i=1
with geometric Brownian motions

Approximation scheme

Np, Ny,
Xn(t) =Y (X(t).exyuer = ar(t)er
k=1 k=1

and z(¢t) is approximated by
B Euler—-Maruyama, Milstein
m Backward Euler, Crank—Nicolson, forward Euler

Annika Lang Multiscale Methods for Stochastic Dynamics, Geneva, February 1, 2017
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Simulation

Spectral Galerkin method
Euler—-Maruyama
S(er ®er) = (DAY, © DAY y)(ex ® e0) + At ((C © C)q) (ex @ er)
= A (e @ ep)
with
Ao = R(AENL)R(AtN) + 01 Atpg 7 (At (AL

Milstein
det det AtQ / N
Sler ®eg) = (DAt,h ® Dyp + At (C® C)g + T(C ® C')q )(ek ® e)

=Apo(er @eq)
with

At
Are = RIANOR(AIN) + S (At (Aehe) (At + =51

Annika Lang Multiscale Methods for Stochastic Dynamics, Geneva, February 1, 2017
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Spectral Galerkin method

Simulation

A R(At/\k)R(At)\g) + 0k 0 At Td_l(At/\k)Td_l(At/\()
T ROA) RN + b (At (Atk) Aty + 2514

rational approx./
stochastic approx.

A

p(8)<1&eVk=1,....,Np:

backward Euler/EM

1+ Aty
(1+At )2

— 2 A pp— AEAF <0

backward Euler/Milstein

1+ At + A u3 /2
(1+AtA)?

—2X g+ AL(=AZ4pd /2)<0

Crank—Nicolson/EM

(1—AtA /2)? +ur At

(A+AEA,/2)2

=2+ k<0

forward Euler/EM

Annika Lang

(1—AtA )2 +un At

—2\pFur+ALA <0

Multiscale Methods for Stochastic Dynamics, Geneva, February 1, 2017
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Spectral Galerkin method
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Simulation

Finite element method

dX(t) = vAX(t) dt + G(X (1)) dW (1), X(0) = Xo

mH=12%(0,1]),U = H'

B (Gy(v)vg)[z] := v(x)ve(x) of Nemytskii type
Bh=(N,+1)!

m YV, C H' piecewise linear finite elements

The eigenvalues of A;, are

)\ —4l 2—|—ECOS(Z h) - (Sln(l h/2))2
Mz \3 3N !

Annika Lang Multiscale Methods for Stochastic Dynamics, Geneva, February 1, 2017
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Simulation

)\ —41 2+lcos(z h) - (Sln(l h/2))2
ni =2 (g Tgeosim "

o0 1/2
”GQ”L(H;L(HI;H)) < <2Z)‘1'1> =g
i=1

rational approximation p(S) <1«
backward Euler pee = Attr(Q)g? — 2AtAp 1 — Atz)\i 1 <0
7
) o 1—AtAy /2 At tr(Q)g?
Crank-Nicolson PCN = ker{nl{jmﬁh} 1+At>\;;/2‘ + (HAtr,\h”f}Q)z -1<0
forward Euler pre = max (1 —Ath, )2+ Attr(Q)g° —1 <0
k€{1>Nh}

Annika Lang Multiscale Methods for Stochastic Dynamics, Geneva, February 1, 2017
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Simulation

Finite element method

peE = Attr(Q)g* — 2AtA, 1 — APA7

e | L AA/2 2 Ater(Q)F
PON = i |1+ Atdns/2| (1 + Athn/2)?
PFE = kgr{nl?%h}(l — At)\h’k)Q + Attr(Q)ﬁQ -1
A PBE PCN PFE
0.15 -5.11613e+00 | 2.08460e-03 | 1.99602e+05
0.015 -3.13089e-01 | -1.58504e-01 | 1.91542e+03
0.00068 -1.32387e-02 | -1.31050e-02 | 6.09395e-02
0.00067 -1.30434e-02 | -1.29135e-02 | 3.39709e-04
0.00066 -1.28480e-02 | -1.27221e-02 | -1.27626e-02

Annika Lang
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Finite element method
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Conclusions

B Asymptotic mean-square stability
B Stochastic heat equation with multiplicative noise

® References: [L., Petersson, Thalhammer 17+, arXiv:soon]
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Thank you for your attention!
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