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SPDEs Stability Simulation

Mean-square stability

dX(t) = (AX(t) + F (X(t))) dt+G(X(t)) dL(t), X(0) = X0

Assume E[‖X0‖2H ] < δ. What do we know about E[‖X(t)‖2H ]?

Xj+1
h = Ddet

∆t,hX
j
h +Dstoch,j

∆t,h Xj
h, X0

h = X0

Assume E[‖X0‖2H ] < δ. What do we know about E[‖Xj
h‖2H ]?
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SPDEs Stability Simulation

Overview

Stochastic partial differential equations

Asymptotic mean-square stability

Application to Galerkin methods

Simulation
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SPDEs Stability Simulation

Introduction to SPDEs

H separable Hilbert space

Heat equation

D = [0, 1) H = L2(D)

∂

∂t
u(t, x) = ∆u(t, x) + η̇(t, x), u(0) = u0

∂

∂t
u(t, x) = ∆u(t, x) + g(u(t, x), t, x)η̇(t, x), u(0) = u0
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SPDEs Stability Simulation

Stochastic partial differential equations

dX(t) = (AX(t) + F (X(t))) dt+G(X(t)) dM(t), X(0) = X0

Stochastic integral equation

X(t) = X0 +

∫ t

0

(AX(s) + F (X(s))) ds+

∫ t

0

G(X(s)) dM(s)

Noise

Filtered probability space (Ω,A, (Ft, t ≥ 0), P )
Separable Hilbert space U — e. g., Rd, L2(D), Hα(D)
Martingale M = (M(t), t ≥ 0) ∈M2(U) with covariance
(Qt, t ≥ 0)∫ t

r

Qs d〈M,M〉s ≤ (t− r)Q, r ≤ t

Q ∈ L+
1 (U) and H = Q1/2(U)
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SPDEs Stability Simulation

Examples
Brownian motion — Q–Wiener process W = (W (t), t ≥ 0)
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SPDEs Stability Simulation

Examples
Parabolic partial differential equation (heat equation)

dX(t) = ∆X(t) dt+G(X(t)) dW (t)
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SPDEs Stability Simulation

Framework

dX(t) = (AX(t) + F (X(t))) dt+G(X(t)) dM(t), X(0) = X0

A generator of C0-semigroup S = (S(t), t ≥ 0)

F : H → H linear
G : H → LHS(H;H) linear

Theorem ([Peszat, Zabczyk 07])

∃! mild solution X X has càdlàg modification

X(t) = S(t)X0 +

∫ t

0

S(t− s)F (X(s)) ds+

∫ t

0

S(t− s)G(X(s)) dM(s)
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SPDEs Stability Simulation

Solutions of SPDEs −→ Numbers on computer

Discretization in space and time: fully discrete problem
Discretization of the noise: truncation of Karhunen–Loève
expansion
“Discretization” of Ω: path simulation, Monte Carlo methods
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SPDEs Stability Simulation

Fully discrete approximation of solutions

dX(t) = (AX(t) + F (X(t))) dt+G(X(t)) dM(t), X(0) = X0

Abstract approximation scheme

Xj+1
h = Ddet

∆t,hX
j
h +Dstoch,j

∆t,h Xj
h, X0

h = X̃0 ∈ Vh

(Vh, h ∈ (0, 1]), Vh ⊂ H, dim(Vh) = Nh ∈ N
Ph orthogonal projection onto Vh

∆t > 0, tj = j ·∆t

Ddet
∆t,h ∈ L(Vh) approximating PDE

∂

∂t
u(t) = Au(t) + F (u(t))

Dstoch,j
∆t,h Xj

h approximating stochastic integral
(Dstoch,j

∆t,h , j ∈ N0) F-compatible
(Dstoch,j

∆t,h Ftj+1 -measurable, E[Dstoch,j
∆t,h |Ftj ] = 0)

Dstoch,j
∆t,h ⊥⊥ Ftj
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SPDEs Stability Simulation

Stability

Xj+1
h = Ddet

∆t,hX
j
h +Dstoch,j

∆t,h Xj
h, X0

h = X̃0

Definition

Numerical stability: ∃K > 1 : ∀∆t, h > 0, j ∈ {0, . . . , n} :

‖(Ddet
∆t,h)jPh‖L(H) ≤ K

Mean-square stability: ∀ε > 0 : ∃δ > 0 : ∀j ∈ N0 :

E[‖X0
h‖2H ] < δ =⇒ E[‖Xj

h‖
2
H ] < ε
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SPDEs Stability Simulation
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SPDEs Stability Simulation
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SPDEs Stability Simulation

Lax’s equivalence theorem

dX(t) = AX(t) dt+G(X(t)) dM(t)

Theorem ([L. 10])

Consistency in mean square

⇓

Stability⇐⇒ Convergence in mean square
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SPDEs Stability Simulation

Mean-square stability: solution
dX(t) = (AX(t) + F (X(t))) dt+G(X(t)) dM(t), X(0) = X0

(Xe(t) = 0, t ≥ 0) equilibrium solution

Definition

Xe mean-square stable: ∀ε > 0 : ∃δ > 0 : ∀t ≥ 0 :

E[‖X(0)‖2H ] < δ =⇒ E[‖X(t)‖2H ] < ε

Xe asymptotically mean-square stable: mean-square stable &

lim
t→∞

E[‖X(t)‖2H ] = 0

Xe asymptotically mean-square unstable: if not asymptotically
mean-square stable
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SPDEs Stability Simulation

Mean-square stability: approximation
Xj+1
h = Ddet

∆t,hX
j
h +Dstoch,j

∆t,h Xj
h, X0

h = X̃0

(Xj
h,e = 0, j ∈ N0) equilibrium solution

Definition

Xh,e mean-square stable: ∀ε > 0 : ∃δ > 0 : ∀j ∈ N0 :

E[‖X0
h‖2H ] < δ =⇒ E[‖Xj

h‖
2
H ] < ε

Xh,e asymptotically mean-square stable: mean-square stable &

lim
j→∞

E[‖Xj
h‖

2
H ] = 0

Xh,e asymptotically mean-square unstable: if not asymptotically
mean-square stable
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SPDEs Stability Simulation

Mean-square stability: approximation
Xj+1
h = Ddet

∆t,hX
j
h +Dstoch,j

∆t,h Xj
h, X0

h = X̃0

Theorem
Sj = Ddet

∆t,h ⊗Ddet
∆t,h + E[Dstoch,j

∆t,h ⊗Dstoch,j
∆t,h ]

lim
n→∞

‖Sn · · · S0‖L(V
(2)
h )

= 0

=⇒ Xh,e asymptotically mean-square stable

Corollary

(Dstoch,j
∆t,h , j ∈ N0) iid

S = Ddet
∆t,h ⊗Ddet

∆t,h + E[Dstoch,1
∆t,h ⊗Dstoch,1

∆t,h ]

Xh,e asymptotically mean-square stable ⇐⇒ ρ(S) < 1
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SPDEs Stability Simulation

Application to Galerkin methods: Euler–Maruyama

Xj+1
h =

(
R(∆tAh) + r−1

d (∆tAh)(∆tPhF + PhG(·)∆Lj)
)
Xj
h

X0
h = PhX0

R(z) =
rn(z)

rd(z)
≈ exp(z) rational approximation

−A : D(−A) ⊂ H → H densely defined, self-adjoint, pos. def.
Ḣ1 = D((−A)1/2), (Vh, h ∈ (0, 1]), Vh ⊂ Ḣ1

−Ah : Vh → Vh given by 〈−Ahφ, ψ〉H = 〈(−A)1/2φ, (−A)1/2ψ〉H

L = (L(t), t ≥ 0) Lévy process with ∆Lj = L(tj+1)− L(tj) and

L(t) =
∞∑
i=1

√
µiLi(t)fi
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SPDEs Stability Simulation

Application to Galerkin methods: Euler–Maruyama
Proposition

C ∈ L(U ;L(Vh)), Cu = r−1
d (∆tAh)PhG(·)u

q =
∑∞
k=1 µkfk ⊗ fk ∈ U (2)

S = Ddet
∆t,h ⊗Ddet

∆t,h + ∆t (C ⊗ C)q ∈ L(V
(2)
h )

Xh,e asymptotically mean-square stable ⇐⇒ ρ(S) < 1

Corollary (sufficient condition)
(λh,k, k = 1, . . . , Nh) eigenvalues of −Ah(

max
k=1,...,Nh

|R(∆tλh,k)|+ max
k=1,...,Nh

|r−1
d (∆tλh,k)|∆t‖F‖L(H)

)2

+ max
k=1,...,Nh

|r−1
d (∆tλh,k)|2∆t tr(Q)‖G‖2L(H;L(U ;H)) < 1

Annika Lang Multiscale Methods for Stochastic Dynamics, Geneva, February 1, 2017 p. 19



SPDEs Stability Simulation

Examples of rational approximations
Proposition (sufficient conditions)

(Backward Euler) R(z) = 1
1+z

(1 + ∆t‖F‖L(H))
2 + ∆t tr(Q)‖G‖2L(H;L(U ;H))

(1 + ∆tλh,1)2
< 1

(Crank–Nicolson) R(z) = 1−z/2
1+z/2(

max
k∈{1,Nh}

∣∣∣ 1−∆tλh,k/2
1+∆tλh,k/2

∣∣∣+ ∆t
‖F‖L(H)

(1+∆tλh,1/2)

)2

+ ∆t
tr(Q)‖G‖2L(H;L(U;H))

(1+∆tλh,1/2)2 < 1

(Forward Euler) R(z) = 1− z(
max

`∈{1,Nh}
|1−∆tλh,`|+ ∆t‖F‖L(H)

)2

+ ∆t tr(Q)‖G‖2L(H;L(U ;H)) < 1
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SPDEs Stability Simulation

Application to Galerkin methods: Milstein

Xj+1
h =

(
R(∆tAh) + r−1

d (∆tAh)(∆tPhF + PhG(·)∆Lj)
)
Xj
h

+

∫ tj+1

tj

r−1
d (∆tAh)PhG

(∫ s

tj

G(Xj
h)dL(r)

)
dL(s)

G(G(ψ)fj)fi = G(G(ψ)fi)fj

L(t) =

∞∑
i=1

√
µiLi(t)fi

(Li, i ∈ N) pairwise independent
Li(t) ∈ L4(Ω;R) of finite activity
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SPDEs Stability Simulation

Application to Galerkin methods: Milstein

Proposition

C ∈ L(U ;L(Vh)), Cu = r−1
d (∆tAh)PhG(·)u

q =
∑∞
k=1 µkfk ⊗ fk ∈ U (2)

C ′ ∈ L(U (2), L(Vh)), C ′(u1, u2) = (r−1
d (∆tAh)PhG(G(·)u1)u2)

q′ =
∑∞
k,`=1 µkµ`(fk ⊗ f`)⊗ (fk ⊗ f`) ∈ U (4)

S = Ddet
∆t,h ⊗Ddet

∆t,h + ∆t (C ⊗ C)q + ∆t2

2 (C ′ ⊗ C ′)q′

Xh,e asymptotically mean-square stable ⇐⇒ ρ(S) < 1
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SPDEs Stability Simulation

Application to Galerkin methods: Milstein

Proposition (sufficient conditions)

(backward Euler) R(z) = 1
1+z

(λh,k, k = 1, . . . , Nh) eigenvalues of −Ah

(1 + ∆t‖F‖L(H))
2 + ∆t tr(Q)‖G‖2L(H;L(U ;H))

+
∆t2

2
tr(Q)2‖G‖4L(H;L(U ;H)) < (1 + ∆tλh,1)2

(Crank–Nicolson) and (forward Euler) with restrictions on h, ∆t
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SPDEs Stability Simulation

Connection to analytical solution

dX(t) = (AX(t) + F (X(t))) dt+G(X(t)) dW (t), X(0) = X0

Q-Wiener process W (t) =

∞∑
i=1

√
µiβi(t)fi

Theorem ([Liu 06])

X0 = x0 ∈ Ḣ1 deterministic
∃c > 0 : ∀u ∈ Ḣ2 :

2〈u,Au+ F (u)〉H + tr[G(u)Q(G(u))∗] ≤ −c‖u‖2H

=⇒ Xe asymptotically mean-square stable
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SPDEs Stability Simulation

Connection to analytical solution

dX(t) = (AX(t) + F (X(t))) dt+G(X(t)) dW (t), X(0) = x0

Backward Euler

Xj+1
h = (1 + ∆tAh)−1(1 + ∆tPhF + PhG(·)∆W j)Xj

h, X0
h = Phx0

Corollary

2
(
‖F‖L(H) − λ1

)
+ tr(Q)‖G‖2L(H;L(U ;H)) < 0

=⇒ Xe and Xh,e asymptotically mean-square stable
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SPDEs Stability Simulation

Connection to analytical solution

dX(t) = AX(t) dt+G(X(t)) dW (t), X(0) = x0

Milstein, backward Euler

Xj+1
h = (1 + ∆tAh)−1(1 + PhG(·)∆W j)Xj

h

+

∫ tj+1

tj

(1 + ∆tAh)−1PhG

(∫ s

tj

G(Xj
h)dW (r)

)
dW (s)

X0
h = Phx0

Corollary

−
√

2λ1 + tr(Q)‖G‖2L(H;L(U ;H)) < 0

=⇒ Xe and Xh,e asymptotically mean-square stable
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SPDEs Stability Simulation

Simulation – Stochastic heat equation

dX(t) = ν∆X(t) dt+G(X(t)) dW (t), X(0) = X0

U = H = L2([0, 1])

X0(x) =
√

30x(1− x)
Qei = µiei, µi = Cµi

−3

ν∆ei = −λiei = −νi2π2ei, ei(y) =
√

2 sin(iπy)

G1(v)v0 :=

∞∑
j=1

〈v, ej〉H〈v0, ej〉Hej

X(t) =

∞∑
j=1

〈X0, ej〉H exp
(
−(λj +

µj
2

)t+ µ
1
2
j βj(t)

)
ej

and

E
[
‖X(t)‖2H

]
=

∞∑
j=1

〈X0, ej〉2H exp ((−2λj + µj)t)
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SPDEs Stability Simulation

Stochastic heat equation with multiplicative noise

dX(t) = ν∆X(t) dt+G(X(t)) dW (t)
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SPDEs Stability Simulation

Spectral Galerkin method

X(t) =

∞∑
i=1

〈X(t), ei〉Hei =

∞∑
i=1

xi(t)ei,

with geometric Brownian motions

dxi(t) = −λixi(t) dt+
√
µixi(t) dβi(t).

Approximation scheme

Xh(t) =

Nh∑
k=1

〈X(t), ek〉Hek =

Nh∑
k=1

xk(t)ek

and xk(t) is approximated by
Euler–Maruyama, Milstein
Backward Euler, Crank–Nicolson, forward Euler

Annika Lang Multiscale Methods for Stochastic Dynamics, Geneva, February 1, 2017 p. 29



SPDEs Stability Simulation

Spectral Galerkin method
Euler–Maruyama

S(ek ⊗ e`) = (Ddet
∆t,h ⊗Ddet

∆t,h)(ek ⊗ e`) + ∆t ((C ⊗ C)q) (ek ⊗ e`)
= Λk,`(ek ⊗ e`)

with

Λk,` = R(∆tλk)R(∆tλ`) + δk,` ∆tµk r
−1
d (∆tλk)r−1

d (∆tλ`)

Milstein

S(ek ⊗ e`) =
(
Ddet

∆t,h ⊗Ddet
∆t,h + ∆t (C ⊗ C)q +

∆t2

2
(C ′ ⊗ C ′)q′

)
(ek ⊗ e`)

= Λk,`(ek ⊗ e`)
with

Λk,` = R(∆tλk)R(∆tλ`) + δk,` r
−1
d (∆tλk)r−1

d (∆tλ`)
(

∆tµk +
∆t2µ2

k

2

)
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SPDEs Stability Simulation

Spectral Galerkin method

Λk,` =

{
R(∆tλk)R(∆tλ`) + δk,` ∆tµk r

−1
d (∆tλk)r−1

d (∆tλ`)

R(∆tλk)R(∆tλ`) + δk,` r
−1
d (∆tλk)r−1

d (∆tλ`)
(

∆tµk +
∆t2µ2

k

2

)
rational approx./

stochastic approx.
Λk,k ρ(S)<1⇔∀k=1,...,Nh:

backward Euler/EM 1+∆tµk

(1+∆tλk)2 −2λk+µk−∆tλ2
k<0

backward Euler/Milstein
1+∆tµk+∆t2µ2

k/2
(1+∆tλk)2 −2λk+µk+∆t(−λ2

k+µ2
k/2)<0

Crank–Nicolson/EM (1−∆tλk/2)2+µk∆t
(1+∆tλk/2)2 −2λk+µk<0

forward Euler/EM (1−∆tλk)2+µk∆t −2λk+µk+∆tλ2
k<0
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SPDEs Stability Simulation

Spectral Galerkin method
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SPDEs Stability Simulation

Finite element method

dX(t) = ν∆X(t) dt+G(X(t)) dW (t), X(0) = X0

H = L2([0, 1]), U = Ḣ1

(G2(v)v0)[x] := v(x)v0(x) of Nemytskii type
h = (Nh + 1)−1

Vh ⊂ Ḣ1 piecewise linear finite elements

The eigenvalues of Ah are

λh,i =
4ν

h2

(
2

3
+

1

3
cos(iπh)

)−1

(sin(iπh/2))
2
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SPDEs Stability Simulation

Finite element method

λh,i =
4ν

h2

(
2

3
+

1

3
cos(iπh)

)−1

(sin(iπh/2))
2

‖G2‖L(H;L(Ḣ1;H)) ≤

(
2

∞∑
i=1

λ−1
i

)1/2

= ĝ

rational approximation ρ(S) < 1⇐
backward Euler ρBE = ∆t tr(Q)ĝ2 − 2∆tλh,1 −∆t2λ2

h,1 < 0

Crank–Nicolson ρCN = max
k∈{1,Nh}

∣∣∣ 1−∆tλh,k/2
1+∆tλh,k/2

∣∣∣2 + ∆t tr(Q)ĝ2

(1+∆tλh,1/2)2 − 1 < 0

forward Euler ρFE = max
k∈{1,Nh}

(1−∆tλh,k)2 + ∆t tr(Q)ĝ2 − 1 < 0
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SPDEs Stability Simulation

Finite element method

ρBE = ∆t tr(Q)ĝ2 − 2∆tλh,1 −∆t2λ2
h,1

ρCN = max
k∈{1,Nh}

∣∣∣∣1−∆tλh,k/2

1 + ∆tλh,k/2

∣∣∣∣2 +
∆t tr(Q)ĝ2

(1 + ∆tλh,1/2)2
− 1

ρFE = max
k∈{1,Nh}

(1−∆tλh,k)2 + ∆t tr(Q)ĝ2 − 1

∆t ρBE ρCN ρFE

0.15 -5.11613e+00 2.08460e-03 1.99602e+05
0.015 -3.13089e-01 -1.58504e-01 1.91542e+03

0.00068 -1.32387e-02 -1.31050e-02 6.09395e-02
0.00067 -1.30434e-02 -1.29135e-02 3.39709e-04
0.00066 -1.28480e-02 -1.27221e-02 -1.27626e-02
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SPDEs Stability Simulation

Finite element method
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SPDEs Stability Simulation

Conclusions

Asymptotic mean-square stability

Stochastic heat equation with multiplicative noise

References: [L., Petersson, Thalhammer 17+, arXiv:soon]

“Big Data and Big Systems” 621-2014-3995 W1214-N15, DK14

Thank you for your attention!
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