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Ergodic SDEs I

Consider the stochastic differential equation

dXt = ∇ log π(Xt)dt +
√

2dWt .

Under appropriate assumptions on ∇ log π(x) one can show that its
dynamics are ergodic with respect to π(x) : Rd 7→ R i.e

lim
T→∞

1

T

∫ T

0
φ(Xs)ds = Eπ[f ] :=

∫
Rd

f (x)π(x)dx

π(x) also satisfies the equation

L∗π(x) = 0

L∗ is the adjoint of

L := ∇ log π(x) · ∇x + ∆x
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Ergodic SDEs II
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Figure: Long trajectory and invariant measure
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Ergodic SDEs III

One can use

πT (f ) :=
1

T

∫ T

0

f (Xs) ds

as an estimator for Eπ[f ], for T � 1. A natural way to measure the efficiency of
such estimator is the mean square error (MSE) given by

MSE(T ) : = E|πT (f )− π(f )|2 = (EπT (f )− π(f ))2 + E(πT (f )− EπT (f ))2

= µ2
T + σ2

T ' µ2
T +

σ2
f

T
if the central limit theorem holds

Here
σ2
f = 2

〈
f − Eπ[f ], (−L)−1(f − Eπ[f ])

〉
π

We note here that for geometrically ergodic SDEs µT → 0 exponentially fast.
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Numerical ergodic averages

In practice we cannot solve our SDE exactly and we have to approximate
in some way. We denote its approximation by X∆t

n

π̂T (f ) =
1

N

N∑
n=0

f (X∆t
n ), n∆t = T .

If the approximation is ergodic one has

lim
T→∞

π̂T (f ) = Eπ̂[f ] :=

∫
Rd

f (x)π̂(x)dx
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Two different approaches

1 Solve the underlying SDE with a numerical method for large times

x∆t
n+1 = x∆t

n −∆t∇ log π(x∆t
n ) +

√
2∆tξn

2 Use a Metropolis-Hastings type of algorithm. For example MALA

Use (1) as proposal within MCMC framework (y∆t
n = x∆t

n ).

y∆t
n+1 =

{
x∆t
n+1 with probability α(y∆t

n , x∆t
n+1)

y∆t
n with probability 1− α(y∆t

n , x∆t
n+1)

where

α(y∆t
n , x∆t

n+1) = min

(
1,
π(x∆t

n+1)q∆t(x
∆t
n+1, y

∆t
n )

π(y∆t
n )q∆t(y∆t

n , x∆t
n+1)

)
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Things to consider when making a choice

M̂SE(T ) : = E|π̂∆t
T (f )− π(f )|2 = (Eπ̂∆t

T (f )− π(f ))2 + E(π̂∆t
T (f )− Eπ̂∆t

T (f ))2

= µ̂2
T ,∆t + σ̂2

T ,∆t ' µ̂2
T ,∆t +

σ̂2
f ,∆t

T
if the central limit theorem holds

1 The first approach (numerical analysis) introduces (asymptotic) bias in the
calculation of π(x), since π̂∆t 6= π

2 The second approach (computational statistics) removes the (asymptotic)
bias from the calculation of π(x), since π̂∆t = π

However

Computational Statistics approach might be expensive in the presence of big
data.

Numerical Analysis approach permits for the construction of non-reversible
algorithms with much smaller asymptotic variance than the computational
statistics one.
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Computational Complexity

For M̂SE to be of O(ε2) we have the following computational complexity

numerical analysis approach: O(ε−3).
I Asymptotic bias is of O(∆t) for a first order method.

I Finite time error decays like
σ̂2
f ,∆t

T .

computational statistics approach: O(ε−2).
I No asymptotic bias.

I Finite time error decays like
σ̂2
f ,∆t

T .
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Three desirable features

A desirable approach should have three different features

1 Small asymptotic bias (this can already be zero with MCMC methods).

2 Small asymptotic variance.

3 Optimal computational Complexity of O(ε−2) (already optimal for MCMC
methods).

We will try and address these by

1 Characterise the asymptotic bias of numerical integrators (without
Metropolizing them).

2 Introduce non reversible samples with small asymptotic variance.

3 Make the Computational Complexity of numerical approach optimal with the
use of Multi-Level Monte Carlo.
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Backward Error Analysis

Given a numerical method for

dX = h(X )dt + g(X )dWt ,

can I find an equation

dX̃ = ĥ∆t(X̃ )dt + ĝ∆t(X̃ )dWt ,

that my integrator approximates better? The type of approximation one is
interested is the weak approximation

E(f (XT ))− E(f (X∆t
n ))

This approach will allows us to obtain the following expansion

π̂∆t(x) = π(x) + ∆tπ1(x) + ∆t2π2(x) + · · ·
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Weak Taylor Expansions

Consider the (deterministic) PDE

∂u

∂t
= Lu, u(x , 0) = f (x),

Then,
u(f , x , t) = E (f (Xt)|X0 = x) ,

which can be (formally) expanded in Taylor series u =
∑

j≥0
t jLj

j! φ(x).

Similarly consider U(f , x , t) = E
(
f (X∆t

t )|X∆t
0 = x

)
Here no such PDE exists but

one can try. In particular, we will assume

Assumption

The numerical solution has the following expansion

U(f , x ,∆t) = f (x) + ∆tA0f (x) + ∆t2A1f (x) + . . . ,
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Modified generator

U(φ, x , h)− φ(x) =
∑
j≥1

hj

j!
L̃jφ

with
L̃ = L+

∑
j≥1

Lj

Lj can be computed recursively

Ln = An −
1

2
(LLn−1 + Ln−1L)− · · · − 1

(n + 1)!
Ln+1
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Numerical expansion

Lemma [DF12]

Under appropriate assumptions (restrict ourself on Td) the numerical
invariant measure π̂∆t admits the following expansion

π̂∆t(x) = π(x) +
M∑
n=1

∆tnπn(x),

∫
Td

πn(x)dx = 0, n ≥ 1

where

L∗πn = −
n∑

l=1

(Ll)
∗πn−l ,
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Order conditions

Theorem [AVZ13]

Consider
dXt = f (Xt)dt + g(Xt)dWt

on Td solved by an ergodic numerical method. If

A∗j ρ∞ = 0, j = 1, · · · r − 1

then
Eπ̂∆t [f ]− Eπ[f ] = O(∆tr )

Thus the order of ergodic convergence for the numerical integrator is r .
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Ways to satisfy the order conditions

An obvious way to satisfy the order conditions is to use a method of weak
order r since in this case

Aj =
Lj+1

(j + 1)!
, for all j < r

and thus
A∗j π = 0, j = 1, · · · , r − 1

However if the structure of π is known then one can take advantage of it
and satisfy the order conditions without necessarily using a method of high
weak order.
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Reducing asymptotic bias with additive noise

X∆t
n+1 = X∆t

n + ∆tg̃∆t(X
∆t
n ) +

√
2∆tξn

with

g̃∆t = g + ∆tg1, g1 = −
[

1

2
g ′g +

1

2
∆g

]
, g(x) = ∇ log π(x)

has weak order of convergence β = 1 for finite time but the error for the
asymptotic bias is of order α = 2 (a calculation shows that for this method
A∗1π = 0). In principle able to construct further perturbations (idea similar to
modified integrators [ACV12])

g̃∆t = f +
k∑

i=1

∆t igi , such that α = k + 1, β = 1
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Numerical Investigation
Numerical Investigations

(double-well potential, long trajectories of length T = 108).
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Non reversible Langevin equation

We consider the SDE

dXt = (∇ log π(Xt) + γ(Xt))dt +
√

2dWt , ∇ · (π(x)γ(x)) = 0.

This SDE remains ergodic with respect to π, but it has non-reversible dynamics.
The choice of γ is not unique but one we study here is

γ(x) = βJ∇ log π(x), JT = −J

One can show
σ2
f (β) ≤ σ2

f (0)

hence the reversible dynamics β = 0 is the worse choice in terms of achieving
small asymptotic variance.
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Lie Trotter splitting

X∆t
n+1 = Θ∆t ◦ Φ∆t(X

∆t
n ),

where Φ∆t(x) is a integrator that approximates the flow map
corresponding to the deterministic dynamics

dxt
dt

= γ(xt),

and Θ∆t(x) which approximates the reversible dynamics

dxt = ∇ log π(xt)dt +
√

2dWt
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Examples of reversible integrators

Given X∆t
n ∈ Rd , sample Y from the proposal density q∆t(· |X∆t

n ).

With probability

α(X∆t
n ,Y ) = 1 ∧ π(Y )q∆t(X

∆t
n |Y )

π(X∆t
n )q∆t(Y |X∆t

n )
,

set Θ∆t(X
∆t
n ) = Y

Otherwise, set Θ∆t(X
∆t
n ) = X∆t

n .

One can choose various options for proposal density q∆t , in particular we consider

Random Walk Metropolis Hastings (RWMH): In this case the proposal is given by

q∆t(· | x) ∼ N (x ,∆t),

Metropolis Adjusted Langevin Algorithm (MALA):

q∆t(· | x) ∼ N (x +∇ log π(x)∆t, 2∆t).

We will also consider the Barker rule sampler, which uses a RWMH proposal and with
acceptance probability given by

α(X ,Y ) =
π(Y )

π(X ) + π(Y )
.
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Asymptotic Bias of the splitting methods

The fact that the integrator used for the reversible dynamics preserves the
invariant measure is important as it implies that order of convergence of
the integrator used for the non-reversible dynamics is a lower bound for
the asymptotic bias of the corresponding splitting method.
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Asymptotic variance of the splitting methods

Two sources of error

One associated with the discreteness of the approach.

σ2
f ,∆t − σ2

f = −2∆tVarπ(f ) + o(∆t)

One associated with the choice of the numerical discretizations for
the reversible and non-reversible part

σ̂2
f ,∆t − σ2

f ,∆t = O(∆t)

If we combine both we see that the numerical asymptotic variance is an
O(∆t) perturbation of the true one hence the numerical scheme inherits
the good properties of the corresponding nonreversible SDE.
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Gaussian Case

dXt = AXtdt + ΣtdWt

We consider

Θ∆t(x) = eA∆tx + Qξn, QQT =

∫ ∆t

0

eA(∆t−s)ΣΣT eA
T (∆t−s)ds.

Here it is possible to calculate the asymptotic bias and variance analytically since
the theory of modified equations allows us to find a new SDE

dX̃t = ÂX̃tdt + Σ̂tdWt

that the numerical method is solving exactly.
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Gaussian Case: Asymptotic Bias
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Gaussian Case: MSE
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Figure: MSE for two different methods applied to the non-reversible part.
T = 102, h = 10−4
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Banana shape distribution

20 15 10 5 0 5 10 15 20
x1

10

5

0

5

10

x
2

Reversible
β=1

β=5

(a) Samples for different values of β

0 1 2 3 4 5

−log∆t

10-5

10-4

10-3

10-2

10-1

100

R
e
la

ti
v
e
 M

S
E

MH
β=5.0

β=10.0

β=15.0

β=20.0

β=25.0

(b) MSE when MALA is used for the
reversible part (fixed budget of 6× 106

gradient evaluations)

Figure: Dynamics and MSE error for the banana shaped distribution
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Bayesian Logistic Regression

Given Data set (Xi ,Yi )1≤i≤N posterior distribution over regression
coefficients θ

π(θ|(Xi ,Yi )1≤i≤N) ∝ exp

(
N∑
i=1

Yiθ
TXi − log

(
1 + eθ

TXi

)
− 1

2
θTΣ−1θ

)

Gaussian prior
π0(θ) = N (0,Σ), Σ = 100Id×d
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Diabetes data set d = 8,N = 532
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Figure: Logistic regression for the Pima indian data set. The computational
budget is set to N = 106 gradient evaluations
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Spatial Model I
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Λi,j = exp (Yi,j ), Y = (Yi,j , i, j = 1, · · · 64) ∼ N (µ1,Σ)

Σi,j,i′,j′ = σ
2

[
−
−{(i − i′)2 + (j − j′)2}1/2

64β

]
, i, j, i′, j′ = 1 · · · , 64.

f (y|x) ∝
64∏

i,j=1

exp{(xi,j yi,j )− m exp(yi,j )} exp{−0.5(y − µ1)T Σ−1(y − µ1)}
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Spatial Model II
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Figure: Results for the inference of the log-Gaussian cox process. The
computational budget is set to N = 104 gradient evaluations.
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Multi-level Monte Carlo

To estimate E[P] where P can be approximated by P̂l using h` = 2−`T uniform
time steps, we use

E[P̂L] = E[P̂0] +
L∑
`=1

E[P̂` − P̂`−1]

E[P̂` − P̂`−1] is estimated using N` simulations with the same Brownian path

W (t) for both P̂` and P̂`−1,

Ŷ` =
1

N`

N∑̀
i=1

(
P̂

(i)
` − P̂

(i)
`−1

)
Because of the strong convergence, on finer levels V[P̂` − P̂`−1] is small and so
few paths are required.

Same Brownian path W (t) =⇒ strong convergence =⇒ small variance
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Modified Multilevel approach

Note that P̂` appears twice, in E[P̂`+1 − P̂c
` ] and E[P̂ f

` − P̂`−1], and

P̂ f
` = P̂c

` naturally leads to cancellation and the telescoping sum.

It may be better to use a different approximation for P̂ f
`

and P̂c
`−1 in E[P̂ f

` −P̂c
`−1], provided E[P̂ f

` ] = E[P̂c
` ].

A new MLMC:

E[P̂ f
L ] = E[P̂ f

0 ] +
L∑

l=1

E[P̂ f
` −P̂c

`−1]

The complexity theorem is still valid.

K. C. Zygalakis (University of Edinburgh) Ergodics SDEs: NA prespective Geneva 31/01/17 37 / 51



Main Challenge

We want to extend the MLMC framework for T →∞. However for a
typical SDE the constants c1, c2 will grow exponential with time T .

Approach:

Restrict ourselves to a certain class of ergodic SDEs with log-concave
invariant densities.

These SDEs have exponentially contracting properties when driven by
the same Brownian motion

Exploit the exponentially contracting property of the SDE on the level
of the numerical discretization by appropriately coupling of the fine
and the coarse level. These will yield uniform in time estimates for
the appropriate differences between the fine and the coarse paths.
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Contracting properties

For the simplicity of notation take U(x) = log π(x) and assume that there
exists m ≥ 0 such that

U(y) ≤ U(x) + 〈∇U(x), y − x〉 − m

2
‖x − y‖2

We define

ψs,t,W (x) := x +

∫ t

s
∇U(Xr )dr +

∫ t

s

√
2dWr , x ∈ Rd .

and XT = ψ0,T ,W (X0) and YT = ψ0,T ,W (Y0). Then

E||XT − YT ||2 ≤ E||X0 − Y0||2e−2mT

K. C. Zygalakis (University of Edinburgh) Ergodics SDEs: NA prespective Geneva 31/01/17 39 / 51



MLMC in time

lim
T→∞

E(g(XT )) = π(g),

Now consider (0 = T0 < T1 < T2, . . . ,Ti <, . . . , ) and a sequence of random
variables (∆i )i≥0 satisfying

E∆i =

{
Eg(XTi )− Eg(XTi−1 ) i ≥ 1

Eg(XTi ) i = 0

π(g) =
∞∑
i=1

E(∆i ).
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Properties of the paths at different levels

We will construct the fine X (f ,i) and the coarse X (c,i) paths in a way to satisfy

L(X (f ,i)) = L(XTi ), L(X (c,i)) = L(XTi−1 ), ∀i ≥ 0,

and
E‖X (f ,i) − X (c,i)‖2 ≤ E‖XTi − XTi−1‖2.

Construction:

Take X (f ,i)(0) = ψ0,(Ti−Ti−1),W̃ (X (0))

Set X (f ,i)(Ti−1) = ψ0,Ti−1,W (X (f ,i)(0)), X (c,i)(Ti−1) = ψ0,Ti−1,W (X (0)).
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Illustrations of couplings
We have

E||X (f ,i)(Ti−1)− X (c,i)(Ti−1)||2 ≤ E||X (f ,i)(0)− X (0)||2e−2mTi−1 .

which leads to small variance for the choice of Ti := log 2
2m β(i + 1)

Figure: Shifted Couplings
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Coupling Numerical solutions

Consider

xhk+1 = S f
h,ξk (xhk ), yh

k+1 = Sc
h,ξ̃k

(yh
k ), Ph(x , ·) = L

(
S f
h,ξ(x)

)
The coupling arises by evolving both fine and course paths jointly, over a time
interval of length Ti − Ti−1, by doing two steps for the finer level (with the time
step hi ) and one on the coarser level (with the time step hi−1) using the
discretization of the same Brownian path.
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Numerical Algorithm

1 Set x
(f ,i)
0 = x0, then simulate according to Phi up to x

(f ,i)
ti−ti−1

hi

;

2 set x
(c,i)
0 = x0 and x

(f ,i)
0 = x

(f ,i)
ti−ti−1

hi

, then simulate (x
(f ,i)
· , x

(c,i)
· ) jointly

according to(
x

(f ,i)
k+1 , x

(c,i)
k+1

)
=
(
S f
hi ,ξk,2

◦ S f
hi ,ξk,1

(x
(f ,i)
k ),Sc

hi−1,
1√

2
(ξk,1+ξk,2)(x

(c,i)
k )

)
.

3 set

∆i := g

(
x

(f ,i)
ti−1
hi−1

)
− g

(
x

(c,i)
ti−1
hi−1

)
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Ornstein Uhlenbeck process

dXt = −κXtdt +
√

2dWt ,
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Figure: MLMC results for the OU process for g(x) = x2 and k = 0.4

K. C. Zygalakis (University of Edinburgh) Ergodics SDEs: NA prespective Geneva 31/01/17 45 / 51



Non Lipschitz example

dXt = −
(
X 3
t + Xt

)
dt +

√
2dWt ,
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Figure: MLMC results process for g(x) = x2
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Bayesian Logistic Regression

Figure: Cost of MLMC (sequential CPU time) SGLD for Bayesian Logistic
Regression for decreasing accuracy parameter ε and different couplings
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Conclusions

Understanding the long time properties of a numerical integration has
important implications for applications

Obtained an expansion that approximates the numerical invariant
measure, used then to obtain order conditions.

Used the order conditions to study the properties of non-reversible
Langevin samplers

Illustrated applications of non-reversible samplers to ”real” data sets

Discussed about the extension of Multi-Level Monte Carlo to infinite
time, which allows for optimal computational complexity
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Thank you for your attention!
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